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Abstract: In this paper, the existence of a travelling wave solution for a single population

model with spatio-temporal delay is investigated by employing singular perturbation. The

theoretical results are validated by using a numerical method. When the time delay is very

small, a wave front solution exists; however, as the time delay increases, the shape of this

travelling wave solution can vary and an oscillation wake can occur.
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��{?Ø
�
��ÛÜ�¢½ö��¢��A*Ñ�§¥Åc)��35¯K. d	,

©z [7] /ÏAÛÛÉ�ÄnØ[8]�?Ø
��¢��Ae«+�.¥1Å)��35¯K,

�Ñ3��¢�¹eT1Å)��3^�, �´¿��Ä�X�¢�O\T1Å)�Äå

Æ1�òXÛCz. 'u1Å)ÄåÆ1��¡�ïÄ�Ì�8¥3«+�.��A*Ñ

�§½ö��m�ÛÜ�A��A*Ñ�§��¹. ~X, ©z [9] éüCþ��A*Ñ�

§¥1Å)�ÄåÆ1��
�þ�ïÄ, �Ñ�£ã«+��A*Ñ�§��A�§�

3��.�Hopf©|�, 1Å)�ÄåÆ¬u)�
Cz. äN/ù, �XÚ��A�§u

)��.�Hopf©|�, ¬��XÚÑy�x±Ï).

éu�3���¢�«+�., �@´d=I�)ÔêÆ[ BrittonJÑ[10], ��¢é

T«+�.�1Å)�K�é�k<'5. �©Ì�3T�.�Ä:þ�ÄXe/ª�«

+�.

ut = d∆u + ru(1 + αu − βu2 − (1 + α − β)(f ∗ ∗u)), (1)

Ù¥

(f ∗ ∗u)(x, t) =

∫ t

−∞

∫
R

f(x − y, t − s)u(y, s)dyds, f(x, t) =
1√
4πt

e−
|x|2

4t

1

τ
e−

t

τ ,

(x, t) ∈ R × (0, +∞), ëê r!α!β!d!τ þ´�ëê, r L««+�S�O�Ç, α L««

+�à8�A, β L««+�N�m¿��)��A, τ L«d«S�p�^
Úå�²þ

�¢, d L««+�*ÑXê, ∆ = ∂2

∂x2 ´���m¥�.Ê.d�f, 
� 1+ α− β > 0. �

. (1) ���ÑkX�A�)ÔÆ)º: αu L««+�à8�^!−βu2 L««+é�m�

¿�!È©�−(1 + α − β)(f ∗ ∗u) L««+SÏ Ô]
Úå�¿�.

1 1Å)��35

3�!¥, Ì�'5�. (1) 3��¢���^�e, ÙÅc)��35. �
ïÄ�

B, - v(x, t) = (f ∗ ∗u)(x, t), �� d = 1, u´�XÚ (1)C�Xe/ª

{
ut = ∆u + f1(u, v),

vt = ∆v + f2(u, v),
(2)

Ù¥

f1(u, v) = ru(1 + α − βu2 − (1 + α − β)v),

f2(u, v) =
1

τ
(u − v).

e¡|^AÛÛÉ�ÄnØy²XÚ (2)3�¢ d�~���3Åc). �
��ù�

8I, Ì�lü�¡�¹5y²ù�(Ø.

���¹¹¹ 1 � τ → 0 �, v(x, t) → u(x, t). u´XÚ (1) �=z�Xe/ª

ut = ∆u + ru[1 + αu − βu2 − (1 + α − β)u]. (3)

XÚ (3) �1Å)kXe�/ª

u(x, t) = ϕ(z), z = x + ct,
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Ù¥ c > 0 L«Å�. u´, 1Å)÷vXe��§

cϕ′ = ϕ′′ + rϕ[1 + αϕ − βϕ2 − (1 + α − β)ϕ], (4)

¿�÷vXe�>.^�: ϕ(−∞) = 0, ϕ(+∞) = 1.

