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The linear arboricity of upper-embedded graph and secondary
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Abstract: The linear arboricity of a graph G is the minimum number of linear forests

which partition the edges of G. In the present, it is proved that if a upper-embedded graph

G has ∆ > 3
√

4 − 3ε then its linear arboricity is ⌈∆
2
⌉ and if a secondary upper-embedded

graph G has ∆ > 6
√

1 − ε then its linear arboricity is ⌈∆
2
⌉, where ε 6 0. It improves the

bound of the conclusion in [1]. As its application, the linear arboricity of a triangulation

graph on double torus is concluded.
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0 Ú ó

�©ïÄ�ãÑ´{üëÏÃ�ã, ¤k�;�â�þ�ë�©z[2].

�ã G = (V, E), - N(v) = {u |uv ∈ E(G)}, Nk(v) = {u |u ∈ N(v), d(u) = k}, ù

p d(v) = |N(v)|´: v Ý. P ∆(G) Ú δ(G) ©OL«ã���Ý���Ý, XJ��:�Ý

� k ¡T:� k−:.
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­¡´��;�ëÏ� 2-�46/. ­¡�©��½�­¡�Ø�½�­¡. ���

½�­¡ Sh(h>0) ´d��¥¡Vþ h ��Y��. Ø�½�­¡ Nk(k >1) ´d��¥¡

�K k ���
©OÖþ Möbius���. XØ\AO`²�©?Ø�­¡Ñ´�½�­¡.

XJ��ãx3­¡ Σ þ¦�§�>==3à:?��, K¡ù�ãi\�­¡ Σ þ.

ã G i\­¡ Σþ¡� 2-�ni\, XJ Σ − G ¥z�©|Ó�u��m��. d�, z�

©|¡� G 3­¡ Σ þi\���¡. ��i\ã�¡Ý´��ù�¡�'é�>��ê,

XJ��¡ f �Ý� k, K¡ f � k−¡; XJ��¡ f �Ý�u�u k, K¡ f � k+−¡.

��­¡ Σ � Euler «5ê ε(Σ) (©z[3]) ½ÂXe: � Σ = Sh �, ε(Σ) = 2 − 2h;

� Σ = Nk �, ε(S) = 2 − k.

Eulerú ª[3] � G ´ � � 2-� n i \ 3 ­ ¡ Σ þ � ã, X J G k V (G) � º :,

E(G) ^>, 3­¡ S þk F (G) �¡, K |V (G)| − |E(G)| + |F (G)| = ε.

ã���º�´��3������ê k ¦� G Ui\� Sk þ, P� γM (G). duë

Ïã���ni\��k��¡, dî.úª��: γM (G) 6 [β(G)
2 ], ùp β(G)(= |E(G)| −

|V (G)|+1) ¡�ã G �Betti ê(½��). ��ëÏã G ´þ�i\�XJ γM(G) = [β(G)
2 ];

¡��ã G ´gþ�i\�XJ γM(G) = [β(G)
2 ] − 1. duØëÏãØU��ni\�?Û

­¡þ, ¤±�©?Ø�Ñ´ëÏã.

¡��N� ϕ:→ {1, 2, · · · , t}�ã G ��� t−�5/Ú, XJéu?¿� 1 6 α 6

t � (V (G), ϕ−1(α)) �>�Ñfã´���Ü; ��ã��5ÎÝ´Ù¤k t−�5/Ú¥�

��ê t, P� la(G). Akiyama!ExooÚ Harary3©z[4]�Ñ
é?¿��Kã G, Ù�5

ÎÝ÷v la(G) = ⌈(∆(G) + 1)/2⌉. dué?¿�ã G, la(G) > ⌈∆(G)/2⌉, dd���Í¶

��5ÎÝß�.

ßßß��� 1
[4] é?¿�ã G, ⌈∆(G)

2 ⌉ 6 la(G) 6 ⌈∆(G)+1
2 ⌉.

