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A class of delayed HIV-1 infection models with latently infected cells
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Abstract: A class of delayed HIV-1 infection models with latently infected cells was

proposed. The basic reproductive number R0 was defined, and the existence conditions of

disease-free equilibrium P0(x0, 0, 0, 0) and chronic-infection equilibrium P ∗(x∗, ω∗, y∗, v∗)

were given. First, the local asymptotic stability of infection-free equilibrium and chronic-

infection equilibrium was obtained by the linearization method. Further, by constructing

the corresponding Lyapunov functions and using LaSalle’s invariant principle, it was

proved that when the basic reproductive number R0 was less than or equal to unity, the

infection-free equilibrium P0(x0, 0, 0, 0) was globally asymptotically stable; moreover,

when the basic reproductive number R0 was greater than unity, the chronic-infective

equilibrium P ∗(x∗, ω∗, y∗, v∗) was globally asymptotically stable, but the infection-free

equilibrium P0(x0, 0, 0, 0) was unstable. The results showed that a latently infected delay

and an intracellular delay did not affect the global stability of the model, and numerical

simulations were carried out to illustrate the theoretical results.
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0 Ú ó

M_¾(AIDS)´�aî­%�<aèxÚ)·�D/¾, 8c®¤��¥­��ú�

èx¯K. M_¾¾Ó(Human Immunodeficiency Virus, {¡ HIV)Ì�a/<N�¼XÚ[

� CD4+T, �Úå[� CD4+T Oê��ÌÝeü, ��<N�¼"�, î­K��ö�

�Å¬5a/�Uå[1]. HIV ©�ü«a.: HIV-1.ÚHIV-2., Ùï HIV-1 ´ÚuM_¾

�Ì�¾�N. IS	®kéõ�ÆÚêÆ���¡�ó�öÝ\�M_¾��£ïÄ¥,

Ù¥/ÏêÆ�.5©ÛM_¾¾Óa/�ÄåÆ1�®¤���9:ïÄ¯K[2]. éu

HIV-1 a/�ïÄ, Perelson!Anderson �JÑ
�Ð��.[3-6]:











ẋ(t) = λ − dx(t) − βx(t)v(t),

ẏ(t) = βx(t)v(t) − ay(t),

v̇(t) = ky(t) − uv(t).

(1)

Ù¥: x(t), y(t), v(t)©OL«t�� CD4+T �a/[�ê!CD4+T a/[�ê!¾Óê;

ëêλL«�a/[��k)¤Ç; βL«¾Óa/Ç; d, a, u©OL«�a/[�!�a/

[�!il¾Ó�k�Ç; kL«�a/[�º�¾Ó�'Ç. λ, β, d, a, u, kþ��ê.

3�.(1)¥, u)Ç�b��: t���a/[� CD4+T �êx(t)Ú¾Óêv(t)�m´

V�5�, ,
¢Su)Ç�UØ´î��5�[7-11]. Song Ú Xu �[7,10-11]JÑäk�Úu

)Ç βxv

1+αv
(α > 0) �D/¾�.. ,
, ±þJ���.þ�Ñ
��¯¢, =3[�¥¿Ø

´¤k�¾ÓÑUéÄ¹5¾Ó��). �Ü© CD4+T [�3�¾Ó-¹a/�, ?\/

¾�ã, ��k�Ü© CD4+T [�3�-¹����m�±·�, E,�33dÏÏ[12],

3©z[13]¥, ù«[��½Â�dÏa/[�. HIV-1±YdÏ3 CD4+T [�S�ù«A

58c�@�´[�la/¥¡E�æN. ��8c��, '5dÏa/[�é HIV-1 a/

L§K���.¿Øõ�[14-15]. Ù¥ Wang[15]?Ø
�aäkdÏa/[�Ú�Úu)Ç

� HIV-1 D/¾�.:















































ẋ(t) = λ − dx(t) −
βx(t)v(t)

1 + αv(t)
,

ω̇(t) =
(1 − q)βx(t)v(t)

1 + αv(t)
− eω(t) − δω(t),

ẏ(t) =
qβx(t)v(t)

1 + αv(t)
− ay(t) + δω(t),

v̇(t) = ky(t) − uv(t).

(2)

Ù¥: ω(t) L« t ���dÏa/[�êþ; e L«dÏa/[��k�Ç; δL«dÏa/

[�=z�a/[���Ç; e!δ þ��ê. 3T�.¥, b��a/[��¾Ó-¹�, ±

�Ç
qβx(t)v(t)
1+αv(t) �)a/[�, 
±�Ç

(1−q)βx(t)v(t)
1+αv(t) �±dÏa/, Ù¥0 < q < 1, α > 0.
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�©�Ä
äkdÏa/[�Ú�Úu)Ç��¢HIV-1D/¾�.:














































ẋ(t) = λ − dx(t) −
βx(t)v(t)

1 + αv(t)
,

ω̇(t) =
(1 − q)βx(t − τ1)v(t − τ1)

1 + αv(t − τ1)
− eω(t) − δω(t),

ẏ(t) =
qβx(t − τ2)v(t − τ2)

1 + αv(t − τ2)
− ay(t) + δω(t),

v̇(t) = ky(t) − uv(t).

