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skew-Hermitian {P, k + 1} Hamiltonian matrix

0 Ú ó

- R
m×n(Cm×n) Ú U

n×n L«¤ km × n�¢ (E) Ý 
 Ún × n� j Ý 
 � 8 Ü;

C
n
H Ú C

n
SH L«¤kn × n� Hermite Ú� Hermite Ý
�8Ü; A∗ L«Ý
A��Ý=

�, In L«n × n�ü Ý
. A ◦ BÚ 〈A,B〉 = tr(BHA) ©OL«Hadamard¦ÈÚSÈ;

||A|| =
√
〈A,A〉L«Ý
A� Frobenius �ê; A† L«Ý
A� Moore-Penrose2Â_.

Äk, �Ñn×n�� Hermite{P, k+1}HamiltonÝ
Ú� Hermite{P, k+1}� Hamilton

Ý
�½Â.

½½½ÂÂÂ 0.1 �P ∈ C
n×n ÷vP ∗ = −P = P k+1.

(1) XJA ∈ C
n×n ÷vA = −A∗ = PAP , K¡A´� Hermite{P, k+1}Hamilton Ý
,

¤k� Hermite{P, k + 1}Hamilton Ý
�¤�8ÜP�SHH .

(2) XJA ∈ C
n×n ÷vA = −A∗ = −PAP , K¡A´� Hermite{P, k + 1}� Hamilton

Ý
, ¤k� Hermite{P, k + 1}� Hamilton Ý
�¤�8ÜP�SHSH .

�P´� é ¡ � � Ý 
�, kPT = −P = P−1, x � { ï Ä 
 Hermite Ú 2 Â �

Hamilton )�_A��¯K[1]. ·��Ä�5Ý
�§�� Hermite{P, k+1}(�)Hamilton

). 3 Hopfield ²�ä¥²~I��ÄXe�©�§

du

dt
= T (−u+ Ωg(u)).

T�§�±lÑ���Xe'uA��5Ý
�§:

AX = B, B,X ∈ C
n×m. (0.1)

éõÆöïÄ
�§ (0.1)�äkAÏ(��), Xg�Ú�g�)�[2-8], {P, k + 1}g

�Ú�g�)[9]!(P,Q) 2Âg�Ú�g�)[10]. ·��� Hamilton Ú� Hamilton Ý
�

A^é2�, X�`��[11]!H∞ �`[12]�.

�©Ì��Ä'u�§ (0.1)� 4 �¯K,Äk�Ä�§ (0.1)�� Hermite{P, k+1} (�)

Hamilton Ý
)�3�^�ÚL�ª; Ùg, ïÄ�§ (0.1) �ZCq¯K; ?�Ú, ��

§ (0.1) Ø�N�, �Ä���¦)¿�ÑL«/ª; ���ÑÜ©ê�¢~.

¯̄̄KKK 1 �§ (0.1)�� Hermite{P, k + 1} (�)Hamilton Ý
)�3�^�ÚL�ª.

¯̄̄KKK 2 �K´¯K 1 �)8, ?¿�½Ý
 Ã ∈ C
n×n, ¦A ∈ K¦�

||Ã−A|| = min
A∈K

||Ã−A||.

Ý
�§��Z%C¯K�2�^u¢��O[13-14], ÏL¢����Ý
 Ã, �duØ

���K�¤�Ý
 ÃØ÷v¤I��(�, d�I�Ï¦3 Frobenius �êe÷v¤I(

���Z%CÝ
A.

duÿþØ��K�, ����þÝ
ÚfÝÝ
Ø÷v�§ (0.1), =�§Ø�N�I

��Ä÷vAÏ^�����¦).
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¯̄̄KKK 3 �½Ý
 Ã ∈ C
n×n, B, X ∈ C

n×m. �Ψ1= {A|A ∈ C
n
SHH , ||AX −B|| = min}.

¦Ý
A ∈ Ψ1, ¦�

||Ã−A|| = min
A∈Ψ1

||Ã−A||.

¯̄̄KKK 4 �½Ý
 Ã ∈ C
n×n, B, X ∈ C

n×m. �Ψ2= {A|A ∈ C
n
SHSH , ||AX − B|| =

min}. ¦Ý
A ∈ Ψ2, ¦�

||Ã−A|| = min
A∈Ψ2

||Ã−A||.

1 ý��£

kÚ?�
k'� Hermite{P, k+ 1} (�)Hamilton Ý
Ä�5��Ún.

ÚÚÚnnn 1.1 �P ∈ C
n×n. KP ∗ = −P = P k+1 ��=��3Ý
U ∈ U

n×n, ¦�

P = U




iIs 0 0

0 −iIr 0

0 0 0


 U∗, (1.1)

Ù¥ s, r©O�Ý
P �A�� i, −i �ê, k ∈ {4m+ 2|m ∈ N}.

yyy ²²² XJ−P = P k+1, K xk+1 + x´Ù"zõ�ª. duP = −P ∗, KÝ
P �A

��´ 0 ½öXJê, Ïd, � k = 4m+ 2, m ∈ N�, P �A��� 0 ½±i, � s, r©O� i,

−i �ê. dÌ©)nØ�, �3U ∈ U
n×n¦�ª (1.1)¤á.

ÚÚÚnnn 1.2 �P ∈ C
n×n �P ∗ = −P = P k+1, KA ∈ C

n×n´� Hermite{P, k + 1}

Hamilton Ý
�¿�^�´A�±L«�

A = U




0 A12 0

−A∗
12 0 0

0 0 0


U∗, A12 ∈ C

s×r.

yyy ²²² d½Â 0.1 ÚÚn 1.1, ke��ª

U




iIs 0 0

0 −iIr 0

0 0 0


U∗AU




iIs 0 0

0 −iIr 0

0 0 0


U∗ = −A∗.

-U∗AU =




A11 A12 A13

−A∗
12 A22 A23

−A∗
13 −A∗

23 A33


, òÙ�\þª'�ü>��: A11 = −A11, A22 =

−A22, A13 = 0, A23 = 0, A33 = 0. ½n�y.

aquÚn 1.2�y², ·��XeÚn.

