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Abstract: In this paper, the long-time dynamical behavior of solutions for the abstract

evolution equations with fading memory is investigated on time-dependent spaces. By

applying the modified pull-back attractors theory, techniques of a priori estimate and

operator decomposition, we verify the asymptotic compactness of the process. Furthermore,

the existence and regularity of time-dependent global attractors are proved. This paper

improves some known results.
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��	�, 
������������� Ω ⊂ R
n (n � 3) �����������:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ε(t)utt + k(0)Aθu+
∫∞

0

k′(s)Aθu(t− s)ds+ g(u) = f, (x, t) ∈ Ω × R,

u(x, t) = 0, x ∈ ∂Ω, t ∈ R,

u(x, t) = uτ (x, t), ut(x, t) = uτ
t (x, t), x ∈ Ω, t � τ,

(0.1)

�� θ ∈ [n
3 ,

n
2 − 1

3 ), k(∞) = 1, � k′(s) < 0, ∀ s ∈ R
+, u(x, t) �����. � ε(t) � g(u) ��

�����	.
(1) ε(t) ∈ C1(R) ���	
����, ���

lim
t→+∞ ε(t) = 0; (0.2)

��
, ����L > 0, ��

sup
t∈R

(|ε(t)| + |ε′(t)|) � L. (0.3)

(2) �� g ∈ C2(R), g(0) = 0, ���:

|g′′(y)| � C(1 + |y|), ∀ y ∈ R; (0.4)

lim inf
|s|→+∞

g(s)
s

> −λθ
1, (0.5)

��λ1 ���−Δ ���H1
0 (Ω) �������. �

G(u) =
∫u

0

g(y)dy.

��, 
���

2〈g(u), u〉 � 2〈G(u), 1〉 − (1 − ν)‖u‖2
θ − C. (0.6)

	��������, ������������������. �		 [1-2]�,
Plinio � Conti ������������, �����������	��. �		
[3] �, Conti �����	�������������
. �		 [4-5]�, ����	�
	����	� Plate ������	����������������������
�����.

�� (0.1) 	
�		 [6-8]����������, ���	���������

��
����. �� (0.1)��������, ��
���		 [9]��������
	�����������. 
���, �� (0.1) ������������	���
��. ������, �
�����	�
��
���: ��, 	������	
�
� ε(t) ����������
, 
���������������
����; ��,
��������, �Aθ �����, ������������� (����)�	��,
������. �����, �	��������������, ��������
�����, ��
�
�����, ���������������������.
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�	�

�: � 1 �, ������	���
���, ����, ������
������; � 2 �, ������������������ (0.1)���������
��������.

�����, �	��
�C�����.

1 ����

�H = L2(Ω), 〈Au, v〉 = b(u, v), ∀u, v ∈ H , �� b(u, v) �H ������, ���	
�����, A�H ����������, ���D(A) ⊂ H . � {λj}j∈N

, {ωj}j∈N
��

�A ��������
, 
� {ωj}j∈N
�
�H ������, ��⎧⎨⎩Aωj = λjωj ,

0 < λ1 � λ2 � · · · � λj , λj → ∞ (j → ∞).

�������A�
�����Aθ, ���D(Aθ) ⊂ H . �D(A0) = H , D(A
θ
2 ) = Vθ,

D(A− θ
2 ) = V ∗

θ , ��Vθ =
{
u ∈ H :

∞∑
j=1

λθ
j (u, ωj)2 <∞

}
. ����Vθ �����:

〈u, v〉θ =
∞∑

j=1

λθ
j (u, ωj)(v, ωj), ‖u‖2

θ = 〈u, u〉θ, ∀u, v ∈ Vθ,

��
� Hilbert ��, �����Ar �	D(As) �D(As−r) ���
�� (���� s, r ∈
R). 	A�������, Aθ �������. 
�, ����Vθ ↪→ H �����

Vθ ↪→L
2n

n−2θ , (1.1)

��������

λθ
1

∫
Ω

|v|2dx �
∫
Ω

|A θ
2 v|2dx, ∀ v ∈ Vθ. (1.2)

����, ��H �Vθ �����������	���:

〈u, v〉 =
∫
Ω

u(x)v(x)dx, ‖u‖2 =
∫
Ω

|u(x)|2dx, ∀u, v ∈ H ;

〈u, v〉θ =
∫
Ω

A
θ
2 u(x)A

θ
2 v(x)dx, ‖u‖2

θ =
∫
Ω

|A θ
2 u(x)|2dx, ∀u, v ∈ Vθ.

