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L
2 harmonic 2-forms on a hypersurface in Euclidean space
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Abstract: In this paper, we study L
2 harmonic 2-forms on a complete hypersurface M

of Euclidean space Rn+1 (n > 3). By applying the Bochner technique, we prove that if the

L
n(M) norms of the traceless second fundamental form Φ and the mean curvature vector

H are both bounded from above by certain constants which depend only on n, then the

L
2 harmonic 2-forms on M are parallel. Furthermore, if M is a non-minimal hypersurface,

then there is no nontrivial L
2 harmonic 2-form on M .
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©z[3]¥y²
e R
n+1(n > 3) ¥���½�4��¡ M �1�Ä�. A ÷v

‖A‖Ln(M) :=

(∫
M

|A|ndv

)
1
n

6
n − 2

2(n − 1)C(n)
,

K M þØ�3�²�� L2 NÚ 1-/ª, ¿� M �k��à, Ù¥ C(n) ���6u n ��

~ê. éup�{�ê��/, G°²3©z [4] ¥y²
e R
n+m(n > 3) ¥� n ���f

6/ Mn �Ã,Üþ Φ Ú²þÇ�þ H ÷v

‖Φ‖Ln(Mn) <
(n − 2)(1 − α)

(n − 1)
√

n − 1C(n)
,

‖H‖Ln(Mn) 6
α

nC(n)
,

K Mn þØ�3�²�� L2 NÚ 1-/ª, ¿� Mn �k��à, Ù¥ C(n) ���6u n �

�~ê, α ∈ [0, 1) �¢ê.

éuNÚ 2-/ª, Tanno 3©z[5]¥y²
 R
n+1(n 6 4) ¥����½�½4��

¡ M þØ�3�²�� L2 NÚ 2-/ª. Á+3©z[6]¥�Äò	��mU�¥�m

Sn+1(n 6 4), M U����;r½�¡, (JÓ�¤á. 3©z[7]¥, Á+�Ä�¡

Çk.� 5 �	��m N5, y²
� N5 ÷v 17
5 -©@�, ���;½4��NÈÃ��

�¡þÓ�Ø�3�²�� L2 NÚ 2-/ª. 3©z[8]¥, Á+�Ä¥�m¥����;

�¡, y²
��¡�1�Ä�.��÷v |A| 6 D �, M þ� L2 NÚ 2-/ª´²1

�. ?�Ú, e |A| < D, K M þØ�3�²�� L2 NÚ 2-/ª, Ù¥

D =







√
2, n = 3,

2, n > 4.

Ó��y²
e M �Ã,é¡Üþ Φ � Ln(M) �êØ�u δ(n), K M þØ�3�²��

L2 NÚ 2-/ª, Ù¥ δ(n) ÷v

δ(n) =



















3
√

ω3

3 ·
√

2 · 44
, n = 3,

(n − 2) n
√

ωn

2n(n − 1) · 4n+1
, n > 4.

du©z [5]![6] �
 4 �9±eî¼�m(½¥�m)¥�¡þ�²� L2 NÚ 2-/

ª�Ø�35¯K, ©z[8]Ö¿
p�¥�m¥�Ta¯K. éup�î¼�m¥�Ta¯

K¿vk�'©z, ��©�Äp�î¼�m¥�¡þ�²� L2 NÚ 2-/ª�Ø�35

¯K, é'©z[8]¥p�¥�m¥�¡þ�²� L2 NÚ 2-/ª�Ø�35¯K, ��±

e½n.

½½½nnn 0.1 � M ´î¼�m R
n+1(n > 3) ¥����¡, P Φ!H ©O� M �Ã

,ÜþÚ²þÇ�þ. XJ |Φ| 6 |H |, @o M þ� L2 NÚ 2-/ª´²1�. ?�Úe

|Φ| < |H |, K M þØ�3�²�� L2 NÚ 2-/ª.

