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Probing equivalent definitions of 2-edge connected graphs
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Abstract: As known, k-edge connected graphs play an important role in the research

of networks and graph theory. There are many propositions of 2-edge connected graphs

nowadays, which depict the essences of 2-edge connected graphs. We present 17 equivalent

propositions of 2-edge connected graphs and dig more properties of 2-edge connected

graphs from different aspects of 2-edge connected graphs. Furthermore, two equivalent

propositions of 2-edge connected graphs by two new operations are proposed, and then we

provide the equivalent proofs between the propositions we have collected and discovered.
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��ïÄ/ , ÏdéëÏã��\ïÄØ=´êÆnØ�I�, Ó��­��´�ïÄ¢

S�ä(�Jø���nØ�âÚ�1�EâÃã. �©± 2->ëÏã�~Ðm?Ø, ïÄ

2->ëÏã�(�¿£ã 2->ëÏã�A�.

'u2->ëÏã�¿©7�^��±3Nõ©z¥w�. West 3¦�Ö[6]¥�Ñ


2->ëÏã� 6 «�d5·K. Bondy Ú Murty 3¦��Ö[7]¥, �Ñ
'u 2->ëÏãA

�� 4 ��d5·K. ù
�p�d�·K´lØÓ��Ý5�x 2->ëÏã. �©�n


k' 2->ëÏã�eZ¿©7�^�, ��Â8��eZ¿©7�^�Jø��{ü�y

². ��­��´, �©é 2->ëÏã½Â
 2 «#$�, ©O´�:þ!¿©$�Ú�n

�/>Â $�, ddü«$���
 2 �#½n, �©©O�Ñ
§��y².

1
[7] ã G �>� E∗ ´ã G �>f8, ¦�ã G − E∗ �©|ê8�uã G �©|ê

8. �� k >�´��¹ k ^>�>�. ã G �¤k k >�¥��� k ¡�ã G �>ëÏ

Ý. eã G �>ëÏÝ�u�u k, K¡ã G � k->ëÏ�.

2
[6] ã G ����ù´�ã G ¥SÜº:�Ýêþ� 2 �4�´. ã G �4�´ã

G ¥Ø��º:	Ù¦º:�Ýþ� 2 ����. ã G ����>©)´÷ve¡^�

�©) C0, P1, · · · , Pk: C0 ´���, � i > 1 �, Pi �o´ C0 ∪ P1 ∪ · · · ∪ Pi ��, �o´

C0 ∪ P1 ∪ · · · ∪ Pi �4�, ¡ C0 �ù��>©)�å©�.

3
[6] �^ (u, v)-ó´�X�� C1, C2, · · · , Ck, ¦� u ∈ V (C1) Ú v ∈ V (Ck), ¿��U

�ü�� Ci Ú Ci+1 (1 6 i 6 k − 1) k��k��ú�º:, �� |i − j| 6= 1 �, � Ci ��

Cj Ø��(«~�ã1).

ã 1 �^(u, v)-ó

Fig. 1 A (u, v)-chain

4
[6] éã G ���º: x Ú��º:f8 U , �� (x, U)-,÷´�l x � U �z�º

:�,�¤�8Ü, �d8Ü¥?¿ 2 ^,3ã G ¥Ãú�>(«~�ã2).

ã 2 (a)��(x,U)-,÷, o�´(x, v)-,P , 7Ú�´(x,u)-,Q;

(b)��AÏ�(x,U)-,÷, (x, v)-,7LÏLº:u

Fig. 2 (a) An (x, U)-trail fan, where the (x, v)-trail P is in thick line, the (x, u)-trail Q is

blue line; (b) An (x, U)-trail fan, but any (x, v)-trail must pass the vertex u

5
[6] � ã G ´ Ã � > � ë Ï ã, ã G � ¬ © ) ´ � ã G ¹ k > Ø � � ¬

B1, B2, · · · , Bm, ¦� E(G) =
⋃m

i=1 E(Bi), ¿�é i 6= j, k V (Bi) ∩ V (Bj) = ∅, ½ö

V (Bi) ∩ V (Bj) = {x}, Ù¥ x ´ã G ��:.

