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Abstract: Based on the classic scale-free network model, we set up the partial differential

equation satisfied a more general network dynamic system, and then we not only find

another important topological property of scale-free network, but also discuss the real

background meaning of every function. Meanwhile, we extend the BA-network-model

growth principle, degree-preferential attachment mechanism. Starting from a more

general situation, we establish a network model containing degree-preferential attachment

probability and special-graph-preferential attachment probability. By analysis, this model

is scale-free. Finally, we distinguish the connect between the scope of the power law
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network, we come up with a preferential attachment probability.
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0 Úó9â�

Ãê��ä(k/½Ã/)¿÷
<��­., X[�¥�#����!�M¥� ²

�!)�XÚ¥� Ôó�!�¬'X�ä!�ïÜ��ä!²np¨�ä!pé�!

���±9>å�Ú�Ï$Ñ���. ÃXda�E,�ä�·��)¹EE�'. ¡é

ù
E,õC��ä, ïÄöòÙÄ�=z¤�.—–ã. åÐïÄö�$^ãØ��{é

Ù?1ïÄ, �´ãØ¥ïÄ�ã/�õÑ´5K�!ü��, 
ý¢�ä�(�Ø=é

E,, 
��¤�ä�!:ê8�é
�. ù��5, E,�ä�ïÄéDÚ²;ãØ�u

ÐJÑ
#��¦. 20­V 50 c�, Erdös ÚRényi[1]Äu²;ãØ�ïÄ, JÑ
�Å�

ä�.(ER �.), T�.U
éÐ/Ny�ä��Å5, �´!:�Ý(�!:�ë��>

�ê8)�m��Ø�, A���, Ý©ÙÑl Poisson ©Ù, Ùã�´�^¨.­�. w,,

ý¢�ä¥!:�Ý¿ØÑ´���. �
)º%¹3�ä¥�5Æ, 1998 c, Watts Ú

Strogatz[2]JÑ
�­.�ä�., T�.3U«
�Å�ä�.��Å5�, �)
#��

äÿÀ5�: áuT�ä�.¥�Ð©!:�Ý�é���
, §�Ý©Ù¥yÑ�êP~.

��, 1999 c, Äu���ÿÀ(���þïÄ, Barabási Ú Albert[3]uy¨.­���
,

Ñy
�^4~�­�, �
�xù�y�, ¦�ÄgJÑ
ÃIÝ�ä�.(BA �.), T

�.÷v�Ç©Ùúª

P (k) ∼ k−γ , (1)

Ù¥ γ ��ÃIÝ�ê, §�����´ 2 < γ < 3. 3¦�ÄM5�ïÄó���, E,�

ä�ïÄ��
¯õïÄö�­À. (Ü�þnØïÄÚ¢S²�êâ, <�uy: )¹¥

�þ��äÑäkÃIÝA5 (scale-free property), =Ñl�Ç©Ù (1); ,
, Ü©ý¢�

ä��Æ�ê γ �����%�Ñ
 2 � 3, á3 1 � 4 �m[4]. �d, 'uÃIÝ�ä�Æ

�êγ �����E´����­À�ïÄ�K.

Cc5, IS	�ïÄ<
éBA�.?1
ØÓ�g�í2ÚÿÐ, ���¤J¹

õ[5-9], X�Å5�.: BA ÃIÝ�ä�V�üz�.[10]!Äu|O���­. Scale-free

�ä�.[11]!�aÃIÝÜ��ä�üz�.[12]!�«Ä��ÃIÝ�ä�.[13]��; (

½5�.: Apollonian �ä�.[14]!Farey ã�ä�.[15]!Sierpinski �ä�.[16]��. 3

ù
ïÄ¥, <��Óuy�ä¥�3/k�k�, Lö�L, ·ö�L0�y�. �éù«

y�, o(�ÑäkÃIÝA5��äüz(O�)7L÷v 2 ^5�: þ!O�ÚJ`ë�.