½½½nnn 0.2 � M ´î¼�m R
n+1(n > 3) ¥����¡, P Φ!H ©O� M �Ã,

ÜþÚ²þÇ�þ. e�3��¢ê α ∈ [0, 1) ±9��=�6u n ��¢ê C(n), ¦�
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‖Φ‖Ln(M) < µ(n), ‖H‖Ln(M) 6
α

nC(n) , @o M þ� L2 NÚ 2-/ª´²1�. ?�Ú, e M

´�4��¡, K M þØ�3�²�� L2 NÚ 2-/ª, Ù¥

µ(n) =



















1 − α

4C(3)
, n = 3,

√

n − 2

2n(n − 1)
· 1 − α

C(n)
, n > 4.

555 ½n 0.1 ¥´'uÃ,ÜþÚ²þÇ�þ����N'Xª, ´���N��,

½n 0.2 ¥´éÃ,ÜþÚ²þÇ�þ©O?1��, �öØ2�p��.

1 ý��£9Ún

� M � î ¼ � m R
n+1 ¥ � � � � ½ � �  ¡. P R!Ric © O � M þ �  Ç

Ü þ Ú Ricci  Ç Ü þ, � ½ 1 6 i, j, k, l, p, · · · 6 n. À � R
n+1 � Û Ü I O � � I e

{e1, e2, · · · , en+1}, ¦� {e1, e2, · · · , en} � M ��Ie, {e1, e2, · · · , en} �Ùéó{Ie.

-

ω =
∑

ai1···ip
eip ∧ · · · ∧ ei1 = aIωI ,

θ =
∑

bi1···ip
eip ∧ · · · ∧ ei1 = bIωI .

Kk

|ω|2 =
∑

I

aI
2, |∇ω|2 =

∑

i

|∇ei
ω|2, 〈ω, θ〉 =

∑

I

aIbI .

P A!H ©O� M �1�Ä�.Ú²þÇ�þ, Ã,Üþ Φ ½Â�

Φ(X, Y ) = A(X, Y ) − H〈X, Y 〉,

Ù¥ X, Y ´ M þ���þ|, ´� |Φ|2 = |A|2 − n|H |2.
P ∧p(M) L« M � p g	/ª�m, K Hodge �f ∗ : ∧p(M) → ∧n−p(M) ½Â�

∗ei1 ∧ · · · ∧ eip = sgn δ(i1, i2, · · · , ip, ip+1, · · · , in)eip+1 ∧ · · · ∧ ein ,

Ù¥ δ(i1, i2, · · · , ip, ip+1, · · · , in) � (i1, i2, · · · , ip, ip+1, · · · , in) ���, sgn �ÎÒ¼ê.

Hodge {(�f d∗: ∧p(M) → ∧p−1(M) ½Â�

d∗ω = (−1)np+n+1 ∗ d ∗ ω.

?, �^3 p-/ª ω þ� Laplace �f½Â�

∆ω = −(dd∗ + d∗d)ω.

éu p-/ª ω, e ∆ω = 0, K¡ ω �NÚ�; e ∆ω = 0, �
∫

M
ω∧∗ωdv < +∞, K¡ ω �

L2 NÚ�; e ∇ω = 0, K¡ ω �²1�, Ù¥ ∇ ´ M þ� Levi-Civita éä. P Hp(L2(M))

� M þ¤k L2 NÚ p-/ª�¤��m.
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ÚÚÚnnn 1.1
[9] � (Mn, g) ´ n �iù6/, Ké p-/ª ω = aIωI ∈ ∧p(M), k

1

2
∆|ω|2 = 〈∆ω, ω〉 + |∇ω|2 + 〈E(ω), ω〉,

Ù¥ E(ω) = Rkβiβjαiα
ai1···kβ ···ip

eip ∧ · · · ∧ ejα ∧ · · · ∧ ei1 .

ÚÚÚnnn 1.2
[10] � M ´î¼�m R

n+1(n > 3) ¥����¡, Ké ∀f ∈ C1
0 (M) k

(∫
M

|f | n
n−1 dv

)

n−1
n

6 C(n)

(∫
M

|∇f |dv + n

∫
M

|H ||f |dv

)

,

Ù¥ H � M �²þÇ�þ, C(n) �=�6u n ��¢ê.