ÚÚÚ nnn 1.3 �P ∈ C
n×n �P ∗ = −P = P k+1, KA ∈ C

n×n´� Hermite{P, k +

1}� Hamilton Ý
�¿�^�´A�±L«�

A = U




A11 0 0

0 A22 0

0 0 0


U∗, A11 ∈ C

s
SH , A22 ∈ C

r
SH . (1.2)
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ÚÚÚ nnn 1.4
[15] �Ý 
B,X ∈ C

n×m. K � § (0.1) k � Hermite ) � ¿ � ^ �

´BX†X = B�X∗B = −B∗X , Ù��)�L«�

A = BX† − (X†)∗B∗ +
1

2
(X†)∗(B∗X −X∗B)X† + (In −XX†)W (In −XX†),

Ù¥W ∈ C
n
SH .

ÚÚÚnnn 1.5
[16] �Ý
A ∈ C

m×n, C ∈ C
p×q, B ∈ C

m×p ÚD ∈ C
n×q. KÝ
�§|

AX = B, XC = D. (1.3)

�3)X ∈ C
n×p �¿�^��AA†B = B, DC†C = D, AD = BC.

3T^�e���)�L«�

X = A†B +DC† −A†ADC† + (In −A†A)V (Ip − CC†),

Ù¥V ∈ C
n×p
H .

ÚÚÚnnn 1.6
[17] �Ý
B, A ∈ C

n×n, �3��Ý
)Y = A+B
2 ∈ C

n×n¦�

||Y −A||2 + ||Y −B||2 = min
Y ∈Cn×n

{||Y −A||2 + ||Y −B||2}. (1.4)

ÚÚÚnnn 1.7
[18] �L ∈ C

r×p, M ∈ C
l×q, H ∈ C

p×q, T ∈ C
r×l, L∗L = Ip, M

∗M = Iq.

K ||LHM∗ − T ||2 = ||H − L∗TM ||2 + ||T − LL∗TMM∗||2.

2 ¯K 1 �)��35

y 3, · � 5 � Ä ¯ K 1� ) � � 3 ^ �, ¿ � Ñ � § (0.1)� � Hermite{P, k +

1} (�) Hamilton ).

½½½nnn 2.1 �Ý
B, X ∈ C
n×m. éuª (1.1) ¥�U , -

U∗X =




X11

X21

X31


 , X11 ∈ C

s×m, X21 ∈ C
r×m, X31 ∈ C

(n−s−r)×m. (2.1)

U∗B =




B11

B21

B31


 , B11 ∈ C

s×m, B21 ∈ C
r×m, B31 ∈ C

(n−s−r)×m. (2.2)

K�§ (0.1)k� Hermite{P, k + 1}Hamilton )A�¿�^�´

A12X21 = B11, −X∗
11A12 = B∗

21, B31 = 0. (2.3)

?�Ú

B21X
†
11X11 = B21, B11X

†
21X21 = B11, X∗

11B11 = −B∗
21X21, B31 = 0. (2.4)

Ù)�L«�

A = U




0 A12 0

−A∗
12 0 0

0 0 0


U∗,
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Ù¥

A12 = − (X†
11)

∗B∗
21 +B11X

†
21 −X11X

†
11B11X

†
21

+ (Is −X11X
†
11)W (Ir −X21X

†
21), W ∈ C

s×r. (2.5)

yyy ²²² b�Ý
A´¯K 1 �� Hermite{P, k + 1}Hamilton ), dÚn 1.5, ¯K 1 k

� Hermite{P, k + 1}Hamilton )�¿�^�´�3Ý
A12 ∈ C
s×r¦�

A = U




0 A12 0

−A∗
12 0 0

0 0 0


U∗.

�\�§ (0.1), dª (2.1) Úª (2.2)��

A12X21 = B11, −X∗
11A12 = B∗

21, B31 = 0. (2.6)

�âÚn 1.5 ��, �§| (2.6)�3)A12 ∈ C
s×r �¿�^��

B21X
†
11X11 = B21, B11X

†
21X21 = B11, X∗

11B11 = −B∗
21X21, B31 = 0.

d�A12 �^ª (2.5)5L«, =½n�y.

½½½nnn 2.2 �½Ý
B,X ∈ C
n×m. -U∗X ÚU∗B©O^ (2.1) Ú (2.2) 5L«. K�

§ (0.1) k� Hermite{P, k + 1}� Hamilton )A�¿�^�´

B11X
†
11X11 =B11, X

∗
11B11 =−B∗

11X11, B21X
†
21X21 =B21, X

∗
21B21 =−B∗

21X21, B31 =0. (2.7)

Ù)�L«�

A =U




A11 0 0

0 A22 0

0 0 0


U∗,

A11 =B11X
†
11 − (X†

11)
∗B∗

11 +
1

2
(X†

11)
∗(B∗

11X11 −X∗
11B11)X

†
11

+ (Is −X11X
†
11)W (Is −X11X

†
11), (2.8)

A22 =B21X
†
21 − (X†

21)
∗B∗

21 +
1

2
(X†

21)
∗(B∗

21X21 −X∗
21B21)X

†
21

+ (Ir −X21X
†
21)V (Ir −X21X

†
21), (2.9)

Ù¥W ∈ C
s
SH , V ∈ C

r
SH �?¿Ý
.

yyy ²²² b�Ý 
A´¯ K 1 � � Hermite{P, k + 1}� Hamilton ), d Ú n 1.3, ¯

K 1 k� Hermite{P, k+1}� Hamilton )�¿�^�´�3Ý
A11 ∈ C
s
SH , A22 ∈ C

r
SH , ÷

v

A = U




A11 0 0

0 A22 0

0 0 0


U∗, AX = B, =




A11 0 0

0 A22 0

0 0 0


U∗X = U∗B.
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d (2.1)ªÚ (2.2)ª�

A11X11 = B11, A22X21 = B21, B31 = 0. (2.10)

�âÚn 1.4, �§| (2.10)k)�¿�^�´

B11X
†
11X11 =B11, X∗

11B11 =−B∗
11X11, B21X

†
21X21 =B21, X∗

21B21 = −B∗
21X21, B31 =0.

d�A11, A22 �©OL«�ª (2.8)Úª (2.9).

