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Á�: � X ���;�E6/, �Ä X �?�E(�/Cx π : X → B, K X � Bott-

Chern þÓN+Ú Aeppli þÓN+��ê3dCzL§¥�U�)a�y�. 3©z [1] ¥,

Schweitzer ò Bott-Chern þÓN+Ú Aeppli þÓN+L«¤�,���ó L
•

p,q �þÓN+.

3©z [2] ¥, �öÏLïÄ X ��/C¥�L
•

p,q [1][Ó���óB
•

p,q ��þÓN+�da�

�3òÿL§¥�æN5ïÄù�a�y�, ��
�)dæN�úª. �©ò�Ñ 1 �æN

úª�,��^L
•

p,q þÓNO��)Ûy².
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making the dimensions of Bott-Chern cohomology groups and
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Abstract: Let X be a compact complex manifold, and let π : X → B be a small

deformation of X, the dimensions of the Bott-Chern cohomology groups or Aeppli

cohomology groups may vary under this deformation. In [1], M. Schweitzer constructed

a complex of sheaves L
•

p,q, and represented Bott-Chern cohomology groups or Aeppli

cohomology groups as the cohomology groups of L•

p,q. In [2], the author have studied this

jumping phenomenon by studying the deformation obstructions of a hypercohomology

class of a complex of sheaves B
•

p,q which is quasi-isomorphic to L
•

p,q[1]. In particular, they
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obtain an explicit formula for the obstructions. In this paper, the formula of the first order

obstruction is proved in another way by using cohomology of L•

p,q.

Key words: Bott-Chern cohomology; Aeppli cohomology; deformation; obstruction;

kodaira spencer class

0 Ú ó

�X ��;�E6/, π : X → B´±E6/X �¥%n��E(�/Cq. P

3 t ∈ B:?� π�n��Xt = π−1(t) ('uE(�/Cq�0�, Öö�±ë�© [3-

4]). PX � Bott-Chern þÓN+Ú AeppliþÓN+©O�Hp,q
BC(X) ÚHp,q

A (X), ¦���

êhp,q
BC(X) Úhp,q

A (X) ´­��E(�ØCþ. 3©z [5] ¥, Angella ?Ø
 Iwasawa6/3

��E(�/C¥, hp,q
BC(X) Úhp,q

A (X) �Cz�¹, �Ñ
��3�E(�/CL§¥,

hp,q
BC(X) Úhp,q

A (X) �)a��~f.

3©z [1]¥, Schweitzer ò Bott-Chern þÓN+Ú Aeppli þÓN+L«¤�,���

óL•
p,q �þÓN+; ¦�Ú?
,���óB•

p,q, ¿y²
T�ó�L•
p,q[1]´[Ó��. ù

¿�X�±ÏLïÄ�óB•
p,q ��þÓN�a�y�5ïÄhp,q

BC(X) Úhp,q
A (X) �a�, J

ø
ïÄ Bott-ChernþÓN+Ú Aeppli þÓN+�­�óä. 3©z [1] ¥, ·�éÑ
3

Ã¡�E(�/C¥, hp,q
BC(X) Úhp,q

A (X) u)a�y��“�Ï”. læNnØ��Ý�ïÄ

ù�¯K, (�/`, �½��E6/X , y�Ä§���±.�mB�ëê�m�E(�

/CxX , éuX ?�B•
p,q ��þÓN Hl(X,B•

p,q) ��da [θ]. éÑòù���òÿ¤�

�é�þÓN+ Hl(X ,B•
p,q;X/B) p����da�æN, ¿¡@
k�²�æN����

æN��. ¢Sþ, ù
��3ïÄÃ¡�E(�/Chp,q
BC(X) Úhp,q

A (X) u)a��y�¥

ò�ü­��Ú. Ï�ùa����3, ´Ã¡�E(�/C¥hp,q
BC(X) Úhp,q

A (X) u)Cz

�¿©^�('u HodgeêÚ��þÓN+�ê3E(�CzL§¥�æNnØ�ë�©

z [6]![7]).

3 © z [2] ¥, ) º 
 æ N � � Ú � þ Ó N + Hl(X,B•
p,q) � ê(l 
 � Ò

´hp,q
BC(X) Úhp,q

A (X)) u)a�y��'XXe.

½½½nnn 0.1
[2] � π : X → B´±;E6/X�¥%n��E(�/Cx. y3�Ä

± t ∈ B�Cþ�¼ê dimHl(X(t),B•
p,q;t). d¼êò3 t = 0 u)a�(~�)��=��

3 Hl(X,B•
p,q) ½ö Hl−1(X,B•

p,q) ¥��da [θ]Ú��g,ên > 1 ¦�T���n�æN

on([θ]) 6= 0.

Ó�, ���O�æN on([θ]) ���úª.

