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Abstract: Let a be a group automorphism of the affine Weyl group (A,2m §) with oe(g) =S.
Affine Weyl group (ém S) can be seen as the fixed point set of the affine Weyl group (A}m §)
under its group automorphism «. The restriction to én of the length function E7l on gzn
can be seen as a weight function on C,. In this paper, we give the description for all the
left and two-sided cells of the specific weighted Coxeter group (63776) and prove that each
left cell in (63776) is left-connected.
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0 Introduction

Denote by Z (resp., N, N*) the set of all integers (resp., non-negative integers, positive
integers). For any ¢ < j in Z, denote by [i, j] the set {¢,i 4+ 1,---,5} and [j] the set [1, j]. For
any a € Q, denote by |a] the largest integer with |a] < a and |a| the absolute value of a. For
any k € Z, denote by (k) the unique integer in [2n + 1] with & = (k) (mod 2n + 1). Denote by
|S| the cardinal of the set S.

A weighted Coxeter group (W, L) is, by definition, a Coxeter group W together with a
weight function L : W — N on it. Suppose that (W, L) is in the quasi-split case, W can be
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seen as a fixed point set of some Coxeter system (W, S ) under its group automorphism (denote
by «) with a(S) = S (see [1]). Let S = {s;]0 < i < 2n} be the Coxeter generator set of the
affine Weyl group As,, with 52 = (s8i8i41)% = (s487)? = 1 for any i, j in [0, 2n] (write s2,1+1 = So)
with (j) # (i +1). Let a be the group automorphism of (As,, S) with a(s;) = san_; for any
i € [0,2n)]. Affine Weyl group C,, can be seen as a fixed point set of (Ag,,S) under a. We can
see the restriction to én of the length function Tgn (or lin short) on Avgn as a weight function on
5,, The cells of the weighted Coxeter groups (53,75), (53,77) and (54,77) have been described
in [2], [3], [4]. In this paper, we give the description for all the cells of the specific weighted

Coxeter group (Cs, lg).

1 Cell theories of a weighted Coxeter group

Some concepts and results concerning a weighted Coxeter group will be introduced in this
section. All follow from Lusztig in [1] but Lemma 1.1 follows from Shi in [2].

Let (W,S) be a Coxeter System and [ be the length function on W. An expression
w = 851828, € W with s; € S is called reduced if l(w) = r. A weight function on W is,
by definition, a map L : W — N with L(w) = L(s1) + L(s2) + -+ + L(s,) for any reduced
expression w = $183---8, € W and L(s) = L(t) for any conjugated s,t in S. A weighted
Cozeter group (W, L) is a Coxeter group W together with a weight function L on it. In the
case L =1, we call (W, L) in the split case.

Suppose that « is a group automorphism of W with «(S) = S. Let W be the set of all
w € W satisfying a(w) = w. For any a-orbit J on S, let w; be the longest element in the
subgroup W; of W generated by J. Let S, be the set of all elements w; with J ranging over
all a-orbits on S. Then (W%, S,) can be seen as a Coxeter System and the restriction of I to
W can be seen as a weight function on We. The weighted Coxeter group (W, 1) is called in
the quasi-split case.

Let > (resp., o ﬁ%) be the equivalence relation associated to the preorder < (resp., <,
L R

< ) defined by Lusztig. The corresponding equivalence classes in W are called left cells (resp.,
LR

right cells, two-sided cells) of W.

Denote by a the a-function on W defined by Lusztig. We have the following result.

Lemma 1.1(see [2, Lemma 1.7]) Suppose that W is either a finite or an affine Cozeter
group and that (W, L) is either in the split case or in the quasi-split case. A non-empty subset
E of W is a union of some two-sided cells of W if the following conditions (a)—(b) hold:

(a) There exists some k € N with a(x) = k for all x € E;

(b) The set E with E = {z|z~1 € E} is a union of some left cells of W.

2 Specific weighted Coxeter groups (As,,ls,) and (Cy, la,)
Affine Weyl group Aj, can be seen as the following permutation group on Z (sce [1]):

2n-+1 2n+1

(i+2n+ D= (w+2m+1 3" (=Y z}

i=1

Agn:{w:Z—>Z
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Let S = {5;]0 < i < 2n} be the Coxeter generator set of Ay, satisfying (t)s; = ¢+ 1 if (t) = (i),
(t)s; =t —11if (t) = (i + 1) and (¢)s; = ¢ otherwise, for any ¢ € Z. Let a be the group
automorphism of (ggn, §) determined by «(s;) = s2,—; for any i € [0,2n]. Any w € Ay, can
be seen as a Z x Z monomial matrix Ay = (d(iyw,j)i,jez. The row (resp., column) indices of A,
are increasing from top to bottom (resp., from left to right).

