
1 1 Ï

2015 c 1 �

uÀ���ÆÆ�(g,�Æ�)
Journal of East China Normal University (Natural Science)

No. 1

Jan. 2015

©©©ÙÙÙ???ÒÒÒ: 1000-5641(2015)01-0016-11

nnn������ééé¡¡¡������555 Schrödinger ���§§§���òòòÿÿÿ(((���

\�#

(�°���Æ ¬x��Æ� êÆX, Üw 810008)

Á�: �é¡� Heisenberg c^ë�.´�a�~­���ÈXÚ§§��NÔn¥�>f

r'é Hubbard �.kX;��éX. ©ÙÌ�|^�é¡òÿ(�nØ��{, ©Ûp�

�é¡��5Schrödinger�§, ?1ïÄ��
T�§òÿ�êéA� Lax é.

'�c: ��5 Schrödinger �§; �é¡; o�ê; òÿ(�; Lax é; �5Ì¯K

¥ã©aÒ: O157.5 ©zI£è: A DOI: 10.3969/j.issn.1000-5641.2015.01.003

Prolongation structure of the third-order supersymmetric nonlinear

Schrödinger equation

JIA Yang-jie

(Department of Mathematics, Nationalities College of Qinghai Normal University,

Xining 810008, China)
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	�©/ª�¤4n�, ,�Ú?³½�³Ú���éX�	�© 1-/ª, ¿�¦Ú\�	

�© 1-/ª��5�	�©/ª 2-/ª�¤#�4n�, l
¤õ�Ñ�È�§� Lax L

«±9���C�. ¦�òTnØA^u KdV �§, XÚ/��
 KdV �§��5Ì¯K

Ú Bäcklund C�. ��, TnØ�2�A^uïÄ (1+1) �È��5üz�§[1-5]. �C<

�|^TnØé°Ü�c^ó�§[6-10], p���5Å½��§[11-15], �A*Ñ�§[16-19]

?1
�\©ÛÚïÄ.

Cc5éu�«�é¡��5 Schrödinger �§[20-22]�ïÄ��<��ÊH'5. 3

�©¥, ·�òÌ�$^òÿ(�nØé�é¡��5 Schrödinger �§?1ïÄ, ?ØÙ

òÿ�ê(�, ¿�Ñ§�� Lax é.

2 n��é¡��5 Schrödinger �§

�§(1)L«�´��­��Ôn�., §L«²;�ëYc^g^XÚ���5Äå

Æ�¹, ´���~­���ÈXÚ. 8c<�éÙ²;±9þf1�?1
�þïÄ, §

3ÿÀ|Ø±9�unØ¥Ñk­�A^.

iϕt + ϕxx + 2(ϕϕ+ ψψ)ϕ− 2iε(ϕϕϕ+ ψψϕ)x − iεϕxxx

+ iε(2ϕϕxϕ− 2ϕxϕϕ− ψxψϕ+ 2ψψxϕ− ψψϕx) − ihϕx = 0,

iψt + ψxx + 2ϕϕψ − 2iε(ϕϕψ)x − iεψxxx + iε(2ϕϕxψ − ϕϕψx − ϕxϕψ) − ihψx = 0,

iϕt − ϕxx − 2(ϕϕ+ ψψ)ϕ− 2iε(ϕϕϕ+ ψψϕ)x − iεϕxxx

+ iε(2ϕϕxϕ− 2ϕxϕϕ− ψxψϕ+ 2ψψxϕ− ψψϕx) − ihϕx = 0,

iψt − ψxx − 2ϕϕψ − 2iε(ϕϕψ)x − iεψxxx − iε(2ϕϕxψ − ϕϕψx − ϕxϕψ) − ihψx = 0, (1)

Ù¥ ε�~ê, ϕ(x, t)´ÀÚ¼ê, ψ(x, t)´¤��. ¤�¼êψ,ψ�O�5K�ψ2 = ψ
2
=0,

ψψ = −ψψ ·�ÄkÚ?#�ÕáCþ ϕx, ϕxx, ψx, ψxx, ϕx, ϕxx, ψx, ψxx. K�±36/

U = {x, t, ϕ, ψ, ϕ, ψ, ϕx, ϕxx, ψx, ψxx, ϕx, ϕxx, ψx, ψxx} (2)

þ½Â�|	�© 2-/ªXe:

α1 = dt ∧ dϕ+ dx ∧ dtϕx,

α2 = dt ∧ dϕ+ dx ∧ dt ϕx,

α3 = dt ∧ dϕx + dx ∧ dtϕxx,

α4 = dt ∧ dϕx + dx ∧ dtϕxx.

