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Á�: �Àã (Visibility Graph, VG) �{�ïÄ�mS��ÄåÆA5Jø
E,�ä�g

�. �ä�Ý©Ù�N
�mS��ÄåÆA�. ÏLg£8�ÅL§Ú©êÙK$Äü«Ø

Óêâ, ©O�ï�Àã. é'(JL², 3g£8�ÅL§¥, Ý©Ù�±^�ê¼ê�x;


3©êÙK$Ä¥, Ý©Ù^�Æ¼ê�x��Ü·. ù�(ØØ�·^u VG �{, Ó�

�·^uY²�Àã (Horizontal Visibility Graph, HVG) �{.
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Comparative regression analysis to degree distributions

of visibility graph
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Abstract: Visibility graph has provided much insight to study the dynamics of time

series from the perspective complex network. We construct visibility graphs for time series

from both auto-regressive stochastic and fractional Brownian motions. Our results suggest

that degree distributions of the resulted complex networks of auto-regressive processes

are characterized by exponential forms, while that of fractional Brownian motions obey

power-law forms. Our conclusions hold for both the traditional visibility graph and its

variant horizontal visibility graph.
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c5, k©zJÑ$^E,�ä��{ïÄ�mS��ÄåÆA5, ¿���
­�

?Ð[5-8], ¤��C��5�mS�ïÄ�#9:. y3$^'�õ�E,�ä�{k:

Zhang Ú Small[5]3 2006 cJÑ�±Ïã��ä�{; Lacasa�[6]3 2008cJÑ��Àã�

{; Donner�[7]3 2010JÑ�£8�ä�{; Xu�[8]3 2008cJÑ�aq£8ã��{. $

^ù
ØÓ��äN��{ (=òêâN���ä)�, Ì�´ÏL©Û�ä�²þ�áå

l!²þàaXê±9Ý©Ù��x�mS���äA5, 5Ð«DÚ�mS�©Û�{

�Ø��(J. ù
�{ïá
��ª��mS�ÚE,�ä�#xù, ò�mS�=z�

/���äÿÀ(�.

�©ò^ L. Lacasa JÑ��Àã (VG)�{. VG �{ò�mS�¥�êâ��½Â

�E,�ä¥�!:, 
!:m�ë�'Xdêâ�m��5�À'Xû½. Äu�Àã

�{, �X�mS�êâ�ØäO\, E,�ä�)¤L§aqu Barabasi-AlbertÃºÝ�

ä�Ä�)¤L§, 
�E,�ä¥�¥% (Hub)!:éAu�mS�ê�AO��êâ.

VG �{U
ò?¿��mS�=z��ä, ���ëÏ�ä, Ø�6uK��À�, X±Ï

�mS�U
=z¤�Kã!�Å�mS�U
=z¤�Åã!©/�mS�U
=z¤

ÃIÝ�ä. T�{®²3éõØÓ�+�S��
éÐ�A^, 'X��çf�¡[9-10]
!

7K�mS�ÚÔºíÿêâ[11-15]. �C, qJÑ
Y²�Àã (HVG) �{[16], Ó���


�~2��A^[17-18].

VG �{�ò,
©/�mS�=z�ÃIÝ�ä (~XÙK$ÄS�), =�ä�Ý©

ÙÎÜ�Æ©Ù[6]. lê��Ýw, O��ä��Ç�êØ´��{ü�¯�, 3©z [6] ¥

�¿vky²�Æ©Ù´�`�Ý©Ù; ,	, �é�\����Å�mS�, �x�Ç©

Ù´Ä�1, ±93 HVG �{¥´ÄÓ�·^, 8cÿØ²
. ?�Ú�x�äÝ©Ù�[

Ü¯K, Ã¦kÏun)�äz�{©Û�mS��Ä�¯K.

�©Äk{ü0� VG�{Ú HVG �{; Ùg, 0��©�ïÄé�, =g£8�ÅL

§ (g£8�Å�mS�)Ú©êÙK$Ä; ��, ÏLùü«�Àz�{, rùüaêâ=

���Àã, é'©Û�uy, g£8�ÅL§��äÝ©ÙÎÜ�ê©Ù, 
©êÙK$

Ä��äÝ©ÙCq�Æ©Ù.

1 �Àã�ä)¤�{

VG �{�½Â´: ��½��|�mS�¥, ?¿ü: (ta, ya) Ú (tb, yb) éuü:m�

?Û: (tc, yc) Ñ÷v^� (ta < tc < tb)

yc < ya + (yb − ya)
tc − ta
tb − ta

�, K@�ùü:�À, =3�ä¥�3ë>. yk(JL²�Àã�3
�©êâ�éõ

5�, 'X±Ï�mS���5Kã!�Å�mS�=z��Å�äã!©/S�éAI

Ý�ä[6]�.