(3)

Ù¥: �¢τ1L« CD4+T [��¾Ó�>¦Ù¤�dÏa/[�¤I���m; �¢τ2L

« CD4+T [��¾Ó�>¦Ù�a/¤I���m; τ1 > 0, τ2 > 0; Ù¦ëê�)ÔÆ¿

ÂÓþ.

XÚ(3)÷vÐ©^�:






x(θ) = φ1(θ), ω(θ) = φ2(θ), y(θ) = φ3(θ), v(θ) = φ4(θ),

φi(θ) > 0, θ ∈ [−τ, 0], φi(0) > 0 (i = 1, 2, 3, 4).
(4)

Ù ¥: τ = max{τ1, τ2}; (φ1(θ), φ2(θ), φ3(θ), φ4(θ)) ∈ C([−τ, 0],R4
+0), L « l «

m[−τ, 0]�R
4
+0�äkþ(.�ê� Banach �m�ëY�¼; R

4
+0 = {(x1, x2, x3, x4) :

xi > 0, i = 1, 2, 3, 4}. d�¼�©�§�Ä�nØ�£[16] ��, XÚ(3)�3÷vÐ©^

�(4)���)(x(t), ω(t), y(t), v(t)), �é?¿t > 0, Ñkx(t) > 0, ω(t) > 0, y(t) > 0, v(t) > 0.

1 ²ï:��35

w,, XÚ(3)ok��Ã¾²ï:P0(x0, 0, 0, 0), Ù¥x0 = λ
d
. ½ÂÄ�2)ê

R0 =
kλβ(eq + δ)

adu(e + δ)
.

� R0 > 1 �, XÚ(3)k���ú5a/²ï:P ∗(x∗, ω∗, y∗, v∗), Ù¥

x∗ =
λ(1 + αv∗)

d(1 + αv∗) + βv∗
, ω∗ =

λβ(1 − q)v∗

(e + δ)[d(1 + αv∗) + βv∗]
, y∗ =

uv∗

k
, v∗ =

d

β + αd
(R0 − 1).

2 ²ï:�ÛÜ­½5

'u²ï:�ÛÜ­½5, ·�?Ø±en«�¹, =(i) τ1 = 0, τ2 6= 0; (ii) τ1 6= 0, τ2 =

0; (iii) τ1 = τ2 6= 0.

½½½nnn 1 (I) �R0 < 1, �÷v(i)!(ii)!(iii)¥?�«�¹�, XÚ(3)�Ã¾²ï

:P0(x0, 0, 0, 0)þÛÜìC­½; (II) �R0 > 1�, P0(x0, 0, 0, 0)´Ø­½�.

yyy ²²² (I) XÚ(3)3P0(x0, 0, 0, 0)?�A��§�

(s + d)
[

s3 + p2s
2 + p1s + p0 + r0e

−sτ1 + (q1s + q0)e
−sτ2

]

= 0. (5)

Ù¥:

p0 = au(e + δ); p1 = (e + δ)(a + u) + au; p2 = e + δ + a + u;

r0 = −δ(1 − q)kβx0; q0 = −(e + δ)qkβx0; q1 = −qkβx0.
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w,, �§(5)okK¢�s1 = −d. Ïd�§(5)Ù{���ûu�§

f(s) = s3 + p2s
2 + p1s + p0 + r0e

−sτ1 + (q1s + q0)e
−sτ2 = 0. (6)

e¡©n«�/5?Ø.

(i) τ1 = 0, τ2 6= 0

d�, �§(6)C�

f(s) = s3 + p2s
2 + p1s + p0 + r0 + (q1s + q0)e

−sτ2 = 0, (7)

-s = iω (ω > 0) ´�§(7)���XJ�, òÙ¢Ü�JÜ©l�






ω3 − p1ω = q1ω cos(ωτ2) − q0 sin(ωτ2),

p2ω
2 − p0 − r0 = q1ω sin(ωτ2) + q0 cos(ωτ2).