éuXÚ (4), ·�kXe�(Ø:

½½½nnn 1.1 XJ c > max
{

2
√

r, (1+β)
√

r
β

}
, @o�3) ϕ(z), z = x+ct, ÷vXÚ (4)Ú

>.^�.

yyy ²²² Äk, - ϕ′ = φ, KXÚ (4)=z�Xe/ª

{
ϕ′ = φ,

φ′ = cϕ′ − rϕ[1 + (β − 1)ϕ − βϕ2].
(5)

XÚ (5) kn�²ï: (0,0), (1,0),
(
− 1

β
, 0
)
. �´, l)ÔÆ��Ý, �'5 (0,0)Ú (1,0) ù

ü�²ï:, §�©OéAXT«+�«ýG�Ú���G�. /Ï{ü�O�, ·���

� c > 2
√

r �, ²ï: (0,0) o´Ø­½, ¿�²ï: (1,0)�Q:.

�
y²ë�²ï: (0,0)Ú (1,0) �É�;���35, I�ky²éÜ·� λ > 0, e

¡�n�8Ü

B = {(ϕ, φ) : 0 6 ϕ 6 1, 0 6 φ 6 λϕ} ,

´K�ØC8. �Ò´éTn�8Ü B 
ó, éÙ>.þ�S{�þÚXÚ (5)m>¤û

½��þ f , ÷v f · n 6 0 ¤á. éuTn�8Üü��>�~N´?n. �´éuÙ�

> φ = λϕ 
ó, À� n = (λ,−1), Kk

f · n = (φ, cφ + rϕ[1 + (β − 1)ϕ − βϕ2]) · (λ,−1)
∣∣
(ϕ,λϕ)

= ϕ[λ2 − cλ + r(1 + (β − 1)ϕ − βϕ2)]

6 ϕ
[
λ2 − cλ + r

(β + 1)2

4β

]
.

ù�� c > (1 + β)
√

r
β

�, �§ λ2 − cλ + r
(β+1)2

4β
= 0 kü���¢� λ1 Ú λ2, �÷v 0 <

λ1 6 λ2. XJ·�À� λ1 6 λ 6 λ2, K¦� f · n 6 0.

lþ¡�©Û��, éuQ: (1,0) 
ó, o�3��Ø­½6/©{, ¦�XÚ (5) k

÷TØ­½6/që�²ï: (0,0)Ú (1,0) �É�;��3.

���¹¹¹ 2 � τ 6= 0 �, ·�òy²XÚ (2)éu¿©�� τ ��3X1Å). éuX

Ú (2) 
ó, ek u(x, t) = ζ(z), v(x, t) = ξ(z), z = x + ct, K�±��'uCþ ζ!ξ �1Å�

§Xe 



ζ′′ − ζ′ + rζ[1 + αζ − βζ2 − (1 + α − β)ξ] = 0,

ξ′′ − cξ +
1

τ
(ζ − ξ) = 0,

(6)

¿�÷v>.^�

ζ(−∞) = 0, ζ(+∞) = 1, ξ(−∞) = 0, ξ(+∞) = 1.
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�
�� (6) �), ·�I�- ζ′ = ζ̃!ξ′ = ξ̃, ¿r (6) =z���oCþ�XÚ






ζ′ = ζ̃ ,

ζ̃′ = cζ′ − rζ[1 + αζ − βζ2 − (1 + α − β)ξ],

ξ′ = ξ̃,

ξ̃′ = cξ′ − 1

τ
(ζ − ξ),

(7)

w,, XÚ (7) kü�²ï: (0,0,0,0)Ú (1,0,1,0).

eÚ?�ëê ε =
√

τ , ¿�� u = ζ!ũ = ζ̃!v = ξ!ṽ = εξ̃, KXÚ (7) C�





u′ = ũ,

ũ′ = cũ − ru[1 + αu − βu2 − (1 + α − β)v],

εv′ = ṽ,

εṽ′ = εcṽ − (u − v).