½½½nnn 0.2
[2] � π : X → B´ π−1(0) = X ���E(�/Cx, Ù¥X ´��;E6

/. - πn : Xn → Bn �X �n�Ã¡�/C. éuþÓN+ Hl(X,B•
p,q) �?��da [θ], X

J, UòÙòÿ�n − 1 �, =òÙòÿ�þÓN+ Hl(Xn−1,B
•
p,q;Xn−1/Bn−1

) ¥����d

a[θn−1], Kò [θ] òÿ�n��æN´

on([θ]) = −∂∂̄,B
Xn−1/Bn−1

◦ κnx◦∂B,∂̄
Xn−1/Bn−1

([θn−1]) − ∂̄∂,B
Xn−1/Bn−1

◦ κ̄nx◦∂̄B,∂
Xn−1/Bn−1

([θn−1]),

Ù¥κn ´n� Kodaira-Spencera('un� Kodaira-Spencera�½Â, �ë�©z [8])κ̄n ´



86 uÀ���ÆÆ�(g,�Æ�) 2015 c

X̄ → B̄�n� Kodaira-Spencera. ∂∂̄,B
Xn−1/Bn−1

, ∂̄∂,B
Xn−1/Bn−1

, ∂B,∂̄
Xn−1/Bn−1

Ú ∂̄B,∂
Xn−1/Bn−1

´3

©z [2] ¥½Â�3ÓN+m�N�.

±þ½nA^�ïÄhp,q
BC(X) Úhp,q

A (X) �a�y��, ��±e½n.

½½½nnn 0.3
[2] � π : X → B´ π−1(0) = X ���E(�/Cx, Ù¥X ´��;E

6/. - πn : Xn → Bn �X �n�Ã¡�/C. XJ�3þÓN+Hp,q
BC(X) ���d

a [θ1] ½ö�3þÓN+Hp−1,q−1
A (X) ���da [θ2] Ú��g,ên > 1 ¦� on([θ1]) 6=

0 ½ö on([θ2]) 6= 0, Khp,q
BC(X(t)) ¬3 0 :u)a�. Ù¥ on([θ1]) Ú on([θ2])de¡úª�

Ñ:

on([θ1]) = −∂∂̄,B
Xn−1/Bn−1

◦ κnx◦rBC,∂̄([θn−1]) − ∂̄∂,B
Xn−1/Bn−1

◦ κ̄nx◦rBC,∂([θn−1]);

on([θ2]) = −∂∂̄,BC
Xn−1/Bn−1

◦ κnx◦∂A,∂̄
Xn−1/Bn−1

([θn−1]) − ∂̄∂,BC
Xn−1/Bn−1

◦ κ̄nx◦∂̄A,∂
Xn−1/Bn−1

([θn−1]).

½½½ nnn 0.4
[2] � π : X → B´ π−1(0) = X � � � E ( � / C x, Ù ¥X ´

� � ; E 6 /. - πn : Xn → Bn �X �n� Ã ¡ � / C. X J � 3 þ Ó N

+Hp−1,q−1
A (X) ���da [θ2] ½ö�3þÓN+ Hq+p−2(X,B•

p,q) ���da [θ3] Ú��

g,ên > 1 ¦� on([θ2]) 6= 0 ½ö on([θ3]) 6= 0, Khp−1,q−1
A (X(t)) ¬3 0 :u)a�. Ù

¥ on([θ2]) Ú on([θ3]) de¡úª�Ñ:

on([θ2]) = −∂∂̄,BC
Xn−1/Bn−1

◦ κnx◦∂A,∂̄
Xn−1/Bn−1

([θn−1]) − ∂̄∂,BC
Xn−1/Bn−1

◦ κ̄nx◦∂̄A,∂
Xn−1/Bn−1

([θn−1]);

on([θ3]) = −r∂̄,A ◦ κnx◦∂B,∂̄
Xn−1/Bn−1

([θn−1]) − r∂,A ◦ κ̄nx◦∂̄B,∂
Xn−1/Bn−1

([θn−1]).

úª¥���f�½Â�ëw©z [2].

3�©¥, ò�Ñ±þ½n 0.3Ú½n 0.4¥�æNúª3n = 1 ��ÿ���^�

óL•
p,q �þÓN+O��y². 3n = 1 �, ±þ�æNúªC�: éu?¿�½��

�V0 =
∑

i ai
∂

∂ti
+

∑

j bj
∂

∂t̄j
∈ TC

0 B,

1. o1(θ
1, V0) �Hq+p(X,L•

p,q) ¥�

o1(θ
1, V0) = ∂X(int(ρ(V0))(θ

1)) + ∂̄X(int(ρ̄(V0))(θ
1));

2. o1(θ
2, V0) �Hp,q

BC(X) ¥�

o1(θ
2, V0) = ∂X(int(ρ(V0))(∂Xθ

2)) + ∂̄X(int(ρ̄(V0))(∂̄Xθ
2));

3. o1(θ
3, V0) �Hp−1,q−1

A (X) ¥�

o1(θ
3, V0) = int(ρ(V0))(∂Xθ

3;p−1,q−2) + int(ρ̄(V0))(∂̄Xθ
3;p−2,q−1).

Ù¥ ρ : T 1,0
0 B → H1(X,TX) ´ Kodaira-SpencerN�, θ3;p,qL«θ3 � p, q©þ.

3e©¥, ò�Ñþ¡ 1−3�y². 3d�c, k0��ek' Bott-ChernþÓN+

Ú Aeppli þÓN+��
(J.