3 �Z%C)

e¡�Ä¯K 2 �), =ïÄ¯K 2 �� Hermite{P, k + 1} (�)Hamilton ). éu�½

Ý
 Ã ∈ C
n×n, -

U∗

(
Ã− Ã∗

2

)
U =




Ã11 Ã12 Ã13

−Ã∗
12 Ã22 Ã23

−Ã∗
13 −Ã∗

23 Ã33


 , (3.1)

Ù¥ Ã11, Ã22 ∈ C
s
SH Ú Ã12 ∈ C

s×r, Ã13 ∈ C
s×(n−s−r), Ã33 ∈ C

n−s−r
SH .

éª (2.1)Úª (2.2) ¥�X11 ÚX21 ?1ÛÉ�©)�

X11 = U1

(
Σ1 0

0 0

)
V ∗

1 , (3.2)

X21 = U2

(
Σ2 0

0 0

)
V ∗

2 , (3.3)

Ù¥ Σ1 = diag(α1, α2, · · ·, αr1) > 0, r1 = rank(X11), Σ2 = diag(β1, β2, · · ·, βr2) > 0, r2 =

rank(X21). -

U1 = (U11 U12), V1 = (V11 V12), U2 = (U21 U22), V2 = (V21 V22). (3.4)

½½½nnn 3.1 ?¿�½ Ã ∈ C
n×n, 3½n 2.1�^�e, -U∗(

eA− eA∗

2 )U L«�ª (3.1)�

/ª, K¯K 2 k��� Hermite{P, k + 1}Hamilton )

A = U




0 A12 0

−A∗
12 0 0

0 0 0


U∗, (3.5)

Ù¥A12 = A0
12 +(Is −X11X

†
11)(Ã12 −A

0
12)(Ir −X21X

†
21), ùpA0

12 = −(B21X
†
11)

∗ +B11X
†
21 −

X11X
†
11B11X

†
21.

yyy ²²² �K´¯K 1 �)8, K¯K 2 �du

||Ã−A|| = min, ∀A ∈ K. (3.6)

-

U∗ÃU =




Y11 Y12 Y13

Y21 Y22 Y23

Y31 Y32 Y33


 . (3.7)
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dÚn 1.2 k

||Ã−A||2 =||U∗ÃU − U∗AU ||2 = ‖Y12 −A12‖
2

+ ‖Y21 +A∗
12‖

2
+ ‖Y11‖

2
+ ‖Y13‖

2

+ ‖Y22‖
2 + ‖Y23‖

2 + ‖Y31‖
2 + ‖Y32‖

2 + ‖Y33‖
2
.

d½n 2.1 �A12 = A0
12 + (Is −X11X

†
11)W (Ir −X21X

†
21), K (3.6) �du

∥∥∥Y12 − (A0
12 + (Is −X11X

†
11)W (Ir −X21X

†
21))

∥∥∥
2

+
∥∥∥−Y ∗

21 − (A0
12 + (Is −X11X

†
11)W (Ir −X21X

†
21))

∥∥∥
2

= min, W ∈ C
s×s. (3.8)

d ª (3.2)!(3.3)Ú (3.4), kX11X
†
11 = U1

(
Ir1 0

0 0

)
U∗

1 = U11U
∗
11, X21X

†
21 =

U2

(
Ir2 0

0 0

)
U∗

2 = U21U
∗
21, l Is − X11X

†
11 = U12U

∗
12, Ir − X21X

†
21 = U22U

∗
22, A12 =

A0
12 + U12U

∗
12WU22U

∗
22. -W1 = U∗

12WU22, �âª (3.8)ÚÚn 1.7, k

∥∥A0
12 + U12W1U

∗
22 − Y12

∥∥2
+
∥∥A0

12 + U12W1U
∗
22 + Y ∗

21

∥∥2

=
∥∥W1 − U∗

12(Y12 −A0
12)U22

∥∥2
+
∥∥(Y12 −A0

12) − U12U
∗
12(Y12 −A0

12)U22U
∗
22

∥∥2

+
∥∥W1 − U∗

12(−A
0
12 − Y ∗

21)U22

∥∥2
+
∥∥(−Y ∗

21 −A0
12) − U12U

∗
12(−Y

∗
21 −A0

12)U22U
∗
22

∥∥2
.

2dÚn 1.6, ·�k

W1 = U∗
12

Y12 − Y ∗
21

2
U22 − U∗

12A
0
12U22,

A12 = A0
12 + U12U

∗
12

(
Y12 − Y ∗

21

2
−A0

12

)
U22U

∗
22

= A0
12 + (Is −X11X

†
11)(Ã12 −A0

12)(Ir −X21X
†
21).

Ïdª (3.6) �������=�

A12 = A0
12 + (Is −X11X

†
11)(Ã12 −A0

12)(Ir −X21X
†
21).

d��Z%C)�ª (3.5), ½n�y.

�¯K 2 äk� Hermite{P, k + 1}� Hamilton )�, aq��e�(Ø.

