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0 Ú ó

� (Ω, (Ft)t>0,F , P ) ´�VÇ�m, {B1(s), s > 0}, {B2(s), s > 0}´ü�½Â3TVÇ

�mþ��pÕá�IOÙK$Ä. ÏL B(s) = B1(s)1{s>0} + B2(−s)1{s<0} ½ÂV>ÙK

$Ä {B(s), s ∈ R}.
�©?Ø3 R þ½Â��adÙK$Ä°Ä�wÄ²þ

Xt = σ

∫ t

−∞

cos(β(t − s))e−α(t−s) d B(s), t ∈ R, (0.1)

Ù¥ëê α > 0, β > 0 � σ 6= 0. l©z [1,2]��, é?¿���ê n9 t1 < t2 < · · · < tn ∈
R, (Xt1 , Xt2 , · · · , Xtn

) ∼ N(0,Σ), Ù¥ Σ = (Σkj)n×n, �

Σkj =Cov[Xtk
, Xtj

]

= σ2

(
2α2+β2

4α(α2+β2)
cos(β|tk−tj|)−

β

4(α2 + β2)
sin(β|tk − tj |)

)
e−α|tk−tj |.

?
, Xt �g�'¼ê�

Corr[Xt, Xt+h] = ρh =

(
cos(β |h|) − βα

2α2 + β2
sin(β |h|)

)
e−α|h|, t, h ∈ R.

Q,L§ (0.1) �?¿k��©Ù´pd©Ù, @o§AáupdwÄ²þL§,

¿�Ùg�'¼ê¥y±Ï5Ú4~5¿��A: (Xã 1). ã 1 �Ñ
� α = 0.2,

β = 1 Ú σ = 1 �, �[��^�Ý� 2000���;� (�ã)9ÙT���²�ÚnØg

�'¼ê (¢�)�[Üã. g�'¼êäkTA:��ÅL§�^u�xENAå��m

�Cz�¹ (�©z [3] ). C5, pdwÄ²þÃØ3nØ�´A^+�Ñ2É'5. X©

z [4,5]'%§����5; äk©/5��pdwÄ²þ�ïÄnã�ë�©z [6]; 'up

dwÄ²þ9Ùí2L§�C��nØÚA^�ïÄë�©z [7]�.

ã 1 α=0.2, β=1 Ú σ = 1 �, �Ý� 2000 ���;� (�ã) 9nØÚ²�g�'¼ê�[Ü

ã (mã)

Fig. 1 A discretely sampled trajectory of length 2000 (left figure), fitting the theoretical

auto-correlation function to the empirical auto-correlation function (right figure); α=0.2, β=1

and σ = 1
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Q,L§ (0.1) �?¿k��©Ù´pd©Ù, 3nØþéÙ?1��q,�O´�1

�. �¯¢þ, L§ (0.1) Ø´ MarkovL§, ÙlÑÄ�����q,¼êÒ´§�k��

©Ù�Ý¼ê. 3��zq,¼ê�, I��9�k��©Ù���
�¦_Ú¦1�ªO

�. �´ÙO�E,Ý4p, A�Ø�U¢y. ��©ÏLïÄ�.ëê�g���¼êm

�éX, ^��g���ÝCq�O�.g���Ý, l
¢yé�.ëê��O. ëê�

Oþ�ìC5�KÏL/ÏwÄ²þlÑÄ�L§�Ì�Ý, ©ÛÙr·ÜXê�A:, ?


|^��S��H{½nÚ¥%4�½néÙ\±y².

�©±eÜ©�(�Xe. 1 1 !�Ñ
�.ëê��O�{¿y²
ëê�Oþ�

�Ü5ÚìC��5. 1 2 !0�
�.��[�{¿/Ï�[�{ïÄ
ëê�Oþ��

��5�. 1 3 !´|^�O�{éENAåêâ�
¢yïÄ.