1 'u Bott-Chern þÓN+Ú Aeppli þÓN+

e©¥'u Bott-ChernþÓN+Ú Aeppli þÓN+�(JÑ�±3©z [1]¥é�.

-X ��;�E6/. ·��� DolbeaultþÓN+Hp,q

∂̄
(X) ½���� Frölicher ÌS
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�[9]¥�Ep,q
r (X) Ñ´E6/�k��ØCþ; ,��¡3©z [10-11]½Â� Bott-Chernþ

ÓN+Ú AeppliþÓN+�Ñ
�õ�X�E(�ØCþ, §��½Â©O�

Hp,q
BC(X) =

ker{d : Ap,q(X) −→ Ap+q+1(X)}

im {∂∂̄ : Ap−1,q−1(X) −→ Ap,q(X)}

Ú

Hp,q
A (X) =

ker{∂∂̄ : Ap,q(X) −→ Ap+1,q+1(X)}

im {∂ : Ap−1,q(X) −→ Ap,q(X)} + im {∂̄ : Ap,q−1(X) −→ Ap,q(X)}
.

d Hodge ½n��, ¤k�ù
ØCþÑ´k��¿�kù��Ó�

Hp,q
A (X) ∼= Hn−q,n−p

BC (X)

ÚdE�Ý�Ñ�Ó�Hq,p
BC(X) ∼= Hp,q

BC(X). éu¤k� r > 1 Ú¤k� p, q, �3±eg,

�N�

Hp,q
BC(X) −→ Ep,q

r (X); Ep,q
r (X) −→ Hp,q

A (X).

5 ¿ � Ù ¥Ep,q
1 (X) ∼= Hp,q

∂̄
(X) 
 r = ∞� � Ñ 
 de Rham þ Ó N + � © ), =:

Hk
dR(X,C) ∼= ⊕p+q=kE

p,q
∞ (X). Php,q

BC(X) Úhp,q
A (X) ©O�Hp,q

BC(X) ÚHp,q
A (X) ��ê. é

u¤k p > 1, q > 1, ½Â�óL•
p,q �

Lk
p,q =

⊕

r+s=k
r<p,s<q

Ar,s, XJ k 6 p+ q − 2,

Lk−1
p−1,q−1 =

⊕

r+s=k
r>p,s>q

Ar,s, XJ k > p+ q,

Úó�f

L0
p,q

pr
L1

p,q
◦d

→ L1
p,q

pr
L2

p,q
◦d

→ . . .→ Lp+q−2
p,q

∂∂̄
→ Lp+q−1

p,q
d
→ Lp+q

p,q
d
→ . . .

±eP d
(•)
X ��óL•

p,q �ó�f, =� i < p+ q − 2 �, d
(i)
X = prLi+1

p,q
◦ d, � i = p + q − 2 �,

d
(i)
X = ∂∂̄, � i > p+ q − 2 �, d

(i)
X = d. Ï�Lk

p,q Ñ´t^�, d±þ�E, k±eÓ�

Hp,q
BC(X) = Hp+q−1(L•

p,q(X)) ∼= H
p+q−1(X,L•

p,q),

Hp,q
A (X) = Hp+q(L•

p+1,q+1(X)) ∼= H
p+q(X,L•

p+1,q+1).

�e5, ·�½ÂL•
p,q ���fóS•

p,q �

(S′•
p, ∂) : O → Ω1 → . . .→ Ωp−1 → 0, (S′′•

q , ∂̄) : Ō → Ω̄1 → . . .→ Ω̄q−1 → 0,

S•
p,q = S′•

p + S′′•
q : O + Ō → Ω1 ⊕ Ω̄1 → . . .Ωp−1 ⊕ Ω̄p−1 → Ω̄p → . . .→ Ω̄q−1 → 0.

Ù¥i\S• ⊂ L• ´��[Ó�[1].

©z [1]¥��E
,���óB•
p,q ´

B•
p,q : C

(+,−)
→ O⊕ Ō → Ω1 ⊕ Ω̄1 → . . .Ωp−1 ⊕ Ω̄p−1 → Ω̄p → . . .→ Ω̄q−1 → 0.
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K±eB•
p,q �S•

p,q [1] ���´[Ó�[1]

C
(+,−)
→ O ⊕ Ō → Ω1 ⊕ Ω̄1 → . . .

↓ ↓ + ↓

0 → O + Ō → Ω1 ⊕ Ω̄1 → . . . .

dd��e¡3�þÓN�Ó�

Hp,q
BC(X) ∼= Hp+q(X,L•

p,q[1]) ∼= H
p+q(X,S•

p,q [1]) ∼= H
p+q(X,B•

p,q)

Ú

Hp,q
A (X) ∼= Hp+q(X,L•

p+1,q+1)
∼= H

p+q(X,S•
p+1,q+1)

∼= H
p+q+1(X,B•

p+1,q+1).

2 'u o1(θ
♯, V0), Ù¥ ♯ ∈ {1, 2, 3}

y�ÄE(�/Cq π : X → B, Ù¥ π−1(0) = X , X �;E6/. P- Cω
B �Bþ�

E�¢)Û¼ê�, Oω
X �X þ�3 π�n�����X, B��þ´¢)Û�E�¼ê�.