α5 = iεdt ∧ dϕxx + dx ∧ dt(ϕxx − 3iε[(ϕxϕ+ ψxψ)ϕ+ (ϕϕ + ψψ)ϕx]

+ 2(ϕϕ+ ψψ)ϕ− ihϕx) + idx ∧ dϕ,

α6 = iεdt ∧ dϕxx − dx ∧ dt(ϕxx − 3iε[(ϕxϕ+ ψxψ)ϕ+ (ϕϕ+ ψψ)ϕx]

+ 2(ϕϕ+ ψψ)ϕ+ ihϕx) + idx ∧ dϕ,
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β1 = dt ∧ dψ + dx ∧ dtψx,

β2 = dt ∧ dψ + dx ∧ dtψx,

β3 = dt ∧ dψx + dx ∧ dtψxx,

β4 = dt ∧ dψx + dx ∧ dtψxx,

β5 = iεdt ∧ dψxx + dx ∧ dt(ψxx − 3iε[(ϕxϕ+ ψxψ)ψ + (ϕϕ+ ψψ)ψx]

+ 2(ϕϕ+ ψψ)ψ − ihψx) + idx ∧ dψ,

β6 = εidt ∧ dψxx − dx ∧ dt(ψxx − 3iε[(ϕxϕ+ ψxψ)ψ + (ϕϕ+ ψψ)ψx]

+ 2(ϕϕ+ ψψ)ψ + ihψx) + idx ∧ dψ. (3)

Ù¥ d L«	�ê, ∧ L«	È. �§| (3) α1,α2,α3,α4,β1,β2,β3,β4éAuÚ\#C���,

α5,α6,β5,β6KéAu�©�§��. ´y	�©/ª�¤�8Ü I = {αi, βi, i = 1, 2, 3, 4, 5, 6}

36/ I þ�¤4n�. � 2-/ª αi ���)6/

U = {x, t, ϕ(x, t), ψ(x, t), ϕ(x, t), ψ(x, t), ϕx(x, t), ψx(x, t),

ϕx(x, t), ψx(x, t), ϕxx(x, t), ψxx(x, t), ϕxx(x, t), ψxx(x, t), } (4)

þ�0�, K�±���§ (1). y3Ú? n �ÀÚ�	�© 1-/ª.

wk0 =dyk + F k0 (x, t, ϕ, ψ, ϕ, ψ, ϕx, ψx, ϕx, ψx, ϕxx, ψxx, ϕxxψxx, y
k)dx

+Gk0(x, t, ϕ, ψ, ϕ, ψ, ϕx, ψx, ϕx, ψx, ϕxx, ψxx, ϕxxψxx, y
k)dt, (k = 1, · · · , n0) (5)

Ù¥ yk �òÿCþ, ±9�|#�¤�òÿCþ ξl ±9#�¤��	�© 1-/ª,

wl1 = dξl + F l1(x, t, ϕ, ψ, ϕ, ψ, ϕx, ψx, ϕx, ψx, ϕxx, ψxx, ϕxx, ψxx, ξ
l)dx

+Gl1(x, t, ϕ, ψ, ϕ, ψ, ϕx, ψx, ϕx, ψx, ϕxx, ψxx, ϕxx, ψxx, ξ
l)dt, (l = 1, · · · , n1) (6)