1 ëêÝ�O9ÙìC5�

b�l t = 0 m©Ä�, m�� 1, =*ÿ��� X0, X1, · · · , Xn+2, P X = (X0, X1, · · · ,

Xn+2). �â (0.2) ª��, ¢��êØÓL§�g���¼ê��/ª�Ó. éu�½�

��*ÿ, ��5ù¢��ê�$�g���¼ê��&E�N´l��¥J�. �3

?1Ý�O�, `kÀJ¢��ê�$�g���¼ê�. Ï Xt �Ï"¼ê� 0, ��

ÀJ����, ¢� 1 �Ú¢� 2 ��g���¼ê�. P θ = (α, β, σ)T L«��ëê,

θ0 = (α0, β0, σ0)
T �LÙý�. � g(θ) = (g1(θ), g2(θ), g3(θ))T, Ù¥

g1(θ) = E[X2
0 ] =

σ2(2α2 + β2)

4α(α2 + β2)
,

g2(θ) = E[X0X1] = σ2

(
2α2 + β2

4α(α2 + β2)
cosβ − β

4(α2 + β2)
sin β

)
e−α.

g3(θ) = E[X0X2] = σ2

(
2α2 + β2

4α(α2 + β2)
cos(2β) − β

4(α2 + β2)
sin(2β)

)
e−2α.

^��Ý�OoNÝ, ���§|





g1(θ) = 1
n

n∑
i=1

X2
i ,

g2(θ) = 1
n

n∑
i=1

XiXi+1,

g3(θ) = 1
n

n∑
i=1

XiXi+2.

(1.1)

ëê θ �Ý�Oþ�d�§| (1.1))Ñ, P� θ̂n = θ̂n(X0, X2, · · · , Xn+2).

555 1.1 d u � § | (1.1)´ � � � 5 � � |, � é Ù ^ Newton-Raphson{ ? 1 ¦

) (ë�©z [8]). Ï Newton-Raphson {´�«S��{, I(½ (α, β) S�Ð��

(α̃, β̃) = arg min
(α,β)

M∑

k=1

(ρk − ρ̂k)2, (1.2)

Ù¥ M �,���ê� M < n, ρ̂k L«¢� k ��²�g�'¼ê�. 2ò (α̃, β̃) �\

ª (1.1) ¥�1�ª, �� α̃; ,�À� (α̃, β̃, ã) ��À�Ð�.

e¡Ú\r·Ü (ë�©z [9] ) ÚÌ�Ý (ë�©z [10] ) �½Â.
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½½½ÂÂÂ 1.1 ²­L§ {Xt, t ∈ R}¡�r·Ü�, XJ

α(k) = sup
S∈F0

−∞
,T∈F∞

k

|P (S ∩ T ) − P (S)P (T )| → 0, k → ∞;

Ù¥, F0
−∞ ÚF∞

k ©OL«d {Xt, t 6 0}Ú {Xt, t > k})¤� σ−�ê.

½½½ÂÂÂ 1.2 e
∑

n |E[X0Xk]| < ∞, K²­S� {Xk, k ∈ Z}�Ì�Ý½Â�

f(λ) =

∞∑

k=−∞

E[X0Xk]eikλ, λ ∈ [−π, π].

�
��Ý�Oþ�ìC(Ø, Ié Xt �ëêN\Xe^�.

^̂̂��� 1.1 {Xt, t ∈ R}�ëê ε 6 α 6 M1, β 6 M2, δ 6 |σ| 6 M3, Ù¥, ε, δ, M1,

M2, M3 þ��ê, � ε 6 M1, δ 6 M3.

ÚÚÚnnn 1.1 e^� 1.1 ¤á, KS� {Xk, k ∈ Z}�Ì�Ý÷v

f(λ) > a, λ ∈ [−π, π],

Ù¥ a > 0 ��~ê.

yyy ²²² �â©z [11]¥1 51 ��n�S��(Ø, ²O���

∞∑

k=1

sin(kβ) cos(kλ)e−αk =
1

4

(
sin(β + λ)

coshα − cos(β + λ)
+

sin(β − λ)

coshα − cos(β − λ)

)
,

∞∑

k=1

cos(kβ) cos(kλ)e−αk =
1

4

(
sinhα

coshα − cos(β + λ)
+

sinhα

coshα − cos(β − λ)
− 2

)
.