½½½nnn 3.2 ?¿�½ Ã ∈ C
n×n, 3½n 2.2�^�e, -U∗

(
eA− eA∗

2

)
U L«�ª (3.1)�

/ª, K¯K 2 k��� Hermite{P, k + 1}� Hamilton )

A = U




A11 0 0

0 A22 0

0 0 0


U∗, (3.9)

Ù¥A11 = A0
11 + (Is −X11X

†
11)(Ã11 − A0

11)(Is −X11X
†
11), A22 = A0

22 + (Ir −X21X
†
21)(Ã22 −

A0
22)(Ir −X21X

†
21). ùp

A0
11 = B11X11 − (X†

11)
∗B∗

11 +
1

2
(X†

11)
∗(B∗

11X11 −X∗
11B11)X

†
11,

A0
22 = B21X21 − (X†

21)
∗B∗

21 +
1

2
(X†

21)
∗(B∗

21X21 −X∗
21B21)X

†
21.
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yyy ²²² �K´¯K 1 �)8, K¯K 2 �duª (3.6), dª (3.7) ÚÚn 1.3, ·�k

||Ã−A||2 =||U∗ÃU − U∗AU ||2

= ‖Y11 −A11‖
2

+ ‖Y22 −A22‖
2
+ ‖Y12‖

2
+ ‖Y13‖

2

+ ‖Y21‖
2

+ ‖Y23‖
2

+ ‖Y31‖
2
+ ‖Y32‖

2
+ ‖Y33‖

2
.

d½n 2.2�ª (3.6) �du

||Y11 −A11||
2 + ||Y22 −A22||

2 = min, (3.10)

Ù¥A11 =A0
11 + (Is−X11X

†
11)W (Is −X11X

†
11), A22 =A0

22 + (Ir −X21X
†
21)W (Ir −X21X

†
21). 

||Y11 −A11||
2 =

∥∥∥Y11+Y ∗

11

2

∥∥∥
2

+
∥∥∥Y11−Y ∗

11

2 −A11

∥∥∥
2

, ||Y22 −A22||
2 =

∥∥∥Y22+Y ∗

22

2

∥∥∥
2

+
∥∥∥Y22−Y ∗

22

2 −A22

∥∥∥.

�âª (3.2)!(3.3)Ú (3.4) �A11 =A0
11+U12U

∗
12WU12U

∗
12, A22 =A0

22+U22U
∗
22WU22U

∗
22. -W1

=U∗
12WU12, V1 =U∗

22V U22. Kª (3.6) ������=�
∥∥∥Y11−Y ∗

11

2 − (A0
11+U12U

∗
12WU12U

∗
12)
∥∥∥

2

= min Ú
∥∥∥Y11−Y ∗

11

2 − (A0
11 + U12U

∗
12WU12U

∗
12)
∥∥∥

2

= min, éu?¿�W , V ∈ C
s×s Ó�¤á.

�âÚn 1.7, ·�k

∥∥∥∥
Y11 − Y ∗

11

2
− (A0

11 + U12U
∗
12WU12U

∗
12)

∥∥∥∥
2

=

∥∥∥∥W1 − U∗
12

(Y11−Y
∗
11

2
−A0

11

)
U12

∥∥∥∥
2

+

∥∥∥∥
(Y11−Y

∗
11

2
−A0

11

)
−U12U

∗
12

(Y11−Y
∗
11

2
−A0

11

)
U12U

∗
12

∥∥∥∥
2

.

ÏdkW1 = U∗
12

(Y11−Y ∗

11

2 −A0
11

)
U12, l�

A11 = A0
11 + U12U

∗
12

(Y11 − Y ∗
11

2
−A0

11

)
U12U

∗
12

= A0
11 + (Is −X11X

†
11)
(Y11 − Y ∗

11

2
−A0

11

)
(Is −X11X

†
11).

Ón��A22 = A0
22 + (Ir −X21X

†
21)
(Y22−Y ∗

22

2 −A0
22

)
(Ir −X21X

†
21). dª (3.1)��

A11 = A0
11 + (Is −X11X

†
11)(Ã11 −A0

11)(Is −X11X
†
11),

A22 = A0
22 + (Ir −X21X

†
21)(Ã22 −A0

22)(Ir −X21X
†
21).

¤±�âÚn 1.3Ú½n 2.2 ��ª (3.6)���)�^ª (3.9)5L«, ½n�y.

4 ���¦)9Ù�Z%C)

d¢�½ÿþ¤�Ý
X , B���§Ø�N�, I�Ä���¦). ù�!òïÄÝ


�§�� Hermite{P, k + 1} (�)Hamilton ���¦). k�Ñ��Ún.

ÚÚÚnnn 4.1 �m, n ∈ R, b ∈ C. K min
x∈C

(|mx − a|2 + |nx − b|2) 3 x = ma+nb
m2+n2 ?���

��.
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�âÚn 1.2 Úª (2.1)!(2.2)�©�/ª, ²O���

‖AX −B‖2 = ||A12X21 −B11||
2 + ||A∗

12X11 +B21||
2 + ||B13||

2. (4.1)

Ïd, ||AX −B||2 = min, A ∈ Cn
SHH ��=�

||A12X21 −B11||
2 + ||A∗

12X11 +B21||
2 = min, A12 ∈ C

s×r, (4.2)

k���¦).

�X11 ÚX21 �ÛÉ�©)dª (3.2)!(3.3)Ú (3.4) �Ñ, -

U∗
1A12U2 =

(
D11 D12

D21 D22

)
. (4.3)

Kk

‖A12X21 −B11‖
2
+ ‖A∗

12X11 +B21‖
2

= ‖U∗
1A12U2U

∗
2X21 − U∗

1B11‖
2

+ ‖U∗
2A

∗
12U1U

∗
1X11 + U∗

2B21‖
2

=

∥∥∥∥∥

(
D11 D12

D21 D22

)(
U∗

21X21

0

)
−

(
U∗

11B11

U∗
12B11

)∥∥∥∥∥

2

+

∥∥∥∥∥

(
D11 D12

D21 D22

)∗(
U∗

11X11

0

)
+

(
U∗

21B21

U∗
22B21

)∥∥∥∥∥

2

= ‖D11U
∗
21X21 − U∗

11B11‖
2

+ ‖D21U
∗
21X21 − U∗

12B11‖
2

+ ‖D∗
11U

∗
11X11 + U∗

21B21‖
2

+ ‖D∗
12U

∗
11X11 + U∗

22B21‖
2
.

u´, ‖A12X21 −B11‖
2

+ ‖A∗
12X11 +B21‖

2
�������=�





‖D21U
∗
21X21 − U∗

12B11‖
2

= min,

‖D∗
12U

∗
11X11 + U∗

22B21‖
2

= min,

‖D11U
∗
21X21 − U∗

11B11‖
2

+ ‖D∗
11U

∗
11X11 + U∗

21B21‖
2

= min .