AO´J`ë��ªé��üz��ä´ÄäkÃIÝA5å�û½5��^, ®y¢$

^�5J`ë��ªò¬��ÃIÝ�ä, ��5�J`ë��ªò¬K���ä�Ý©

Ù, ¦ÙØ2Ñl�Ç©Ù[17]. �´, 3ù
�.¥, þ!O��ªÑ´3ü��J`VÇ

b�^�e?1�, Ïd, 'uE,�äXÛ?1þ!O��?ØE3&¢. �©ò�á�

��¿Âþ�E,�äÄ�üz¤ÎÜ�Äå�§, ¿�dïá
�aJ`VÇ·��Ä

��ÅÃIÝ�ä�..

1 Ä��©�§

3 Barabási Ú Albert[3]ÄgJÑ
�aÃIÝ�ä�.��, E,�ä�ïÄH5


­��â»[18-21]. ØØ´ÏLnØïÄ, �´$^O�Å?1�ý�[, ïÄ<
�é�ä
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�Ä�üz(?Ø�X�m�òY, �ä¥Øä/k#!:?\!#>�\\!Î!:�í

Ø±9Î>�íØ)�£ã��xÑ�3X9Ù�q�?(¤k�üzÑ´3ü��J`b

�^�eu)�). ù��5, �X�m�òY, �ä�5�¬�5�
�(!:ê8�>ê

8ã�!(�E,). ?Û¯ÔÑØ�UÃ>�/O�e�, é�ä
ó, 3{²�ã�m�

O���¬ªu­�½Pò. (Ü¢S¿Â�nØ©Û, �©Ú\ 5 �õU¼ê,ÁãéE

,XÚ�E,�ä�Ä�üz�ª?1&¢ª�x.

1��´\:¼ê (`kë�¼ê) f∗(t) = f(ap1(t)m, t, ki(t),
∑

j Π1j(ki)) L« t��

k a �/#0!:?\�ä N(t − 1), /#0!: ja ��ä N(t − 1) ¥®�3�Ýê

� ki(t − 1) �!:3VÇ Π1j(ki) eë��) p1(t)m ^#> (0 < p1(t) < 1),
∑

j Π1j(ki)

L«õ«VÇ(J`VÇ�Ì, �Åþ!VÇg�)��y� (1 6 j 6 a). �´í:¼

ê g∗(t) = g(p2(t)b, t, ki(t),
∑

j Π2j(ki)) L«3�ä¯�O��ã�m�, t ��k p2(t)b

(0 < p2(t) < 1) �/Î0!:l�ä N(t − 1) ¥��, ��/Î0!: jb �íØ�V

Ç(�J`VÇ)� Π2j(ki). n´\>¼ê h∗(t) = h(p3(t)r, t, ki(t),
∑

j Π3j(ki)) L« t��

k p3(t)r (0 < p3(t) < 1) ^/#0>3®�u�ä¥�!:m�), �^/#0> jr �

)�L§¥, Ù'é�ü�!:�À�ÎÜVÇ(`kë�VÇ) Π3j(ki). o´í>¼ê

z∗(t) = z(p4(t)s, t, ki(t),
∑

j Π4j(ki)) L« t��k p4(t)s (0 < p4(t) < 1) ^®�u�ä¥!

:m�/Î0>�íØ, �^/Î0> js �íØ�L§¥, Ù'é�ü�!:�À�ÎÜV

Ç(�J`VÇ) Π4j(ki). ��´6Ä¼ê ϕ(t), ÙL«�äüzL§¥�UÉ�5g	.Ù

¦Ï��K�. ��/, E,�äüz´3SÜÏ�(\>, í>, í:)�	ÜÏ�(\:, 6

Ä)�Ó�^eØäuÐ!`z�.

bX, ���Ðäk m0 �!:��ä N(0) �Ä�üz´ëY�, t ���, é�ä

N(t) ¥��Ý� ki(t) �!:, �â¯��Õá5�±����Ä��§

∂ki(t)

∂t
= f∗(t) + g∗(t) + h∗(t) + z∗(t) + ϕ(t). (2)

��§ (2) �)� ki(t) = θ(t, ti, α1, α2, · · · , αr), Ù¥ëê αi (i = 1, 2, · · · , r) ��mC