F k0 Ú Gk0 ´ÀÚ¼ê,F l1 Ú Gl1 ´¤�¼ê. ¿�¦Ù� αi, βi �¤��#�4n�, =�

¦ wk0 (k = 1, . . . , n0)� wl1(l = 1, . . . , n1) ÷v^�,

dωk0 + dωl1 =

6
∑

j=1

fkj αj +

n0
∑

j=1

ηk0,j ∧ ω
j
0 +

6
∑

j=1

gljβj +

n1
∑

j=1

ηl1,j ∧ ω
j
1, (7)

Ù¥ fkj , glj� 0-/ª, ηk0,j , ηl0,j� 1- /ª, d�§£7) ¿�� fkj , glj, ��

F k(x, t, ϕ, ψ, ϕ, ψ, ϕx, ψx, ϕx, ψx, ϕxx, ψxx, ϕxx, ψxx, y
k),

Gk(x, t, ϕ, ψ, ϕ, ψ, ϕx, ψx, ϕx, ψx, ϕxx, ψxx, ϕxx, ψxx, y
k),
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÷v� �©�§|

Fϕx = Fψx = Fϕx = Fψx
= Fϕxx = Fψxx = Fϕxx = Fψxx

= 0, (7a)

εFϕ −Gϕxx = εFψ −Gψxx = εFϕ −Gϕxx = εF
ψ
−G

ψxx
= 0. (7b)

ϕxGϕ + ψxGψ + ϕ̄xGϕ + ψxxGψx + ψxxGψx + ψxGψ + ϕxxGϕx + ϕxxGϕx

− (iϕxx + 2iϕϕϕ+ 2iψψϕ+ 6εϕxϕϕ+ 3εψxψϕ+ 3εψψϕx + hϕx)Fϕ

− (iψxx + 2iϕϕψ + 3εϕxϕψ + 3εϕϕψx + hψx)Fψ

+ (iϕxx + 2iϕϕϕ+ 2iψψϕ− 6εϕxϕϕ− 3εψxψϕ− 3εψψϕx − hϕx)Fϕ

+ (iψxx + 2iϕϕψ − 3εϕxϕψ − 3εϕϕψx − hψx)Fψ + [G,F ] = 0. (7c)

Ù¥

F = F k0 ∂yk + F l1∂ξl , G = Gk0∂yk +Gl1∂ξl , (8)







[F,G] = (F k0 ∂ykG
k
0 + F l1∂ξlG

k
0)∂

yk
− (Gk0∂ykF

k
0 +Gl1∂ξlF

k
0 )∂yk

+ (F k0 ∂ykG
l
1 + F l1∂ξlG

l
1)∂ξl − (Gk0∂ykF

l
1 +Gl1∂ξlF

l
1)∂ξk .

(9)

l�§ (7c) ªÚ (9) ª, �±ò F Ú G �/ª©OP�

F = F (ϕ, ψ, ϕ, ψ, y) (10)

G = ε(ϕxxFϕ + ψxxFψ + ϕxxFϕ + ψxxFψ) +G1(ϕ, ψ, ϕ, ψ, ϕx, ψx, ϕx, ψx, y) (11)

Ù¥òÿCþ, y = yk∂yk + ξl∂ξl È©~ê G1 �Cþ (ϕxx, ψxx, ϕxx, ψxx) Ã'. é�§ G ©

O'uCþ ϕ, ψ, ϕ, ψ, ϕx, ψx, ϕx, ψx ¦�, Ò��






































Gϕ = ε(ϕxxFϕϕ + ψxxFψϕ + ϕxxFϕϕ + ψxxFψϕ) +G1ϕ,

Gψ = ε(ϕxxFϕψ + ϕxxFϕψ − ψxxFψψ) +G1ψ ,

Gϕ = ε(ϕxxFϕϕ + ψxxFψϕ + ϕxxFϕϕ + ψxxFψϕ) +G1ϕ,

G
ψ

= ε(ϕxxFϕψ − ψxxFψψ + ϕxxFϕψ) +G1ψ ,

Gϕx = G1ϕx , Gψx = G1ψx, Gϕx
= G1ϕx, G

ψx
= G1ψx

.