(4.4)

Äk, ·�k

‖D21U
∗
21X21 − U∗

12B11‖
2

=

∥∥∥∥∥D21U
∗
21U2

(
Σ2 0

0 0

)
V ∗

2 − U∗
12B11

∥∥∥∥∥

2

=

∥∥∥∥∥D21U
∗
21U2

(
Σ2 0

0 0

)
− U∗

12B11V2

∥∥∥∥∥

2

= ‖D21Σ2 − U∗
12B11V21‖ + ‖U∗

12B11V22‖
2
. (4.5)

� ‖D21Σ2 − U∗
12B11V21‖ = 0�, ª (4.5) �����, d�kD21 = U∗

12B11V21Σ
−1
2 .

Ónk

‖D∗
12U

∗
11X11 + U∗

22B21‖
2

= ‖D∗
12Σ1 + U∗

22B21V11‖
2

+ ‖U∗
22B21V12‖

2
. (4.6)
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�D12 = −Σ−1
1 V ∗

11B
∗
21U22�ª (4.6) �����.

·�25�Äeª

‖D11U
∗
21X21 − U∗

11B11‖
2 + ‖D∗

11U
∗
11X11 + U∗

21B21‖
2

= ‖D11Σ2 − U∗
11B11V21‖

2 + ‖U∗
11B11V22‖

2 + ‖D∗
11Σ1 + U∗

21B21V11‖
2 + ‖U∗

21B21V12‖
2
, (4.7)

Kª (4.7)������I ‖D11Σ2 − U∗
11B11V21‖

2 + ‖D∗
11Σ1 + U∗

21B21V11‖
2

�����.

-D11 = (aij), U
∗
11B11V21 = (bij), U

∗
21B21V11 = (cij). dÚn 4.1 k

‖D11Σ2−U
∗
11B11V21‖

2+‖D∗
11Σ1 + U∗

21B21V11‖
2 =

r1∑

i=1

r2∑

j=1

(|aijβj − bij |
2+|aijαi + cji|

2). (4.8)

� aij =
βjbij−cjiαi

α2
i
+β2

j

, i = 1, 2, · · ·, r1, j = 1, 2, · · ·, r2, �, ª (4.8) �����. =D11 =

Ω ◦ (U∗
11B11V21Σ2 − Σ1V

∗
11B

∗
21U21), Ù¥ Ω = (ωij) ∈ C

r1×r2 , ωij = 1
α2

i
+β2

j

, i = 1, 2, · · ·, r1,

j = 1, 2, · · ·, r2.

òD11, D12, D21 ���\ª (4.3)��

A12 = U1

(
Ω ◦ (U∗

11B11V21Σ2 − Σ1V
∗
11B

∗
21U21) −Σ−1

1 V ∗
11B

∗
21U22

U∗
12B11V21Σ

−1
2 D̂22

)
U∗

2 , (4.9)

Ù¥ D̂22 ∈ C
(s−r1)×(s−r2)´?¿Ý
.

éu¯K 3, �½Ý
X , B ∈ C
n×m Ú Ã ∈ C

n×n. ¦Ý
A ∈ Ψ1, ¦�

||A− Ã|| = min
A∈Ψ1

||A− Ã||. (4.10)

dª (3.7)ÚÚn 1.2 k

∥∥∥Ã−A
∥∥∥

2

=
∥∥∥U∗ÃU − U∗AU

∥∥∥
2

= ||Y12 −A12||
2 + ||Y21 +A∗

12||
2 + ||Y11||

2 + ||Y13||
2

+ ||Y22||
2 + ||Y23||

2 + ||Y31||
2 + ||Y32||

2 + ||Y33||
2.

2�âª (4.9)k

‖Y12 −A12‖
2

+ ‖Y21 + A∗
12‖

2

=

∥∥∥∥∥Y12 − U1

(
Ω ◦ (U∗

11B11V21Σ2 − Σ1V
∗
11B

∗
21U21) −Σ−1

1 V ∗
11B

∗
21U22

U∗
12B11V21Σ

−1
2 D̂22

)
U∗

2

∥∥∥∥∥

2

+

∥∥∥∥∥−Y
∗
21 − U1

(
Ω ◦ (U∗

11B11V21Σ2 − Σ1V
∗
11B

∗
21U21) −Σ−1

1 V ∗
11B

∗
21U22

U∗
12B11V21Σ

−1
2 D̂22

)
U∗

2

∥∥∥∥∥

2

=

∥∥∥∥∥U
∗
1Y12U2 −

(
Ω ◦ (U∗

11B11V21Σ2 − Σ1V
∗
11B

∗
21U21) −Σ−1

1 V ∗
11B

∗
21U22

U∗
12B11V21Σ

−1
2 D̂22

)∥∥∥∥∥

2

+

∥∥∥∥∥−U
∗
1Y

∗
21U2 −

(
Ω ◦ (U∗

11B11V21Σ2 − Σ1V
∗
11B

∗
21U21) −Σ−1

1 V ∗
11B

∗
21U22

U∗
12B11V21Σ

−1
2 D̂22

)∥∥∥∥∥

2

. (4.11)
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�âª (3.2)!(3.3)Ú (3.4) � (4.10)�du

min
bD22∈C(s−r1)×(s−r2)

(||U∗
12Y12U22 − D̂22||

2 + || − U∗
12Y

∗
21U22 − D̂22||

2). (4.12)

dÚn 1.6 ��ª (4.12)�������=�

D̂22 =
U∗

12(Y12 − Y ∗
21)U22

2
= U∗

12Ã12U22. (4.13)

�â±þ�?Ø, ·���e�(J.