Ōω
X �X þ�3 π�n������X, B��þ´¢)Û�E�¼ê�. -mω

0 � Cω
B, �4

�n�, Mω
0 = π−1(mω

0 ) ⊗π−1(Cω
B) O

ω
X , M̄ω

0 = π−1(mω
0 ) ⊗π−1(Cω

B) Ō
ω
X .

éu?¿�+ Hl(X,B•
p,q) ¥��da[θ], ·�F"ò [θ] òÿ¤��� d

(l)
t -4��

¡ θt (Ù¥, dt ´Xt þ��óL•
p,q �1 l��©�f). y3, �Ä±e�á�Ü�

0 → Mω
0 /(M

ω
0 )2 ⊗ B•

p,q;X0/B0
→ B•

p,q;X1/B1
→ B•

p,q;X0/B0
→ 0. (1)

ù�á�Ü�p�
e¡���Ü�

0 → H
0(X1,M

ω
0 /(M

ω
0 )2 ⊗ B•

p,q;X0/B0
) → H

0(X1,B
•
p,q;X1/B1

) → H
0(X,B•

p,q;X0/B0
)

→ H
1(X1,M

ω
0 /(M

ω
0 )2 ⊗ B•

p,q;X0/B0
) → ....

Ù¥B•
p,q;Xn/Bn

ÚMω
0 /(M

ω
0 )2 ⊗ B•

p,q;X0/B0
�½Â�©z [2], X1 �X � 1 �ãÃ¡���.

y�Äù���Ü�ë�N�

δ∗ : H
l(X,B•

p,q;X0/B0
) → H

l+1(X1,M
ω
0 /(M

ω
0 )2 ⊗ B•

p,q;X0/B0
).

d±þ©Û, ��=�3þÓN+ Hl+1(X1,M
ω
0 /(M

ω
0 )2 ⊗ B•

p,q;X0/B0
) ¥� δ∗([θ]) ´²

���ÿ, �±�� θ���òÿ. ,��¡, Ï�

H
l+1(X1,M

ω
0 /(M

ω
0 )2 ⊗ B•

p,q;X0/B0
) ∼= mω

0 /(m
ω
0 )2 ⊗C H

l+1(X,B•
p,q;X0/B0

)

Ú

TC

0 B
∼= HomC(mω

0 /(m
ω
0 )2,C),

¤±, k

H
l+1(X1,M

ω
0 /(M

ω
0 )2 ⊗ B•

p,q;X0/B0
) ∼= HomC(TC

0 B,H
l+1(X,B•

p,q;X0/B0
)).
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Ï d, X J � ½ � �V0 � �, U é θ♯ ? 1 � � ò ÿ � � = � 3 H
l+1(X,B•

p,q;X0/B0
) ¥

� δ∗(θ♯)(V0) ´²��. ¡ o1(θ
♯, V0) = δ∗(θ♯)(V0) ���æN, ¿�·�ò�ÑÙäN�

O�úª.

3 ^�óL•

p,q;X/B þÓN+¦ o1(θ
♯, V0)

P j : X →֒ X �X 3X¥�i\N�, Xω
∞ �X �∞�Ã¡���, =ÿÀ�m�X ,

(��� j−1Oω
X �E)Û�m. P±eXω

∞ þ�ó�

π−1((mω
0 )n)

(+,−)
→ (Mω

0 )n ⊗Oω
X/B ⊕ (M̄ω

0 )n ⊗Ōω
X/B → (Mω

0 )n ⊗Ω1;ω
X/B ⊕ (M̄ω

0 )n ⊗ Ω̄1;ω
X/B → . . .

(Mω
0 )n ⊗ Ωp−1;ω

X/B ⊕ (M̄ω
0 )n ⊗ Ω̄p−1;ω

X/B → (M̄ω
0 )n ⊗ Ω̄p;ω

X/B → . . .→ (M̄ω
0 )n ⊗ Ω̄q−1;ω

X/B → 0

�: (Mω
0 )n ⊗ B•

p,q;X/B;

π−1(Cω
B,0)

(+,−)
→ Oω

X/B ⊕ Ōω
X/B → Ω1;ω

X/B ⊕ Ω̄1;ω
X/B → . . .

Ωp−1;ω
X/B ⊕ Ω̄p−1;ω

X/B → Ω̄p;ω
X/B → . . .→ Ω̄q−1;ω

X/B → 0

�: B•
p,q;X/B.

PAp,q;ω
X �X þ3 π�n���þ1w3BÏd��þ´¢)Û� (p, q)/ª/¤�

�, Ap,q;ω
X/B �3X þ3 π�n���þ1w3B��þ´¢)Û��é (p, q)/ª/¤��.

òù
���3Xω
∞ þ, �Ä±e�óL•

p,q;X/B

Lk
p,q;X/B =

⊕

r+s=k
r<p,s<q

Ar,s;ω
X/B, XJ k 6 p+ q − 2,

Lk−1
p−1,q−1;X/B =

⊕

r+s=k
r>p,s>q

Ar,s;ω
X/B, XJ k > p+ q,

Úó�f

L0
p,q;X/B

pr
L1

p,q;X/B
◦dX/B

→ L1
p,q;X/B

pr
L2

p,q;X/B
◦dX/B

→ . . .→ Lp+q−2
p,q;X/B

∂X/B ∂̄X/B
→ Lp+q−1

p,q;X/B

dX/B
→ Lp+q

p,q;X/B

dX/B
→ . . .