(12)

òþª�\��§(7c)ª¥, ��

εϕxϕxxFϕϕ + εϕxϕxxFψϕ + εϕxϕxxFϕϕ + εϕxψxxFψϕ + ϕxG1ϕ + εψxϕxxFϕψ

+ εψxψxxFψψ + εψxϕxxFϕψ + εψxψxxFψψ + ψxG1ψ + εϕxϕxxFϕϕ

+ εϕxψxxFψϕ + εϕxϕxxFϕϕ + εϕxψxxFψϕ + ϕxG1ϕ + εψxϕxxFϕψ

+ εψxϕxxFϕψ + εψxψxxFψψ + ψxG1ψ + ψxxG1ψx + ψxxG1ψx

+ ϕxxG1ϕx + ϕxxG1ϕx − iϕxxFϕ − 2iϕϕϕFϕ − 2iψψϕFϕ − 6εϕxϕϕFϕ

− 3εψxψϕFϕ − hϕxFϕ − iψxxFψ − 2iϕϕψFψ − 3εϕxϕψFψ − 3εφφψxFψ

− hψxFψ + iφxxFφ + 2iϕϕϕFϕ + 2iψψϕFϕ − 6εϕxϕϕFϕ − 3εψxψϕFϕ

− 3εψψϕxFϕ − hϕxFϕ + iψxxFψ + 2iϕϕψFψ − 3εϕxϕψFψ − 3εϕϕψxFψ

− hψxFψ + εϕxx[Fϕ, F ] + εψxx[Fψ, F ] + εϕxx[Fϕ, F ] + εψxx[Fψ , F ] + [G1, F ] = 0. (13)
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�
�� G1 �L�ª, é(13)ª�§©O'uCþ ϕxx,ψxx,ϕxx,ψxx ¦�, �

G1ϕx = iFϕ − ε(ϕxFϕϕ + ψxFϕψ + ϕxFϕϕ + ψxFϕψ) − ε[Fϕ, F ],

G1ψx = iFψ − ε(ϕxFψϕ + ϕxFψϕ + ψxFψψ) − ε[Fψ , F ],

G1ϕx = −iFψ − ε(ϕxFϕϕ + ψxFϕψ + ϕxFϕϕ + ψxFϕψ) − ε[Fϕ, F ],

G1ψx
= −iF

ψ
− ε(ϕxFψϕ + ψxFψψ + ϕxFψϕ) − ε[F

ψ
, F ]. (14)

�§|£14¤¥�o��§©Oéϕx,ψx,ϕx,ψx È©, �

G1 = i(ϕxFϕ + ψxFψ − ψxFϕ − ψxFψ) − ε
(1

2
ϕx2Fϕϕ + ϕxψxFϕψ + ϕxϕxFϕϕ + ϕxψxFϕψ

+ ψxϕxFψϕ + ψxψxFψψ +
1

2
ϕx2Fϕϕ + ϕxψxFϕψ + ϕx[Fϕ, F ] + ψx[Fψ , F ] + ϕx[Fϕ, F ]

+ ψx[Fϕ, F ] + ψx[Fψ, F ]
)

+G2(ϕ,ϕ, ψ, ψ, y). (15)