(8)

2ò�§|(8)�ü��§©O²���\�

ω6 + (p2
2 − 2p1)ω

4 + [p2
1 − 2(p0 + r0)p2 − q2

1 ]ω2 + (p0 + r0)
2 − q2

0 = 0. (9)

-ω2 = z, K�§(9) C�

z3 + (p2
2 − 2p1)z

2 + [p2
1 − 2(p0 + r0)p2 − q2

1 ]z + (p0 + r0)
2 − q2

0 = 0. (10)

du

p2
2 − 2p1 = (e + δ + a + u)2 − 2[(e + δ)(a + u) + au] = (e + δ)2 + a2 + u2 > 0,

p2
1 − 2(p0 + r0)p2 − q2

1 = (e + δ)2(a2 + u2) + 2(1 − q)δ(e + δ + a + u)kβx0

+ (au)2 − (qkβx0)
2

> (e + δ)2(a2 + u2) + (au)2(1 − R2
0) > 0,

p2
0 − q2

0 = [au(e + δ)]2 − [(e + δ)qkβx0]
2 > [au(e + δ)]2(1 − R2

0) > 0,

(p2
2 − 2p1)(p

2
1 − 2p0p2 − q2

1) − (p2
0 − q2

0)

=
[

(e + δ)2 + a2 + u2
]

·
[

(e + δ)2(a2 + u2) + 2(1 − q)δ(e + δ + a + u)kβx0

]

+ (a2 + u2)
[

(au)2 − (qkβx0)
2
]

> 0.

d Routh-Hurwitz OK�, �§(10)�¤kA��þäkK¢Ü, ù�z = ω2 > 0�gñ. Ï

d�§(7)�?¿�þäkK¢Ü. ¤±, �τ1 = 0, τ2 6= 0�, Ã¾²ï:P0(x0, 0, 0, 0)´ÛÜ

ìC­½�.

(ii) τ1 6= 0, τ2 = 0

d�, �§(6)C�

f(s) = s3 + p2s
2 + (p1 + q1)s + p0 + q0 + r0e

−sτ1 = 0. (11)

-s = iω (ω > 0) ´�§(11)���XJ�, òÙ¢Ü�JÜ©l�






ω3 − (p1 + q1)ω = r0 sin(ωτ1),

− p2ω
2 + p0 + q0 = r0 cos(ωτ1).

(12)
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2ò�§|(12)�ü��§©O²���\�

ω6 +
[

p2
2 − 2(p1 + q1)

]

ω4 +
[

(p1 + q1)
2 − 2(p0 + q0)p2

]

ω2 + (p0 + q0)
2 − r2

0 = 0. (13)

-ω2 = z, K�§(13)C�

z3 +
[

p2
2 − 2(p1 + q1)

]

z2 +
[

(p1 + q1)
2 − 2(p0 + q0)p2

]

z + (p0 + q0)
2 − r2

0 = 0. (14)

du

p2
2 − 2(p1 + q1) = (e + δ)2 + a2 + u2 + 2qkβx0 > 0,

(p1 + q1)
2 − 2(p0 + q0)p2 = (e + δ)2(a2 + u2) + (au)2 + (qkβx0)

2

− 2auqkβx0 + 2(e + δ)2qkβx0

> (e + δ)2(a2 + u2) + 2(e + δ)2qkβx0 > 0,

(p0 + q0)
2 − r2

0 = (p0 + q0 + r0)(p0 + q0 − r0) > [au(e + δ)(1 − R0)]
2
,

[

p2
2 − 2(p1 + q1)

]

·
[

(p1 + q1)
2 − 2(p0 + q0)p2

]

−
[

(p0 + q0)
2 − r2

0

]

> 0.

Ïd, �τ1 6= 0, τ2 = 0�, Ã¾²ï:P0(x0, 0, 0, 0)´ÛÜìC­½�.

(iii) τ1 = τ2 6= 0

- τ1 = τ2 = τ (τ 6= 0), d�, �§(6)C�

f(s) = s3 + p2s
2 + p1s + p0 + (q1s + q0 + r0)e

−sτ̄ = 0, (15)

-s = iω (ω > 0)´�§(15)���XJ�, òÙ¢Ü�JÜ©l�







ω3 − p1ω = q1ω cos(ωτ̄ ) − (q0 + r0) sin(ωτ̄ ),

p2ω
2 − p0 = q1ω sin(ωτ̄ ) + (q0 + r0) cos(ωτ̄).

(16)

2ò�§|(16)�ü��§©O²���\�

ω6 + (p2
2 − 2p1)ω

4 + (p2
1 − 2p0p2 − q2

1)ω
2 + p2

0 − (q0 + r0)
2 = 0. (17)

-ω2 = z, K�§(17) C�

z3 + (p2
2 − 2p1)z

2 + (p2
1 − 2p0p2 − q2

1)z + p2
0 − (q0 + r0)

2 = 0. (18)

du

p2
2 − 2p1 = (e + δ)2 + a2 + u2 > 0,

p2
1 − 2p0p2 − q2

1 = (e + δ)2(a2 + u2) + (au)2 − (qkβx0)
2 > (e + δ)2(a2 + u2)

+ (au)2(1 − R2
0) > 0,

p2
0 − (q0 + r0)

2 = a2u2(e + δ)2(1 − R2
0) > 0,

(p2
2 − 2p1)(p

2
1 − 2p0p2 − q2

1) −
[

p2
0 − (q0 + r0)

2
]

> 0.
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Ïd, �τ1 = τ2 6= 0�, Ã¾²ï:P0(x0, 0, 0, 0)þÛÜìC­½.

n þ � �, �R0 < 1, � ÷ v(i)!(ii)!(iii)¥ ? � « � ¹ �, X Ú(3)� Ã ¾ ² ï

:P0(x0, 0, 0, 0)´ÛÜìC­½�.