þ t Ú ti Ã'. ?�Ú, �

P (ki(t) < k) = P (ti > θ−1(ki(t), t, β1, β2, · · · , βr)). (3)

� § ª (3) ¥ � ë ê βi (i = 1, 2, · · · , r) � � m C þ t Ú ki(t) þ Ã ',

θ−1(ki(t), t, β1, β2, . . . , βr) L« ki(t) ��¼ê. )��ä N(t) ¥º:Ýê� k �VÇ

P (k) =
∂P (ki(t) < k)

∂k
=

∂

∂k
P (ti > θ−1(ki(t), t, β1, β2, . . . , βr)). (4)

5 3¼��§ (2) �)�L§¥, kü«�/. �/ 1: XJ�§ (2) m>Ü©ªf¥

Ñy� ki � t ¹kØÓ�ê�I, 3�m t ªuÃ¡��, ��Cq�ïT�5¼�Cq);

�/ 2: XJ�§ (2) m>Ü©ªf¥¹k C
t /ª�L�ª, 3�m t ¿©��cJe, ��

Cq�ïT�5¼�Cq). lXêÆ�ÝÏLe¡�~f=)º�/ 1, �k�©�§

∂ki(t)

∂t
=

ki(t)

t
+

ki(t)

t2
,
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Ù)� ki(t) =ec− 1

t t, Cq)�k̃i(t) =ect. w,, 3 t ¿©��, ki(t) ≃ k̃i(t), v±`²ù�

�Cq´�1�!k��. 3�ÅE,XÚ��mØäüzL§¥, ?Û��!: i �Ý�

ki(t) �Cz�o��mÓ�, �o´�m�p�Ã¡�þ.

�©±©z [5-7] ��µ, ©Û
Ù¥�ÃIÝ�ä�., uy§�¥!:�O��ª

þæ^
ü��Ý`kë�VÇ, �y¢¥�ä�O��ª¿�ü�, 
´3õ«`kVÇ

���^�e?1�. �uù��¢S�µ¿Â, ïá
�«�Æ�ê γ �����3 1

�3�m�ü«`kVÇ·Ü���ÃIÝ�ä�., ¿éTaE,�ä�A5?1
&Ä.

2 äk 2 «`kVÇ����ä�.

?Û���äÑØ´Õá�3�, 3?1üz�, Ø=�É�g�Ï��K�, 
��

�É�5g	.Ï��Z6(r?½{N). Ò�äO��L§
ó, 8c�ïÄÑæ^
'

�ü��Ý`kë�O�Å�, ù�¦�ïÄäk�½�Û�5. Á��e, y¢)¹¥�

�ä3?1!:\\�, ØÓ���, \\�ä�!:êØ=´Cz�, 
�z��!:?

\�ä�æ��ë>$��¿Ø´U��(½�OK?1�. ~X: 3��Ü��ä¥, k

<U��Ù¥p��m�3��éX���<?1Ü�; k
<� �u���Ü��ä

¥�rÃ(Ýê��)Ü�(��k�U); 3Ø�ÙTÜ��äd3$15K��¹e, $�

k
<�Å/�Ù¥�,
<?1Ü�. �
�xù��a{üÜ��ä�Ä�üzL§,

�©ïá
�aü«`kVÇ(Ý`kë�VÇÚAÏã/`kë�VÇ)·Ü��e��

ä�., ¿�á
��éA�ÄåÆ�§.

©¥�. N(t) ��EL§Xe: Ð©�ä N(0)´äk m (> 3) �!:!
m(m−1)

2 ^>

���ã Km. l t > 1��å, �1±eö�.

(1) O�: t��k a �!:\\�ä N(t − 1) ¥.

