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Abstract: The oscillatory behavior of a class of second-order generalized Emden-

Fowler-type nonlinear variable delay neutral functional differential equations is studied

in this article. By using the generalized Riccati transformation and some analytic

techniques, we establish two new oscillation criteria for the equations under the condition∫
+∞

t0
a
−1/β(t)dt < +∞. Illustrative examples are provided to show that our results extend

and improve those previously reported in the literature, and the results are both practical

and implementable.
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�ÄXe�a��2Â Emden-Fowler .��5�¥á.C�¢�©�§

[a(t)φ1(z
′(t))]′ + q(t)f(φ2(x(δ(t)))) = 0, t > t0 > 0, (1)

���5, Ù¥z(t) = x(t) + p(t)x(τ(t)), φ1(u) = |u|β−1u, φ2(u) = |u|λ−1u, ùp β!λ þ��

�¢~ê, ¿�ÄXeb�^�:

ÂvFÏ: 2018-05-05

Ä7�8: �H�g,�ÆÄ7(12JJ3008); �H���e�ÆU�ïÄ�8(2016jg671); 
�½�

EOy�8(2016GX04)

�ö{0: oU�, I, B�Ç, ïÄ����©�§�nØ9)ÛØ�ª. E-mail: syxyljm@163.com.
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(C1) ¼êa ∈ C1([t0, +∞), (0, +∞)), 
p ∈ C([t0, +∞), [0, +∞)), �0 6 p(t) 6 p0 < +∞

(ùpp0�~ê), q ∈ C([t0, +∞), (0, +∞)).

(C2) �¢¼êτ, δ : [t0, +∞) → (0, +∞)÷vτ(t) 6 t, lim
t→+∞

τ(t) = +∞, δ(t) 6 t,

lim
t→+∞

δ(t) = +∞, ¿�τ ◦ δ = δ ◦ τ , τ ′(t) > τ0 (ùp τ0 ´�~ê).

(C3) ¼êf ∈ C(R,R), ��u 6= 0�kuf(u) > 0, f(u)
u > L (ùpL´�~ê).

'u�§(1)�)9Ù��5�½Â, �ë�©z [1-2] 9Ùë�©z. Cc5, ��

Emden-Fowler .�©Äå�§���5¯KÚå
IS	Æö�4�,�Ú2�'5[1-10].

©z [2] ïÄ
�§(1)�AÏ�/ (=�§(1)¥ f(u) = u ���/) ���5, ¿��Xe

(Ø.

½½½nnn A
[2] �β > λ, a′(t) > 0, δ′(t) > 0, 0 6 p(t) < 1, �

∫+∞

t0

a−1/β(t)dt = +∞. (2)

XJ�3¼ê ϕ ∈ C1([t0, +∞), (0, +∞)), ¦�

∫+∞

t0

[

ϕ(s)q(s)[1 − p(δ(s))]λ −
a(δ(s))(ϕ′(s))λ+1

(λ + 1)λ+1(kϕ(s)δ′(s))λ

]

ds = +∞,

Ù¥k > 0´,~ê, K�§

{a(t)|[x(t) + p(t)x(τ(t))]′|β−1[x(t) + p(t)x(τ(t))]′}′ + q(t)|x(δ(t))|λ−1x(δ(t)) = 0 (3)

´���.

3dÄ:þ, ©z [3] ïÄ
�§(1)���5, ��
��^�“β > λ, a′(t) > 0”, ¿ò

^�“0 6 p(t) < 1”�°�
“0 6 p(t) 6 p0 < +∞ (p0�~ê)”, ��
�§(1)����
#

OK. 
©z[4]K?�ÚU?
©z [3] ¥�(Ø, ��
Xe'u�§(1)�������

°[�(J.

½½½nnn B
[4] �^�(C1)—(C3)9ª(2)¤á, XJ�3¼ê ϕ ∈ C1([t0, +∞), (0, +∞)), ¦

�� β 6 λ�

lim sup
t→+∞

∫ t

T

ϕ(s)

[

L0Q(s)Ψλ(s, t0) −
(β/λ)β

ηλ−β(β + 1)β+1

(

a(s) +
pλ
0a(τ(s))

τβ+1
0

)

(

ϕ′

+(s)

ϕ(s)

)β+1
]

ds

= + ∞; (4)

� β > λ �

lim sup
t→+∞

∫ t

T

ϕ(s)

[

L0Q(s)Ψλ(s, t0) −
η(β−λ)/β

(λ + 1)λ+1

(

aλ/β(s) +
pλ
0aλ/β(τ(s))

τλ+1
0

)(

ϕ′

+(s)