©z[7]�ÑXe�Vg: vk�:�ëÏã¡�¬. eº:�>���óW = x1 e1 x2
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e2, · · · , xn−1en−1xn ÷v> ei � 2 �à:´ xi Ú xi+1, �k ei = ej , ¡ W �å». e W ¥

vk­E�>, �k xi = xj , � i 6= 1, j 6= 1, K¡ W �,. åª:�Ó�z^>þØ­E�

W ¡�4,. ã�4�>�¡��. �^, W �Ø´å!ª:�º:�� W �SÜº:.

º:þ!¿©$�´�: é?¿ÝêØ�u 4 �º: u ∈ V (G), òº: u ¿©¤ 2 �º

: u′, u′′, r u �Ý��þ!/©��º: u′ Úº: u′′, ¦� 2 �º:�Ý�o��, �o

���Ý; ,�, ^�^>òº: u′ Úº: u′′ ë3�å.

ØJw�, éº: u ¢�º:þ!¿©$��, º: u′ Úº: u′′ �Ýê�Ú´�5º

: u �Ýê\ 2. ã 3 �Ñ
º:þ!¿©$����~f, =éã3(a)¤«�ãG �º: y

Úº: w ¢�þ!¿©$�, ��ã3(b)¤«�ã H .

ã 3 (a)ãG; (b)ã H

Fig. 3 (a) Graph G; (b) Graph H

1 ½n9y²

½½½nnn1 ã G ´ 2->ëÏã��=�éã G ¥�z���:�þ!¿©$�¤�#ã

´ 2-ëÏã(«~�ã-3).

yyy ²²² 777���555 �ã G ´ 2->ëÏã, ã G �¤k�:� u1, u2, · · · , uk, Kz��:

3éA�ã G �¬¥�Ýê��´ 2. éz���:�þ!¿©$�, ò�: ui ¿©¤ 2 �

º: u′

i Ú u′′

i , �#ã H , ¦�zéº: u′

i Ú u′′

i �¤ã H �����º:�. ù´U
�

��, Ï�: ui 3¬ Gi ¥�Ýê��´ 2, ¦�º: u′

i �¬ Gi ¥���º:�ë, º: u′′

i

�¬ Gi ���º:�ë. w,, ã H � 2-ëÏã. d	, Ïã G ´ 2->ëÏ�{üã, ã H

�z^> u′

iu
′′

i Ø3ã H �?Û��n�/¥.

¿¿¿©©©555 éã G ¥�z���: ui, ã H k�A�º: u′

i Ú u′′

i , @o�þ!¿©$�

�_$�, =´Â > u′

iu
′′

i , òº: u′

i Úº: u′′

i ­Ü¤�5�º: ui, l
��ã G. 5¿

�, > u′

iu
′′

i Ø3ã H �?Û��n�/¥, �Ò´`, Â §Ø¬�)ã��>. Ïd, ã

G � 2->ëÏã.

2-ëÏã�½´ 2->ëÏã, � 2->ëÏãØ�½´ 2-ëÏã. �©é 2->ëÏã½Â


º:þ!¿©$�, ½n 1 ¦�� 2-ëÏ�ëÏã�±=z� 2-ëÏã, ¦� 2-ëÏã�

eZ5�� 2->ëÏã�eZ5��±éAå5, �B<��\ïÄ§��5�. e¡�Ñ

2->ëÏã�eZ�d·K. �
Ø� 2-ëÏã�·K­E, ±eob½?Ø�ãk�:.

½½½nnn2 �ã G ´Ã�>!k�:�ëÏã. e¡�·K�p�d.

(1)[7] ã G ´ 2->ëÏã.

(2)[7] ã G k¬©).

(3)[6] ã G �?¿ 2 �º:��� 2 ^Ãú�>�,¤ëÏ.

(4)[6] é?¿ 2 �º: u, v ∈ V (G), ã G ¥�3�^ (u, v)-ó.

(5)[6] ã G k�^�¹?¿ 2 �º:�4,.
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(6) òã G ¥�´ uwv �¤> uv ����ã´ 2->ëÏã, Ù¥ w ´ 2 Ýº:.