L2
μ(R+;Vθ) ��� R

+ ��Vθ � Hilbert ���, ����������:

〈ϕ, ψ〉μ,θ =
∫∞

0

μ(s)
∫
Ω

A
θ
2ϕA

θ
2ψdxds, ‖ϕ‖2

μ,θ =
∫∞

0

μ(s)
∫
Ω

|A θ
2ϕ|2dxds.

��������

Hσ
t = Vθ+σ × Vσ × L2

μ(R+;Vθ+σ),

���������:

‖z‖2
Hσ

t
=

∥∥(u, ut, η
t)

∥∥2

Hσ
t

= ‖u‖2
θ+σ + ε(t)‖ut‖2

σ + ‖ηt‖2
μ,θ+σ.
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� σ = 0 �, 
��Ht = Vθ ×H × L2
μ(R+;Vθ), ������

‖z‖2
Ht

=
∥∥(u, ut, η

t)
∥∥2

Ht
= ‖u‖2

θ + ε(t)‖ut‖2 + ‖ηt‖2
μ,θ.

��


ηt(s) = ηt(x, s) = u(x, t) − u(x, t− s).

�μ(s) = −k′(s) � k(∞) = 1, ��� (0.1)�	�	���:⎧⎪⎨⎪⎩
ε(t)utt +Aθu+

∫∞

0

μ(s)Aθηt(s)ds+ g(u) = f,

ηt
t = −ηt

s + ut,

(1.3)

���
-���	�:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
u(x, t) = 0, ηt(x, s) = 0, x ∈ ∂Ω,

u(x, τ) = uτ (x), ut(x, τ) = utτ (x), x ∈ Ω,

ητ (x, s) = ητ (x, s) = u(x, τ) − u(x, τ − s), (x, s) ∈ Ω × R
+.

(1.4)

������μ(s)		���:

μ(s) ∈ C1(R+) ∩ L1(R+), μ(s) � 0, μ′(s) � 0, ∀ s ∈ R
+; (1.5)∫∞

0

μ(s)ds = k0; (1.6)

μ′(s) + δμ(s) � 0, ∀ s ∈ R
+, (1.7)

�� k0, δ����. ��μ(s) ��
�
.
������ 1.1[10] ������μ(s)�� (1.5)� (1.7), �� ∀T > τ , ∀ ηt ∈C([ τ, T ] ;L2

μ(R+;
Vθ)), � 〈ηt, ηt

s〉μ,θ � δ
2‖ηt‖2

μ,θ.

������ 1.2(Gronwall-���)[11] � Y (t) : [τ,∞) → R
+ �������, ��ω > 0 �

k � 0 ������� d
dtY (t) + 2ωY (t) � q(t)Y (t) + k, ���� q(t) : [τ,∞) → R

+, ���
�m � 0 ��

∫∞
τ q(y)dy � m, ��Y (t) � Y (τ)eme−ω(t−τ) + kω−1em.

2 �������

2.1 ���
��, 	��� (1.3)−(1.4)����
�.

������ 2.1 � I=[τ, T ], T >τ . � g ∈ C(Vθ ;H), f ∈ H . �
� z(τ) = (u(τ), ut(τ), ητ (s))
∈ Hτ �, 	�� z(t) = (u(t), ut(t), ηt(s)) ∈ C([τ, T ];Ht) ��� (1.3)�	� I ����, 
�⎧⎨⎩ 〈ε(t)utt, v〉 + 〈u, v〉θ +

〈
ηt(s), v

〉
μ,θ

+ 〈g(u), v〉 = 〈f, v〉,

〈ηt
t(s) + ηt

s(s), ϕ(s)〉μ,θ = 〈ut, ϕ(s)〉μ,θ ,

����� v ∈ Vθ, ϕ ∈ L2
μ(R+;Vθ), t ∈ I, 
����.
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��		 [12-13]����, ����� (1.3)−(1.4)�������.

������ 2.1 ���	 (0.2)−(0.5)� (1.5)−(1.7)��. 
� f ∈ H , g ∈ C(Vθ ;H), ���
��	�T > τ �
� z(τ) = (u(τ), ut(τ), ητ (s)), �� (1.3)−(1.4)������ z(t) =
(u(t), ut(t), ηt(s)), �� z(t) ∈ C([τ, T ];Ht) ∩ L∞([τ, T ];H1

t ).


� 2.1, �	�������U(t, τ) : Hτ → Ht, �U(t, τ)z(τ) = (u(t), ut(t),
ηt(s)), �� z(τ) ∈ Hτ , z(t) = (u(t), ut(t), ηt(s)) ��� (1.3)−(1.4)	�
� z(τ)����.