½½½nnn 4.2 �½X,B ∈ C
m×n. �U∗X!U∗B©O^ª (2.1)!(2.2)L«, X11!X21 �

ÛÉ�©)©O^ª (3.2)!(3.3)L«, Ã12 dª (3.1) �Ñ. K¯K 3 3���¦¿Âe�

� Hermite{P, k + 1}Hamilton �Z%C)�

A = U




0 A12 0

−A∗
12 0 0

0 0 0


U∗,

Ù ¥A12 = U1

(
Ω ◦ (U∗

11B11V21Σ2 − Σ1V
∗
11B

∗
21U21) −Σ−1

1 V ∗
11B

∗
21U22

U∗
12B11V21Σ

−1
2 D̂22

)
U∗

2 , D̂22 =

U∗
12Ã12U22, Ω = (ωij) ∈ C

r1×r2 , ωij = 1
α2

i
+β2

j

, i = 1, 2, · · ·, r1, j = 1, 2, · · ·, r2.

éu¯K 4, ·���Xe(Ø.

½½½nnn 4.3 �½B, X ∈ C
m×n. �U∗X!U∗B©O^ª (2.1)!(2.2) L«, X11!X21 �

ÛÉ�©)©O^ª (3.2)!(3.3)L«, Ã11!Ã22 dª (3.1)�Ñ. K¯K 4 3���¦¿Â

e�� Hermite {P, k + 1}� Hamilton �Z%C)�

A = U




A11 0 0

0 A22 0

0 0 0


U∗,

Ù¥

A11 =U1

(
Φ1 ◦ (U∗

11B11V11Σ1 − Σ1V
∗
11B

∗
11U11) −Σ−1

1 V ∗
11B

∗
11U12

U∗
12B11V11Σ

−1
1 D̃22

)
U∗

1 ,

D̃22 =U∗
12Ã11U12, Φ1 = (ϕij) ∈ C

r1×r1 , ϕij =
1

α2
i + α2

j

, 1 6 i, j 6 r1,

A22 =U2

(
Φ2 ◦ (U∗

21B21V21Σ2 − Σ2V
∗
21B

∗
21U21) −Σ−1

2 V ∗
21B

∗
21U22

U∗
22B21V21Σ

−1
2 C̃22

)
U∗

2 ,

C̃22 =U∗
12Ã22U12, Φ2 = (ψij) ∈ C

r1×r1 , ψij =
1

β2
i + β2

j

, 1 6 i, j 6 r2.

yyy ²²² dª (1.3)!(2.1)Ú (2.2) ��

‖AX −B‖
2

= ||A11X11 −B11||
2 + ||A22X21 −B21||

2 + ||B13||
2. (4.14)
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||AX −B||2 = min ��=� ||A11X11 −B11||
2 = min Ú ||A22X21 −B21||

2 = min Ó�¤á.

dª (1.3), �X11 ÚX21 �ÛÉ�©)dª (3.2)!(3.3)Ú (3.4) �Ñ, -U∗
1A11U1 =(

D11 −D∗
21

D21 D22

)
, Ù¥D11 ∈ C

r1

SH , D22 ∈ C
s−r1

SH . Kk

||A11X11 −B11||
2 = ||U∗

1A11U1U
∗
1X11 − U∗

1B11||
2

= ||D11U
∗
11X11 − U∗

11B11||
2 + ||D21U

∗
11X11 − U∗

12B11||
2.

�D21 = U∗
12B11V11Σ

−1
1 � ||D21U

∗
11X11−U

∗
12B11||

2 �����. q ||D11U
∗
11X11−U

∗
11B11||

2 =

||D11Σ1 − U∗
11B11V11||

2 + ||U∗
11B11V12||

2. �D11 = (aij), U
∗
11B11V11 = (bij), dÚn (4.1)k

||D11Σ1 − U∗
11B11V11||

2 =

r1∑

i<j,i=1

r2∑

j=1

(|aijαj − bij |
2 + |aijαj + bij |

2) +

r1∑

i=1

|aiiαi − bii|
2,

� aij =
αjbij−αibij

α2
i
+α2

j

�, aij = −aji, i, j = 1, 2, · · ·, r1. ¤±kD11 = Φ1 ◦ (U∗
11B11V11Σ1 −

Σ1V
∗
11B

∗
11U11), Ù¥ Φ1 = (ϕij) ∈ C

r1×r1 , ϕij = 1
α2

i
+α2

j

, 1 6 i, j 6 r1. Ïd��

A11 = U1

(
Φ1 ◦ (U∗

11B11V11Σ1 − Σ1V
∗
11B

∗
11U11) −Σ−1

1 V ∗
11B

∗
11U12

U∗
12B11V11Σ

−1
1 D̃22

)
U∗

1 , (4.15)

Ù¥ D̃ ∈ C
s−r1

SH .

Ón��

A22 = U2

(
Φ2 ◦ (U∗

21B21V21Σ2 − Σ2V
∗
21B

∗
21U21) −Σ−1

2 V ∗
21B

∗
21U22

U∗
22B21V21Σ

−1
2 C̃22

)
U∗

2 , (4.16)

C̃22 ∈ C
s−r2

SH , Φ2 = (ψij) ∈ C
r1×r1 , ψij = 1

β2
i
+β2

j

, 1 6 i, j 6 r2.

éu¯K 4, �½Ý
X,B ∈ C
n×m Ú Ã ∈ C

n×n. ¦Ý
A ∈ Ψ2, ¦�

||A− Ã|| = min
A∈Ψ2

||A− Ã||. (4.17)

dª (4.7)ÚÚn 1.3 k

∥∥∥Ã−A
∥∥∥

2

=
∥∥∥U∗ÃU − U∗AU

∥∥∥
2

= ||Y11 −A11||
2 + ||Y22 −A22||

2 + ||Y12||
2 + ||Y13||

2

+ ||Y21||
2 + ||Y23||

2 + ||Y31||
2 + ||Y32||

2 + ||Y33||
2.