(II) �R0 > 1�, é¢ês,

f(0) = au(e + δ) − kβx0(eq + δ) = au(e + δ)(1 − R0) < 0,

lim
s→+∞

f(s) = +∞.

Ïd, �§f(s) = 0��k���¢�. ¤±, �R0 > 1�, Ã¾²ï:P0(x0, 0, 0, 0)´Ø­½

�.

½½½nnn 2 �R0 > 1, �÷v(i)!(ii)!(iii)¥?�«�¹�, XÚ(3)�ú5a/²ï

:P ∗(x∗, ω∗, y∗, v∗)´ÛÜìC­½�.

yyy ²²² XÚ(3)3P ∗(x∗, ω∗, y∗, v∗)?�A��§�

s4 + a3s
3 + a2s

2 + a1s + a0 + (b1s + b0)e
−sτ1 + (c2s

2 + c1s + c0)e
−sτ2 = 0. (19)

Ù¥:

a0 = au(e + δ)

(

d +
βv∗

1 + αv∗

)

; a1 = au(e + δ) + [(e + δ)(a + u) + au]

(

d +
βv∗

1 + αv∗

)

;

a2 = (e + δ)(a + u) + au + (e + δ + a + u)

(

d +
βv∗

1 + αv∗

)

;

a3 = e + δ + a + u + d +
βv∗

1 + αv∗
;

b0 =
−dδ(1 − q)kβx∗

(1 + αv∗)2
; b1 =

−δ(1 − q)kβx∗

(1 + αv∗)2
;

c0 =
−d(e + δ)qkβx∗

(1 + αv∗)2
; c1 =

−(d + e + δ)qkβx∗

(1 + αv∗)2
; c2 =

−d(e + δ)qkβx∗

(1 + αv∗)2
.

e¡©n«�/5?Ø.

(i) τ1 = 0, τ2 6= 0

d�, �§(19)C�

s4 + a3s
3 + a2s

2 + (a1 + b1)s + a0 + b0 + (c2s
2 + c1s + c0)e

−sτ2 = 0. (20)

-s = iω (ω > 0)´�§(20)���XJ�, ©lÙ¢Ü�JÜ�







ω4 − a2ω
2 + (a0 + b0) = −c1ω sin(ωτ2) + (c2ω

2 − c0) cos(ωτ2),

− a3ω
3 + (a1 + b1)ω = −c1ω cos(ωτ2) − (c2ω

2 − c0) sin(ωτ2).
(21)

ò�§|(21)�ü��§©O²��2�\�

ω8 + m3ω
6 + m2ω

4 + m1ω
2 + m0 = 0. (22)
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Ù¥:

m0 = (a0 + b0)
2 − c2

0; m1 = (a1 + b1)
2 − 2(a0 + b0)a2 − c2

1 + 2c0c2;

m2 = a2
2 + 2(a0 + b0) − 2(a1 + b1)a3 − c2

2;

m3 = a2
3 − 2a2 = (e + δ)2 + a2 + u2 +

(

d +
βv∗

1 + αv∗

)2

.

-ω2 = z, K�§(22)C�

z4 + m3z
3 + m2z

2 + m1z + m0 = 0. (23)

²O�,

∆1 = m3 > 0, ∆2 =

∣

∣

∣

∣

∣

m3 1

m1 m2

∣

∣

∣

∣

∣

> 0, ∆3 =

∣

∣

∣

∣

∣

∣

∣

m3 1 0

m1 m2 m3

0 m0 m1

∣

∣

∣

∣

∣

∣

∣

> 0, ∆4 = m0∆3 > 0.

d Routh-Hurwitz �OOK�, �§(23)�¤kA��þäkK¢Ü, ù�z = ω2 > 0�

gñ, u´�§(20)�?¿�þäkK¢Ü. ¤±, �τ1 = 0, τ2 6= 0�, ú5a/²ï

:P ∗(x∗, ω∗, y∗, v∗)ÛÜìC­½.

(ii) τ1 6= 0, τ2 = 0

d�, �§(19)C�

s4 + a3s
3 + (a2 + c2)s

2 + (a1 + c1)s + a0 + c0 + (b1s + b0)e
−sτ1 = 0. (24)

aqu�/(i)�?Ø��, �§(24)�?¿�þäkK¢Ü. ¤±, �τ1 6= 0, τ2 = 0�, ú5

a/²ï:P ∗(x∗, ω∗, y∗, v∗)ÛÜìC­½.