������ 2.1 ���	 (0.2)−(0.5)� (1.5)−(1.7)��, 	� 2.1�����U(t, τ),
τ�t ∈R, ������
: ��	
�zi(τ)∈Hτ , ��‖zi(τ)‖Hτ�R, i= 1, 2, 	����
�C = C(R) � 0, ��������

‖U(t, τ)z1(τ) − U(t, τ)z2(τ)‖Ht � eC(t−τ)‖z1(τ) − z2(τ)‖Hτ , ∀ t � τ. (2.8)

������ 2.1, 
���������.

2.2 �������
������ 2.2 ��� 2.1����	�, �U(t, τ)z(τ) ��� (1.3)	�
��� τ �
�

� z(τ) ��, ����R�	���R0 � 0, ��

‖U(t, τ)z(τ)‖Ht � R0, ∀ t � τ. (2.9)

��� ��� � 0 < ρ < 1, � 2(ut(t) + ρu(t)) ��� (1.3) �H ����, �

〈ε(t)utt, 2ut + 2ρu〉+
〈
Aθu, 2ut + 2ρu

〉
+

〈∫∞

0

μ(s)Aθηt(s)ds, 2ut + 2ρu
〉

+ 〈g(u), 2ut + 2ρu〉 = 〈f, 2ut + 2ρu〉 . (2.10)

�����, 	�� (1.3) ������, ��� 1.1, ��� Hölder ���� Young ��
�, � 〈∫∞

0

μ(s)Aθηt(s)ds, 2ut

〉
=

∫
Ω

∫∞

0

2(ηt
t + ηt

s)μ(s)Aθηt(s)dsdx

� d
dt

‖ηt‖2
μ,θ + δ‖ηt‖2

μ,θ, (2.11)〈∫∞

0

μ(s)Aθηt(s)ds, 2ρu
〉

� − 2ρ
∫
Ω

|A θ
2 u|

∫∞

0

μ(s)|A θ
2 ηt(s)|dsdx

� − ρν

2
‖u‖2

θ −
2k0ρ

ν
‖ηt‖2

μ,θ. (2.12)

����� C̆ > 0, ��

E(t) = ‖u‖2
θ + ε(t)‖ut‖2 + ‖ηt‖2

μ,θ + 2ρε(t) 〈u, ut〉 + 2〈G(u), 1〉 − 2〈f, u〉 + C̆

=E(t) + 2ρε(t) 〈u, ut〉 + 2〈G(u), 1〉 − 2〈f, u〉 + C̆, (2.13)

������ ρ, ���� 0 < ν0 < 1 ���	����C(s), ��

ν0E(t) − C � E(t) � C(E(t)). (2.14)
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���, 	 Hölder ���� Young ���, ���	 (0.3)� (1.2) �, �

2ρε(t)| 〈u, ut〉 | � ρε(t)‖u‖2
θ +

ρε(t)
λθ

1

‖ut‖2.


� 2n
n−2θ � 4, ����	�� (1.1), ��	 (0.4)
��

〈G(u), 1〉 �
∫
Ω

∫u

0

C(1 + |s|3)dsdx � C‖u‖4
L4 + C � C‖u‖4

θ + C. (2.15)

	�	 (0.5), �������� 0 < ν < 1, ��

2〈G(u), 1〉 � −(1 − ν)‖u‖2
θ − C.

�� (2.10)�, 	 (2.11)−(2.13)�, ��	 (0.6), ��

d
dt

E(t) + ρE(t) +
ρν

2
‖u‖2

θ − (ε′(t) + 3ρε(t))‖ut‖2 +
(
δ − 2k0ρ

ν
− ρ

)
‖ηt‖2

μ,θ

− 2ρ(ε′(t) + ρε(t))〈u, ut〉 � ρC. (2.16)

	 Hölder ���� Young ���, ���	 (0.3)� (1.2) �, �

−2ρ(ε′(t) + ρε(t)) 〈u, ut〉 � −ρν
2
‖u‖2

θ −
2ρ
νλθ

1

L2‖ut‖2. (2.17)

� (2.17) �
�� (2.16)�, �

d
dt

E(t) + ρE(t) −
(
ε′(t) + 3ρε(t) +

2ρ
νλθ

1

L2
)
‖ut‖2 +

(
δ − 2k0ρ

ν
− ρ

)
‖ηt‖2

μ,θ � ρC. (2.18)

� ρ���, �� ε′(t) + 3ρε(t) + 2ρ
νλθ

1
L2 � 0, δ − 2k0ρ

ν − ρ � 0, ��

d
dt

E(t) + ρE(t) � ρC.