Ù¥, È©~ê G2 =�6uCþ ϕ,ϕ, ψ, ψ, y. ­E¦) G1 �L§·�ò(15)ª¥G1 �L

�ª�\�(14)ª¥, é¤��� G ©O'u ϕ, ψ, ϕ, ψ, ϕx,ψx,ϕx,ψx ¦���\�(15)ª¿

Ðm, '��Õáü�ª�Xê, ��e��§|

Fϕϕϕ = 0, Fϕϕϕ = 0, Fϕψϕ = 0, F
ϕψϕ

= 0, Fϕϕϕ = 0, Fψϕϕ = 0,

Fϕψϕ = 0, Fψψϕ = 0, Fϕϕϕ = 0, Fϕϕψ = 0, Fϕϕψ = 0, Fϕψψ = 0,

iFϕϕ −
3

2
ε[Fϕϕ, F ] = 0, iFϕϕ +

3

2
ε[Fϕϕ, F ] = 0, iFϕψ −

3

2
ε[Fϕψ, F ] = 0,

iFϕψ +
3

2
ε[Fϕψ, F ] = 0, iFϕϕ +

3

2
ε[Fϕϕ, F ] = 0, iFϕψ +

3

2
ε[Fψψ, F ] = 0,

−3ε(2ϕϕ+ψψ)Fϕ+ϕψFψ+G2ϕ+i[Fϕ, F ]−ε[[Fϕ, F ], F ] = 0, −3ε(2ϕϕ+ψψ)Fϕ+ϕψFϕ+G2ϕ

−i[Fψ , F ] − ε[[Fϕ, F ], F ] = 0, −3ε(ψϕFϕ + ϕϕ)Fψ +G2ψ + i[Fψ , F ] − ε[[Fψ, F ], F ] = 0,

−2i(ϕϕ+ ψψ)ϕFϕ + (ϕϕ+ ψψ)ψFψ + (ϕϕ+ ψψ)ϕFϕ + (ϕϕ + ψψ)ψF
ψ

+ [G2, F ] = 0. (16)

ÏL©Û�§|(16)ª, ·��±�ÑXe/ª, Ù¥�½¼ê F (ϕ,ϕ, ψ, ψ, y) ¥�¹k

ϕ,ϕ, ψ, ψ ��g�, Ïd�±ò F ��e��/ª.

F = i(ϕX1 + ϕX2 + ψX
−1 + ψX

−2 +X0), (17)

Ù¥ Xi(i = 0, 1,−1, 2,−2, )�==�6uòÿCþ y �)¤�, eI��K©O�L Xi �

ó)¤�ÚÛ)¤�. 2d(17)ª�±��G2 éu ϕ,ϕ, ψ, ψ ��êXe.

G2ϕ = 3ε{(2ϕϕ+ ψψ)Fϕ + ϕψFψ} − i[Fϕ, F ] + ε[[Fϕ, F ], F ],

G2ϕ = 3ε{(2ϕϕ+ ψψ)Fϕ + ϕψFψ} + i[Fϕ, F ] + ε[[Fϕ, F ], F ],

G2ψ = 3ε{ψϕFϕ + ϕϕFψ} − i[Fψ , F ] + ε[[Fψ, F ], F ],

G2ψ = 3ε{ψϕFϕ + ϕϕFψ} + i[Fψ , F ] + ε[[Fψ, F ], F ]. (18)
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�
|^(18)ª��G2 �äNL�ª, I�|^±e'Xªµ

G2ϕϕ = G2ϕϕ, G2ϕψ = G2ψϕ, G2ϕψ = G2ψϕ,

G2ϕψ = G2ψϕ, G2ϕψ = G2ψϕ, G2ψψ = G2ψψ , (19)

ò F �L�ª(17)ª�\� G2 éu ϕ,ϕ, ψ, ψ ��ê�L�ª(18)ª¥, ²L���$��

n, d(19)ª¥�8�'Xª�±���§|:

ϕ(2X1 − [[X1, X2], X1]) − ϕ(2X2 + [[X1, X2], X2]) + ψ(X
−1 − [[X1, X2], X−1]) − ψ(X

−2

+ [[X1, X2], X−2]) − [[X1, X2], X0] = 0, 2[X1, X−1] − 3ϕ[[X1, X−1], X1]) + ϕ[[X1, X−1], X2]

+ ψ[[X1, X−1], X−1] + ψ[[X1, X−1], X−2] − [[X1, X2], X0]} = 0, ϕ([[X1, X−2], X1])

− ϕ(X
−2 + [[X1, X−2], X2]) + ψ(X1 − [[X1, X−2], X−1]) − ψ([[X1, X−2], X−2])

− [[X1, X−2], X0] = 0, −ϕ(X
−1 + [[X2, X−1], X1]) − ϕ[[X2, X−1], X2]) + ψ[[X2, X−1], X−1])

+ ψ(X2 − [[X2, X−1], X−2]) − [[X2, X−1], X0] = 0, 2[X2, X−2] − 3ϕ[[X2, X−2], X1])