(7) 3ã G V\��#º: w, ¿òº: w � G ¥?¿�éº: u, v ©O�ë���

ã´ 2->ëÏã.

(8)[6] éuã G ���äk 2 �º:�f8 U Úf8 U 	���º: x, ã G k��

(x, U)-,÷.

(9)[7] ã G �?¿��º:Ú?¿�^>Ñ uÓ�^4,þ.

(10) ã G k�^��4, T , ¦� G �?Û�^>�o3 T þ, �o3�^åª:þ

3 T þ�(4),þ.

(11)[6] ã G k�^�¹?¿ 2 ^>�4,.

(12)[7] éz�é÷vº:�ê |X | > 2 Ú |Y | > 2 �Ø���º:f8 X Ú Y , ã G ¹

k 2 ^>Ø��,, ¦�z^,�å:3 X ¥, ª:3 Y ¥, �ù 2 ^,�SÜº:þØ3

X Ú Y ¥.

(13)[8] éuã G �?¿ 2 �º: u, v Ú?¿��^> e, ã G k�¹> e � (u, v)-,.

(14)[8] éuã G �?¿ 3 �º: u, v, w, ã G k�¹º: w � (u, v)-,.

(15)[6] ã G k�>©), ¿� G �z��þ´ã G �,��>©)�å©�.

(16)[8] éuã G �?¿ 3 �º: u, v Ú w, ã G kØ�¹º: w � (u, v)-,.

(17)[9] ã G �?¿ 2 ^>Ñ3ã G �Ó���¥.

yyy ²²² ±e^ÎÒ (i)⇒(j)L«l·K (i) íy·K (j), 1 6 i, j 6 17 � i 6= j.

(1)⇒(2). �ã G k k ��:, éã G �¬z$�: � x ´ã G ����:, ã G − x

k©| G1, G2, · · · , Gm. �ã Hj , ¦� V (Hj) = V (Gj) ∪ {x}, E(Hj) = E(Gj) ∪ {xy|y ∈

V (G), xy ∈ E(G)}, j = 1, 2, · · · , m. ��k m �©|�ã G(1), �ã G(1) ��:ê8'ã G

��:ê8��. UYéã G(1) �¬z$�, ��ã G(k) vk�:, �Ò´`, ã G(k) �z

�©|Ñ´¬, �ã G(k) =�ã G �¬©)ã, ·K (2) ¤á.

(2)⇒(3). d·K (2) �, ã G �3¬©). Kã G ¥z��º:��áu��¬. �¬

�¬�m±ã G ��:�pë�. éuã G ¥?¿ 2 �º: u, v, e u, v áuã G �Ó��

¬, K3d¬¥7,�3ü^ë� u, v �Ãú�>�´. e u, v ©Oáuã G �ØÓ¬ Bi

� Bj(i 6= j), Ù¥¬ Bi Ú Bi+1 ±�: vi 3ã G ¥ë�. Ø��k¬ Bi, Bi+1, · · · , Bj , ¦�

Bs � Bs+1 �k���ú�º: vs, ù�º:�´ã G ��:. é s = i, i + 1, · · · , j, 3 Bs

¥k 2 ^SÜØ�� (vs−1, vs)-´ Ps1 Ú Ps2, ùp u ∈ V (Bi) � u 6= vi, v ∈ V (Bj) � v 6= vj .

Kl u � v d P1 =
⋃j

s=i Ps1, P2 =
⋃j

s=i Ps2 ëÏ, w, P1 Ú P2 ´ 2 ^Ãú�>�,.

(3)⇒(4). �â·K (3), éu?¿� u, v ∈ V (G), K u, v ��� 2 ^Ãú�>�, W1

� W2 ¤ë, ©Û±e�/. �/ 1, W1 � W2 �mØ
 u � v �	2ÃO��:, K W1, W2

�à: u, v �¤�4, W ¥�éÑ��� C, §´�� (u, v)-ó. �/ 2, W1 � W2 �mØ


à: u, v 	�kÙ¦ n ��:, PÙ�:� x1, x2, · · · , xn(÷ W1 ,lº: u �º: v ��

�IP). K u � x1 �m� W1 ,� W2 ,�à: u, x1 �ë�¤��� C1. Ón, �: x1, x2

 u� C2 þ, ±daí, �: xn Úº: v  u� Cn+1 þ. l
é��� (u, v)-ó, ·K (4)

�y.