éu�
ãaß� 1�y²´�(�, X���Üã, Halinã, X�²1ã, ���Kõ

Üã�(©z[4-7]); éu²¡ã, ß� 1 ´¤á�(©z[9]). Wu3©z[10]¥y²
²¡ã G,

XJ ∆ > 13 ,K la(G) = ⌈∆/2⌉, ¿òù�(Jí2�î.«5ê ε > 0 �­¡i\ã; ©

z[8]q�Ñ
�î.«5ê ε 6 0, ���Ý ∆(G) Ø�u
√

46 − 54ε + 19 �, la(G) = ⌈∆/2⌉.
Ø©[1]y²
�î.«5ê ε 6 0, �∆(G) >

√
45 − 45ε + 10 �, la(G) = ⌈∆/2⌉, U?
©

z[8]¥��Ý�e..

�©?Ø
þ�i\ã±9gþ�i\ã��5ÎÝ,y²
e¡½n¿?�ÚU?


©z[8]��Ý�e.. ã 1 ¤«´î.«5ê−6 6 ε 6 −1 ­¡i\ã G(J.

ε −1 −2 −3 −4 −5 −6

H(ε) H(ε) = ⌊ 7+
√

49−24ε)

2
⌋ 6 7 7 8 9 11

©z[8](J ∆(G) >
√

46 − 54ε + 19 29 32 34 36 37 39

½n1�(J ∆(G) > 3
√

4 − 3ε 8 10 11 12 14 15

½n2�(J ∆(G) > 6
√

1 − ε 9 11 12 14 15 16

ããã 1 îîî...«««555êêê −6 6 ε 6 −1 ­­­¡¡¡iii\\\ããã G (((JJJ

Fig. 1 Result on embedded graph G on a surface of Euler characteristic −6 6 ε 6 −1

½½½nnn 1 �ã G ´þ�i\ã� ε 6 0, ���Ý ∆(G) > 3
√

4 − 3ε �, la(G) = ⌈∆(G)
2 ⌉.

½½½nnn 2 �ã G ´gþ�i\ã� ε 6 0,���Ý ∆(G) > 6
√

1 − ε �, la(G) = ⌈∆(G)
2 ⌉.
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��ã G ¡�DÕãXJ |E(G)| = O(|V (G)|). éu�½�î.«5êε �÷v½n1 ½

½n 2 ��Ýe.�, Tã�DÕã, Ïd�©?Ø�ãa�DÕã.

1 Ú n

ÚÚÚnnn 1.1 �ã G ´þ�i\ã� ε 6 0, ���Ý ∆(G) > 3
√

4 − 3ε �, K
∑

f∈F (d(f) −
6) > 0.

y²: du G ´þ�i\ã, ¤± G �ü¡½V¡i\ã. dî.úª�� |E(G)| =

|V (G)|+ |F (G)|−ε, du ∆(G) > 3
√

4 − 3ε > 7, ¤± |E(G)| = |V (G)|+ |F (G)|−ε > 8+1+1,

= |E(G)| > 10, qdu
∑

f∈F (d(f) − 6) = 2|E(G)| − 6|F (G)| > 0.

ÚÚÚnnn 1.2 �ã G ´gþ�i\ã� ε 6 0, ���Ý ∆(G) > 6
√

1 − ε �, K
∑

f∈F (d(f)−
6) > 0.

yyy ²²² du G ´gþ�i\ã, ¤± G � 3 ½ 4 ¡i\ã. dî.úª�� |E(G)| =

|V (G)|+ |F (G)| − ε, ±9 ∆(G) > 6
√

1 − ε > 8, ¤± |E(G)| = |V (G)|+ |F (G)| − ε > 9 + 3+ 1,

= |E(G)| > 13, qdu
∑

f∈F (d(f) − 6) = 2E(G) − 6F (G) > 0.

b� G ´¦½n 1 ½½n 2 ¥�(ØØ¤á����~, KkXeÚn¤á(©z[8]).

ÚÚÚnnn 1.3
[8] éu?¿�> uv ∈ E(G), K dG(u) + dG(v) > ∆(G) + 2.

dÚn 1.1, �� δ(G) > 2 �?¿ü� 2-:Ø��.