Let S = {#;|0 < i < n} be the Coxeter generator set of C,, determined by tg = 505250,
tn = 8y, and t; = $;S2,—; for any i € [n — 1]. Under the group automorphism « of (Avgn, §), the
affine Weyl group (C,, S) can be seen as a fixed point set of (Aa,, S) and can also be seen as a

permutation group on Z:
G = {w .7 — Z‘(i F2on+ Dw = (Dw+2n + 1, (—i)w = —(§)w, Vi € Z}.

A partition of positive integer n is, by definition, an r-tuple A = (A1, A2, -+, A,) with
M+X+-+X A =nand \; 2 X2 == \.. A with i € [r] is called a part of \. Let A,
be the set of all partitions of n. We usually denote \ by the form jfl j§2- - «jEm (boldfaced),
where j; is a part of A with multiplicity k; > 1 for any ¢ € [m] with j1 > ja > -+ > j, = 1.

Fix w € Ag,. Let i # j in [2n + 1]. We write ¢ <, j if there are some p,q in Z with
2pn+p+i > 2gn+q+j and (2pn+p+i)w < (2gn+ g+ j)w. In terms of the entries of A,,, this
means the entry 1 at the position (2pn + p + ¢, (2pn + p + i)w) is located to the southwestern
of the entry 1 at the position (2gn + ¢+ J, (2gn + ¢+ j)w). Then we can define a partial order
=w on [2n + 1] (see [2, 2.2]).

By a w-chain, we mean an integer sequence ai,ds,- -+ ,a, in [2n + 1] satisfying a1 <4,
a2 < 0 = ar. A k-w-chain- family with k > 1 is, by definition, a disjoint union of some
k w-chains. Denote by dj the maximally possible cardinal of all k-w-chain-families. Then
dy <dy <---<d =2n with some r > 1. Let \y = dj and \; = d; — d;—1 for any i € [2,7].
By a result in [6] we have \y > Ay > -+ > \,.. Then a map 9 from Zgn to the set Agpi1
can be defined by setting ¢ (w) = (A1, A2, -+, A,) for any w € As,,. For any A € Agpai, let
Eyx=¢"*N)NC,.

Let i # j in [2n]. Two integers i, j are called 2n-dual if i + j = 2n + 1 (we denote i = j).
i, j are called w-comparable if © <y, j or j <4 ¢ and w-uncomparable if otherwise. The integer ¢
is called w-wild (resp., w-tame) if i,4 are w-comparable (resp., w-uncomparable) and a w-wild
head (resp., a w-tame head) if i with (i)w < (i)w is w-wild (resp., w-tame).

Denote by l~2n (or 1 in short) the length function on Avgn and [ the length function on
CN'n. Then the affine Weyl group (ggn,l;n) is in the split case and the weighted Coxeter group
(Cp,l2n) is in the quasi-split case. For any z € (Agp,lan). Let L(z) = {s € S|sz < z} and
R(z) = {s € S|zs < x}. Forany y € C,,. Let L(y) = {t € S|ty < y} and R(y) = {t € S|yt < y}.
Let my(z) = |{i € Z|i < k, (i)x > (k)z}| for any z € Ay, and k € Z.

Lemma 2.1(see [2, Proposition 2.4]) Let w € Ay, and x € C,,, we have

W iw) = ¥ (R = T ma(w);

1<i<j<2n+1

(2) ) = $(U(x) = mo(w) + ma (@),
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Let w € Cy,. We see that w is uniquely determined by the n-tuple ((1)w, (2)w, - , (n)w).
Then w can be identified with the n-tuple ((1)w, (2)w, - - , (n)w) and we can denote the latter
simple by [(1)w, (2)w,--- , (n)w].

Lemma 2.2 Let w = [a1,a2, -+ ,a,] and w' = tyw = [a},ab, -+ ,a] in C,, with i €

[0,n]. For any j € [n]

—a;, ifj=1,

(1) Inthe case i =0, al = o7
aj;, if j € [2,n].

oL~

aj, otherwise.

5 ifj = n,
(3) In the case i = n, o =% ry=mn

o~

Aj+1, lfj:Z7
(2) Inthe casei € [n—1], a;=qaj_1, ifj=i+1,

aj;, ifjen-1].

Lemma 2.3 Let w = [ay1,ag, - -+ , an] and w” = wt; = [a},al, - ,a"] in C,, withi € [0,n).