(iii) τ1 = τ2 6= 0

-τ1 = τ2 = τ̄ (τ̄ 6= 0), d�, �§(19)C�

s4 + a3s
3 + a2s

2 + a1s + a0 +
[

c2s
2 + (b1 + c1)s + (b0 + c0)

]

e−sτ̄ = 0. (25)

aqu�/(i)�?Ø��, �§(25)�?¿�þäkK¢Ü. ¤±, �τ1 = τ2 6= 0�, ú5a

/²ï:P ∗(x∗, ω∗, y∗, v∗)ÛÜìC­½.

nþ��, �R0 > 1, �÷v(i)!(ii)!(iii)¥?�«�¹�, XÚ(3)�ú5a/²ï

:P ∗(x∗, ω∗, y∗, v∗)´ÛÜìC­½�.

3 ²ï:��Û­½5

½½½nnn 3 �R0 6 1�, é?¿τ1 > 0, τ2 > 0, XÚ(3)�Ã¾²ï:P0(x0, 0, 0, 0)´�Û

ìC­½�.

yyy ²²² �E Lyapunov ¼ê

V1(t) =x0

(

x(t)

x0
− 1 − ln

x(t)

x0

)

+
kλβδ

adu(e + δ)
ω(t) +

kλβ

adu
y(t) +

λβ

du
v(t)

+
kλβδ

adu(e + δ)

∫ t

t−τ1

(1 − q)βx(θ)v(θ)

1 + αv(θ)
dθ +

kλβ

adu

∫ t

t−τ2

qβx(θ)v(θ)

1 + αv(θ)
dθ.
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O�¼êV1(t)÷XÚ(3)���ê, �

d

dt
V1(t) =

(

1 −
x0

x(t)

)(

λ − dx(t) −
βx(t)v(t)

1 + αv(t)

)

+
kλβδ

adu(e + δ)

(

(1 − q)βx(t − τ1)v(t − τ1)

1 + αv(t − τ1)
− (e + δ)ω(t)

)

+
kλβ

adu

(

qβx(t − τ2)v(t − τ2)

1 + αv(t − τ2)
− ay(t) + δω(t)

)

+
λβ

du
[ky(t) − uv(t)]

+
kλβδ

adu(e + δ)
·
(1 − q)βx(t)v(t)

1 + αv(t)
−

kλβδ

adu(e + δ)
·
(1 − q)βx(t − τ1)v(t − τ1)

1 + αv(t − τ1)

+
kλβ

adu
·
qβx(t)v(t)

1 + αv(t)
−

kλβ

adu
·
qβx(t − τ2)v(t − τ2)

1 + αv(t − τ2)
. (26)

duλ = dx0, R0 = kλβ(eq+δ)
adu(e+δ) , Kª(26)C�

d

dt
V1(t) = −

d

x(t)
(x(t) − x0)

2 + (R0 − 1)
βx(t)v(t)

1 + αv(t)
+

(

1

1 + αv(t)
− 1

)

βx0v(t)

= −
d

x(t)
(x(t) − x0)

2
+ (R0 − 1)

βx(t)v(t)

1 + αv(t)
−

αβx0v
2(t)

1 + αv(t)
.

eR0 6 1, d
dt

V1(t) 6 0, ��=�x = x0, v(t) = 0�, d
dt

V1(t) = 0. �v(t) = 0�, d

XÚ(3)�1o��§�y(t) = 0, d�2dXÚ(3)�1n��§�ω(t) = 0. Ïd, �

�=�(x, ω, y, v) = (x0, 0, 0, 0)�, d
dt

V1(t) = 0, ¤±XÚ(3)�����ØC8 M ´ü:

8{P0(x0, 0, 0, 0)}. Ïd, d LaSalle ØC8�n�, �R0 6 1�, Ã¾²ï:{P0}´�ÛìC

­½�.

½½½ nnn 4 �R0 > 1�, é ? ¿τ1 > 0, τ2 > 0, X Ú(3)� ú 5 a / ² ï

:P ∗(x∗, ω∗, y∗, v∗)´�ÛìC­½�.

yyy ²²² ½Â¼ê

F : R(> 0) → R(> 0), F (z) = z − 1 − ln z,

´�, é∀z > 0, F (z) > 0, �kFmin = F (1) = 0.