ϕ(s)

)λ+1
]

ds

= + ∞. (5)

Ù¥: ~ê T > t0 v
�; ~ê L0 =

{

L, 0 < λ 6 1,

21−λL, λ > 1;
η��~ê; ¼êQ(t) =

min{q(t), q(τ(t))}; Ψ(t, t0) =
(∫δ(t)

t0
a−1/β(s)ds

)(∫t

t0
a−1/β(s)ds

)

−1

; ϕ+(t) = max{ϕ(t), 0}. K

�§(1)´���.
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w,, þã(J´3^�(2)¤áe���. XJ^�(2)Ø÷v, =TÈ©Âñ�, ©z

[3-4, 6-10] �vk���§���5(J, 
©z [2] ��Xe(Ø.

½½½nnn C
[2] �β > λ, a′(t) > 0, τ ′(t) > 0, 0 6 p(t) < 1�p′(t) > 0. XJ

∫+∞

t0

a−1/β(t)dt < +∞, (6)

¿�k ∫+∞

t0
q(t)[1 − p(δ(t))]λdt = +∞ Ú

∫+∞

t0

(

1
a(t)

∫t

t0
q(s)ds

)1/β

dt = +∞

¤á, K�§(3)�z��) x(t) ½ö��, ½ö lim
t→+∞

x(t) = 0.

½n C Ò´©z [2] ¥�½n 2.4. w,, ½n C ¥k��î��^�“β > λ, a′(t) >

0�p′(t) > 0”, 
�Ù(Ø´Ø(½�. 3ù«�/e, Ù¦©z¥���(Ø(X©z [5] ¥

�(Ø)�´Xd. ùÒ¦�3¢SA^�Ø�B, Ï�·�Ø���§ (3) 3�o^�eÙ

)x(t)´���, 
3�o^�eÙ)x(t)´ìCu0�. Ï
ée�î.�§

(t2x′(t))′ + mx(t) = 0, t > 1, (E1)

�ÒØU^½nC5(½Ù´Ä��
. d	, éu�§

{t|[x(t) + (9 + sin 2t)x(t/2)]
′

|−1/2[x(t) + (9 + sin 2t)x(t/2)]
′

}
′

+ t4x3(t/3) = 0, t > 1, (E2)

duØ÷v^�“β > λ, 0 6 p(t) < 1”, Ïd½nC�ØU^u§���5�O.

�©ò3^�(6)eïÄ�§(1)���5, |^2Â Riccati C�Eâ9Ø�ªE|, �

��§(1)����X�#��OOK, U?�í2�X�®k�(J.

1 Ì�(J9y²

ÚÚÚnnn 1
[3] � A > 0, B > 0 Ú α > 0 þ�~ê, K� x > 0 �,

Ax − Bx
α+1

α 6
ααAα+1

(α + 1)α+1Bα
.

½½½nnn 1 �^�(C1)—(C3)9ª(6)¤á, ¿��β 6 λ�ª(4)¤á; �β > λ�ª(5)¤

á. XJ�3¢~êω > 0, ¦�

lim sup
t→+∞

∫ t

T

(t − s)ω

[

L0Q(s)R(s) −

(

1 +
pλ
0

τ0

)

ωβ+1a(s)

(β + 1)β+1(t − s)β+1

]

ds > 0. (7)

Ù¥: ~êT > t0v
�; L0 =

{

L, 0 < λ 6 1,

21−λL, λ > 1;
¼êQ(t) = min{q(t), q(τ(t))},

R(t) =











k, β > λ,

1, β = λ,

kAλ−β(t), β < λ

(k > 0�~ê); A(t) =
∫+∞

t a−1/β(s)ds. K�§(1)´���.

yyy ²²² ¦ ^ � y {. � � §(1)� 3 � � � � � )x(t), Ø � �x(t)� � ª �

)(�x(t)��ªK)�aq�y), Kkx(t) > 0, x(τ(t)) > 0, x(δ(t)) > 0 (t > t1 > t0).

d©z [4] ¥½n 1 �y²�, a(t)φ1(z
′(t)) = a(t)|z′(t)|β−1z′(t)´î�üN~���ª½Ò
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�, l
z′(t)�ª��½�ª�K. ��I�Äe�ü«�/: (a) �t > t1�z′(t) > 0; (b)

�t > t1�z′(t) < 0.

���/// a z′(t) > 0 (t > t1). d����©z [4] ¥½n 1 �y²�Ó. � β 6 λ ����

ª(4)gñ; � β > λ ����ª(5)gñ.