HVG �{�½Â´: XJ?¿ü: (ta, ya) Ú (tb, yb) �m, éu?Û: (tc, yc) Ñ÷v^

� (ta < tc < tb)

ya, yb > yc

�, K@�ùü:�À, =3�ä¥�ë.

2 ü«�mS�0�
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2.1 g£8�ÅL§�.

g£8�ÅL§�. ({¡�g£8�.) ´|^cÏeZ����ÅCþ��5

|Ü5£ã±�,���ÅCþ��5£8�., §´�mS�¥��«~�/ª.

�Ä���mS� x1, x2, x3, · · · , xn, p �g£8�. (AR(p)) L²S�¥ xt ´c p ���

��5|Ü9Ø���¼ê. �©=ïÄ AR(1) L§�S�, Ù��/ª�êÆ�.

� xt = ϕ1xt−1+ ∈t, Ù¥ ϕ1 ´�.ëþ, ∈t ´xD(, Ùþ�� 0, ��� σ, ��©Ì�

± ϕ1 = (0, 0.3, 0.9,−0.5)�~`².

2.2 ©êÙK$Ä

ÙK$ÄL§´�«��©Ù�ÕáOþëY�ÅL§, 
©êÙK$Ä (Fractional

Brownian Motion, FBM) �OþØ2´Õá�, ù´é²;ÙK$Ä�í2, Ó��´n

��Ø5K*ÑÚ©/�Å1r�Ä:. ©êÙK$Ä�âdA�ê H (0 < H < 1),

� H = 1/2 �, $Ä´���Å�; � H 6= 1/2 �, $ÄØ´���Å�, äk�§�'

5. �©�ØÓ��ê H (H = 0.3, 0.5, 0.7, 0.9), |^ Matlab7.0, A^¯�Fp�C� (Fast

Fourier Transform, FFT) ¦)Ì����Ý
, )¤©êÙK$Ä��mS�. �©éz�

� ϕ1 Ú�ê H , ?1 50 g�Å¢�, z�S��Ý� N = 5 000.

3 VG �{Ú HVG �{Äuü«�mS��A^

3.1 VG �{Äu AR(1)�A^

Ý©Ù´E,�ä¥��­��Vg. XJ�Ì�ê©Ù�, =�ä�Ý©Ù

� p(k) = e−λk, k L«Ý, p(k) ´éAÝ k �VÇ��, λ(λ > 0) �¡�Çëê. ÏL[

Ü ln(p(k)) é k ��Ç��Çëê λ. XJ�Ì�Æ©Ù�, =k p(k) = k−γ , γ �¡��

Æ�ê, ÏL[Ü log10(p(k)) é log10(k) ��Ç���Æ γ, ÚOþ, Ï~^ p(k)�\È©

Ù F (k) 5[Ü�� γ. Äk)¤ AR(1)L§3ØÓëê ϕ1 e��mS�, ,��ï VG�

ä. $^�êÚ�Ç©O[ÜÝ©Ù��(JXã 1ÚL 1 ¤«.

ã 1 ã 1(a)−ã 1(d) �éê�Ie�Ý\È©Ù��ê[Ü, J�L«Çëêλ;

ã 1(e)−ã 1(h) Véê�Ie�Ý\È©Ù��Ç[Ü, J�L«�Æ�êγ

Fig. 1 (a)-(d) Exponential fitting to the cumulative degree distributions in semi-log plot, and

dashed lines are slopes for λ; (e)-(h) Similar to (a)-(d) but power law forms in double log plots

Ý©Ù��[Ü�`�$^�'Xê²� R2 ±9í�²�Ú SSE(Sum of Squares for

Error)(Ø��l�²�Ú)5�x. � SSE ��, R2 ��C 1 �, L«�'�[Üê�ë�d
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��p, [Ü�`. (ÜL 1 �(J, ��(Ø: g£8�ÅL§�mS�)¤� VGÝ©Ù

��C�ê/ª. aq, 3 HVG e�(JXã 2 ÚL 2 ¤«, ���Ó�(Ø, =g£8�Å

L§��mS�)¤� HVG�±^�ê©Ù�x.