�E Lyapunov ¼ê

V2(t) = x∗F

(

x(t)

x∗

)

+
δ

eq + δ
ω∗F

(

ω(t)

ω∗

)

+
e + δ

eq + δ
y∗F

(

y(t)

y∗

)

+
a(e + δ)

k(eq + δ)
v∗F

(

v(t)

v∗

)

+
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗

∫ t

t−τ1

F

(

(1 + αv∗)x(θ)v(θ)

x∗v∗(1 + αv(θ))

)

dθ

+
(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗

∫ t

t−τ2

F

(

(1 + αv∗)x(θ)v(θ)

x∗v∗(1 + αv(θ))

)

dθ.
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O�¼êV2(t)÷XÚ(3)���ê, �

d

dt
V2(t) =

(

1 −
x∗

x(t)

)(

λ − dx(t) −
βx(t)v(t)

1 + αv(t)

)

+
δ

eq + δ

(

1 −
ω∗

ω(t)

)(

(1 − q)βx(t − τ1)v(t − τ1)

1 + αv(t − τ1)
− (e + δ)ω(t)

)

+
e + δ

eq + δ

(

1 −
y∗

y(t)

)(

qβx(t − τ2)v(t − τ2)

1 + αv(t − τ2)
− ay(t) + δω(t)

)

+
a(e + δ)

k(eq + δ)

(

1 −
v∗

v(t)

)

[ky(t) − uv(t)]

+
δ(1 − q)

eq + δ
·
βx(t)v(t)

1 + αv(t)
−

δ(1 − q)

eq + δ
·
βx(t − τ1)v(t − τ1)

1 + αv(t − τ1)

+
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗
ln

x(t − τ1)v(t − τ1) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ1))

+
(e + δ)q

eq + δ
·
βx(t)v(t)

1 + αv(t)
−

(e + δ)q

eq + δ
·
βx(t − τ2)v(t − τ2)

1 + αv(t − τ2)

+
(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗
ln

x(t − τ2)v(t − τ2) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ2))
. (27)

òλ = dx∗ + βx∗v∗

1+αv∗
�\ª(27), �n�

d

dt
V2(t) =

(

1 −
x∗

x(t)

)(

−d (x(t) − x∗) +
βx∗v∗

1 + αv∗

)

−
βx(t)v(t)

1 + αv(t)
+

βx∗v(t)

1 + αv(t)

−
δ(1 − q)

eq + δ
·

ω∗

ω(t)
·
βx(t − τ1)v(t − τ1)

1 + αv(t − τ1)
+

δ(e + δ)

eq + δ
ω∗

−
(e + δ)q

eq + δ
·

y∗

y(t)
·
βx(t − τ2)v(t − τ2)

1 + αv(t − τ2)
+

a(e + δ)

eq + δ
y∗ +

δ(e + δ)

eq + δ
·

y∗

y(t)
ω(t)

−
a(e + δ)u

k(eq + δ)
v(t) −

a(e + δ)

(eq + δ)
·

v∗

v(t)
y(t) +

a(e + δ)

k(eq + δ)
uv∗

+
δ

eq + δ
·
(1 − q)βx(t)v(t)

1 + αv(t)
+

e + δ

eq + δ
·
qβx(t)v(t)

1 + αv(t)

+
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗
ln

x(t − τ1)v(t − τ1) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ1))

+
(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗
ln

x(t − τ2)v(t − τ2) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ2))
. (28)

du

δ

eq + δ
·
(1 − q)βx(t)v(t)

1 + αv(t)
+

e + δ

eq + δ
·
qβx(t)v(t)

1 + αv(t)
=

βx(t)v(t)

1 + αv(t)
,
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¤±ª(28)�z�

d

dt
V2(t) = −

d (x(t) − x∗)
2

x(t)
+

βx∗v∗

1 + αv∗
−

βx∗v∗

1 + αv∗
·

x∗

x(t)
+

βx∗v∗

1 + αv∗
·
(1 + αv∗)v(t)

(1 + αv(t))v∗

−
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗
·

ω∗

ω(t)
·
x(t − τ1)v(t − τ1) (1 + αv∗)

x∗v∗ (1 + αv(t − τ1))
+

δ(e + δ)

eq + δ
ω∗

−
(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗
·

y∗

y(t)
·
x(t − τ2)v(t − τ2) (1 + αv∗)

x∗v∗ (1 + αv(t − τ2))
+

a(e + δ)

eq + δ
y∗

+
δ(e + δ)ω∗

eq + δ
·

y∗

y(t)
·
ω(t)

ω∗
−

a(e + δ)uv∗

k(eq + δ)
·
v(t)

v∗

−
ay∗(e + δ)

(eq + δ)
·

v∗

v(t)
·
y(t)

y∗
+

a(e + δ)

k(eq + δ)
uv∗

+
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗
ln

x(t − τ1)v(t − τ1) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ1))

+
(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗
ln

x(t − τ2)v(t − τ2) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ2))
.