’ N

For any j € [n]

a; +2, if (a;) = 2n,
(1) Inthecasei=0, af =<a;—2, if{a;)=1,

aj, otherwise.

aj—|—1, if <CLJ'> c {Z+1,Z},
(2) Inthecasei € [n], af =<a;—1, if (a;) € {i+1,i},

aj, otherwise.

For any i € [0,2n]. Let Dg(i) be the set of all w € Ay, with |{s;,si41} N R(w)| = 1.
For any w € Dg(i), we see that there is exactly one element (denote by w*) of {ws;, ws;;1} in
Drg(i). The transformation from w to w* in Dg(i) is called a right {s;, s;41}-star operation
(or a right star operation in short) on w. Similarly. We can define a left star operation on
w € 5R(i). In the present paper, when we mention a right star operation (resp., a left star
operation) on some w € én, we always mean that w is regarded as an element of Avgn. We
make such a convention once and forever.

For any w € CN'n Let M (w) be the set of all 2 € én satisfying that there exists a sequence
To=wW,T1, - ,T, =T in én with 7 > 0 satisfying that for any i € [r], xi_lxi_l € S and z; can
be obtained from x;_; by one or two right star operations.

Let w € C,,. We can define a graph M(w) by the following requirements:

(i) The vertex set of the graph M(w) is M (w), each vertex x € M (w) with label R(x);

(ii) Let =,y in M (w). We draw a solid edge from z to y if 27!y € S and x can be obtained
from y by one or two right star operations.

A path in M(w) is, by definition, a sequence xg, 21, - , &, in M(w) with r > 0 such that
x;—1 and x; are joined by a solid edge for any i € [r]. Let x,y € Cn. x,y are called have

the same generalized T-invariants if for any path x = xg, 21, ,x, in M(x), there exists
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a corresponding path y = yo,y1,- -, yr in M(y) with R(x;) = R(y;) for any i € [r] and the
condition still holds if the roles of x and y are interchanged. The graph M(w) can be used in
proving that two elements of C, have the different generalized 7-invariants (sce [2]). Let z,y
in C,. We draw a dashed edge from z to y if M(z) N M(y) =0 and 2~y € S.

For example. In Fig. 1, the vertex [5,4, 6] with label {to, t3}, the vertex [6, 4, 5] with label
{t1,t3} and the vertex [8,4, 5] with label {to,?3}. The notion denotes the set {to,t3} and
the notion denotes two vertices [5,4, 6] and [6, 4, 5] are joined by a solid edge. There
is a dashed edge joined the vertices [6, 4, 5] and [8, 4, 5] since [6,4, 5] = [8, 4, 5]tg and M ([8,4, 5])N
M ([6,4,5]) = 0. We see that no two elements in Fig. 2 have the same generalized 7-invariants.

Lemma 2.4(sec [1, Lemma 16.14]) Let z,1y in C,,.

(1) Ty (resp., x;\%y) in Cy, if and only zfxfzy (resp., xr}\;zy) in Aoy

(2) <y (resp., 2 ) implies Rx) 2 Ry) (resp., Rx) = Ry):

(3) x <y (resp., x;;y) implies L(x) 2 L(y) (resp., L(x) = L(y)).

Supp(ize that E is a non-empty subset of a Coxeter group W. FE is called left-connected
(resp., right-connected) if for any z,y in E, there exists a sequence x = g, 21, - , &, =y in F
with 2;_12; ' € S (resp., #; 'z;—1 € S) for any i € [r] and called two-sided-connected if for any
z,y in E, there exists a sequence x = xg,x1, - ,x, = y in F satisfying that either xi,1x51 es
or x; 'z;_y € S for any i € [r]. Let F be a non-empty subset of E. We call F a left-connected
component of E if F' is the maximal left-connected subset of E.

Lemma 2.5(see [2, Lemma 2.18]) (1) Any left-connected (resp., right-connected, two-
sided-connected) set of =1(X) is in a left (resp., right, two-sided) cell of Agy;

(2) Any left-connected (resp., right-connected, two-sided-connected) set of Ey is in a left
(resp., right, two-sided) cell of Chs

(3) The set E) is either empty or a union of some two-sided cells of 5n

Lemma 2.6(see [2, Corollary 2.19]) (1) Let z,y in = 1(\) with X\ € Agpi1. Ifl(y) =
1(@) + 1(yz™Y) (resp., I(y) = I(z) + [(x~'y)), then z and y are in the same left-connected (resp.,
right-connected) component of 1~*(\) and hence x 7Y (resp., © ~ Y).