�� Gronwall���� (2.14)�, �� (2.9) ���. ��.

������ 2.1 ��������� ��	�
� zi(τ), �� 2.2 ���
�����������
��.

‖U(t, τ)zi(τ)‖Ht � R0. (2.19)

� {ui(t), ∂tui(t), ηt
i} = U(t, τ)zi(τ), ��� z(t) = (u(t), ut(t), ηt(s)) = U(t, τ)z1(τ)−U(t, τ)

z2(τ). 
�, ������ z(t) 	�
���� z(τ) = z1(τ) − z2(τ) ����

ε(t)utt +Aθu+
∫∞

0

μ(s)Aθηt(s)ds+ g(u1) − g(u2) = 0. (2.20)

� 2ut(t) ��� (2.20)�H ����, ��� (2.11)−(2.12)����, �

d
dt

‖z‖2
Ht

− ε′(t)‖ut‖2 + δ‖ηt‖2
μ,θ � −2 〈g(u1) − g(u2), ut〉 . (2.21)
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� 2n
n−2θ � 2n

θ , ����	�� (1.1), �	 Hölder ���� Young���, ��	 (0.4)
� (2.19)�, �

−2 〈g(u1) − g(u2), ut〉 � − 2
∫
Ω

|g′(ξ)||u||ut|dx

�2C
( ∫

Ω

(1 + |u2|2 + |u1|2)n
θ dx

) θ
n ‖u‖

L
2n

n−2θ
‖ut‖

�2C(1 + ‖u2‖2
θ + ‖u1‖2

θ)‖u‖θ‖ut‖
�C(‖u‖2

θ + ‖ut‖2). (2.22)


�� (2.22)���� (2.21)�, �

d
dt

‖z(t)‖2
Ht

� C(‖u‖2
θ + ‖ut‖2) � C‖z(t)‖2

Ht
.

�	� [τ, t]��� Gronwall��, �� (2.8) ���. ��.
� Bt(R) = {z(t) ∈ Ht : ‖z(t)‖Ht � R}.
������ 2.3 ���	 (0.2)−(0.5) � (1.5)−(1.7)��, � B = {Bt(R0)} ��� {U(t, τ)}

��������, ������M0 � R2
0, ��

sup
zτ∈Bτ (R0)

{
‖U(t, τ)zτ‖2

Ht
+

∫∞

τ

‖ut(y)‖2dy
}

� M0, ∀ t ∈ R. (2.23)

��� ��� 	�� 2.2���	�������������. ���� (2.23)�, ��
� (2.18)��� ρ = 0, �����. ��.
2.3 �������������

������ 2.2 	��� (1.3)−(1.4)�	���U(t, τ)�Ht ������������
���� A = {At}t∈R

.
�����������, ��	������������. ��, �	�����

��
���������.
��	 (0.4)−(0.5) �, ����� g��� g = g0 + g1, �� g0, g1 ∈ C2(R), ���

k � 0 ��

g′1(s) � k, ∀ s ∈ R, (2.24)

|g′′0 (s)| � k(1 + |s|), ∀ s ∈ R, (2.25)

g0(0) = g′0(0) = 0, (2.26)

g0(s)s � 0, ∀ s ∈ R. (2.27)

� B = {Bt(R0)}t∈R
�	�� 2.3�������������, � τ ∈ R ���, 	

����� zτ ∈ Bτ (R0), �	�U(t, τ)zτ ���

U(t, τ)zτ = z(t) = (u(t), ut(t), ηt(s)) = U0(t, τ)zτ + U1(t, τ)zτ ,

��

U0(t, τ)zτ = (v(t), vt(t), ζt(s)), U1(t, τ)zτ = (w(t), wt(t), ξt(s)),
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���� ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε(t)vtt +Aθv +
∫∞

0

μ(s)Aθζt(s)ds+ g0(v) = 0,

ζt
t = −ζt

s + v,

v(x, t)|∂Ω = 0, ζt(x, t)|∂Ω = 0,

v(x, τ) = uτ (x), vt(x, τ) = uτ
t (x), ζτ (x, s) = ητ (x, s),

(2.28)

� ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε(t)wtt +Aθw +
∫∞

0

μ(s)Aθξt(s)ds+ g(u) − g0(v) = f,

ξt
t = −ξt

s + w,

w(x, t)|∂Ω = 0, ξt(x, t)|∂Ω = 0,

w(x, τ) = 0, wt(x, τ) = 0, ξτ (x, s) = 0.