ÚÚÚnnn 1.3
[11-12] - M ´ n �iù6/, ω ´ M þ�NÚ p-/ª, K

(1 + Kp)
∣

∣∇|ω|
∣

∣

2
6 |∇ω|2,

Ù¥

Kp =















1

n − p
, 1 6 p 6

n

2
,

1

p
,

n

2
< p 6 n − 1.

···KKK 1.1 � M ´î¼�m R
n+1(n > 3) ¥����¡, Kéu 2-/ª ω = aije

j ∧
ei ∈ ∧2(M) k

〈E(ω), ω〉 >
n

2

(

|H |2 − |Φ|2
)

|ω|2.

yyy ²²² dÚn 1.1 �

E(ω) = Rk1i1j1i1ak1i2e
i2 ∧ ej1 + Rk2i2j2i2ai1k2e

j2 ∧ ei1

+ Rk2i2j1i1ai1k2e
i2 ∧ ej1 + Rk1i1j2i2ak1i2e

j2 ∧ ei1

= Rick1j1ak1i2e
i2 ∧ ej1 + Rick2j2ai1k2e

j2 ∧ ei1

+ Rk2i2j1i1ai1k2e
i2 ∧ ej1 + Rk1i1j2i2ak1i2e

j2 ∧ ei1 .

K

〈E(ω), ω〉 = Rick1j1ak1i2aj1i2 + Rick2j2ai2k2ai1j2

+ Rk2i2j1i1ai1k2aj1i2 + Rk1i1j2i2ak1i2ai1j2 .

d Gauss �§ Rijkl = hikhjl − hilhjk �

Rick1j1 =nHhk1j1 − hk1ihij1 , Rick2j2 = nHhk2j2 − hk2ihij2 ,

Rk2i2j1i1 =hk2j1hi2i1 − hk2i1hi2j1 , Rk1i1j2i2 = hk1j2hi1i2 − hk1i2hi1j2 .

3?¿: p ∈ M ?, À�·��IO��Ie {ei}, ¦� hij = λiδij , Ù¥ λi ´1�Ä

�. A = (hij) �A��. w,,

n|H | = λ1 + · · · + λn.
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�

〈E(ω), ω〉 = Rick1j1ak1i2aj1i2 + Rick2j2ai2k2ai1j2 + Rk2i2j1i1ai1k2aj1i2 + Rk1i1j2i2ak1i2ai1j2

=
∑

n|H |λk1(ak1i2)
2 −

∑

λk1

2(ak1i2)
2 +

∑

n|H |λk2(ai1k2)
2 −

∑

λk2

2(ai1k2)
2

−
∑

λk2λi2(ak2i2)
2 −

∑

λj2λi2 (aj2i2)
2

= 2n
∑

|H |λi(aij)
2 − 2

∑

λ2
i (aij)

2 − 2
∑

λiλj(aij)
2

= 2
∑

i6=j

(

(λ1 + · · · + λn)λi − λ2
i − λiλj

)

(aij)
2.

� n = 3 �,

〈E(ω), ω〉 = 2
∑

i6=j

(

(λ1 + λ2 + λ3)λi − λ2
i − λiλj

)

(aij)
2

=
∑

i6=j

(λ1 + · · · + λ̂i + · · · + λ̂j + · · · + λ3)(λi + λj)(aij)
2

>
1

2

∑

i6=j

(

(3|H |)2 − (λ1 + · · · + λ̂i + · · · + λ̂j + · · · + λ3)
2 − 2(λi

2 + λj
2)

)

(aij)
2

>
1

2

(

|A|2 − 3|Φ|2
)

|ω|2.

q |Φ|2 = |A|2 − 3|H |2 > 0, � |A|2 > 3|H |2. =

〈E(ω), ω〉 >
1

2

(

|A|2 − 3|Φ|2
)

|ω|2 >
1

2

(

3|H |2 − 3|Φ|2
)

|ω|2

=
3

2

(

|H |2 − |Φ|2
)

|ω|2. (1)