(4)⇒(5). �â·K (4), éã G ¥?¿ 2 �º: u, v, ã G ¥�3�^ (u, v)-ó. 


(u, v)-ó�´�^4,, qÏ�º: u, v �À�´?¿�, �ã G �?¿ 2 �º:3ã G �

��4,¥.
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(5)⇒(6). �ã G k´ uwv, Ù¥ w ´ 2 Ýº:. �â·K(5), G k�^�¹º: u Ú

w(½º: v Ú w)�4, P , 5¿ w ´ 2 Ýº:, @oº: v 734, P ¥. 3 G ¥ò´

uwv �¤> uv, Kéw, u � v E,��¹3ù�4,¥. �#���ã H ´ 2->ëÏ�.

k�, ã H �UØ2´{üã, ´k­>��ã.

(6)⇒(7). �ã G V\��º: w, ò w �?¿ÀJ��éº: u Ú v �ë�ã H . e

H k�> xy, K H − xy k 2 �©| H ′ Ú H ′′, ek u, v, w ∈ V (H ′), 3ã H − xy ¥^> uv

O�´ uwv � H∗. �â·K (6), H∗ ´ 2->ëÏã, ù� H∗ k 2 �©|gñ, �ã H Ã�

>, H ´ 2->ëÏã.

(7)⇒(8). � U ´ã G ���k 2 �º:�º:f8, º: x ∈ V (G) \ U . é U ¥�?

¿ 2 �º: u, v, V\��#º: w, ¿ò w � u, v ©Oë>��#ã H . d·K (7), ã H

´ 2->ëÏ�, �º: x Úº: w 3Ó�^4,þ. K3ã H − w = G ¥, k 2 ^Ãú�>

� (x, u)-,Ú (x, v)-,, duÀ�º: u, v ´?¿�, l
y�ã G k��(x, U)-,÷.

(8)⇒(9). ?�ã G ���º: x Ú�^> e = uv. - U = {u, v}. ·K (8) �Ñ, ã G

k�� (x, U)-,÷. �â (x, U)-,÷�½Â, ã G k>Ø��(x, u)-,Ú(x, v)-,, §��>

e = uv �¤ã G ��^4,. y�·K (9).

(9)⇒(10). �ã G ���4,� T , e> e 3��4,þ, y.. e> e Ø3��4, T

þ, K� T þ���º: u, d·K (9) ��º: u �> e  uã G �Ó�^4, W þ. e

W � T k���:, K> e 3�^åª:þ3 T þ�4,; e W � T k k (k > 2) ��:,

> e  u�^å:Úª:þ3 T þ�,.

(10)⇒(11). �/ 1: e 2 ^> e1, e2 þ3ã G ���4, T þ, K·K (11) ¤á. �

/ 2: e> e1 3��4, T þ, 
> e2 Ø3, �â·K (10), e2  u�^åª:þ3 T þ

�(4), W , K T ∪ W ´���¹> e1, e2 4,. �/ 3: e> e1 Ú> e2 þØ3 T þ, ·

K(10)®y ei 3��åª:þ3 T �(4), Wi (i = 1, 2) þ, l
 T ∪ W1 ∪ W2 ´���¹

> e1, e2 �4,.

(11)⇒(12). �ã G � 2 �º:f8 |X |, |Y | kº:�ê |X | > 2 Ú |Y | > 2. �/ 1: X

Jº:f8 X ¥� 2 �º: x1, y1 �´ã G �> e1 �º:, = e1 = x1y1; º:f8 Y ¥�

2 �º: x2, y2 �´ã G �> e2 �º:, k e2 = x2y2. @o, d·K (11) �, > e1 Ú> e2 Ó

3ã G ��^4,þ, ���d X � Y ��k 2 ^>Ø��,, XJ X Ú Y �m�z^,

�SÜº:Ø´�3 X Ú Y �, ~X W = x1e1u1e2u2, · · · , enuny1 ´ X Ú Y �m�,. À

J W �f, W ′, ¦� |V (W ′) ∩ X | = 1, |V (W ′) ∩ Y | = 1, ·K (12) ¤á. �/ 2: XJº:

f8 X ½ Y ¥vk 2 �º:´ã G �,^>�à:. @o, �ã G V\ 2 ^> eX = x1x2

Ú eY = y1y2, Ù¥ x1, x2 ∈ X Ú y1, y2 ∈ Y , ��#ã H = G + eX + eY . �Óu�/ 1 �y

², ·K (12) y..