(2) `kë>$�: ù a �#!:dnaØÓ�!:|¤, 1 i a!:�k pia (0 6 pi 6

1, i = 1, 2, 3) �. áu1�a¥�z��!:�Å/l�ä N(t − 1) ¥ÀJ����ã Km,

¿�T��ã Km ¥� m �!:?1ë>$�, L«�g?1
 m + 1 <g�Ü�. ´�

z����, �ä¥¬O\ p1a ���ã Km+1 Ú p1am ���ã Km. áu1�a¥�z

��!:æ^`kë�VÇ Πi = ki
P

kj
�®�3u�ä�. N(t − 1) ¥� s (6 m − 2) �

ØÓ!:?1ë>$�. áu1na¥�z��!:�Åþ!/��ä�. N(t − 1) ¥�

n (< m−1) �ØÓ!:?1ë>$�. ù��üz�±?1êg, ��¼�Ï"��.��.

�1�a#!:?\�ä�, o¬����ÅÀJ���ã Km � m !:?1ë>,

�±wÑ, !:�Ýê��, §Ò�N´Ñy3�õ���ã Km ¥, l
�Ò´`, Ýê�

��!:�N´¼�#�ë�. ÏL©Û��, ù��J`ë��ª�1�a!:�Ý`k

ë�VÇØÓ, 3ùp¡��AÏã/ (Km) J`ë�VÇ. 3c¡üa!:æ^J`ë�

�^�e, 1na!:%æ^
�Åþ!VÇ. �©�Ü��ä�.Ò´Äuþãùn«Ø

ÓVÇ�cJeïáå5�. ²{ù�� t güz�, �ä�. N(t) äk nv(t) = m + at �

!:Úev(t) = m(m−1)
2 + p1amt + p2ast + p3ant ^>, p1amt + 1 � Km ��ã, Ý� ki �!

:¤á� Km ��ã�ê8� (m − 1)[ki − (m − 1)] + 1. w,�ëê p1 = p3 = 0�, T�ä

�.Òòz¤
 BA �..

é1�a!:, b� ki ´ëY¢Cþ, �â�.�üzÅn, 3Ä��§ (2) � 5 �õ
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U¼ê¥, \:¼ê

f∗(t) = p1a
(m − 1)[ki − (m − 1)] + 1

p1amt + 1
+ p2asΠi + p3an

1

nv(t)
, (5)

Ù{�õU¼ê g∗(t) = h∗(t) = z∗(t) = ϕ(t) = 0. KkXe�Ä��§.

∂ki(t)

∂t
= p1a

(m − 1)[ki − (m − 1)] + 1

p1amt + 1
+ p2asΠi + p3an

1

m + at
. (6)

þã�§ (5) ���

∂ki(t)

∂t
= Q(t)ki + R(t),

Ù¥

Q(t) =
p1a(m − 1)

p1amt + 1
+

p2as

2[m(m−1)
2 + p1amt + p2ast + p3ant]

,

R(t) = −p1a
(m − 1)2 − 1

p1amt + 1
+ p3an

1

m + at
.

� t → ∞�, 3 Q(t) � R(t) ¥©O�

h1 =
2(m − 1)(p1m + p2s + p3n) + p2ms

2m(p1m + p2s + p3n)
, l1 =

1 − (m − 1)2 + p3mn

m
.

Kk

∂ki(t)

∂t
= h1

ki

t
+

l1
t

.

3Ð©^� ki(ti) = m e, �§ (6) �)�

ki(t) =
(
m +

l1
h1

)( t

ti

)h1

−
l1
h1

. (7)

3�.��EL§¥, ?¿ m �1�½1na!:ÃØ�o��ÑØ�UÓá���

�ã Km, Ïd, 3�á�1�½1na!:ÝêCz�A�Äå�§�, �§ (5) ¥� Q(t)

òØ�¹
p1a(m−1)
p1amt+1 ù��. � t → ∞�, 3þª Q(t) ¥�±� h2 = p2s

2(p1m+p2s+p3n) Ú R(t)

¥� l2 = p3n, 3Ð©^� ki = s Ú ki = n e, ©O¼��§ (6) �)�

ki(t) =
(
s +

l2
h2

)( t

ti

)h2

−
l2
h2

,

ki(t) =
(
n +

l3
h3

)( t

ti

)h3

−
l3
h3

.