·��� (4.17)�������=� ||Y11 − A11||
2 Ú ||Y22 − A22||

2 Ó������, Ù

¥A11!A22 ©Odª (4.15)!(4.16)L«. �âª (4.15)k

||Y11−A11||
2 =

∥∥∥∥
Y11−Y

∗
11

2
−A11

∥∥∥∥
2

+

∥∥∥∥
Y11+Y ∗

11

2

∥∥∥∥
2

=

∥∥∥∥∥
Y11−Y

∗
11

2
−U1

(
Φ1 ◦ (U∗

11B11V11Σ1−Σ1V
∗
11B

∗
11U11) −Σ−1

1 V ∗
11B

∗
11U12

U∗
12B11V11Σ

−1
1 D̃22

)
U∗

1

∥∥∥∥∥

2
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+

∥∥∥∥
Y11 + Y ∗

11

2

∥∥∥∥
2

=

∥∥∥∥∥U
∗
1

Y11 − Y ∗
11

2
U1 −

(
Φ1 ◦ (U∗

11B11V11Σ1 − Σ1V
∗
11B

∗
11U11) −Σ−1

1 V ∗
11B

∗
11U12

U∗
12B11V11Σ

−1
1 D̃22

)∥∥∥∥∥

2

+

∥∥∥∥
Y11 + Y ∗

11

2

∥∥∥∥
2

.

dª (3.4), ||Y11 − A11||
2 �������=�

∥∥∥U∗
12

Y11−Y ∗

11

2 U12 − D̃22

∥∥∥�����. �â

ª (3.1) �� D̃22 = U∗
12

Y11−Y ∗

11

2 U12 = U∗
12Ã11U12. Ón�� C̃22 = U∗

12Ã22U12, ½n�y.

5 �{Úê�~f

�â½n 3.1!½n 3.2!½n 4.1!½n 4.2ïá¦)¯K 2!¯K 3!¯K 4��{¿

^Ü©ê�¢~?1`².

���{{{ 1

Ñ\: X , B, Ã, P ;

ÑÑ: A;

Ú 1: �âª (1.1) O�Ý
U ;

Ú 2: �âª (2.1)!(2.1)/¤Ý
X11, X21, B11, B21, B31;

Ú 3: O�X
†
11 ÚX

†
21;

Ú 4: XJB21X
†
11X11 =B21, B11X

†
21X21 = B11, X

∗
11B11 =−B∗

21X21, B31 = 0 (½B11X
†
11

X11 = B11, X
∗
11B11 = −B∗

11X11, B21X
†
21X21 = B21, X

∗
21B21 = −B∗

21X21, B31 = 0), K�1

Ú 5——Ú 7, ÄK=�Ú 8;

Ú 5: �âª (2.1)�O� Ã12 (½ Ã11 Ú Ã22);

Ú 6: �âª (3.5) O�A12 (½�âª (3.9)O�A11 ÚA22);

Ú 7: �â½n 3.1 (½½n 3.2)O�Ý
A;

Ú 8: ÑÑÝ
A½ö)Ø�3, (å.

���{{{ 2

Ñ\: X , B, Ã, P ;

ÑÑ: A;

Ú 1: �âª (1.1) O�Ý
U ;

Ú 2: �âª (2.1)!(2.1)/¤Ý
X11, X21, B11, B21, B31;

Ú 3: O�X
†
11 ÚX

†
21;

Ú 4: �âª (2.1)�O� Ã12 (½ Ã11 Ú Ã22);

Ú 5: � âª (4.9) Úª (4.13)O �A12 (½ � âª (4.15)!(4.16)!(4.18)!(4.19)O �

A11 ÚA22);

Ú 6: �â½n 4.1 (½½n 4.2)O�Ý
A;

Ú 7: ÑÑÝ
A.

^ MATLAB2016a3°Ý� 10−16 �O�Åþé�{ 1Ú�{ 2 ?1�y. 3¢�¥
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� k = 2, P = (P1 P2), Ù¥