(12)⇒(13). éuã G �?¿ 2 �º: u, v Ú?¿�^> e = xy. - X = {u, v} Ú

Y = {x, y}, �â·K (12), ã G k²L X � Y � 2 ^>Ø��SÜº:Ø3 X Ú Y ¥�

(u, x)-, W1 Ú (v, y)-, W2, K W1 + xy + W2 ´�^�¹> e � (u, v)-,.

(13)⇒(14). éã G �?¿ 3 �º: u, v, w, �º: w ´> e ���à:, d·K (13),

�ã G ¥�¹> e � (u, v)-,. w,, ù^,�¹
º: w, �Ò´·K(14)�y.

(14)⇒(15). lã G ¥�?¿��� C Ñu, ïáã G ����>©). �ã Gi ´ë

YV\1 i ������ã G �fã, e Gi 6= G, K�±ÀÑ E(Gi) ��^> uv, ÀJº
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: w ∈ V (G) − V (Gi) ¦� w � u ±9 v �ålÑ��. �â·K (14), éu?¿ 3 �º:

u, v, w, ã G k�¹º: w � (u, v)-,. d^ (u, v)-,k Gi ¥� 2 �º:, ¿�z�º:T

Ð u (u, v)-,��à, Ï� w � u Ú v �ålÑ��, (u, v)-,Ò´�^ (u, v)-´, �Ò´

���ù. ��±r (u, v)-´V\� Gi ¥��ã G ����fã Gi+1, Ù¥ (u, v)-´´f

ã Gi+1 ��ù. XJ�,fã Gk �, k V (Gk) = V (G), � E(G) \ E(Gk) 6= ∅, K��fã

Gk V\ E(G) \ E(Gk) ¥�¤k>. 3�¹�ã G �¤k>�, dL§(å, =�Ñã G �

���>©).

(15)⇒(16). d·K (15) �, ã G �3�>©) C0, P1, · · · , Pk. ?�º: u, v ∈ V (Gi)

Úº: w ∈ V (G) − V (Gi). 3�E�>©)�L§¥, �3ã G ��^Ø²L�>©)�

C0 ���¹º: w � (u, v)-,. éA/, �3�^²L�>©)� C0 �Ø�¹º: w �

(u, v)-,.

(16)⇒(17). ?�ã G � 2 ^> ei = xiyi (i = 1, 2). �â·K (16), ã G kØ�¹º:

xi � (y1, y2)-, Wi, i = 1, 2. Ón, ã G kØ�¹º: yi � (x1, x2)-, Ti, i = 1, 2. Kk 2 �

8Ü S = V (T1) ∩ V (T2) ⊃ {x1, x2} Ú U = V (W1) ∩ V (W2) ⊃ {y1, y2}. w,, º:f8 S Ø

¹º: y1, y2, º:f8 U Ø¹º: x1, x2. *¿º:8Ü S, U � 2 ����Ø��ëÏº

:8 S′, U ′, ¦� V (G) = S′ ∪U ′, ±9 y1, y2 6∈ S′ Ú x1, x2 6∈ U ′, �º:8 S′ Úº:8 U ′ �

m�>�ê8��, ù
>/¤ã G �>f8 E∗. w,, E∗ �¹> e1 Ú> e2. Ï G−E∗ Ø

ëÏ, §k 2 �©| G′, G′′, ¦� V (G′) = S′ Ú V (G′′) = U ′. � E∗ ´ã G ����.

(17)⇒(1). �â·K (17), ã G �?¿ 2 ^>Ñ uã G �Ó���¥. ��ã���

>�, =`²ã G ��¥��k 2 ^>. ù`²ã G � 2->ëÏã.

nþØy, �½n�y.