�ä¥?À��1�a!:Ýê� ki(t) �Ø�L k �VÇ�±�¤Xe/ª.

P1(ki(t) < k) = P1

(
ti > t

(m + l1
h1

)1/h1

(k + l1
h1

)1/h1

)
= 1 − P1

(
ti 6 t

(m + l1
h1

)1/h1

(k + l1
h1

)1/h1

)
. (8)
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b��\/#0!:��ä��m t Ñlþ!©Ù, = P (ti) = 1
m0+p1ati

. B���!:�Ý

©Ù¼ê

P1(k) =
∂P1(ki(t) < k)

∂k
=

(m + l1
h1

)1/h1t

h1(m0 + p1at)
·

1

(k + l1
h1

)1/h1+1
. (9)

� t ¿©��,

P1(k) ≈
(m + l1

h1

)1/h1

ap1h1
·

1

(k + l1
h1

)1/h1+1
.

�äÝ©ÙÑl�Ç©Ù, ��Ç�ê γ1 = 1/h1 + 1, §������ 1 < γ1 < 3. e

3T�.¥!:�`kë�VÇ==æ^ü��AÏã/ Km J`ë�VÇ, K p2 = 0, ù

��Ç�ê γ1 = 1 + m
m−1 ������ 2 < γ1 < 3. �±wÑ, Ó�æ^ü«ØÓ�`kë

�VÇ3�½§Ýþ¬¦ÃIÝ�ä��Ç�ê�����u)Cz.

aq/, �ä¥?À��1�½1na!:Ýê� k �VÇ�±�¤Xe/ª.

P2(k) =
∂P2(ki(t) < k)

∂k
=

(s + l2
h2

)1/h2t

h2(m0 + p2at)
·

1

(k + l2
h2

)1/h2+1
,

P3(k) =
∂P3(ki(t) < k)

∂k
=

(n + l3
h3

)1/h3t

h3(m0 + p3at)
·

1

(k + l3
h3

)1/h3+1
.

�äÝ©ÙÑl�Ç©Ù, ��Ç�ê γ2 = 1/h2 + 1, �Ç�ê������ γ2 > 3.

e3T�.¥!:�`kë�VÇ==æ^ü��Ý`kë�VÇ, K p1 = 0, ù��Ç�

ê γ2 = 1 + 2(p2s+p3n)
p2s ������ γ2 > 3. �±wÑ, Ó�æ^ü«ØÓ�ë�VÇ(Ý`

kë�VÇÚ�Åþ!VÇ)�¬¦ÃIÝ�ä��Ç�ê�����3�½§Ýþu)C

z.

é�ä¥z�a!:�Äå�§ (2) ?1¦ÚO��

∑
|V (ki, t)|

∂ki(t)

∂t
=

∑ [
p1a

(m − 1)[ki − (m − 1)] + 1

p1amt + 1
+ p2asΠi + p3an

1

m + at

]

+
∑[

p2asΠi + p3an
1

m + at

]
. (10)

þª¥ |V (ki, t)| L« t��Ýê� ki �!:ê8. � t ¿©��, (10)ª��àªCu

~ê a[p1m + p2s + p3n]. éu�äS��ïÄ
ó, <�3¼� P (k) �Ó��F"���

ä¥ hub !:��ê, ù�B�±ÏL�� hub !:5��é�ä¢�S��o. ùpæ^

!:�Ý\È©Ùúª

Pcum(k) =
1

nv(t)

∑

k′>k

|V (k′, t)|.

(ÜÈ©5�ÚëYzÃã, �

Pcum(k) =
1

nv(t)

∑

k′>k

|V (k′, t)| ≈ −

∫nv(t)−1

k

P (k)dk.
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�©�.¥,

Pcum(k) ≈ −

∫nv(t)−1

k

(P1(k) + P2(k) + P3(k))dk

≈
(m+ l1

h1

)1/h1

ap1
·

1

(k+ l1
h1

)1/h1

+
(s+ l2

h2

)1/h2

ap2
·

1

(k+ l2
h2

)1/h2

+
(n+ l3

h3

)1/h3

ap3
·

1

(k+ l3
h3

)1/h3

≈ C1k
1−γ1 + C2k

1−γ2 + C3k
1−γ3 .