±eP d
(•)
X/B ��óL•

p,q;X/B �ó�f, =� i < p + q − 2 � d
(i)
X/B = prLi+1

p,q
◦ dX/B, � i =

p + q − 2 �, d
(i)
X/B = ∂X/B ◦ ∂̄X/B, � i > p + q − 2 �, d

(i)
X/B = dX/B. dÚ1 1 !�Ó�?

Ø, ��: B•
p,q;X/B ÚL•

p,q;X/B [1] ´[Ó��. Ï�·��Ä�´��ÛÜ�¯K, ¤±Ø�

b�B´E²¡þ 0:������. 3ù«�¹e, Ap,q;ω
X/B ´�N¼f"N�, Ï
k

H
l+1(Xω

∞,B
•
p,q;X/B) =

ker(Ll
p,q;X/B → Ll+1

p,q;X/B)

im(Ll−1
p,q;X/B → Ll

p,q;X/B)
.

Ù¥, Ll
p,q;X/B �Xω

∞þ �Ll
p,q;X/B ��Ü�N�¡.
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dc�!�?Ø��, �
O� o1(θ
♯, V0), ��Ä�Ü� (1), Ï�F"ÏL�é'��

*)Û��{5O�ù�æN. �´B•
p,q;X1/B1

Ï�vk�A�"N�©), ¤±�Äe¡

ù��ó�Ü�

0 → Mω
0 ⊗ B•

p,q;X/B → B•
p,q;X/B → B•

p,q;X0/B0
→ 0, (2)


Ø´�Ü�(1). á�Ü�(2)p�
e¡���Ü�

0 → H
0(Xω

∞,M
ω
0 ⊗ B•

p,q;X/B) → H
0(Xω

∞,B
•
p,q;X/B) → H

0(X,B•
p,q;X0/B0

)

→ H
1(Xω

∞,M
ω
0 ⊗ B•

p,q;X/B) → ...,

±9ë�N�

δ∗∞ : H
l(X,B•

p,q;X0/B0
) → H

l+1(Xω
∞,M

ω
0 ⊗ B•

p,q;X/B).

,��¡, Ï�ká�Ü�

0 → (Mω
0 )2 ⊗ B•

p,q;X/B → Mω
0 ⊗ B•

p,q;X/B → (Mω
0 )/(Mω

0 )2 ⊗ B•
p,q;X0/B0

→ 0 (3)

p��N�

φ : H
l+1(Xω

∞,M
ω
0 ⊗ B•

p,q;X/B) → H
l+1(X, (Mω

0 )/(Mω
0 )2 ⊗ B•

p,q;X0/B0
),

ØJ�y

δ∗ = φ ◦ δ∗∞ : H
l(X,B•

p,q;X0/B0
) → H

l+1(Xω
∞,M

ω
0 ⊗ B•

p,q;X/B) → H
l+1

(X, (Mω
0 )/(Mω

0 )2 ⊗ B•
p,q;X0/B0

).

Ïd, �
O� δ∗([θ]), ØU��Ä δ∗∞([θ]), �I��ÄXÛ¦N�φ.

y�ÄXeN�

φ′ : H
l+1(Xω

∞,M
ω
0 ⊗ B•

p,q;X/B) → HomC(TC

0 B,H
l+1(X,B•

p,q;X0/B0
))

Ù ¥, φ′ � ä N ½ Â X e, é u ? ¿ � Hl+1(Xω
∞,M

ω
0 ⊗ B•

p,q;X/B) ¥ � � d a[ωt]. ½

Âφ′([ωt]) �TC
0 B → Hl+1(X,B•

p,q;X0/B0
)) N�Xe: - Ωt �Ll

p,q;X ����¡, ÷vÙû

N�ϕ���ωt. �½V0 �, ½Â

φ′([ωt])(V0) := ϕ(LV (Ωt))|X .

Ù¥, LV �X þ� Lie �ê, V �X �1w��þ|, �÷v π∗(V )(0) = V0. 'u±þN�,

k±eÚn.

ÚÚÚnnn 3.1 þãN�φ′ ´�½Â´Ün�, �k

φ
′

= φ : H
l+1(Xω

∞,M
ω
0 ⊗ B•

p,q;X/B) → H
l+1(X, (Mω

0 )/(Mω
0 )2 ⊗ B•

p,q;X0/B0
)

∼= HomC(TC

0 B,H
l+1(X,B•

p,q;X0/B0
)).
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yyy ²²² Äk·��O�φ′. �B3 0 :NC�ÛÜ�I� ti , éu?¿� H
l+1(Xω

∞,

Mω
0 ⊗ B•

p,q;X/B) ¥��da [ωt]. �ωt =
∑

i tiωt,i +
∑

i t̄iωt̄,i, K Ωt �±L«�

Ωt =
∑

i

tiωt,i +
∑

i

t̄iωt̄,i +
∑

i

dti ∧ ψi +
∑

i

dt̄i ∧ ψ
′
i + Ω′.