�n�/>Â $�: é e = uv ∈ E(G), e e Ø3ã G �?Û��n�/¥, KÂ >

e ¦Ù 2 �à:­Ü���º: wuv, ¤�ãP� G · e = G · uv. Xã 4 ¤«, Â ãG1¥�

o>��ã G2, UYÂ ã G2 �o>��ãG3, Xde�, �òã G1 Â ã�ã G5, G5 �

¤k>Ñ�¹3,��n�/¥. XJ��ã�z^>Ñ´,�n�/�>, K¡ù��ã

��>n�/ã. w,, �ã G ´ëÏã�, §��>n�/ã´ 2->ëÏã. ��ãÚ4

�²¡ãÑ´�>n�/ã. 'u4�²¡ã, kÍ¶²¡ãoÚß�(1997 c�O�Åy

², ��8vkêÆy²), ±9���XÚ4�²¡ãß�.

ã 4 ���n�/>Â �~f

Fig. 4 An example of the anti-triangle edge contraction

½½½nnn3 G ´2->ëÏã��=�²L�X��n�/>Â $����ëÏã H , ¦

� H ´�>n�/ã.



1 1 Ï � ·, �: &¢2->ëÏã��d½Â 25

yyy ²²² ¿¿¿©©©555 w,, ��lÂ �����>n�/ã H �´�£�ã G, �z�

��£Ú½�)�ã´ 2->ëÏã.

777���555 Ï�ã G ´ 2->ëÏã, é G ��n�/>Â $��. Ï��n�/>Â

 $�Ø�)�>, >Â ��ã´ 2->ëÏã. é¤kØ3n�/¥�>?1>Â $

�, ��z^>Ñ�¹3,�n�/¥�, Â L§(å. �ª���ã H ´�>n�/ã.

w,, H �´ 2->ëÏã.

2 o (

�©�Ñ
eZ 2->ëÏã��d5·K. XJé½n 2 ¥��d·K?1üü�d

5y², ò�� C2
17 = 136 �y². �d, ·��O
{ü��Y?1½n 2 �y². 3�©

¤k�·K¥, ò½n 2 ¥�,O�¤´, Ò�� 2-ëÏã�eZ�d·K. Ø½n 2 �·

K (1) �½Â5·K	, Ù{�þ�(�5·K. ·K (12) ´3·K (3) �Ä:þéã G ¥

2 ^Ø���,�à:�
��î���¦. ·K (5), ·K (9) Ú·K (11) Ñ´l 2->ëÏ

ã���(�Ñu, &¢ 2->ëÏã¥º:�º:, º:�>, >�>�m� �'X. ·K

(6) �·K (7) ©O´�é 2->ëÏã�:Ú>?1��!V\$��E,�± 2->ëÏ5.

·K (8) �·K (15) Ú·K (17) l,÷!�>©)Ú��½ÂÑuÐm?Ø. ·K (13)!·

K (14) Ú·K (16) Kl 2->ëÏã�(�¥&¢?¿ 2 �º:�mkÃ�¹,�º:½,

^>�,.

�©�M#:3u½n 1 Ú½n 3, ±9½n 2 ¥�·K (10). ½n 1 ½Â
�:þ!

¿©$�, ½n 3 ½Â
�n�/>Â $�. �â½n 3, z�� 2->ëÏã´é,��>

n�/ã¢��X�º:¿©�(J, l
�Ñ�«�E 2->ëÏã��{. ½n 2 �·K

(10) ïÄ
 2->ëÏã���4,�dã�?�^>�m� �'X. ±þ�d·Klõ�

�Ýé 2->ëÏã�A�?1
�x. ùp��Ñ, ½n 2 ¥��d·K��píy¬kÙ

¦�{ü�Y, �Ò´`, �©�y²�YØ�½´�{ü�. ÄuêÆ�î>!`{*:,

Ïé½n 2 ��{ü�y²�YE,´��k¿Â�ó�. ·�ØUy²§Ø�3ØÓu�

©�Þ�Ù¦� 2->ëÏã��d·K.
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