ÚÚÚ nnn 1.4
[8] G Ø ¹ ó � v0v1 · · · v2n−1v0 ¦ � d(v1) = d(v3) = · · · = d(v2n−1) =

2 � max
06i<n

|N2(v2i)| > 3.

� G2 ´ d 2-: � ' é > � � Ñ f ã, M ´ G ¥ � Ú G2 � 2-: � � �. X J uv ∈
M � d(u) = 2, @o¡ v � u ��� 2-master. w,z� 2-:Ñk�� 2-master, §7,´

��Ý:,z����Ý:�õ´�� 2-:� 2-master.

éu�ê t (3 6 t 6 ⌊∆(G)
2 ⌋), - Xt ⊆ {v| 2 6 dG(v) 6 t}±9 Yt = N(Xt). dÚn 1.3 �

� Xt ´ã G >Õá8. - K ´± Xt � Yt ��§�©Ü�ãG ��Ñ�Üfã. @oé

u u ∈ Xt k dK(u) = dG(u). éu?¿� v ∈ Yt XJ dK(v) > dG(v)+2(t−⌈∆(G)
2 ⌉)@o¡ K ´

�� t-alternating.

ÚÚÚnnn 1.5
[8] XJ 3 6 t 6 ⌈∆(G)

2 ⌉), Kã G Ø¹ t-alternating.

ÚÚÚnnn 1.6
[8] XJ Xt 6= ∅, @o�3 Kt��Üfã Mt ¦�éuz�� x ∈ Xt� dMt

(x) =

1, �é?¿� y ∈ Yt, 0 6 dMt
(y) 6 2t − 1.

3ã G ¥, XJ xy ∈ Mt, K¡ y ´ x � t-master. dÚn 1.4 ��éu?¿� i Ú j (2 6

i 6 j 6 3), Kz�� i-:Ñk j-master.

2 ½n9Ùy²

½½½nnn 1 �ã G ´þ�i\ã� ε 6 0, ���Ý ∆(G) > 3
√

4 − 3ε �, la(G) = ⌈∆(G)
2 ⌉.

yyy ²²² b�ã G ´¦½nØ¤á����~. dî.úª |V (G)|−|E(G)|+ |F (G)| = ε,

��
∑

v∈V

(d(v) − 3) +
1

2

∑

f∈F

(d(f) − 6) = −3(|V (G)| − |E(G)| + |F (G)|) = −3ε > 0.

dÚn 1.1 ��,
∑

f∈F (d(f) − 6) > 0. ¤±
∑

v∈V (d(v) − 3) 6 −3ε.

éu?¿� x ∈ V (G), ½Â ch(x) = d(x)−3, �âe¡�Ñ�5K, éuz�� x ∈ V (G),

­#©�#��P� ch′(x). du­#©��ØK����Ú, ¤±
∑

x∈V (G)

ch′(x) =
∑

x∈V (G)

ch(x) 6 −3ε. (1)
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XJéz�� x∈V (G) U
�� ch′(x)>−3ε. ùÒ��
gñ. e¡�ÑÝ­#©���5K.

R1 z�� 2-:l§� 2-masters �É� 1.

R2 XJ 3 6 d(v) 6 ∆(G) − 1, @o v :=Ø�É��Ø©�.

äääóóó é?¿� v ∈ V , K ch′(v) > 0; AO�XJ d(v) > ⌈∆(G)
3 ⌉, K ch′(v) > ⌈∆(G)

3 ⌉ − 2.

yyy ²²² XJ d(v) = 2, @o ch′(v) > 0, ù´Ï� v l§� 2-masters �É�� 1; X

J d(v) = 3, @o ch′(v) = 0; XJ 4 6 d(v) 6 ∆(G) − 1, @o v QØ�É�Ø©��,

éuz��u ∈ N(v) dÚn 1.3 �� dG(u) > 3, ¤± ch′(v) = ch(v) = d(v) − 3 > 0; X

J d(v) > ⌈∆(G)
3 ⌉K d(v) − 3 > ⌈∆(G)

3 ⌉ − 4.