Ù¥, Ω′ ´3 π∗
∧2

A1
B

∧

A•
X ¥, dti, dt̄i �ØÑy3ωt,i, ψi Úψ′

i¥. ¤±k

dΩt =
∑

i

dti ∧ωt,i +
∑

i

tidωt,i +
∑

i

dt̄i ∧ωt̄,i +
∑

i

t̄idωt̄,i −
∑

i

dti ∧dψi −
∑

i

dt̄i ∧dψ′
i +dΩ′.

�½��
∑

i ai
∂

∂ti
+

∑

j bj
∂

∂t̄j
, k

ϕ
(

int
(

∑

i

ai
∂

∂ti
+

∑

j

bj
∂

∂t̄j

)

dΩt

)∣

∣

∣

X
=

∑

i

aiωt,i|X +
∑

j

bjωt̄,j|X −
∑

i

aidψi|X −
∑

j

bjdψ
′
j

∣

∣

∣

X
.

int(·)(·) L«��þ|Ú/ª�SÈ, 


ϕ
(

d
(

int
(

∑

i

ai
∂

∂ti
+

∑

j

bj
∂

∂t̄j
)(Ωt

)))∣

∣

∣

X
=

∑

i

aidψi|X +
∑

j

bjdψ
′
j

∣

∣

∣

X
.

�V n���þ�©þ�VX, Ï�ϕ(int(VX)dΩt)|X + ϕ(d(int(VX)(Ωt)))|X = 0, ¤±��

φ′
([

∑

i

tiωt,i +
∑

i

t̄iωt̄,i

)(

∑

i

ai
∂

∂ti
+

∑

j

bj
∂

∂t̄j

)

= ϕ(LV (Ωt))
∣

∣

∣

X

= ϕ
(

int
(

∑

i

ai
∂

∂ti
+

∑

j

bj
∂

∂t̄j

)

dΩt

)∣

∣

∣

X
+ ϕ

(

d
(

int
(

∑

i

ai
∂

∂ti
+

∑

j

bj
∂

∂t̄j

)

(Ωt)
))∣

∣

∣

X

=
∑

i

aiωt,i

∣

∣

∣

X
+

∑

j

bjωt̄,j

∣

∣

∣

X
.

�
y²φ′ �½Â´Ün�, ·�I�y²:

(I) φ′([ωt])(V0) Ø�6u�da [ωt] ��L�ωt �À�;

(II) φ′([ωt])(V0) ��6u�þ|VX 3 0 :��;

(III) φ′([ωt])(V0) ´4�.

Äky² (II), �½V0, y�Ä�þ|V , ÷vV �X ���þ|, � π∗(V )(0) = V0. Ï

�φ′([ωt])(V0) ´� Lie �ê, ϕ�^�2��3Xþ, ¤±��6uV |X . �lþ¡O��±

w�, ¢Sþφ′([ωt])(V0) ��6uV0 , 
Ø�6uV |X 3X ��þ�©þ.

yy²(III), Ï�
∑

i tiωt,i +
∑

i t̄iωt̄,i´d
(l)
X/B 4�. ¤±ωt,i|X , ωt̄,i|X �´ d

(l)
X 4�, l



∑

i aiωt,i|X +
∑

j bjωt̄,j|X ´ d
(l)
X 4�. dþ¡O���, φ

′

([
∑

i tiωt,i+
∑

i t̄iωt̄,i])(
∑

i ai
∂

∂ti
+

∑

j bj
∂

∂t̄j
) ´ d

(l)
X 4�.

2w(I), y�ω′
t ��da [ωt] �,���L�. ¤±, �3Ll−1

p,q;X/B ��N�¡ βt,i,

βt̄,i, ¦� d
(l−1)
X/B (βt,i) = ω′

t,i − ωt,i, d
(l−1)
X/B (βt̄,i) = ω′

t̄,i − ωt̄,i . aquc¡�O�,

φ′(ω′
t − ωt)

(

∑

i

ai
∂

∂ti
+

∑

j

bj
∂

∂t̄j

)

= d
(l−1)
X

((

∑

i

aiβt,i +
∑

j

bjβt̄,j

)∣

∣

∣

X

)

,
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=φ′([ωt])(
∑

i ai
∂

∂ti
+

∑

j bj
∂

∂t̄j
) Ø�6u�da [ωt] ��L�ωt �À�.