(2.29)

������ 2.4 ����α = α(B) > 0, ��

‖U0(t, τ)zτ‖Ht � Ce−α(t−τ), ∀ t � τ. (2.30)

��� ��� � g0 �� g, ����� 2.2���, �

‖U0(t, τ)zτ‖Ht � C. (2.31)

� 0 < ρ < 1, � 2(vt(t) + ρv(t)) ��� (2.28)�H ����, ��� (2.11)−(2.12)����,
�

d
dt

(‖v‖2
θ + ε(t)‖vt‖2 + ‖ζt‖2

μ,θ + 2ρε(t) 〈v, vt〉 + 2〈G0(v), 1〉) +
3ρ
2
‖v‖2

θ − (ε′(t) + 2ρε(t))‖vt‖2

+ (δ − 2ρk0)‖ζt‖2
μ,θ − 2ρε′(t)〈v, vt〉 + 2ρ 〈g0(v), v〉 � 0. (2.32)

	 Hölder ���� Young ���, ���	 (0.3)� (1.2) �, ��

−2ρε′(t) 〈v, vt〉 � −ρ
2
‖v‖2

θ −
2ρL2

λθ
1

‖vt‖2. (2.33)

��

E0(t) =‖v‖2
θ + ε(t)‖vt‖2 + ‖ζt‖2

μ,θ + 2ρε(t) 〈v, vt〉 + 2〈G0(v), 1〉
=‖U0(t, τ)zτ‖2

Ht
+ 2ρε(t) 〈v, vt〉 + 2〈G0(v), 1〉, (2.34)

��G0(s) =
∫s

0 g0(y)dy. 	��

1
2
‖U0(t, τ)zτ‖2

Ht
� E0(t) � C‖U0(t, τ)zτ‖2

Ht
. (2.35)



� 1 � ���, �: �������������������� 43

���, 	�	 (2.27), �G0(s) � 0. ���	 (2.25)� (2.31) �, ��� (2.15)����, �

〈G0(v), 1〉 � C‖v‖4
θ + C � C.

	 Hölder ���� Young ���, ���	 (0.3)� (1.2) �, ��

2ρε(t)| 〈v, vt〉 | � 1
2
‖v‖2

θ +
2ρ2L

λθ
1

ε(t)‖vt‖2.

� (2.33)−(2.34)��� (2.32)�, ���	 (2.27), ��

d
dt

E0(t) + ρ‖U0(t, τ)zτ‖2
Ht

−
(
ε′(t) + 3ρε(t) +

2ρL2

λθ
1

)
‖vt‖2 + (δ − ρ− 2ρk0)‖ζt‖2

μ,θ � C.

 ρ���, ��

ε′(t) + 3ρε(t) +
2ρL2

λθ
1

� 0, δ − ρ− 2ρk0 � 0, (2.36)

��

d
dt

E0(t) + ρ‖U0(t, τ)zτ‖2
Ht

� C.

�� Gronwall��, � (2.35)�, �� (2.30)���. ��.

		�����, ��������.

sup
t�τ

{‖U(t, τ)zτ‖Ht + ‖U0(t, τ)zτ‖Ht + ‖U1(t, τ)zτ‖Ht} � C. (2.37)

������ 2.5 ��M = M(B) > 0, ��

sup
t�τ

‖U1(t, τ)zτ‖H1/3
t

� M. (2.38)

��� ��� � 0 < ρ < 1, � 2A1/3(wt(t)+w(t)) ��� (2.29)�H ����, ��� (2.11)
−(2.12)����, �

d
dt

(
‖w‖2

θ+1/3 + ε(t)‖wt‖2
1/3 + ‖ξt‖2

μ,θ+1/3 + 2ρε(t)
〈
wt, A

1/3w
〉

+ 2
〈
g(u) − g0(v) − f,A1/3w

〉)
+

3ρ
2
‖w‖2

θ+1/3 − (ε′(t) + 2ρε(t))‖wt‖2
1/3 + (δ − 2ρk0)‖ξt‖2

μ,θ+ 1
3
− 2ρε′(t)

〈
wt, A

1/3w
〉

+ 2ρ
〈
g(u) − g0(v) − f,A1/3w

〉
� I1 + I2 + I3, (2.39)

��

I1 =2
〈
(g′0(u) − g′0(v))ut, A

1/3w
〉
,

I2 =2
〈
g′0(v)wt, A

1/3w
〉
,

I3 =2
〈
g′1(u)ut, A

1/3w
〉
.
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����� ρ���C∗ > 0, �

Λ(t) =‖w‖2
θ+1/3 + ε(t)‖wt‖2

1/3 + ‖ξt‖2
μ,θ+1/3 + 2ρε(t)