(8)

��5¿�´, � ε = 0 �, XÚ (8) �duXÚ (5). u´, (Ü½n 1, ·���,

� ε = 0 �XÚ (8) �3Åc). �´, 3 ε > 0 �¿©���¹eXÚ (8)´Ä�U�±ù«

/ª)��35Qº�
)ûù�¯K, ·�ÄkI�y²� ε > 0 �, XÚ (8)¿Ø´��

½Â3 R
4 þ�ÄåXÚ. �d, ·�I��XeC�

z = εη.

3dC�e, XÚ (8) C�






u′ = εũ,

ũ′ = εcũ + εru[1 + αu − βu2 − (1 + α − β)v],

v′ = ṽ,

ṽ′ = εcṽ + (v − u).

(9)

XÚ (9) Ï~¡�¯CXÚ. I�5¿�´, � ε > 0 �, ¯CXÚ (9)ÚúCXÚ (8)´�d

�.

� ε = 0 �, XÚ (8) �6���3Xe� 2�ØC6/ M0 þ,

M0 =
{
(u, ũ, v, ṽ) ∈ R

4 : ṽ = 0, u = v
}

.

XJd 2 �ØC6/ M0 ´V­�, @o� τ > 0 �Ò�3���C6/ M0 �ØC6/ Mε,

¦�XÚ (8) 3ØC6/ Mε þ�z��� 2�XÚ.

2(Ü Feniche �nØ, ·������XÚ (8)�V­5, Ò7L¦�XÚ (9)��5

zÜ©�A��3J¶þ��êTÐ�u6/ M0 ��ê dimM0. ²L{ü�O�, ·��

�XÚ (9) 36/ M0 þ��5zÜ©�




0 0 0 0

0 0 0 0

0 0 0 1

−1 0 1 0




.
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w,, þ¡�Ý
� 4 �A��©O� 0!0!1!−1. u´, ·���kü�A��3XJ¶

þ, ¿�Ù¦A��äk�"�¢Ü. l
��6/ M0 �V­5. �âAÛÛÉ�ÄnØ,

·���XÚ (8)�ØC6/ Mε ���Xe/ª

Mε = {(u, ũ, v, ṽ) ∈ R
4 : ṽ = g(u, ũ, ε), v = u + h(u, ũ, ε)},

Ù¥¼ê g!h÷vXe^�

g(u, ũ, 0) = h(u, ũ, 0) = 0. (10)

u´, ¼ê g!h'u εÐm¤�V?ê�/ª

g(u, ũ, ε) = εg1 + ε2g2 + · · · , h(u, ũ, ε) = εh1 + ε2h2 + · · · . (11)

lþ¡�©Û, ·���XÚ (8) 3ØC6/ Mε þ��z��� 2 ��XÚ. ù�, ·�

e¡�Ì�?ÖÒ´�âª (10)Úª (11) 5��¼ê g!h�L�ª. 5¿�, Mε ´X

Ú (8) �ØC6/, u´é�§ v = u + h(u, ũ, ε) ü>'u1ÅCþ z ¦��

(
1 +

∂h

∂u

)
u′

z +
∂h

∂ũ
ũ′

z = v′z. (12)

rª (12)�\XÚ (8), ¿��36/ Mε þ, ��

ε
[(

1 +
∂h

∂u

)
ũ +

∂h

∂ũ
(cũ − ru − αru2 + βru3 + (1 + α − β)ru(u + h))

]
= g. (13)

Ó�(Ü ṽ = g(u, ũ, ε) ÚXÚ (8), ·�k

ε
[∂g

∂u
ũ +

∂g

∂ũ
(cũ − ru − αru2 + βru3 + (1 + α − β)ru(u + h))

]
= cεg + h. (14)

2rª (11)�\ª (13)Úª (14), �n'�'u εÚ ε2 �Xê, ���

g1(u, ũ) = ũ, g2(u, ũ) = 0,

h1(u, ũ) = 0, h2(u, ũ) = −ru − αru2 + βru3 + (1 + α − β)ru2.