�â½Â

φ : H
l+1(Xω

∞,M
ω
0 ⊗ B•

p,q;X/B) → H
l+1(X, (Mω

0 )/(Mω
0 )2 ⊗ B•

p,q;X0/B0
)

∼= HomC(TC

0 B,H
l+1(X,B•

p,q;X0/B0
))

[

∑

i

tiωt,i +
∑

i

t̄iωt̄,i

]

7→
[

∑

i

tiωt,i

∣

∣

∣

X
+

∑

i

t̄iωt̄,i

∣

∣

∣

X

]

7→
∑

i

dti ⊗ [ωt,i|X ] +
∑

i

dt̄i ⊗ [ωt̄,i|X ]

é'c¡�(J, ��φ′ = φ.

k
±þ�O�, y3�±äN¦ o1(θ
♯, V0)(Ù¥ ♯ ∈ {1, 2, 3}) �æNúª
. y�

ÄþÓN+Hl(X,B•
p,q;X0/B0

)¥����da [θ♯] o´�±ò θ♯ òÿ�Ll−1
p,q;X/B ¥����

¡ θ♯
t . �âc¡©Û, I�¦ δ∗(θ♯). ¤±�¦φ′ ◦ δ∗∞(θ♯). �â½Â δ∗∞(θ♯) = d

(l−1)
X/B (θ♯

t). =,

�¦φ′(d
(l−1)
X/B (θ♯

t)). - Ω♯
t�Ll−1

p,q;X ���N�¡, ÷v, ϕ(Ω♯
t) � θ♯

t(Ù¥ϕ�X þ�©/ª�

��é�©/ª�g,�ûN�). �â d
(l−1)
X/B �f�½Â, kϕ(d

(l−1)
X Ω♯

t) � d
(l−1)
X/B (θ♯

t). ±e

PV 3TX þ�ÝK�V1, 3 T̄X þ�ÝK�V2, Ï�éu?¿� (p, q)/ª Ωp,q, k

∂X (int(V1)(Ω
p,q)) = −int(V1)(∂XΩp,q) + int(∂XV1)(Ω

p,q);

∂X (int(V2)(Ω
p,q)) = −int(V2)(∂XΩp,q) + int(∂XV2)(Ω

p,q).

KdN�φ′ �½Â, ��:

1. � ♯ = 1 �, l = p+ q, d
(l−1)
X = dX

φ′ ◦ δ∗∞(θ1)(V0) = ϕ(LV (dXΩ1
t ))|X

= ϕ(int(V )dX (dXΩ1
t ))|X + ϕ(dX (int(V )(dXΩ1

t )))|X

= ϕ(dX (int(V1 + V2)(∂X + ∂̄X )Ω1
t ))|X

= ϕ(dX (int(V1)(∂̄XΩ1
t )))|X + ϕ(dX (int(V2)(∂XΩ1

t )))|X

+ϕ(dX (int(V1)(∂XΩ1
t ) + int(V2)(∂̄XΩ1

t )))|X

= ϕ(∂X (int(∂̄XV1)Ω
1
t ))|X + ϕ(∂̄X (int(∂XV2)Ω

1
t ))|X

+ϕ(dX (∂X (int(V1)Ω
1
t )))|X + ϕ(dX (∂̄X (int(V2)Ω

1
t )))|X

+ϕ(dX (int(V1)(∂XΩ1
t ) + int(V2)(∂̄XΩ1

t )))|X .

Ï � ϕ(dX (∂X (int(V1)Ω
1
t )))|X , ϕ(dX (∂̄X (int(V2)Ω

1
t )))|X Ú ϕ(dX (int(V1)(∂XΩ1

t ) + int(V2)

(∂̄XΩ1
t )))|X Ñ´ d

(l−1)
X = dX �T�/ª. ¤±k

φ′ ◦ δ∗∞(θ1)(V0) ≡ ϕ(∂X (int(∂̄XV1)Ω
1
t ))|X + ϕ(∂̄X (int(∂XV2)Ω

1
t ))|X .

5¿� Kodaira-SpencerN�ρ(V0) = ∂XV1|X , ρ̄(V0) = ∂XV2|X , ¤±

φ′ ◦ δ∗∞(θ1)(V0) ≡ ∂X(int(ρ(V0))(θ
1)) + ∂̄X(int(ρ̄(V0))(θ

1)).
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2. � ♯ = 2 �, l = p+ q − 1, d
(l−1)
X = ∂X ∂̄X

φ′ ◦ δ∗∞(θ2)(V0) = ϕ(LV (∂X ∂̄XΩ2
t ))|X

= ϕ(int(V )dX (∂X ∂̄XΩ2
t ))|X + ϕ(dX (int(V )(∂X ∂̄XΩ2

t )))|X

= ϕ(dX (int(V1 + V2)(∂X ∂̄XΩ2
t )|X

= −ϕ(∂X (int(∂̄XV1)∂XΩ2
t )))|X + ϕ(∂̄X (int(∂XV2)∂̄XΩ2

t )))|X

+ϕ(∂X ∂̄X (int(V1)(∂XΩ2
t )))|X + ϕ(∂X ∂̄X (int(V2)(∂̄XΩ2

t )))|X

Ï�ϕ(∂X ∂̄X (int(V1)(∂XΩ2
t )))|X Úϕ(∂X ∂̄X (int(V2)(∂̄XΩ2

t )))|X Ñ´ d
(l−1)
X = ∂X ∂̄X �T�/

ª. ¤±k

φ′ ◦ δ∗∞(θ2)(V0) ≡ ϕ(∂X (int(∂̄XV1)(∂XΩ2
t )))|X + ϕ(∂̄X (int(∂XV2)(∂̄XΩ2

t )))|X .