P1 =

0
BBBBBBBBBBBBB@

0.422 4i 0.700 7i 0.299 7i 0.362 3i

0.700 7i 0.035 6i 0.218 2i 0.125 6i

0.299 7i 0.218 2i 0.498 0i 0.394 0i

0.362 3i 0.125 6i 0.394 0i 0.344 0i

0.161 7i 0.273 1i 0.377 5i 0.654 3i

0.196 5i 0.366 2i 0.306 1i 0.070 6i

0.204 6i 0.380 0i 0.022 3i 0.197 8i

0.053 5i 0.302 0i 0.471 8i 0.327 5i

1
CCCCCCCCCCCCCA

, P2 =

0
BBBBBBBBBBBBB@

0.161 7i 0.196 5i 0.204 6i 0.053 5i

0.273 1i 0.366 2i 0.380 0i 0.302 0i

0.377 5i 0.306 1i 0.022 3i 0.471 8i

0.654 3i 0.070 6i 0.197 8i 0.327 5i

0.296 5i 0.004 5i 0.099 9i 0.480 5i

0.004 5i 0.384 4i 0.712 0i 0.271 6i

0.099 9i 0.712 0i 0.069 7i 0.502 3i

0.480 5i 0.271 6i 0.502 3i 0.138 6i

1
CCCCCCCCCCCCCA

.

~~~ 5.1 �½e�Ý
X , B, Ã,

X =

0
BBBBBBBBBBBBB@

0.221 5 0.857 5 0.521 8

0.305 8 0.164 9 0.915 7

0.127 0 0.157 6 0.792 2

0.313 4 0.970 6 0.959 5

0.232 4 0.957 2 0.655 7

0.097 5 0.485 4 0.035 7

0.268 5 0.700 3 0.844 1

0.646 9 0.141 9 0.834 0

1
CCCCCCCCCCCCCA

,

B =

0
BBBBBBBBBBBBB@

−0.735 3 − 0.668 9i −1.311 5 − 0.938 8i −1.093 1 + 1.088 3i

−0.859 9 + 1.068 2i −1.115 8 + 0.143 6i −1.311 9 + 1.532 3i

−1.143 8 − 0.329 0i −0.899 1 − 0.499 3i 0.026 7 − 1.561 1i

1.814 9 − 1.519 9i 2.400 2 − 1.937 1i 3.045 3 − 1.261 6i

−2.235 9 − 0.544 2i −2.151 1 − 0.827 7i −4.004 6 − 0.303 1i

−0.154 0 − 1.116 7i 0.123 5 − 1.407 8i −0.016 2 − 1.071 3i

1.949 4 + 1.243 8i 2.316 4 + 2.334 3i 0.753 6 + 1.460 3i

1.374 2 + 2.040 7i 2.041 4 + 2.858 7i 0.755 7 + 0.928 8i

1
CCCCCCCCCCCCCA

,

Ã = (Ã1 Ã2), Ù¥

eA1 =

0
BBBBBBBBBBBBB@

−0.000 0 − 2.015 6i −1.208 1 − 0.391 2i 0.719 3 + 0.542 5i 0.435 3 + 0.319 0i

0.208 1 − 0.391 2i 0.000 0 + 2.323 8i 0.157 2 + 0.144 8i −2.638 9 − 1.002 5i

−0.719 3 + 0.542 5i −0.157 2 + 0.144 8i 0.000 0 + 0.037 8i −1.338 8 − 0.008 3i

−1.435 3 + 0.319 0i 2.638 9 − 1.002 5i 1.338 8 − 0.008 3i 0.000 0 − 0.793 2i

0.730 2 + 0.249 8i −0.838 9 − 0.196 5i −0.137 4 − 0.194 8i −0.781 6 − 0.672 9i

−0.137 1 + 0.692 9i 0.784 4 − 1.002 7i −0.095 6 + 0.264 5i −0.997 8 − 0.597 0i

1.188 8 + 0.282 4i 0.250 2 − 0.279 2i −1.206 3 − 1.222 8i 0.235 9 + 0.470 0i

0.482 4 + 1.212 5i −0.295 9 + 0.876 0i −0.686 1 − 0.843 7i 0.186 5 + 0.377 8i

1
CCCCCCCCCCCCCA

,

eA2 =

0
BBBBBBBBBBBBB@

−0.730 2 + 0.249 8i 0.137 1 + 0.692 9i −1.188 8 + 0.282 4i −0.482 4 + 1.212 5i

0.838 9 − 0.196 5i −0.784 4 − 1.002 7i −0.250 2 − 0.279 2i 0.295 9 + 0.876 0i

0.137 4 − 0.194 8i 0.095 6 + 0.264 5i 1.206 3 − 1.222 8i 0.686 1 − 0.843 7i

0.781 6 − 0.672 9i 0.997 8 − 0.597 0i −0.235 9 + 0.470 0i −0.186 5 + 0.377 8i

0.000 0 − 0.407 5i −0.191 6 − 0.605 9i −1.132 8 + 0.536 3i −1.838 1 + 0.433 6i

0.191 6 − 0.605 9i 0.000 0 − 0.316 1i 0.391 6 + 0.175 6i −0.108 9 + 0.189 9i

1.132 8 + 0.536 3i −0.391 6 + 0.175 6i −0.000 0 + 1.794 0i 0.025 1 + 0.249 8i

1.838 1 + 0.433 6i 0.108 9 + 0.189 9i −0.025 1 + 0.249 8i 0.000 0 − 0.623 3i

1
CCCCCCCCCCCCCA

.
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¦÷v¯K 3�� Hermite{P, k + 1}� Hamilton �Z%C).

)�â�{ 2, ·���A = (A1 A2), Ù¥

A1 =

0
BBBBBBBBBBBBB@

−0.000 0 + 2.089 2i 7.272 7 + 1.103 0i −2.784 4 + 1.477 2i 0.557 9 − 0.695 9i

−7.272 7 + 1.103 0i 0.000 0 − 0.794 7i −2.396 6 + 3.539 5i −1.296 1 − 1.263 3i

2.784 4 + 1.477 2i 2.396 6 + 3.539 5i 0.000 0 − 1.052 1i −0.020 9 + 1.083 8i

−0.557 9 − 0.695 9i 1.296 1 − 1.263 3i 0.020 9 + 1.083 8i 0.000 0 − 2.526 5i

1.194 6 − 1.503 0i −2.357 5 − 1.505 4i 1.660 9 − 1.582 2i −2.593 4 − 0.927 3i

−0.539 4 + 0.675 7i −1.849 8 + 0.379 4i 0.334 5 + 0.412 0i −0.021 4 + 0.322 9i

1.992 1 − 0.981 2i −5.337 0 + 0.921 3i 2.394 2 − 3.390 6i 0.200 2 + 2.939 4i

4.277 6 + 0.202 0i 0.617 1 + 0.363 0i 0.800 9 − 2.252 9i −0.663 2 − 0.087 8i

1
CCCCCCCCCCCCCA

,

A2 =

0
BBBBBBBBBBBBB@

−1.194 6 − 1.503 0i 0.539 4 + 0.675 7i −1.992 1 − 0.981 2i −4.277 6 + 0.202 0i

2.357 5 − 1.505 4i 1.849 8 + 0.379 4i 5.337 0 + 0.921 3i −0.617 1 + 0.363 0i

−1.660 9 − 1.582 2i −0.334 5 + 0.412 0i −2.394 2 − 3.390 6i −0.800 9 − 2.252 9i

2.593 4 − 0.927 3i 0.021 4 + 0.322 9i −0.200 2 + 2.939 4i 0.663 2 − 0.087 8i

0.000 0 + 1.461 8i −0.169 0 − 1.679 6i −0.481 9 + 1.482 9i −1.470 2 + 1.990 6i

0.169 0 − 1.679 6i 0.000 0 + 0.186 4i 0.652 0 − 0.840 3i 1.114 4 − 0.945 8i

0.481 9 + 1.482 9i −0.652 0 − 0.840 3i −0.000 0 − 0.382 4i 3.129 9 + 0.762 7i

1.470 2 + 1.990 6i −1.114 4 − 0.945 8i −3.129 9 + 0.762 7i −0.000 0 + 1.018 3i

1
CCCCCCCCCCCCCA

.

ÏLO�k ||PAP +A|| = 2.091 0× 10−14, ||AX −B|| = 3.487 5, �A�−PAP A���, Ø

��CO�Å�°Ý. Ïd, A´Ý
�§AX = B�� Hermite{P, k + 1}� Hamilton �Z

%C).
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