LLL 1 AR(1) 333 VG ���{{{eee���êêê������ÇÇÇ[[[ÜÜÜ'''���

Tab. 1 Comparison between exponential and power law scaling factors of VG graphs of AR(1)

ϕ1 = 0 ϕ1 = 0.3 ϕ1 = 0.9 ϕ1 = −0.5

λ γ λ γ λ γ λ γ

ê� 0.13 4.21 0.12 3.98 0.10 4.09 0.12 4.22

R2 0.998 0.957 0.999 0.919 0.986 0.953 0.998 0.959

SSE 0.655 2.575 0.123 9.074 3.829 5.290 0.440 2.458

ã 2 3 HVG �/e(J, Ù{&EXã 1 I5

Fig. 2 The same as Fig. 1, except for HVG

LLL 2 AR (1) LLL§§§333 HVG eee���[[[ÜÜÜ'''���, ÙÙÙ{{{&&&EEEXXXLLL 1 III555

Tab. 2 The same as Tab.1, except for HVG of AR(1)

ϕ1 = 0 ϕ1 = 0.3 ϕ1 = 0.9 ϕ1 = −0.5

λ γ λ γ λ γ λ γ

ê� 0.45 7.61 0.50 6.54 0.76 8.96 0.43 7.37

R2 0.995 0.947 0.993 0.911 0.994 0.955 0.996 0.952

SSE 1.515 1.599 1.839 3.273 0.951 1.227 0.6017 1.199

3.2 VG �{Äu FBM �A^

3 VG �{e, �éÀ��ØÓëê H �, ��� VG �Ý©Ù9[Ü(J©Odã 3 Ú

L 3 ¤«, ���(Ø´: Ý©Ù�Cq�Æ©Ù.

LLL 3 FBM 333 VG ���{{{eee���êêê������ÇÇÇ[[[ÜÜÜ'''���

Tab. 3 Comparison between exponential and power law scaling factors VG graphs of FBM
H = 0.3 H = 0.5 H = 0.7 H = 0.9

λ γ λ γ λ γ λ γ

ê� 0.07 2.47 0.03 1.97 0.01 1.56 0.004 1.12

R2 0.989 0.990 0.965 0.995 0.939 0.990 0.962 0.986

SSE 0.527 0.121 6.826 0.105 15.520 0.429 11.770 0.452
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ã 3 ã 3(a)−ã 3(b) �éê�Ie�Ý©Ù��ê[Ü, J�L«Çëê λ; ã 3(e)−ã 3(h) V

éê�Ie�Ý©Ù��Ç[Ü, J�L«�Æ�ê γ

Fig. 3 (a)-(d) Exponential fitting to the degree distributions in semi-log plot, and dashed

lines are slopes for λ; (e)-(h) Similar to (a)-(d) but power law forms in double-log plots

3 HVG e, �±���Ó�(Ø, äN
ó, Ý©ÙÚ[Ü(JXã 4 ÚL 4 ¤«.

ã 4 3 HVG �/e(J, Ù{&EXã 3 I5

Fig. 4 The same as Fig. 3, except for HVG

LLL 4 FBM LLL§§§333 HVG eee���[[[ÜÜÜ'''���, ÙÙÙ{{{&&&EEEXXXLLL 3 III555

Tab. 4 The same as Tab.3, except for HVG of FBM
H = 0.3 H = 0.5 H = 0.7 H = 0.9

λ γ λ γ λ γ λ γ

ê� 0.61 11.28 0.73 11.91 0.88 13.26 1.00 9.67

R2 0.975 0.980 0.970 0.980 0.948 0.971 0.953 0.979

SSE 4.689 0.210 6.815 0.274 9.658 0.328 6.999 0.143

4 ( Ø

�©ò�Àã�{A^3g£8�ÅL§Ú©êÙK$Ä¥?1é'ïÄ, ÏLé�ê[

ÜÚ�Æ[Ü�'�, ØØ´3 VG �{e, �´3 HVG �{e, ���±e(Ø.

(1) éug£8�ÅL§, ��u�Æ[Ü, �ê[Ü�í�²�Ú SSE ��, �'Xê²

� R2 ��C 1 �, [Ü�`, Ïdg£8�mS��Àã�Ý©Ù��C�ê©Ù.
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(2) éu©êÙK$Ä�mS�, ��u�ê[Ü, �Æ[Ü� SSE ��, R2 ��C 1 �,

[Ü�`, Ïd©êÙK$Ä�mS��Àã�Ý©Ù��C�Æ©Ù.

DÚ�mS�©Û�`�5��&?, cÙI�­À�£8�ä!±Ïã��{�'�ï

Ä; 3íÿ!7KÚ�M�¢Sêâ¥�A^�k�u?�ÚïÄ.
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