+ ϕ[[X2, X−2], X2] + ψ[[X2, X−2], X−1] + ψ[[X2, X−2], X−2] − [[X2, X−2], X0]} = 0,

ϕ(X1 − [[X
−1, X−2], X1]) − ϕ(X2 + [[X

−1, X−2], X2]) + ψ[[X
−1, X−2], X−1])

− ψ[[X
−1, X−2], X−2]) − [[X

−1, X−2], X0] = 0. (20)

'�(20)ª�8|�§¥�Õáü�ª�Xê,·���e�é´'Xª.































ϕ : [[X1, X2], X1] = 2X1,

ϕ : [[X1, X2], X2] = −2X2,

ψ : [[X1, X2], X−1] = X
−1,

ψ : [[X1, X2], X−2] = −X
−2,

1 : [[X1, X2], X0] = 0.

(21)































ϕ : [[X1, X−1], X1] = 0

ϕ : [[X1, X−1], X2] = 0,

ψ : [[X1, X−1], X−1] = 0,

ψ : [[X1, X−1], X−2] = 0,

1 : 2[X1, X−1] + 3[[X1, X−1], X0] = 0.

(22)































ϕ : [[X1, X−2], X1] = 0

ϕ : [[X1, X−2], X2] = −X
−2,

ψ : [[X1, X−2], X−1] = X1,

ψ : [[X1, X−2], X−2] = 0,

1 : [[X1, X−2], X0] = 0.

(23)































ϕ : [[X2, X−1], X1] = −X
−1

ϕ : [[X2, X−1], X2] = 0,

ψ : [[X2, X−1], X−1] = 0,

ψ : [[X2, X−1], X−2] = X2,

1 : [[X2, X−1], X0] = 0.

(24)
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





























ϕ : [[X2, X−2], X1] = 0

ϕ : [[X2, X−2], X2] = 0,

ψ : [[X2, X−2], X−1] = 0,

ψ : [[X2, X−2], X−2] = 0,

1 : 2[X2, X−2] + 3[[X2, X−2], X0] = 0.

(25)































ϕ : [[X
−1, X−2], X1] = X1

ϕ : [[X
−1, X−2], X2] = −X2,

ψ : [[X
−1, X−2], X−1] = 0,

ψ : [[X
−1, X−2], X−2] = 0,

1 : [[X
−1, X−2], X0] = 0.

(26)

Ù¥þª$�'Xª¥�ü��f¼êþ�¤�Cþ(Xi,i �K�ê), K§��m��é´

'X, E,æ^ [,]5L«, ~X

[X
−1, X−2] = X

−1X−2 +X
−2X−1. (27)

e¡ÒÏL©Ûª(21)–(27), 5(½ù
)¤��m¤k�é´'X, ¿�Ñ§���|L

«. dª(21)–(27), �±�Ñµ

[X1, X−1] = 0, [X2, X−2] = 0. (28)

�
$���B, ½Â�
#��ê)¤�Xe.

[X1, X2] ≡ X3, [X1, X−2] ≡ X
−4, [X1, X0] ≡ X5,

[X
−1, X2] ≡ −X

−6, [X
−1, X−2] ≡ X7, [X

−1, X0] ≡ X
−8,

[X2, X0] ≡ X9, [X
−2, X0] ≡ X

−10. (29)

Kª (27)–(29)¥���é´'Xª��é´'Xª�±­#P�

[X3, X1] = 2X1, [X3, X−1] = X
−1, [X3, X2] = −2X2,

[X3, X−2] = −X
−2, [X3, X0] = 0, [X

−4, X1] = 0,

[X
−4, X−1] = X1, [X

−4, X2] = −X
−2, [X

−4, X−2] = 0,

[X
−4, X0] = 0, [X

−6, X1] = −X
−1, [X

−6, X−1] = 0,

[X
−6, X−2] = X2, [X

−6, X0] = 0, [X
−6, X2] = 0,

[X7, X1] = X1, [X7, X−1] = 0, [X7, X2] = −X2,

[X7, X−2] = 0, [X7, X0] = 0. (30)

|^ Jacobi ð�ª±9ª(29)¥(J, ��±��Xe�'Xª.