5¿�

(e + δ)ω∗ =
(1 − q)βx∗v∗

1 + αv∗
, ay∗ =

qβx∗v∗

1 + αv∗
+ δω∗, y∗ =

uv∗

k
,

K

d

dt
V2(t) = −

d (x(t) − x∗)
2

x(t)
+

βx∗v∗

1 + αv∗
−

βx∗v∗

1 + αv∗
·

x∗

x(t)
+

βx∗v∗

1 + αv∗
·
(1 + αv∗)v(t)

(1 + αv(t))v∗

−
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗
·

ω∗

ω(t)
·
x(t − τ1)v(t − τ1) (1 + αv∗)

x∗v∗ (1 + αv(t − τ1))
+

δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗

−
(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗
·

y∗

y(t)
·
x(t − τ2)v(t − τ2) (1 + αv∗)

x∗v∗ (1 + αv(t − τ2))
+

e + δ

eq + δ
·

(

qβx∗v∗

1 + αv∗
+ δω∗

)

+
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗
·

y∗

y(t)
·
ω(t)

ω∗
−

e + δ

eq + δ
·

(

qβx∗v∗

1 + αv∗
+ δω∗

)

·
v(t)

v∗

−
e + δ

eq + δ
·

(

qβx∗v∗

1 + αv∗
+ δω∗

)

·
v∗

v(t)
·
y(t)

y∗
+

e + δ

eq + δ
·

(

qβx∗v∗

1 + αv∗
+ δω∗

)

+
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗
ln

x(t − τ1)v(t − τ1) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ1))

+
(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗
ln

x(t − τ2)v(t − τ2) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ2))
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= −
d (x(t) − x∗)

2

x(t)
+

3βx∗v∗

1 + αv∗
−

βx∗v∗

1 + αv∗
·

x∗

x(t)
+

βx∗v∗

1 + αv∗
·
(1 + αv∗)v(t)

(1 + αv(t))v∗

−
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗
·

ω∗

ω(t)
·
x(t − τ1)v(t − τ1) (1 + αv∗)

x∗v∗ (1 + αv(t − τ1))
+

δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗

−
(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗
·

y∗

y(t)
·
x(t − τ2)v(t − τ2) (1 + αv∗)

x∗v∗ (1 + αv(t − τ2))

+
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗
·

y∗

y(t)
·
ω(t)

ω∗
−

βx∗v∗

1 + αv∗
·
v(t)

v∗
−

βx∗v∗

1 + αv∗
·

v∗

v(t)
·
y(t)

y∗

+
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗
ln

x(t − τ1)v(t − τ1) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ1))

+
(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗
ln

x(t − τ2)v(t − τ2) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ2))
.

du

βx∗v∗

1 + αv∗
=

δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗
+

(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗
,

@o

d

dt
V2(t) = −

d (x(t) − x∗)
2

x(t)
+

(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗

(

4 −
x∗

x(t)
−

x(t − τ2)v(t − τ2) (1 + αv∗) y∗

x∗v∗ (1 + αv(t − τ2)) y(t)

−
v∗y(t)

v(t)y∗
−

1 + αv(t)

1 + αv∗

)

+
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗

(

5 −
x∗

x(t)

−
x(t − τ1)v(t − τ1) (1 + αv∗)ω∗

x∗v∗ (1 + αv(t − τ1))ω(t)
−

y∗ω(t)

y(t)ω∗
−

v∗y(t)

v(t)y∗
−

1 + αv(t)

1 + αv∗

)

+
βx∗v∗

1 + αv∗
·
1 + αv(t)

1 + αv∗
−

βx∗v∗

1 + αv∗
+

βx∗v∗

1 + αv∗
·
(1 + αv∗)v(t)

(1 + αv(t))v∗
−

βx∗v∗

1 + αv∗
·
v(t)

v∗

+
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗
ln

x(t − τ1)v(t − τ1) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ1))

+
(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗
ln

x(t − τ2)v(t − τ2) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ2))
. (29)

5¿�

βx∗v∗

1 + αv∗
·
1 + αv(t)

1 + αv∗
−

βx∗v∗

1 + αv∗
+

βx∗v∗

1 + αv∗
·
(1 + αv∗)v(t)

(1 + αv(t))v∗
−

βx∗v∗

1 + αv∗
·
v(t)

v∗

= −
αβx∗(v − v∗)2

(1 + αv∗)2(1 + αv(t))
,
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ln
x(t − τ1)v(t − τ1) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ1))
= ln

x∗

x(t)
+ ln

x(t − τ1)v(t − τ1) (1 + αv∗) ω∗

x∗v∗ (1 + αv(t − τ1))ω(t)
+ ln

y∗ω(t)

y(t)ω∗

+ ln
v∗y(t)

v(t)y∗
+ ln

1 + αv(t)

1 + αv∗
,

ln
x(t − τ2)v(t − τ2) (1 + αv(t))

x(t)v(t) (1 + αv(t − τ2))
= ln

x∗

x(t)
+ ln

x(t − τ2)v(t − τ2) (1 + αv∗) y∗

x∗v∗ (1 + αv(t − τ2)) y(t)