ù�, ·��±��¼ê g!h�L�ª©O�

g(u, ũ, ε) = εũ + o(ε), (15)

h(u, ũ, ε) = (−ru − αru2 + βru3 + (1 + α − β)ru2)ε2 + o(ε2).

k
¼ê g!h�CqL�ª, e¡Ì��Ä36/ Mε þ, XÚ (8) C�

{
u′

z = ũ,

ũ′

z = cũ − ru − αru2 + βru3 + (1 + α − β)ru(u + h),
(16)

Ù¥ hdª (15)�Ñ. AO/, � ε = 0 �, XÚ (16) �duXÚ (5); � ε > 0 �, XÚ (16)k

ü�²ï: (0,0)Ú (1,0). d½n 1·���, � ε = 0 �, XÚ (16) �3ë�Tü²ï:�

É�;�. �
¦�� ε > 0 �, XÚ (16)��3ë�Tü²ï:�É�;�, ·�I�é
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�XÚ (5))��Ä�÷vXÚ (16)=�. �d, � (u0, ũ0) �XÚ (16)3 ε = 0 ��), @o

� ε > 0 �¿©���ÿ, -

{
u = u0 + ε2u1 + · · · ,

ũ = ũ0 + ε2ũ1 + · · · ,
(17)

rª (17) �\XÚ (16)��'u u1 Ú ũ1 ��©�§Xe

d

dz

(
u1

ũ1

)
+

(
0 −1

G(u0) −c

)(
u1

ũ1

)
=

(
0

H(u0)

)
, (18)

Ù¥

G(u0) = r + 2rαu0 − 3rβu2
0 − 2r(1 + α − β)u0,

H(u0) = r(1 + α − β)u0(−ru0 − αru2
0 + βru3

0 + r(1 + α − β)u2
0).

ÏL±þ�©Û, ·����Xe�(Ø.

½½½nnn 1.2 éu?¿�½� c > max
{
2
√

r, (1 + β)
√

r
β

}
, � τ > 0 �, XÚ (1) �31Å

) u(x, t) = ϕ(x + ct), �÷v ϕ(−∞) = 0 Ú ϕ(+∞) = 1.

yyy ²²² � L2 �²��È�¼ê�m, �kXe/ª�SÈ

∫+∞

−∞

(y(s), m(s))ds,

Ù¥ (·, ·) L«îAp��m R
2 þ�SÈ. d Fredholm nØ, ·���XÚ (18)k)��=

�^� ∫+∞

−∞

(
y(z),

(
0

H(u0)

))
dz = 0,

é¤k�¼ê y(z)�÷v. y(z) L«XÚ (18) �à��f ℓ ��Ý�f ℓ∗ Ø�m¥���.

XÚ (18) �à��f ℓ��Ý�f ℓ∗ �L«�

ℓ∗ = − d

dz
+

(
0 G(u0)

−1 −c

)
.

u´, �
�� Kerℓ∗, ·�7L¦�é¤k� y(z)÷vXe^�

dy(z)

dz
=

(
0 G(u0)

1 −c

)
y(z). (19)

éuXÚ (19) 
ó, duÙXêÝ
´���~êÝ
, ¤±éJé�Ù��/ª�). ,


, ·��I�é÷v y(±∞) = 0 �). �´, �k")âÎÜù«^�. 5¿� u0(z) �

�6Ä¯K�), �,·�Ø�� u0(z) �äNL�ª, �´·���� z → −∞�,

u0(z) → 0. u´3XÚ (19) ¥, - z → −∞, KXÚ (19) ¥�XêÝ
�~êÝ
, ÙA�

�÷v�§ λ2 + cλ + r = 0. ?
��, � c > 2
√

r �, XÚ (19) �XêÝ
�A��þ�

K¢ê. Ïd, � z → −∞�, XÚ (19)�?ÛØÓu"�)7ò±�ê/¤O�. ù�, �

k")÷v y(±∞) = 0. ù¿�X Fredholm ��5^�¤á, �Ò´`XÚ (18)�)�3¿
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�÷v u1(±∞) = 0 Ú ũ1(±∞) = 0. �Ò´� ε > 0 ¿©���ÿ, XÚ (16)�3ë�ü²