���/// b z′(t) < 0 (t > t1). Äk, ½Â2Â� Riccati C� v(t) �

v(t) =
a(τ(t))φ1(z

′(τ(t)))

φ1(z(t))
=

a(τ(t))(−z′(τ(t)))β−1z′(τ(t))

zβ(t)
, t > t1, (8)

K v(t) < 0 (t > t1). d u a(t)[−z′(t)]β−1z′(t) ´ ü N ~ � �, ¤ ± � t > t1 �,

ka(τ(t))[−z′(τ(t))]β−1z′(τ(t)) > a(t)[−z′(t)]β−1z′(t), =a(τ(t))[−z′(τ(t))]β 6 a(t)[−z′(t)]β .

?�Ú��z′(t) 6

(

a(τ(t))
a(t)

)1/β

z′(τ(t)). u´dª(8) (¿5¿�z′(t) < 0) ��

v′(t) =
[a(τ(t))φ1(z

′(τ(t)))]′

zβ(t)
−

a(τ(t))(−z′(τ(t)))β−1z′(τ(t))βzβ−1(t)z′(t)

z2β(t)

6
[a(τ(t))φ1(z

′(τ(t)))]′

zβ(t)
−

βa(τ(t))(−z′(τ(t)))β−1z′(τ(t))

zβ+1(t)

(

a(τ(t))

a(t)

)1/β

z′(τ(t))

=
[a(τ(t))φ1(z

′(τ(t)))]′

zβ(t)
−

β(−v(t))(β+1)/β

a1/β(t)
. (9)

2½Â2Â� Riccati C�w(t)�

w(t) =
a(t)φ1(z

′(t))

φ1(z(t))
=

a(t)(−z′(t))β−1z′(t)

zβ(t)
, t > t1,

K w(t) < 0 (t > t1). U�þ¡aq��{��

w′(t) 6
[a(t)φ1(z

′(t))]′

zβ(t)
−

β(−w(t))(β+1)/β

a1/β(t)
. (10)

d©z [4] ¥½n 1 �y²®�eª:

[a(t)φ1(z
′(t))]′ +

pλ
0

τ0
[a(τ(t))φ1(z

′(τ(t)))]′ 6 −L0Q(t)zλ(δ(t)) 6 0. (11)

u´, |^ª(9)—(11)¿5¿� z(δ(t)) > z(t), N´��

w′(t) +
pλ
0

τ0
v′(t) 6

1

zβ(t)

{

[a(t)φ1(z
′(t))]′ +

pλ
0

τ0
[a(τ(t))φ1(z

′(τ(t)))]′
}

−
β

a1/β(t)

[

(−w(t))(β+1)/β +
pλ
0

τ0
(−v(t))(β+1)/β

]

6 −
L0Q(t)zλ(δ(t))

zβ(t)
−

β

a1/β(t)

[

(−w(t))(β+1)/β +
pλ
0

τ0
(−v(t))(β+1)/β

]

6 − L0Q(t)zλ−β(t) −
β

a1/β(t)

[

(−w(t))(β+1)/β +
pλ
0

τ0
(−v(t))(β+1)/β

]

. (12)

e β > λ, K�â z(t) > 0, z′(t) < 0 (t > t1) �, z(t) 6 z(t1), = zλ−β(t) > zλ−β(t1) = k.

e β = λ, K zλ−β(t) = 1.
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e β < λ, K|^ a(t)(−z′(t))β−1z′(t) (t > t1) �üN~�5, ��

a(s)(−z′(s))β−1z′(s) 6 a(t1)(−z′(t1))
β−1z′(t1) = −M, s > t1,

Ù ¥ ~ ê M = −a(t1)(−z′(t1))
β−1z′(t1) > 0. u ´ a(s)(−z′(s))β > M , = z′(s) 6

−M1/βa−1/β(s). ?�ÚÒk z(T )− z(t) 6 −M1/β
∫T

t a−1/β(s)ds, =

z(t) > z(T ) + M1/β

∫T

t

a−1/β(s)ds > M1/β

∫T

t

a−1/β(s)ds.

3þª¥-T → +∞, �z(t) > M1/β
∫+∞

t
a−1/β(s)ds = M1/βA(t), =zλ−β(t) > kAλ−β(t), ù

pk = M (β−λ)/λ > 0´~ê.