5¿� Kodaira-SpencerN�ρ(V0) = ∂XV1|X , ρ̄(V0) = ∂XV2|X , ¤±

φ
′

◦ δ∗∞(θ2)(V0) ≡ ∂X(int(ρ(V0))(∂Xθ
2)) + ∂̄X(int(ρ̄(V0))(∂̄Xθ

2)).

3. � ♯ = 3 �, l = p+ q − 2, d
(l−1)
X = prLl

p,q;X
◦ dX

φ′ ◦ δ∗∞(θ3)(V0) = ϕ(LV (prLl
p,q;X

◦ dXΩ3
t ))|X

= ϕ(int(V )dX (prLl
p,q;X

◦ dXΩ3
t )))|X + ϕ(dX (int(V )(prLl

p,q;X
◦ dXΩ3

t )))|X

= ϕ(∂̄X (int(V2)(prLl
p,q;X

◦ dXΩ3
t )))|X + ϕ(∂X (int(V1)(prLl

p,q;X
◦ dXΩ3

t )))|X

+ϕ(∂̄X (int(V1)(prLl
p,q;X

◦ dXΩ3
t )))|X + ϕ(∂X (int(V2)(prLl

p,q;X
◦ dXΩ3

t )))|X

+ϕ(int(V2)(∂X (prLl
p,q;X

◦ dXΩ3
t )))|X + ϕ(int(V1)(∂X (prLl

p,q;X
◦ dXΩ3

t )))|X

+ϕ(int(V2)(∂̄X (prLl
p,q;X

◦ dXΩ3
t )))|X + ϕ(int(V1)(∂̄X (prLl

p,q;X
◦ dXΩ3

t )))|X

= ϕ(∂̄X (int(V2)(prLl
p,q;X

◦ dXΩ3
t )))|X + ϕ(∂X (int(V1)(prLl

p,q;X
◦ dXΩ3

t )))|X

+ϕ(int(∂XV2)(prLl
p,q;X

◦ dXΩ3
t ))|X + ϕ(int(V1)(∂X (prLl

p,q;X
◦ dXΩ3

t )))|X

+ϕ(int(V2)(∂̄X (prLl
p,q;X

◦ dXΩ3
t )))|X + ϕ(int(∂̄XV1)(prLl

p,q;X
◦ dXΩ3

t ))|X

= ϕ(∂̄X (int(V2)(prLl
p,q;X

◦ dXΩ3
t )))|X + ϕ(∂X (int(V1)(prLl

p,q;X
◦ dXΩ3

t )))|X

+ϕ(int(∂XV2)(prLl
p,q;X

◦ dXΩ3
t ))|X + ϕ(int(∂̄XV1)(prLl

p,q;X
◦ dXΩ3

t ))|X

+ϕ(int(V2)(−∂X ((1 − prLl
p,q;X

) ◦ ∂̄XΩ3
t )))|X + ϕ(int(V1)(−∂̄X ((1 − prLl

p,q;X
)

◦∂XΩ3
t )))|X

= ϕ(∂̄X (int(V2)(prLl
p,q;X

◦ dXΩ3
t )))|X + ϕ(∂X (int(V1)(prLl

p,q;X
◦ dXΩ3

t )))|X

+ϕ(int(∂XV2)(prLl
p,q;X

◦ dXΩ3
t ))|X + ϕ(int(∂̄XV1)(prLl

p,q;X
◦ dXΩ3

t ))|X

+ϕ(∂X (int(V2)(((1 − prLl
p,q;X

) ◦ ∂̄XΩ3
t )))|X − ϕ(int(∂XV2)(((1 − prLl

p,q;X
)

◦∂̄XΩ3
t )))|X

+ϕ(∂̄X (int(V1)((1 − prLl
p,q;X

) ◦ ∂XΩ3
t )))|X − ϕ(int(∂̄XV1)((1 − prLl

p,q;X
)

◦∂XΩ3
t )))|X
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Ï�ϕ(∂̄X (int(V2)(prLl
p,q;X

◦ dXΩ3
t )))|X , ϕ(∂X (int(V1)(prLl

p,q;X
◦ dXΩ3

t )))|X , ϕ(∂X (int(V2)

((1 − prLl
p,q;X

) ◦ ∂̄XΩ3
t )))|X Úϕ(∂̄X (int(V1)((1 − prLl

p,q;X
) ◦ ∂XΩ3

t )))|X Ñ´ d
(l−1)
X = prLl

p,q;X
◦

dX �T�/ª. ¤±k

φ′ ◦ δ∗∞(θ3)(V0) ≡ −ϕ(int(∂XV2)(((1 − prLl
p,q;X

) ◦ ∂̄XΩ3
t )))|X − ϕ(int(∂̄XV1)((1 − prLl

p,q;X
)

◦∂XΩ3
t )))|X .

5¿� Kodaira-SpencerN�ρ(V0) = ∂XV1|X , ρ̄(V0) = ∂XV2|X , ¤±

φ′ ◦ δ∗∞(θ3)(V0) ≡ (int(ρ(V0))(∂Xθ
3;p−1,q−2)) + (int(ρ̄(V0))(∂̄Xθ

3;p−2,q−1)).

nþ¤ã, ��
¤kæNúª�y².
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