ï: (0,0)Ú (1,0) �É�;�. �?�Ú��, � τ > 0 �¿©���ÿ, XÚ (7) �3ë�

²ï: (0,0,0)Ú (1,0,1,0)�É�;�. nþ��, � τ > 0 �¿©��, XÚ (1) �3XÅc

) u(x, t) = φ(x + ct), �÷v ϕ(−∞) = 0 Ú ϕ(+∞) = 1.

2 ê��[

�
�yþ¡�nØ©ÛÚ�y�¢é1Å)ÄåÆ1��K�, /Ïê��{5é

XÚ (2) ?1�y. À� 1 ���m5�AT«+3�m�©ÙG¹. 3¤k�ê�(J¥,

XÚ�>.^�� Neumann>.^���m��� 0 ∼ 1 000, �m��þ���� 0 ∼ 300,

��mÚ� ∆x = 1, �mÚ� ∆t = 0.05, ¿�Ð©^��3XÚ��G�þ�6Ä. ��X

Úëê�: d = 1!r = 3!α = 0.5!β = 0.2!τ = 0.05 �, �A�ê�(JXã 1¤«.

ã 1 �� d = 1, r = 3, α = 0.5, β = 0.2, τ = 0.05 �, XÚ (1) 3ØÓ���Å1

Fig. 1 When d = 1, r = 3, α = 0.5, β = 0.2, τ = 0.05, the wave shape of system (1) at

different times

lþ¡�ê��[(JL², «+�.���¢��¥��¢éTXÚ�1ÅÄåÆ

1�kX­��K�. ��¢þ�~���ÿ, XÚ�3üN4O�Åc). �´, �X�¢

�O\, XÚ1Å)�Å/���u)Cz. ��¢O\�,�ê��, 1Å)m©Ñy�

�P~��mþ!G���¹. ,���¢UYO\�,��.��, 1Å)qm©Ñy�

��n�y�. ù
(J�)Ô)ºÚ¿Â�: y¢)��¸¥�«+3�½��¹e, «

+3�m�©Ù¥yÑ1Å�DÂ�ª, 
�«+�NÏ Ô]
¿�¤����p�^

�mé«+��mDÂ1�kX­��K�. �«+Ï Ô]
¿��p�^��m'�

��, «+�±¼�¯��O�, l
k|u«+3�m��þ�DÂ; �«+Ï Ô]


¿��p�^��m'���, «+�O�É�
³�, l
��«+3�mDÂÑy��

�1�. ,	�±/Ï1Å�Å�Ú�Ì, ýÿ«+3�mDÂ��ÝÚDÂ���, �J

c�Ð«+]
�+n, AO´,
k³\�Ô«���Jø�
nØ�¡��ÏÚ��.

3 ( Ø

�©Ì�?Ø
�a���¢��ü«+�.�1Å)�ª��35, äN/ùÌ�

�
Xe�¡�ó�: Äk|^ÛÉAÛ�ÄnØ?ØT«+�.3��¢��¹eÅc

)��35; ,�/Ïê�O���{, À�Ü·�XÚëê, 5�yc¡¤���nØ©
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Û. ±þ¤���(J`²
«+3�m©Ù�ÅÄ1�, �L²
«+�Xg��p�^

�m�CzÙ�m©Ù�ÅÄ1����u)UC. T(J�±�)ÔÆ[©Û,a\�

«+3�m©Ùþ�DÂ�ÝÚDÂ��Jø�½���Ú/�.
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