〈
wt, A

1/3w
〉

+ 2
〈
g(u) − g0(v) − f,A1/3w

〉
+ C∗

=‖U1(t, τ)zτ‖2

H1/3
t

+ 2ρε(t)
〈
wt, A

1/3w
〉

+ 2
〈
g(u) − g0(v) − f,A1/3w

〉
+ C∗, (2.40)


��

1
2
‖U1(t, τ)zτ‖2

H1/3
t

� Λ(t) � 2‖U1(t, τ)zτ‖2

H1/3
t

+ C. (2.41)

���, 	 Hölder ���� Young ���, ���	 (0.3)� (1.2) �, �

2ρε(t)
∣∣∣〈wt, A

1/3w
〉∣∣∣ � ρ‖w‖2

θ+1/3 +
ρL

λθ
1

ε(t)‖wt‖2
1/3.


� 2n
n−2θ � 2n

θ , ����	�� (1.1), 	�	 (0.4) � (2.24), � (2.37)�, ��� Hölder �
��� Young ���, �

2
∣∣∣〈g(u) − g0(v), A1/3w

〉∣∣∣ �2
∣∣∣〈g(u) − g(v), A1/3w

〉∣∣∣ + 2
∣∣∣〈g1(v), A1/3w

〉∣∣∣
�2

∫
Ω

|g′(ξ)||w||A1/3w|dx + 2
∫
Ω

|g′1(ξ)||v||A1/3w|dx

�C(
∫
Ω

(1 + |u|2 + |v|2)n
θ dx)

θ
n ‖w‖

L
2n

n−2θ
‖A1/3w‖ + 2k‖v‖‖A1/3w‖

�C‖w‖θ‖w‖2/3 + C‖v‖θ‖w‖2/3

�1
4
‖w‖2

θ+1/3 + C.

� (2.40) ���� (2.39)�, �

d
dt

Λ(t) + ρΛ(t) +
ρ

2
‖w‖2

θ+1/3 − (ε′(t) + 3ρε(t))‖wt‖2
1/3 + (δ − ρ− 2ρk0)‖ξt‖2

μ,θ+1/3

− 2ρ(ε′(t) + ρε(t))
〈
wt, A

1/3w
〉

� I1 + I2 + I3 + ρC∗. (2.42)

	 Hölder ���� Young ���, ���	 (0.3)� (1.2) �, ��

−2ρ(ε′(t) + ρε(t))
〈
wt, A

1/3w
〉

� −ρ
2
‖w‖2

θ+1/3 −
2ρL2

λθ
1

‖wt‖2. (2.43)

� (2.43) ���� (2.42)�, � ρ���, �� (2.36) ���, ��

d
dt

Λ(t) + ρΛ(t) � I1 + I2 + I3 + ρC∗. (2.44)


� 2n
n−2θ � 2n

4θ−n , 2n
n−2θ � 2n

θ , ����	�� (1.1), �	 Hölder ���� Young ���, �
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�	 (2.25)−(2.26), �

I1 �C(1 + ‖u‖
L

2n
4θ−n

+ ‖v‖
L

2n
4θ−n

)‖ut‖‖w‖
L

2n
n−2(θ+1/3)

‖A1/3w‖
L

2n
n−2(θ−1/3)

�C(1 + ‖u‖θ + ‖v‖θ)‖ut‖‖w‖θ+1/3‖A1/3w‖θ−1/3

�ρ
2
‖w‖2

θ+1/3 + C‖ut‖2‖w‖2
θ+1/3

�ρ
2
Λ(t) + C‖ut‖2‖w‖2

θ+1/3,

I2 �C
( ∫

Ω

(|v| + |v|2)n
θ dx

) θ
n ‖wt‖1/3‖A1/3w‖

L
2n

n−2(θ−1/3)

�C(1 + ‖v‖θ + ‖v‖2
θ)‖wt‖1/3‖w‖θ+1/3

�C‖wt‖2
1/3 + C‖v‖2

θ‖w‖2
θ+1/3.

��, 	�	 (2.24), �

I3 � k‖ut‖‖A1/3w‖ � λ
2(θ−1/3)
1 ‖ut‖2‖w‖2

2/3 + C � ‖ut‖2‖w‖2
θ+1/3 + C.


�, 	��� (2.44), ��

d
dt

Λ(t) +
ρ

2
Λ(t) � q(t)Λ(t) + C,

�� q(t) = C‖ut‖2 + C‖v‖2
θ, ��

∫∞

τ

q(y)dy � C.