Ï�

(cosh α − cosβ cosλ) − (coshα cosλ − cosβ) = (coshα + cosβ)(1 − cosλ) > 0,

(cosh α − cosβ cosλ) + (coshα cosλ − cosβ) = (coshα − cosβ)(1 + cosλ) > 0,

� | coshα cosλ − cosβ| 6 coshα − cosβ cosλ. l
Ì�Ý

f(λ)=

∞∑

k=−∞

E[X0Xk]eikλ =

∞∑

k=−∞

σ2

(
2α2 + β2

4α(α2 + β2)
cos(β|k|)− β

4(α2 + β2)
sin(β|k|)

)
e−α|k|eikλ

= σ2 (2α2 + β2) sinhα(cosh α − cosβ cosλ) − αβ sin β(coshα cosλ − cosβ)

4α(α2 + β2) (coshα − cos(β + λ)) (coshα − cos(β − λ))

> σ2

(
(2α2 + β2) sinhα − |αβ sinβ|

)
(coshα − cosβ cosλ)

4α(α2 + β2) (coshα − cos(β + λ)) (coshα − cos(β − λ))

>
2σ2α3(coshα − 1)

4α(α2 + β2)(cosh α + 1)2
>

2δ2ε3(cosh ε − 1)

4M1(M2
1 + M2

2 )(cosh M1 + 1)2
=: a.

y..

ÚÚÚnnn 1.2 e^� 1.1 ¤á, KS� {Xk, k ∈ Z}´r·Ü�, �r·ÜXê α(k) 6

be−εk. Ù¥ b > 0 ��~ê.
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yyy ²²² P ∆k(f) = inf{‖f − P‖∞}, Ù¥ ‖ · ‖∞ L«þ(.�ê, f(λ) ´ Xk �Ì�

Ý, P (λ) =
∑

|t|<k cte
iλt. = ∆k(f) L« k − 1 �n�õ�ªé f ��`��Cq. � ct =

E[X0Xt], ��

∆k(f) 6

∣∣∣∣∣∣

∑

|t|>k

E[X0Xt]e
itλ

∣∣∣∣∣∣
6 σ2 2α2 + β2 + αβ

2α(α2 + β2)

e−αk

1 − e−α
6

3σ2e−αk

2α(1 − e−α)
6

3M2
3 e−εk

2ε(1 − e−ε)
.

- η =
3M2

3

2ε(1 − e−ε)
, 2�âÚn 1.19© [10] 1 58 �¥íØ 1, r·ÜXê

α(k) 6
1

a
∆k(f) 6

η

a
e−εk =: be−εk.

w,, � k → ∞�,α(k) → 0.

½½½nnn 1.1 e^� 1.1¤á, ��§| (1.1)3 θ0 ��+� U(θ0) S�3���) θ̂n. K

n → ∞�, θ̂n �VÇÂñu θ0, = θ̂n
P→ θ0.

yyy ²²² dÚn 1.2 �, {Xk, k ∈ Z}´r·Ü�. 2�â©z [12], TS�äkH{5.

�� n → ∞�,

g1(θ̂n)
P→ g1(θ), g2(θ̂n)

P→ g2(θ), g3(θ̂n)
P→ g3(θ).

d g1(θ), g2(θ) 9 g3(θ) �ëY5, e U(θ0) S�3��� (1.1)�) θ̂n, K θ̂n
P→ θ0.

½½½nnn 1.1 e½n 1.1 �^�÷v, K� n → ∞�,

√
n(θ̂n − θ0)

L→ N3(0, D−1B(DT)−1).