� n > 4 �,

〈E(ω), ω〉 = 2
∑

i6=j

(

(λ1 + · · · + λn)λi − λ2
i − λiλj

)

(aij)
2

=
∑

i6=j

(λ1 + · · · + λ̂i + · · · + λ̂j + · · · + λn)(λi + λj)(aij)
2

>
1

2

∑

i6=j

(

(n|H |)2 − (n − 2)

( n
∑

k 6=i,j

(λk)2 + (λi
2 + λj

2)

))

(aij)
2

>

(

|A|2 − n

2
|Φ|2

)

|ω|2.

q |Φ|2 = |A|2 − n|H |2 > 0, � |A|2 > n|H |2 >
n
2 |H |2. =

〈E(ω), ω〉 >
(

|A|2 − n

2
|Φ|2

)

|ω|2 >
n

2

(

|H |2 − |Φ|2
)

|ω|2. (2)

nÜª(1)!(2), éu n > 3, ·K 1.1 ¤á.

2 Ì�(J�y²

½½½nnn 0.1���yyy²²² � ω ∈ H2(L2(M)), k ∆ω = 0,
∫

M
|ω|2dv < +∞. dÚn 1.1 �

1

2
∆|ω|2 = |∇ω|2 + 〈E(ω), ω〉. (3)
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P x �½: x0(x0 ∈ M) �ÿ/ål� ρ(x), À� η ∈ C∞
0 (M) ´äk;�| 8�1w

¼ê, ¦�éu ∀ r > 0 k

η =



















1, ρ < r,

a ∈ [0, 1], |∇η| <
2

r
, r 6 ρ 6 2r,

0, ρ > 2r.

(4)

3ª (3) ü>Ó�¦± η2 ¿3 M þÈ©�
∫
M

η2|∇ω|2dv +

∫
M

η2〈E(ω), ω〉dv =
1

2

∫
M

η2∆|ω|2dv

= −1

2

∫
M

〈∇η2,∇|ω|2〉dv

= −2

∫
M

η|ω|〈∇η,∇|ω|〉dv. (5)

qéu?¿��~ê ε, d Cauchy-Schwarz Ø�ª

±2

∫
M

η|ω|〈∇η,∇|ω|〉dv 6 ε

∫
M

η2
∣

∣∇|ω|
∣

∣

2
dv +

1

ε

∫
M

|ω|2|∇η|2dv

±9Ún 1.3, ª (5) �U��
(

1 − ε

1 + Kp

) ∫
M

η2|∇ω|2dv +

∫
M

η2〈E(ω), ω〉dv 6
1

ε

∫
M

|ω|2|∇η|2dv. (6)

q η �÷vª (4) �¼ê, Kdª (6) �
(

1 − ε

1 + Kp

) ∫
Bx0(r)

|∇ω|2dv +

∫
Bx0(r)

〈E(ω), ω〉dv 6
4

εr2

∫
Bx0(2r)

|ω|2dv. (7)

�â·K 1.1, 〈E(ω), ω〉 >
n
2

(

|H |2 − |Φ|2
)

|ω|2. qd^� |Φ| 6 |H | � 〈E(ω), ω〉 > 0. ��

3¿©�� ε > 0 ¦� 1 − ε
1+Kp

> 0 �, dÈ©5�, 3ª (7) ¥- r → +∞, ·���

|∇ω| = 〈E(ω), ω〉 = 0.

¤± M þ� L2 NÚ 2-/ª´²1�. ?�Úe |Φ| < |H |, d 〈E(ω), ω〉 = 0 � ω = 0, = M

þØ�3�²�� L2 NÚ 2-/ª. ½n 0.1 y..