��	�� 1.2, �� 2.3 ��� 2.4, ��

Λ(t) � CΛ(τ)e
−
ρ

4
(t−τ)

+ C, (2.45)

�� (2.41)�, ���U1(t, τ)z(τ) ���H1/3
t �����. ��.

��
�����������, 
����������.
������ 2.6[12-14] �μ(s) ∈ C1(R+)∩L1(R+) �������, ���	��	: 
��

� s0∈R
+, ��μ(s0)=0, 	����� s�s0, �μ(s0)=0. ���, �B0, B1, B2 � Banach

��, B0, B1 ��	�, ���B0 ↪→ B1 ↪→ B2, ����B0 ↪→ B1 ���. �C ⊂ L2
μ(R+;

B1) ��
(i) C ⊂ L2

μ(R+;B0) ∩H1
μ(R+;B2);

(ii) supη∈C ‖η(s)‖2
B1

� h(s), ∀s ∈ R
+, h(s) ∈ L1

μ(R+).
	�C���L2

μ(R+;B1) ������.
��, ���� ξt ∈ L2

μ(R+;Vθ), Cauchy �	{
ξt
t = −ξt

s + wt, t � τ,

ξτ = ξτ
(2.46)

���� ξt ∈ C([τ,∞);L2
μ(R+;Vθ)), 
���� (2.29), �

ξt(x, s) =

{
w(x, t) − w(x, t − s), τ < s < t,

w(x, t) − w(τ), s � t.
(2.47)
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� B ��� 2.3 �������������, 	��	���.
������ 2.7[15] ����� g���	 (0.4)−(0.5), ��� f ∈ H , ��	 (1.5)� (1.7)

��. ���	�T > τ ���� ε > 0, �

KT = ΠU1(T, τ)B,

��������N1 = N1(‖B‖Ht), ��
(i) KT ���L2

μ(R+;Vθ+1/3) ∩H1
μ(R+;Vθ) ���;

(ii) supξ∈Kε
T
‖ξ(s)‖2

θ � N1.
�� {U1(T, τ)}t�τ ��� (2.29)����, Π : Vθ × H × L2

μ(R+;Vθ) → L2
μ(R+;Vθ) ���

��.
������ 2.8 � � � 2.6� � 	 �, � {U1(t, τ)}t�τ � � � (2.29)� � � �, � � � �

�T > τ, U1(t, τ)B �Ht ������.

�� 2.5 ��� 2.8, �	��K = {Kt}t∈R

, ��

Kt =
{
z(t) ∈ H1/3

t : ‖z(t)‖H1/3
t

� M
}
.

	���Kt ���. ��, 	���M � t�	, 
�K������. 
�, 
�
� 2.2, �� 2.4, �� 2.5 ��� 2.8, ����K������. ���

dist(U(t, τ)Bτ (R0),Kt) � Ce−α(t−τ), ∀ t � τ,

�� dist(B,C) ������B, C � Hausdorff ���. 
�, ��U(t, τ) �����, �
����U(t, τ) ���������� A = {At}t∈R

����. 
�, 	��U(t, τ)t�τ �
����, 
����� A����.
2.4 �����������

�K�, ���� t ∈ R, A �
������At ⊂ Kt, 	�At �H1/3
t �����, �

��� t�	. ��, 
�������������.
������ 2.3 At �H1

t ���, ���� t�	.
����At �H1

t �����, 
���� 2.2, �τ ∈R, �zτ ∈At, 
��U(t, τ)zτ

���

U(t, τ)zτ = z(t) = (u(t), ut(t), ηt(s)) = U3(t, τ)zτ + U4(t, τ)zτ ,

��

U3(t, τ)zτ = (v(t), vt(t), ζt(s)), U4(t, τ)zτ = (w(t), wt(t), ξt(s)),

���� ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ε(t)vtt +Aθv +
∫∞
0 μ(s)Aθζt(s)ds = 0,

ζt
t = −ζt

s + v,

v(x, t)|∂Ω = 0, ζt(x, t)|∂Ω = 0,

v(x, τ) = uτ (x), vt(x, τ) = uτ
t (x), ζτ (x, s) = ητ (x, s),

(2.48)
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� ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ε(t)wtt +Aθw +
∫∞

0

μ(s)Aθξt(s)ds+ g(u) = f,

ξt
t = −ξt

s + w,

w(x, t)|∂Ω=0 , ξt(x, t)|∂Ω = 0,

w(x, τ) = 0, wt(x, τ) = 0, ξτ (x, s) = 0.