Ù ¥
L→L « � © Ù Â ñ, B = E[Y0Y

T
0 ] +

∞∑
k=1

(
E[Y0Y

T
k ] + E[YkY T

0 ]
)
, Yk = (X2

k −

E[X2
0 ], XkXk+1 − E[X0X1], XkXk+2 − E[X0X2])

T,

D =




∂g1

∂α
(θ0)

∂g1

∂β
(θ0)

∂g1

∂σ
(θ0)

∂g2

∂α
(θ0)

∂g2

∂β
(θ0)

∂g2

∂σ
(θ0)

∂g3

∂α
(θ0)

∂g3

∂β
(θ0)

∂g3

∂σ
(θ0)




.

yyy ²²² dÚn 1.2�, r·ÜXê α(k) 6 be−εk, �é,��ê ξ,
∞∑

k=1

α(k)ξ/(2+ξ) <

∞¤á. 2�â©z [9]¥½n 18.5.39 ©z [13]¥Ún 1, � n → ∞�,
√

n · 1
n

n∑
k=1

Yk
L→

N3(0, B), =
√

n(g(θ̂n) − g(θ0))
L→ N3(0, B), n → ∞.

��, 2|^©z [14]¥½n 4.3, (Ø¤á.

2 �[¢�

e¡^©z [15]¥��[�{5�) {Xk, k ∈ Z}���;�.

b���)�Å�þ X = (X0, X1, · · · , Xn−1)
T, �d±eüÚ5�¤.
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Ú½ 1: ò X �g���Ý
 Ri\��� m�Ì�Ý
 C, Ù¥ m = 2j (j �,��

ê), � m > 2(n − 1).

Ú ½ 2: | ^ ¯ � F p � C �, � ) � � � Å � þ W = (W0, W1, · · · , Wm−1)
T ∼

Nm(0, C), @o (W0, W1, · · · , Wn−1)
T ∼ Nn(0, R).

Ú½ 1 ¥�g���Ý
 RÚÌ�Ý
 C ©O�

R =




r0 r1 · · · rn−1

r1 r0 · · · rn−2

...
...

. . .
...

rn−1 rn−2 · · · r0




, C =




c0 c1 · · · cm−1

cm−1 c0 · · · cm−2

...
...

. . .
...

c1 c2 · · · c0




.

Ù¥ rk = Cov[X0, Xk] (k = 0, 1, · · · , n − 1), cj =

{
rj , 0 6 j 6 m

2 ,

rm−j ,
m
2 < j 6 m − 1.

�±wÑ, Ý


 C ��þ�� n�Ý
´ X �g���Ý
.

b� C ´�K½�, KÚ½ 2 �äNö�L§Xe. Ì�Ý
 C �±�©)¤ C =

QΛQ∗ �/ª, Ù¥ Λ´d C �A���¤�é�
, jÝ
 Q �/ª�

(Q)jk =
1√
m

exp

(
−2πi

jk

m

)
, j, k = 0, 1, · · ·m − 1.

Q∗ L« Q �=��E�ÝÝ
. C �A���L«�

λk =

m−1∑

j=0

cj exp

(
−2πi

jk

m

)
, k = 0, 1, · · ·m − 1.

- W = QΛ
1/2Q∗V , Ù¥ Λ

1/2=diag{λ1/2
0 , λ

1/2
1 , · · · , λ

1/2
m−1}, V ´d m ��pÕá� N(0, 1)

�ÅCþ�¤��þ. Ï QQ∗ = I, � W ∼Nm(0, C). Ù¥ I L«ü 
. l
 W = (W0,

W1, · · · , Wn−1)
T Ú X k�Ó�©Ù.

555 2.1 Ì�Ý
 C Ø�½´�K½Ý
, 3^� 1.1 ¤á�, �ÏLO\ m±¢

y C ��½z (ë�©z [15]·K 2).

nØþ�) {Xt, t ∈ R}lÑÄ�;��ù«�{´°(�, ¿�T�{�Ì�`:

´ÙO��Ý. =��Nþ� n�, ÙO�E,Ý� O(n logn) (�©z [16] ). ã 1 �Ñ


� α = 0.2, β = 1 Ú σ = 1 �, ^T�{�[��^�Ý� 2000���;� (�ã),9ÙT�

��²�ÚnØg�'¼ê�[Üã (mã). lã 1 ��, ²�g�'¼ê�nØg�'¼

ê¬Ü��Ð.

L 1 �Ñ
���Nþ nl 100 O\� 2000�, 400 �Ý�O��þ�Úþ�Ø� ()

Ò¥��). L 1 w«ëêÝ�Oþ3����/e�JûÐ. éu�½� α, β Ú σ, �X�

�Nþ�O�, �O�°(Ý�5�p, ��5�­½. ù��O��ìC5��¬Ü.