+ ln
v∗y(t)

v(t)y∗
+ ln

1 + αv(t)

1 + αv∗
.

u´ª(29)z�

d

dt
V2(t) = −

d (x(t) − x∗)
2

x(t)
−

αβx∗(v − v∗)2

(1 + αv∗)2(1 + αv(t))

−
(e + δ)q

eq + δ
·

βx∗v∗

1 + αv∗

[

F

(

x∗

x(t)

)

+ F

(

x(t − τ2)v(t − τ2) (1 + αv∗) y∗

x∗v∗ (1 + αv(t − τ2)) y(t)

)

+F

(

v∗y(t)

v(t)y∗

)

+ F

(

1 + αv(t)

1 + αv∗

)]

−
δ(1 − q)

eq + δ
·

βx∗v∗

1 + αv∗

[

F

(

x∗

x(t)

)

+ F

(

x(t − τ1)v(t − τ1) (1 + αv∗)ω∗

x∗v∗ (1 + αv(t − τ1))ω(t)

)

+ F

(

y∗ω(t)

y(t)ω∗

)

+F

(

v∗y(t)

v(t)y∗

)

+ F

(

1 + αv(t)

1 + αv∗

)]

.

du∀z > 0, F (z) > 0, �kFmin = F (1) = 0. ¤± d
dt

V2(t) 6 0, ��=�x = x∗, ω =

ω∗, v = v∗, y = y∗�, d
dt

V2(t) = 0. ÏLaquy²½n 3 ��{Ú LaSalle ØC8�n�,

�R0 > 1�, XÚ(3)�ú5a/²ï:P ∗(x∗, ω∗, y∗, v∗)´�ÛìC­½�.

4 ê��[

3XÚ(3)¥, e-ëê

λ = 10, d = 0.1, β = 0.001, α = 0.01, q = 0.8, e = 0.3,

δ = 0.5, a = 0.5, k = 0.4, u = 3, τ1 = 3, τ2 = 8,

KÄ�2)ê

R0 =
kλβ(eq + δ)

adu(e + δ)
≈ 0.024 7 < 1,

d½n 3 �, XÚ(3)�Ã¾²ï:P0(x0, 0, 0, 0)´�ÛìC­½�, Ù¥x0 = λ
d

= 100, d�
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ê��[�y
¤�(Ø(�ã 1).
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Fig. 1 If R0 < 1, the disease-free equilibrium P0(x0, 0, 0, 0) is globally asymptotically stable

e-ëê

λ = 250, d = 0.005, β = 0.001, α = 0.003, q = 0.6, e = 0.3, δ = 0.5,

a = 0.5, k = 0.4, u = 0.3, τ1 = 3, τ2 = 8,

d�Ä�2)ê

R0 =
kλβ(eq + δ)

adu(e + δ)
≈ 113.33 > 1,

XÚ(3)k���ú5²ï:

P ∗(1173.6, 324.43, 415.02, 553.37),

�â½n4��, P ∗(x∗, ω∗, y∗, v∗)´�ÛìC­½�, ê��[�y
þã(Ø(�ã 2).
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Fig. 2 If R0 > 1, the positive equilibriumP ∗(x∗, ω∗, y∗, v∗) is globally asymptotically stable
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5 ( Ø

�©ïÄ
�aäkdÏa/[�Ú�Úu)Ç��¢ HIV-1 D/¾�., ?Ø


XÚ(3)�Ã¾²ï:P0(x0, 0, 0, 0)Ú�²ï:P ∗(x∗, ω∗, y∗, v∗)�ÛÜ­½5Ú�Û

­½5. (ØL²: ��R0 < 1, ��¢τ1, τ2���"½üöþØ�"����, Ã¾

²ï:P0(x0, 0, 0, 0)´ÛÜìC­½�; ��R0 6 1�, é?¿τ1 > 0, τ2 > 0, Ã¾²ï

:P0(x0, 0, 0, 0)´�ÛìC­½�, =3ù«�¹e, [�vk�D/; ��R0 > 1, ��

¢τ1, τ2Ù¥���"½üöþØ�"����, ú5a/²ï:P ∗(x∗, ω∗, y∗, v∗)´ÛÜì

C­½�; ��R0 > 1�, é?¿τ1 > 0, τ2 > 0, ú5a/²ï:P ∗(x∗, ω∗, y∗, v∗)´�Ûì

C­½�, = CD4+T [��¾Óa/�, �Ü©�-¹?\/¾�ã, �,�Ü©3�-¹

����m�±·�, ù«±YdÏ�G�¤�[�la/¥¡E�æN, AÚå�[�­

À. 'uÛÜ­½5�?Ø¥, �¢τ1, τ2üöþØ�"�Ø����/, �©��ÑnØ©

Û, k�?�ÚïÄ.
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