ÏL±þ©Û, �±wÑT�.äkÃIÝA5,´��ÃIÝ�ä.

3 (Ø±9¯K

�©Äk�âc<éE,�ä�E,XÚïÄ�¤J,�á
�\���ÄåÆ�§,

Ä�/)Û
T�§3Ð©^�e�Ï). Ùg, ly¢E,�ä¥(¢·�õ«J`VÇ

��µe, ïá
�«�9
üaØÓJ`ë�VÇ: Ý`kë�VÇÚAÏã/ (Km) J

`ë�VÇ��ä�., ¿y²
§äkÃIÝA5. �
`²üaJ`VÇ�A:��^,

3ùpÀ�Ý`kë�VÇ� Πi = ki
P

kj
= ki

2mt (BA �.), AÏã/ (Km) J`ë�VÇ�

Π′

i = (m−1)ki−m(m−2)
mt+1 , ?1¦Ú$����

∑
Πi =

∑ ki∑
kj

=

∑
ki

2mt
= 1,

∑
Π′

i =

∑
[(m − 1)ki − m(m − 2)]

mt + 1
= m.

ùÒ`²: ÏLØÓ�Ý�á�`ë�VÇ==�N�´�ä¥ÊH�3/k�k�,·ö

�L, IöÏ¯0�y�. �
8��ïÄ, k±e¯K.

¯̄̄KKK 1 (�z�º�) ���¹e, éu��üz��ä, Ù¥�z��!:Ñé�ä

���$1å�/�z½º�0�^, Äu!:é�ä/�z½º�0§Ý�âÑ�Ä, J

Ñ��b�: !:J`ë�Ñl

Πi =
ki

mt
·

αiki

αiki + αjkj
, (11)

ª¥�ëê αiL«!: i é���ä��zÝ, Ù¥ αi > 0 L«3�ä¥´�z!:

(αi = 1 L«n��z!:, αi > 1 L«�KÖ�z!:, 0 < αi < 1 L«y¢�z!:),

αi < 0 L«3�ä¥´º�!:. 8c�ïÄÑ´3Ø�Ä!:��zÝØÓ��/e&

?�, ez�!:��zÝ αi´��3 0 � 1 �m�~ê, @o

Πi =
ki

mt
·

αiki

αiki + αjkj
=

ki

mt
·

1

1 + θji
,

þª¥ θji =
αjkj

αiki
. b��m t´ëYCþ, �±��

∂ki(t)

∂t
= mΠi =

ki

(1 + θji)t
.

3ëY�^�e, æ^²þ|�{[3]B�±O��� P (k) ≈ k−γ , Ù¥�Ç�ê γ = 1 + θji.

�AÏ��/B´!:��zÝ�!:�ÝÎÃ'X, =¤k�!:3�ä¥Ñ�/�À

Ó;0(?¿!:��zÝëê αi = 1), d�k

mΠi = m
ki

mt
·

αi

αi + αj
=

ki

2t
.
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ùB´²;� BA �..

¯̄̄KKK 2(°(z�Ç�ê�����) $^ØÓ��{!Eâ!E|, lØÓ��ÝÑ

u, uy�þ�y¢�äA�ÑäkÃIÝA5, Ýê� k �!:3�ä¥Ñy�VÇ÷v

(1)ª, �´, �Æ�ê γ ��8¥u 1 � 4. ÏLéþã�.©Û, γ > 1�, �äoN¥y

ÑO�G�; γ ∼ 1�, �äoN¥yÑ/>·�0(��mí£, !:êØäO\, ��ä�

>ê%vku)Cz); γ < 1�, �äoN¥yÑPò. ù½NÒ�±)º��o�c<�

ÏLïÄ, uyØ��äÑl P (k) ∼ k−γ , � γ ∈ (1, 4) ù�y�, ùØÓukc¤'5�O

��ä, E�±��8�&¢���ÌK.
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