½½½nnn 0.2 ���yyy²²² � ω ∈ H2(L2(M)), �â·K 1.1, 〈E(ω), ω〉 > n
2

(

|H |2 − |Φ|2
)

|ω|2, �

\ª (6) ��
(

1 − ε

1 + Kp

) ∫
M

η2|∇ω|2dv +
n

2

∫
M

η2
(

|H |2 − |Φ|2
)

|ω|2dv 6
1

ε

∫
M

|ω|2|∇η|2dv. (8)

�^� ‖H‖Ln(M) 6 α
nC(n) , é ∀f ∈ C1

0 (M), d Hölder Ø�ª�

nC(n)

∫
M

|H ||f |dv 6 nC(n)

(∫
M

|H |ndv

)
1
n

(∫
M

|f | n
n−1 dv

)

n−1
n

6 α

(∫
M

|f | n
n−1 dv

)
n−1

n

.



44 uÀ���ÆÆ�(g,�Æ�) 2018 c

(ÜÚn 1.2 �
(∫

M

|f | n
n−1 dv

)
n−1

n

6
C(n)

1 − α

∫
M

|∇f |dv,

þª¥- f = g
2(n−1)

n−2 , Ù¥ g ∈ C1
0 (M), u´k

(∫
M

|g| 2n
n−2 dv

)

n−2
n

6
4(n − 1)2C(n)

2

(1 − α)2(n − 2)2

∫
M

|∇g|2dv.

|^þªÚ Hölder Ø�ª�

∫
M

η2|Φ|2|ω|2dv 6

(∫
M

|Φ|ndv

)
2
n

(∫
M

(η|ω|) 2n
n−2 dv

)

n−2
n

6
4(n − 1)2φ0C(n)2

(1 − α)2(n − 2)2

∫
M

|∇(η|ω|)|2dv

6
4(n − 1)2φ0C(n)

2

(1 − α)2(n − 2)2

∫
M

(

(1 + ε)η2
∣

∣∇|ω|
∣

∣

2
+

(

1 +
1

ε

)

|ω|2|∇η|2
)

dv

6
4(n − 1)2φ0C(n)

2

(1 − α)2(n − 2)2

∫
M

(

1 + ε

1 + Kp

η2|∇ω|2 +

(

1 +
1

ε

)

|ω|2|∇η|2
)

dv.

Ù¥ φ0 = (
∫

M
|Φ|ndv)

2
n . òþª�\ª (8), �n��

l1

∫
M

η2|∇ω|2dv +
n

2

∫
M

η2|H |2|ω|2dv 6 l2

∫
M

|ω|2|∇η|2dv, (9)

Ù¥

l1 = 1 − 2n(n − 1)2φ0C(n)
2

(1 + Kp)(1 − α)2(n − 2)2
− ε

1 + Kp

(

1 +
2n(n − 1)2φ0C(n)

2

(1 − α)2(n − 2)2

)

,

l2 =
1

ε
+

2n(n − 1)2φ0C(n)2

(1 − α)2(n − 2)2

(

1 +
1

ε

)

.

q η �÷vª (4) �¼ê, Kdª (9) �

l1

∫
Bx0 (r)

|∇ω|2dv +
n

2

∫
Bx0 (r)

|H |2|ω|2dv 6
4l2

r2

∫
Bx0 (2r)

|ω|2dv. (10)

w, l2 > 0.

� n = 3 �, Kp = 1
2 , (

∫
M

|Φ|3dv)
1
3 < 1−α

4C(3) , �3¿©�� ε > 0 ¦� l1 > 0. dÈ©5

�, 3ª (10) ¥- r → +∞, ·���

|∇ω| = |H ||ω| = 0.

¤± M þ� L2 NÚ 2-/ª´²1�. ?�Úe M ��4��¡, d |H ||ω| = 0 � ω = 0,

= M þØ�3�²�� L2 NÚ 2-/ª.

� n > 4 �, Kp = 1
n−2 , (

∫
M

|Φ|ndv)
1
n <

√

n−2
2n(n−1) · 1−α

C(n) , �3¿©�� ε > 0 ¦�

l1 > 0. dÈ©5�, 3ª (10) ¥- r → +∞, ·���

|∇ω| = |H ||ω| = 0.
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¤± M þ� L2 NÚ 2-/ª´²1�. ?�Úe M ��4��¡, d |H ||ω| = 0 � ω = 0,

= M þØ�3�²�� L2 NÚ 2-/ª. ½n 0.2 y..
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