(2) Let z,y in E\ with X\ € Aopi1. If l(y) = U(z) + L(yz™Y) (resp., I(y) = l(z) + (z~y)),
then x and y are in the same left-connected (resp., right-connected) component of Ex and hence

T~y (resp., x;y)

3 Partial order =, on [2n+1] determined by weC,

Two technical tools from Shi in [2, Section 3] will be introduced in this section. One is
used in proving the left-connectedness of a left cell of Ch (see Theorem 3.2). The other is used
in checking whether two elements of C, are in the same left cell (see Lemma 3.3).

Lemma 3.1(see [7, Lemma 3.2]) Fizw € C,,.

(i) Let i # j in [2n], then j <., k if and only if k <., J;

Suppose that j # k in [2n] are both w-wild heads and i € [2n] is w-tame head, we have

(ii) j =<w k if and only if §, k are w-comparable if and only if j, k are w-comparable;



32 PR 27 2240 (IR IR) 2016 4F

(iii) ¢,k are w-uncomparable if and only if i # k;
(iv) j, i, forms a w-chain if and only if i, i are both w-comparable with j;
(v) 4, k,j, k forms a w-chain if and only if j,k are w-comparable;

(vi) If (j)w > 2n + 1, we have j <y 2n + 1 <4, j. Suppose that (j)w < 2n + 1, then j,j
are both w-uncomparable with 2n + 1;

(vii) 4,7 are both w-uncomparable with 2n + 1.

Theorem 3.2(see [7, 3.3]) For any k € Z, let ), = tyy if (k) € [n], t), = tgy—1 if
(k) € [n+1,2n] and t}, = 1 if otherwise. Lett;; =t ; y---ti  t; for any i € Z and j € N*.
Suppose that x € Cy, and i € Z satisfy (i)x —2n— 1> (j)a for any j € [i + 1,i + a] with some
a € [2n]. Let &' = t; 42, we have l[(z') = I(z) — l(t;,q) and ¥(zx) = Y(2'). In addition, suppose
that (I)x—2n—1> (§)x for any j € [i+1,i+2n]. Let 2" = t; 241, we have l(z") = 1(z)—2n—1
and Y(x) = (z"). Moreover, for any m € Z, we have

(m)x —2n —1, if (m) = (i),
(m)z” = ¢ (m)z +2n+1, if (m) = (i),

(m)z, otherwise.

Fiz w € Cy. Let By = {i1,ig,- - ,iq} and By = {j1,j2,-- ,js} with a € N*, b € N and
a+b=mn be two subsets of [2n] such that:

(i) i1 <ia < -+ <ig and j1 < jo < -+ < Jp;

(ii) The integers of E1 U Ey are pairwise not 2n-dual;

(iii) (¢)w < (i)w for any i € Ey U Ea;

(iv) There exists some I € N* such that (i)w — (j)w > I(2n + 1) for any i € Ey and
jeBu2nt1).

By repeatedly left multiplying various elements of the form t;; on w, we can get some
w' e én such that there exist some 1 < k1 < ko < -+ < ky < 2b satisfying:

(1) 1) = Uw) — L(ww'1);

(2) Ifb > 0, then [2b] = {ky, ko, ko, 2b+1—ky,2b+1— ko, -~ ,20+1—ky}. The map
¢ g1, d2 e 3 dbs s Jas oo 5 o} — [20] defined by ¢(jm) = km and ¢(jm) = 20+ 1 = ky, for
any m € [b] is an order-preserving bijection,;

(3) There exists some I’ = 1 with (p)w’ = (ip)w —U'(2n + 1) and (a + ky)w' = (jg)w for
any p € [a] and q € [b];

(4) (D)w' < (i)W for any i € [a] U {a+ km|m € [b]};

(56) 0 < min{(i)w’ — (@ + kp)W'|i € [a],m € [b]} <2n+1 ifb> 0;

(6) w',w with Y(w') = p(w) are in the same left-connected component of E.