XJ d(v) = ∆(G), @oéu u ∈ N(v)k dG(u) > 2, ù�±íÑ v ´ 1 �:� 2-master, ¤

± ch′(v) >
2
3 (∆(G) − 3) − 1).

du ∆(G) > 3
√

4 − 3ε, ¤± ∆(G) − 2 > ⌈∆(G)
3 ⌉, Ïd� d(v) > ⌈∆(G)

3 ⌉� ch′(v) >

⌈∆(G)
3 ⌉ − 2. ¤±äó¤á.

- U = {u| dG(u) 6 ⌊∆(G)
3 ⌋}, W = N(U). dÚn 1.3 �� U ´ G �Õá8. � F ´ G �

Ñ�Üfã, U Ú W ´ F �©Ü. XJ |V (G)\U | 6 ⌊∆(G)
3 ⌋ + 1, @oéuz�: w ∈ W ,

dF (w) = dG(w) − dG−U (w) > dG(w) − ⌊∆(G)
3 ⌋ > dG(w) − 2⌈∆(G)

2 ⌉ + 2⌈∆(G)
3 ⌉, �Ò´. F ´

ã G � (⌈∆(G)
3 ⌉)-alternating,�Ún 1.6 gñ. ¤± |V (G)\U | > ⌈∆(G)

3 ⌉ + 2. ù���
∑

v∈V (G) ch(v) =
∑

v∈V (G) ch′(v) > (⌈∆(G)
3 ⌉+2)(⌈∆(G)

3 ⌉−2) > (⌈ 3
√

4−3ε
3 ⌉+2)(⌈ 3

√
4−3ε
3 ⌉−

2) > −3ε, gñ. ù�Ò�¤
½n 1 �y².

½½½nnn 2 �ã G ´gþ�i\ã� ε 6 0, ���Ý ∆(G) > 6
√

1 − ε �, la(G) = ⌈∆(G)
2 ⌉.

yyy ²²² b�ã G ´¦½nØ¤á����~. dî.úª |V (G)|−|E(G)|+ |F (G)| = ε,

��

∑

v∈V

(d(v) − 3) +
1

2

∑

f∈F

(d(f) − 6) = −3(|V (G)| − |E(G)| + |F (G)|) = −3ε > 0.

dÚn 1.2 ��,
∑

f∈F (d(f) − 6) > 0. ¤±
∑

v∈V (d(v) − 3) 6 −3ε.

éu?¿� x ∈ V (G), ½Â ch(x) = d(x)−3, �âe¡�Ñ�5K, éuz�� x ∈ V (G),

­#©�#��P� ch′(x). du­#©��ØK����Ú, ¤±

∑

x∈V (G)

ch′(x) =
∑

x∈V (G)

ch(x) 6 −3ε. (2)

XJéz�� x∈V (G) U
�� ch′(x)>−3ε. ùÒ��
gñ. e¡�ÑÝ­#©���5K.

R1 z�� 2-:l§� 2-masters �É� 1.

R2 XJ 3 6 d(v) 6 ∆(G) − 1, @o v :=Ø�É��Ø©�.

aqu½n 1 �y², ��

é?¿� v ∈ V , K ch′(v) > 0; AO�XJ d(v) > ⌈∆(G)
3 ⌉, K ch′(v) > ⌈∆(G)

3 ⌉ − 2.

- U = {u| dG(u) 6 ⌊∆(G)
3 ⌋}, W = N(U). dÚn 1.3 �� U ´ G �Õá8. � F ´ G �

Ñ�Üfã, U Ú W ´ F �©Ü. XJ |V (G)\U | 6 ⌊∆(G)
3 ⌋ + 1, @oéuz�: w ∈ W ,

dF (w) = dG(w) − dG−U (w) > dG(w) − ⌊∆(G)
3 ⌋ > dG(w) − 2⌈∆(G)

2 ⌉ + 2⌈∆(G)
3 ⌉, � Ò ´,

F ´ã G � (⌈∆(G)
3 ⌉)-alternating, �Ún 1.6 gñ. ¤± |V (G)\U | > ⌈∆(G)

3 ⌉ + 2. ù��

�
∑

v∈V (G) ch(v) =
∑

v∈V (G) ch′(v) > (⌈∆(G)
3 ⌉+2)(⌈∆(G)

3 ⌉−2) > (⌈ 6
√

1−ε
3 ⌉+2)(⌈ 6

√
1−ε
3 ⌉−2) >

−3ε, gñ. ù�Ò�¤
½n 2 �y².