3 ¢yïÄ

e¡?ØwÄ²þL§ {Xt, t ∈ R}3¢Sêâ¥�A^. ©Ûêâ5guSC3

�}¶�“�¹”Ó�8C�Eþ�ENrÝuÿXÚ. ù}E, 1­þ� 10, 000 t, o

� 132m, ~cÊ1u¥IÀH°�. æ8�Aåêâ (ü : MPa) ´ 2009c 12 � 13 Fe
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Ì 15:00 � 18:00�mrEÊ?��ÿ:�ëY 5 401 �Aå�, Ä��mm�� 2s. 3?1

ëê�O�, Äkæ^ò�©êâ X Ó�~�Ù²þ� 39.903 3 ��ª?1ý?n� X ′.

ùp¤©Û���êâ9Ùý?n�ªÓ©z [3].

LLL 1 ������NNNþþþ n lll 100 ��� 2000 ���, éééØØØÓÓÓýýý������ëëëêêê���OOO

Tab. 1 Parameter estimation of true values, sample size n from 100 to 2000
ý� n=100 n=500 n=1 000 n=2 000

α=0.2 0.213 1(0.047 7) 0.202 7(0.023 0) 0.200 3(0.015 7) 0.200 1(0.011 2)

β=1.0 1.000 5(0.070 4) 1.003 0(0.033 9) 0.999 8(0.020 6) 0.999 8(0.032 0)

σ=1.0 1.011 9(0.072 5) 1.003 7(0.081 2) 1.002 1(0.065 7) 0.999 4(0.014 1)

α=0.2 0.210 8(0.043 9) 0.201 0(0.021 7) 0.200 9(0.014 6) 0.200 2(0.009 5)

β=2.0 1.999 7(0.054 7) 1.997 8(0.026 0) 1.999 7(0.018 4) 1.999 9(0.007 4)

σ=1.0 1.020 9(0.084 1) 0.985 8(0.059 5) 1.006 1(0.031 1) 1.001 2(0.012 5)

α=0.5 0.521 7(0.118 6) 0.503 3(0.052 8) 0.501 7(0.035 2) 0.500 1(0.030 1)

β=1.0 0.996 1(0.120 8) 1.001 9(0.065 6) 1.001 4(0.044 0) 1.000 0(0.039 6)

σ=1.0 1.024 1(0.042 0) 1.004 1(0.036 7) 1.008 4(0.028 3) 1.000 3(0.018 0)

α=0.5 0.517 0(0.088 5) 0.501 2(0.043 0) 0.500 9(0.029 2) 0.499 9(0.029 4)

β=2.0 2.012 9(0.125 5) 1.999 8(0.059 6) 2.000 7(0.040 5) 2.000 2(0.017 0)

σ=1.0 0.990 0(0.135 5) 1.033 3(0.053 8) 0.998 6(0.032 1) 0.999 1(0.023 3)

�ª (1.2) ¥� M = 10, ^���¦�{k¦� (α̃, β̃), 2ò (α̃, β̃) �\ª (1.1) ¥�1�ª

�� σ̃. À� (α̃, β̃, σ̃) ��S�Ð�, ^�©�Ý�O{éêâ X ′ ?1©Û, �¦��. (0.1) �

ëê�O� α̂ = 0.556 3, β̂ = 1.651 2Ú γ̂ = 3.327 3.ã 2 �Ñ
 α = 0.5563, β = 1.651 2 Ú σ =

3.327 3 �, {Xt, t ∈ R}�g�'¼ê (¢�) 9ENAåêâ�²�g�'¼ê�[Üã, dã

��, [Ü�JûÐ. Ï��êâ�²­©ÙCq���©Ù, �T¢~©ÛL²T�.�^u

�xENAå��m�Cz�¹.
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[Üã

Fig. 2 Fitting the empirical auto-correlation function of the stress data to the

auto-correlation function of Xt; α=0.556 3, β=1.651 2 andσ = 3.327 3
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