�â¼êR(t)�½Â, k

zλ−β(t) > R(t). (13)

u´, òª(13)�\ª(12), �

L0Q(t)R(t) 6 −w′(t) −
pλ
0

τ0
v′(t) −

β

a1/β(t)

[

(−w(t))(β+1)/β +
pλ
0

τ0
(−v(t))(β+1)/β

]

. (14)

òª(14)ü>Ó¦±(t− s)ω, ¿lt1�t (t > t1) È©, 2|^Ún1¥�Ø�ª, K�í�

∫ t

t1

L0Q(s)R(s)(t − s)ωds

6 −

∫ t

t1

(t − s)ωw′(s)ds −
pλ
0

τ0

∫ t

t1

(t − s)ωv′(s)ds

−

∫ t

t1

β(t − s)ω

a1/β(s)

[

(−w(s))(β+1)/β +
pλ
0

τ0
(−v(s))(β+1)/β

]

ds

=(t − t1)
ωw(t1) +

∫ t

t1

[

ω(t − s)ω−1(−w(s)) −
β(t − s)ω

a1/β(s)
(−w(s))

β+1

β

]

ds

+
pλ
0

τ0

{

(t − t1)
ωv(t1) +

∫ t

t1

[

ω(t − s)ω−1(−v(s)) −
β(t − s)ω

a1/β(s)
(−v(s))

β+1

β

]

ds

}

6 (t − t1)
ωw(t1) +

∫ t

t1

ωβ+1a(s)

(β + 1)β+1(t − s)β−ω+1
ds

+
pλ
0

τ0

{

(t − t1)
ωv(t1) +

∫ t

t1

ωβ+1a(s)

(β + 1)β+1(t − s)β−ω+1
ds

}

.

dþª?�Ú�

∫ t

t1

[

L0Q(s)R(s)(t − s)ω −

(

1 +
pλ
0

τ0

)

ωβ+1a(s)

(β + 1)β+1(t − s)β−ω+1

]

ds

6 (t − t1)
ωw(t1) +

pλ
0

τ0
(t − t1)

ωv(t1),

ù�^�(7)gñ�½ny..

�Ä8ÜD = {(t, s)|t > s > t0}Ú8ÜD0 = {(t, s)|t > s > t0}, ¡¼êK(t, s) ∈ Ω,

XJK(t, s) ∈ C(D,R), ¿��t > t0�K(t, t) = 0; �(t, s) ∈ D0�K(t, s) > 0�K(t, s)éC

þskëY��� �ê.
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e¡�Ñ�O�§(1)�����5½n.

½½½nnn 2 �^�(C1)—(C3)9ª(6)¤á, ¿��β 6 λ�(4)ª¤á; � β > λ�(5)ª¤

á. XJ�3¼êK ∈ Ω¦�

lim sup
t→+∞

∫ t

T

[

L0Q(s)R(s)K(t, s) −

(

1 +
pλ
0

τ0

)

a(s)

(β + 1)β+1Kβ(t, s)

∣

∣

∣

∣

∂K(t, s)

∂s

∣

∣

∣

∣

β+1
]

ds > 0. (15)

Ù¥: ~ê T > t0 v
�; ~ê L0 9¼ê Q(t), R(t) Ú A(t) X½n 1. K�§(1)´���.

yyy ²²² y²�c¡Ü©Ó½n1, ¼êv(t)Úw(t)�½Â�Ó½n 1, K��ª(14), =

�s > t1�, k

L0Q(s)R(s) 6 −w′(s) −
pλ
0

τ0
v′(s) −

β

a1/β(s)

[

(−w(s))(β+1)/β +
pλ
0

τ0
(−v(s))(β+1)/β

]

.

òþªü>Ó¦± K(t, s), ¿l t1 � t (t > t1) È©, 2|^Ún1¥�Ø�ª, K�í�

∫ t

t1

L0Q(s)R(s)K(t, s)ds

6 −

∫ t

t1

K(t, s)w′(s)ds −
pλ
0

τ0

∫ t

t1

K(t, s)v′(s)ds

−

∫ t

t1

βK(t, s)

a1/β(s)

[

(−w(s))(β+1)/β +
pλ
0

τ0
(−v(s))(β+1)/β

]

ds

= K(t, t1)w(t1) +

∫ t

t1

[(

−
∂K(t, s)

∂s

)

(−w(s)) −
βK(t, s)

a1/β(s)
(−w(s))

β+1

β

]

ds

+
pλ
0

τ0

{

K(t, t1)v(t1) +

∫ t

t1

[(

−
∂K(t, s)

∂s

)

(−v(s)) −
βK(t, s)

a1/β(s)
(−v(s))

β+1

β

]

ds

}

6 K(t, t1)w(t1) +

∫ t

t1

a(s)

(β + 1)β+1Kβ(t, s)

∣

∣

∣

∣

∂K(t, s)