¡�½�­¡ S2 �V�¡; ¡ã G n�¿©­¡ Σ XJã G i\�­¡ Σ þ�z�¡�

¡Ý� 3.
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½½½nnn 3 �ã G ´V�¡�n�¿©ã, �Uþ�i\�î.«5ê� ε 6 −2 ­¡þ, �

��Ý ∆(G) > 3(
√

1 − 2
3ε + 2) �, la(G) = ⌈∆(G)

2 ⌉.
yyy ²²² b�ã G ´¦½nØ¤á����~. duã G i\� S2, dî.úª |V (G)|−

|E(G)| + |F (G)| = −2, ��

∑

v∈V

(d(v) − 3) +
1

2

∑

f∈F

(d(f) − 6) = −3(|V (G)| − |E(G)| + |F (G)|) = 6 > 0.

du G �n�¿©S2, ¤± 3|V (G)| = |E(G)| − 6.
∑

v∈V (d(v) − 3) =
∑

v∈V (d(v) − 6) +

3|V (G)| = 3|V (G)| + 12, ¤±
∑

v∈V (d(v) − 3) = 6 + |E(G)|. du G Uþ�i\�î.«5ê

� ε 6 −2 ­¡þ, �� |E(G)| 6 − 3
2ε, ¤±

∑

v∈V (d(v) − 3) 6 6 − 3
2ε.

éu?¿� x ∈ V (G)), ½Â ch(x) = d(x)−3, �âe¡�Ñ�5K, éuz�� x ∈ V (G),

­#©�#��P� ch′(x). du­#©��ØK����Ú, ¤±

∑

x∈V (G)

ch′(x) =
∑

x∈V (G)

ch(x) 6 6 − 3

2
ε. (3)

XJéz��x∈V (G)U
�� ch′(x)>6− 3
2ε. ùÒ��
gñ. e¡�ÑÝ­#©���5K.

R1 z�� 2-:l§� 2-masters �É� 1.

R2 XJ 3 6 d(v) 6 ∆(G) − 1, @o v :=Ø�É��Ø©�.

aqu½n 1 ¥�y²��

é?¿� v ∈ V , K ch′(v) > 0; AO�XJ d(v) > ⌈∆(G)
3 ⌉, K ch′(v) > ⌈∆(G)

3 ⌉ − 2.

- U = {u| dG(u) 6 ⌊∆(G)
3 ⌋}, W = N(U). dÚn 1.3 �� U ´ G �Õá8. � F ´ G �

Ñ�Üfã, U Ú W ´ F �©Ü. XJ |V (G)\U | 6 ⌊∆(G)
3 ⌋ + 1, @oéuz�: w ∈ W ,

dF (w) = dG(w) − dG−U (w) > dG(w) − ⌊∆(G)
3 ⌋ > dG(w) − 2⌈∆(G)

2 ⌉ + 2⌈∆(G)
3 ⌉, � Ò ´,

F ´ ã G � (⌈∆(G)
3 ⌉)-alternating, � Ú n 1.6 g ñ. ¤ ± |V (G)\U | > ⌈∆(G)

3 ⌉ + 2. ù �

��
∑

v∈V (G) ch(v) =
∑

v∈V (G) ch′(v) > (⌈∆(G)
3 ⌉ + 2)(⌈∆(G)

3 ⌉ − 2) > (⌈ 3(
√

1− 2

3
ε+2)

3 ⌉ + 2)

(⌈ 3(
√

1− 2

3
ε+2)

3 ⌉ − 2) > 6 − 3
2ε, gñ. ù�Ò�¤
½n 3 �y².
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