(2.49)

���� 2.4�����, 
��	��

‖U3(t, τ)zτ‖Ht � Ce−α(t−τ), ∀ t � τ. (2.50)

������ 2.9 ����M1 = M1(A) > 0, ��

sup
t�τ

‖U4(t, τ)zτ‖H1
t

� M1. (2.51)

��� ��� � 0 < ρ < 1, � 2A(wt(t) + ρw(t)) � � � (2.49)�H � � � �, � �
� (2.11)−(2.12)����, �

d
dt

(‖w‖2
θ+1 + ε(t)‖wt‖2

1 + ‖ξ‖2
μ,θ+1 + 2ρε(t) 〈wt, Aw〉 − 2〈f,Aw〉)

+
3
2
ρ‖w‖2

θ+1 − (ε′(t) + 2ρε(t))‖wt‖2
1 + (δ − 2ρk0)‖ξt‖2

μ,θ+1

− 2ρε′(t) 〈wt, Aw〉 − 2ρ〈f,Aw〉 � −2 〈g(u), A(wt + ρw)〉 . (2.52)

����� ρ��� C̃ > 0 (��� ‖g‖), �

E1(t) =‖w‖2
θ+1 + ε(t)‖wt‖2

1 + ‖ξ‖2
μ,θ+1 + 2ρε(t) 〈wt, Aw〉 − 2〈f,Aw〉 + C̃

=‖U4(t, τ)zτ‖2
H1

t
+ 2ρε(t) 〈wt, Aw〉 − 2〈f,Aw〉 + C̃, (2.53)


��

1
4
‖U4(t, τ)zτ‖2

H1
t

� E1(t) � 2‖U4(t, τ)z‖2
H1

t
+ C. (2.54)

� (2.53)���� (2.52)�, �

d
dt

E1(t) + ρE1(t) +
1
2
ρ‖w‖2

θ+1 − (ε′(t) + 3ρε(t))‖wt‖2
1 + (δ − ρ− 2ρk0)‖ξ‖2

μ,θ+1

− 2ρ(ε′(t) + ρε(t))〈wt, Aw〉 � −2 〈g(u), A(wt + ρw)〉 + ρC̃, (2.55)

	 Hölder ���� Young ���, ���	 (0.3)� (1.2) �, ��

−2ρ(ε′(t) + ρε(t)) 〈wt, Aw〉 � −ρ
2
‖w‖2

θ+1 −
2ρL2

λθ
1

‖wt‖2
1. (2.56)

� (2.56)��� (2.55)�, � ρ���, �� (2.36)���, ��

d
dt

E1(t) + ρE1(t) � −2 〈g(u), A(wt + ρw)〉 + ρC̃. (2.57)
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	�������, ��

‖U(t, τ)zτ‖H1/3
t

� C,

��C > 0 ��H1/3
t ��At ���	���. 
� 2n

4(θ+1/3)−n � 2n
n−2(θ−2/3) , 	�����

	�� (1.1), �Vθ−2/3 ↪→ L
2n

n−2(θ−2/3) ↪→ L
2n

4(θ+1/3)−n , ��	 (0.4)� (2.25), �

−2〈g(u), Awt〉 − 2ρ〈g(u), Aw〉 �2
∫
Ω

|g′(u)||A1/2u||A1/2wt|dx+ 2
∫
Ω

|g′(u)||A1/2u||A1/2w|dx

�C
( ∫

Ω

(1 + |u|2) n
n−2(θ+1/3) dx

) n−2(θ+1/3)
n

× ‖A1/2u‖
L

2n
4(θ+1/3)−n

(‖wt‖1 + ‖w‖1)

�C
(
1 + ‖u‖2

L
2n

n−2(θ+1/3)

)
‖A1/2u‖θ−2/3(‖wt‖1 + ‖w‖1)

�C(1 + ‖u‖2
θ+1/3)‖u‖θ+1/3(‖wt‖1 + ‖w‖1)

�ρ

2
E1(t) + C. (2.58)

� (2.58) ��� (2.57)�, �

d
dt

E1(t) +
ρ

2
E1(t) � C.

�� Gronwall��, � (2.53)�, �� ‖U4(t, τ)zτ‖H1
t

������.

������ 2.3 ��������� �

K1
t =

{
z(t) ∈ H1

t : ‖z(t)‖H1
t

� M1

}
.

	��� (2.50)��� 2.9, � ∀ t ∈ R, �

lim
τ→−∞dist(U(t, τ)Aτ ,K

1
t ) = 0.

	�	 A ����, �

dist(At,K
1
t ) = 0.


�, At ⊂ K1
t = K1

t , ����At �H1
t �����, ����� t ∈ R �	.
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