∂s

∣

∣

∣

∣

β+1

ds

+
pλ
0

τ0

{

K(t, t1)v(t1) +

∫ t

t1

a(s)

(β + 1)β+1Kβ(t, s)

∣

∣

∣

∣

∂K(t, s)

∂s

∣

∣

∣

∣

β+1

ds

}

.

dþª?�Ú�

∫ t

t1

[

L0Q(s)R(s)K(t, s) −

(

1 +
pλ
0

τ0

)

a(s)

(β + 1)β+1Kβ(t, s)

∣

∣

∣

∣

∂K(t, s)

∂s

∣

∣

∣

∣

β+1
]

ds

6K(t, t1)w(t1) +
pλ
0

τ0
K(t, t1)v(t1),

ù�^�(15)gñ�½ny..

2 ~f©Û

~~~ 1 �Äî.�§(E1), =e��§

(t2x′(t))′ + mx(t) = 0, t > 1,
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Ù¥~ê m > 0. ù��u3�§(1)�¥ a(t) = t2, p(t) ≡ 0, q(t) = m, τ(t) = δ(t) = t,

f(u) = u, λ = β = 1, t0 = 1. N´�y^�(C1)—(C3)9ª(6)Ñ÷v. 3½n1 ¥�ϕ(t) = t,

ω = 1, T = 2, 5¿�L = 1, R(t) = 1. K�m > 1
4�, k

lim sup
t→+∞

∫ t

T

ϕ(s)

[

L0Q(s)Ψλ(s, t0) −
(β/λ)β

ηλ−β(β + 1)β+1

(

a(s) +
pλ
0a(τ(s))

τβ+1
0

)

(

ϕ′

+(s)

ϕ(s)

)β+1
]

ds

= lim sup
t→+∞

∫ t

2

s

[

m −
1

4

]

ds = +∞,

�

lim sup
t→+∞

∫ t

T

(t − s)ω

[

L0Q(s)R(s) −

(

1 +
pλ
0

τ0

)

ωβ+1a(s)

(β + 1)β+1(t − s)β+1

]

ds

= lim sup
t→+∞

∫ t

2

(t − s)

[

m −
s2

4(t − s)2

]

ds > 0,

u´d½n 1 �, � m > 1
4 ��§(E1)´���. w,ù´��(½�(J, 
��·�¤

Ù��(J´���.

~~~ 2 �Ä�§(E2), =e��§

{t|[x(t) + (9 + sin 2t)x(t/2)]′|−1/2[x(t) + (9 + sin 2t)x(t/2)]′}′ + t4x3(t/3) = 0, t > 1.

ù��u3�§(1)¥�a(t) = t, p(t) = 9 + sin 2t, q(t) = t4, τ(t) = t
2 , δ(t) = t

3 , f(u) = u,

β = 1
2 , λ = 3, t0 = 1. N´�y^�(C1)—(C3)9ª(6)Ñ´÷v�. 3½n1 ¥�ϕ(t) = 1,

ω = 1, T = 3, 5¿�β < λ, L = 1
4 , �

A(t) =

∫+∞

t

a−1/β(s)ds =

∫+∞

t

s−2ds =
1

t
, Q(t) = min{q(t), q(τ(t))} =

t4

16
,

R(t) = kAλ−β(t) =
k

t5/2
, Ψ(t, t0) =

(∫ δ(t)

t0

a−1/β(s)ds

)

(∫ t

t0

a−1/β(s)ds

)−1

=
t − 3

t − 1
.

Kk

lim sup
t→+∞

∫ t

T

ϕ(s)

[

L0Q(s)Ψλ(s, t0)−
(β/λ)β

ηλ−β(β + 1)β+1

(

a(s)+
pλ
0a(τ(s))

τβ+1
0

)

(

ϕ′

+(s)

ϕ(s)

)β+1
]

ds

= lim sup
t→+∞

∫ t

3

[

1

4
·
s4

16

(

s − 3

s − 1

)3

− 0

]

ds = +∞,

�

lim sup
t→+∞

∫ t

T

(t − s)ω

[

L0Q(s)R(s) −

(

1 +
pλ
0

τ0

)

ωβ+1a(s)

(β + 1)β+1(t − s)β+1

]

ds

= lim sup
t→+∞

∫ t

3

(t − s)

[

1

4
·
s4

16
·

k

s5/2
−

(

1 +
103

1/2

)

s

(3/2)3/2(t − s)3/2

]

ds > 0.

u´d½n1�, �§(E2)´���.

555 1 �~²w, ©z [1-10] ¥�½nÑØU�O�§(E1)Ú(E2)´Ä��.
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