[X5, X1] = 0, [X5, X2] = −X3, [X5, X−1] = 0,
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[X5, X−2] = X
−4, [X5, X0] = X1, [X9, X1] = −X3,

[X9, X2] = 0, [X9, X−1] = −X
−1, [X9, X−2] = 0,

[X9, X0] = X2, [X
−8, X1] = 0, [X

−8, X2] = λX
−6,

[X
−8, X−1] = 0, [X

−8, X−2] = −λX7, [X−8, X0] = −λX
−8,

[X
−10, X1] = −λX

−4, [X−10, X2] = 0, [X
−10, X−1] = −λX7,

[X
−10, X−2] = X2, [X

−10, X0] = −λX
−10. (31)

©Û(30)ªÚ(31)ª¥��ê'X, |^o�êL«nØ, ��)¤���|Ý
L«Xe,

Ù¥ÀÚ¤��

X0 =







0 0 0

0 −λ 0

0 0 −λ






, X1 =







0 1 0

0 0 0

0 0 0






,

X2 =







0 0 0

1 0 0

0 0 0






, X3 =







1 0 0

0 −1 0

1 0 0






,

X5 =







0 −λ 0

0 0 0

0 0 0






, X7 =







1 0 0

0 0 0

0 0 1






,

X9 =







0 0 0

λ 0 0

0 0 0






.

(32)

¤�¤��

X
−1 =







0 0 1

0 0 0

0 0 0






, X

−2 =







0 0 0

0 0 0

1 0 0






,

X
−4 =







0 0 0

0 0 0

0 −1 0






, X

−6 =







0 0 0

0 0 1

0 0 0






,

X
−8 =







0 0 −λ

0 0 0

0 0 0






, X

−10 =







0 0 0

0 0 0

λ 0 0






.

(33)

�	ª(32)Úª(33)¥�L«Ý
���ê usp1 �'X, N´�y

X0 = λ(T3 − T4), X1 = T1 + iT2, X2 = T1 − iT2,

X
−1 = T5 + iT6, X

−2 = T5 − iT6, X3 = 2T3,

X
−4 = −T7 + iT8, X5 = −λ(T1 + iT2), X

−6 = T7 + iT8,

X7 = T3 + T4, X8 = −λ(T5 + iT6), X9 = λ(T1 − iT2),

X10 = λ(T5 − iT6),

(34)
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−→
T = 1

2







0 0 0

0 0 0

0 0 0






, T1 = 1

2







0 1 0

1 0 0

0 0 0






, T2 = i

2







0 −i 0

i 0 0

0 0 0






,

T3 = 1
2







1 0 0

0 −1 0

1 0 0






, T4 = 1

2







1 0 0

0 1 0

0 0 2






, T5 = 1

2







0 0 1

0 0 0

1 0 0






,

T6 = i
2







0 0 −1

0 0 0

1 0 0






, T7 = 1

2







0 0 0

0 0 1

0 1 0






, T8 = i

2







0 0 0

0 0 −1

0 1 0






,

(35)

Ù¥ −→σ = σ1, σ2, σ3 ´ Pauli Ý
, I2 ´N�Ý
.

|^3(34)ª�(35)ª¥¤¦��)¤��m�é´'Xª, �±ò(18)ª¥ G2 'u

ϕ,ψ,ϕ,ψ ��ê�L�ª­#��























G2ϕ = 2iε[(2ϕϕ+ ψψ)X1 + ϕψX
−1 + ϕ2X2 + ψϕX

−2] + i(1 + λε)(ϕX3 + ψX
−4 +X5)

G2ϕ = 2iε[ϕ2X1 + ϕψX
−1 + (2ϕϕ+ ψψ)X2 + ψϕX

−2] + i(1 + λε)(ϕX3 − ψX
−6 −X9),

G2ψ = 2iε[ψϕX1 + ϕϕX
−1 + ϕψX2] + i(1 + λε)(−ϕX

−6 + ψX7 +X
−8),

G2ψ = 2iε[−ψϕX1 − ϕψX2 + ϕϕX
−2] + i(1 + λε)(ϕX

−4 − ψX7 −X
−10).

(36)

ò±þ�§|(23)¥�o��§©OéCþ ϕ,ψ,ϕ,ψ È©, ¿|^·�'��ÕáXê¤�

���§|(36) ¥����ª(½È©~ê, �±��

G2 = 2iε[(ϕϕ+ψψ)ϕX1+ϕϕψX
−1+ϕ(ϕϕ+ψψ)X2+ψϕϕX−2]+ih(ϕX1+ψX−1+ϕX2+ψX−2)

+i(1+λε)(ϕϕX3+ϕψX
−4+ϕX5−ψϕX−6+ψψX7+ψX

−8−ϕX9−ψX−10)+(iελ2−λ)X0.

(37)

Ïd, ·�¤¦���|n��é¡��5 Schrödinger �§ (1) � Lax L«�

F =i(ϕX1 + ψX
−1 + ϕX

−2 +X0),

G =i{[εϕxx + iϕx + 2ε(ϕϕ+ ψψ)ϕ]X1 + [εψxx + iψx + 2ε(ϕϕ+ ψψ)ψ]X
−1

+ [εϕxx − iϕX + 2εϕ(ϕϕ+ ψψ)]X2 + [εψxx − iψx + 2εψ(ϕϕ+ ψψ)]X
−2

+ [iε(−ϕxϕ+ ϕxϕ) + (1 + λε)ϕϕ]X3 + [iε(−ϕxψ + ψxϕ) + (1 + λε)ϕψ]X
−4

+ [−iεϕx + (1 + λε)ϕ]X5 + [iε(ψxϕ− ϕxψ) − (1 + λε)ψϕ]X
−6 + [−iε(ψxψ + ψxψ)

+ (1 + λε)ψψ]X7 + [−iεψx + (1 + λε)ψ]X
−8 + [−iεϕx − (1 + λε)ϕ]X9

+ [−iεψx − (1 + λε)ψ]X
−10} + [iελ2 − λ]X0. (39)

�
�E�|n��é¡��5 Schrödinger �§)� Bäcklund C�, ·�òL«Ý


(31)Ú(35)�\ F Ú G, ���§(1)� Lax L«
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e�¦ ωk|U = 0, �±���§ (1) � Lax L«,







y1

y2

y3







x

= i







0 ϕ ψ

ϕ −λ 0

ψ 0 −λ






,







y1

y2

y3







x

= F







y1

y2

y3






,







y1

y2

y3







t

= i







G11 G12 G13

G21 G22 G23

G31 G32 G33






,







y1

y2

y3







t

= G







y1

y2

y3






, (40)

Ù¥























































































G11 = iε(ϕϕx − ϕxϕ+ ψψx − ψxψ) + (1 + λε)(ϕϕ + ψψ),

G12 = εϕxx + i(1 + λε)ϕx + 2ε(ϕϕ+ ψψ)ϕ− (1 + λε)λϕ,

G13 = εψxx + i(1 + λε)ψx + 2ε(ϕϕ+ ψψ)ψ − (1 + λε)λψ,

G21 = εϕxx − i(1 + λε)ϕx + 2εϕ(ϕϕ+ ψψ) − (1 + λε)λϕ,

G22 = iε(ϕϕx − ϕxϕ) − (1 + λε)ϕϕ+ λ2 − iελ3,

G23 = iε(ϕψx − ϕxψ) − (1 + λε)ϕψ,

G31 = εψxx − i(1 + λε)ψx + 2εψ(ϕϕ+ ψψ) − (1 + λε)λψ,

G32 = iε(ψϕx − ψxϕ) − (1 + λε)ψϕ,

G33 = iε(ψψx − ψxψ) − (1 + λε)ψψ + λ2 − iελ3.

(41)

d�N5'X yxt = ytx, éN´����§ (1).
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