An r-tuple (a1,a2, -+ ,a,) with a1,az,--- ,a, in N* is called a composition of positive
integer n with rank r > 1if ay +az+---+a, = n. Let 1~\n be the set of all compositions of n. A
generalized tabloid of rank n is an r-tuple T = (T4, T4, - - - , T,) satisfying that [n] is a disjoint
union of its non-empty subsets 11,15, - -+, T).. Let Ca,41 be the set of all generalized tabloids of
rank 2n + 1. Let T/ = (T0, T3, -+, T") and T" = (T, T, -+ ,T!") in Con1. We write T = T"
if r =¢and T] = T} for any ¢ € [r]. For any T € Capny1, let E&(T) = (|Tul, Tz, ,|T|) €
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Agnyr and C(T) = (|Ti, |, |Ti |-+ Ty, |) € Agny1, where the integer sequence iy, ig, - - - iy is a
permutation of 1,2, -+ v with |T;,| > |Ti,| = -+ > |T;,|- We see by [1] that £ : Cop 1 — 1~\2n+1
and ( : K2n+1 — Ao, 41 are both surjective maps. Let € be the set of all w € ;{2" such that
there exists a generalized tabloid T = (T1,T%, -+ ,T,) in Cap41 satisfying that a <, b for any
a€T; and b € T; with ¢ < j in [r] and that any a # b in T; are w-uncomparable with ¢ € [r].
We see that T is entirely determined by the element w € €2, then the generalized tabloid 1" can
be denoted by T'(w). The map T : @ — Cay41 is surjective by a result in [1].

Lemma 3.3(see [5, Lemma 19.4.6]) Let w,w’ in Q with {(T(w)) = &(T(w')). Then
w rzw’ in Aoy if and only if T(w) = T(w').

4 The main results

We give the description for all the cells of the specific weighted Coxeter group (6’3,%) in
the present section (see Theorem 4.1). Let A € A7, denote by n(\) the number of left cells of
Cs in E\. Suppose that E is a union of two two-sided cells E} and F3 of Cs. Denote by ny ()
(resp., n2())) the number of left cells of Cs in E} (resp., E?). The main results are as follows:

Theorem 4.1 In the weighted Coxeter group (53,76), let A € Ay

(1) The set Ey, forms a single two-sided cell of Cs if \ € {7,61,52,512% 43,421,413 321,
322 314 231,2213 215,17},

(2) The set Ey is a union of two two-sided cells of Cs if A = 3212;

(3) The set Ey is infinite if A € {7,61,52,512, 43,421,413, 321, 322, 314},
(4) The set Ey is finite if A € {3212,231,2213, 215 17};

(5) The numbers n(\) for all X\ € A7 are listed in the following Tab 1, where nq(3212%) = 4
and n2(3212) = 1;

(6) Each left cell of Cs is left-connected;

(7) Each two-sided cell of Cs is two-sided-connected.

Tab.1 The numbers n(A) for all A € A7
A 7 61 52 512 43 421 413 321 322 3212 314 231 2213 215
n(\) 48 24 24 24 12 12 12 12 8 5 6 3 3 1

Theorem 4.1 will be proved in section 5 by case-by-case argument. Let A := {421, 321,
3212}. For any A € A7, the set E\ with A & A has been described in [7-11]. We need only to
consider the sets F421, F321 and Egaq2.

Let A € A. We will find a subset F) of E) such that the set F has a non-empty intersection
with each left-connected component of E) (by Theorem 3.2 and various left star operations)
and that no two elements in Fy are in the same left cell of C5 (by Lemma 2.4 and Lemma 3.3).
Then by Lemma 2.5 and Lemma 3.3 we see that the set F)\ can be seen as a representative set
for the left cells of 53 in E). Then the number n()) is just the cardinal of the set Fy. We
usually prove that the set E) forms a single two-sided cell of 53 by proving that the set E) is
two-sided-connected. Lemma 1.1 will be used in proving that E) is a union of two two-sided
cells of 63.



34 PR 27 2240 (IR IR) 2016 4F

5 The proof of Theorem 4.1

Theorem 4.1 will be proved by case-by-case argument in the following part of this section
(see Proposition 5.3, Proposition 5.6 and Proposition 5.10).

Case 1l The set F401

By Lemma 3.1 we see that for any w € 53, w € F421 if and only if w satisfies one of the
following conditions (a)-(c):

(a) There exist some pairwise not 6-dual ¢, j, k in [6] with 4, j are both w-tame heads and
k is w-wild head, satisfying k < i < j <w k-

(b) There exist some pairwise not 6-dual 4, j, k in [6] with ¢ is w-tame head and j, k are
both w-wild heads, satisfying 3 < (j)w < 7 and either j Ay i <w Jj <w k 0T § Aw i <w J <w k-

(¢) There exist some pairwise not 6-dual ¢,j, k in [6] with 4, j,k are all w-wild heads,
satisfying:

(c1) j < k but i, 7, k is not a w-chain;

(2) 3< ()w < T7Tand 3 < (JHw < T;

(c3) Either j Ay @ or 7 £, k.

Let Ejoq (resp., E4sp) be the set of all w € E4p1 satisfying the condition (a) (resp.,
condition (c)). Let Ej,; (resp., Ej,q) be the set of all w € E42; satisfying the condition (b)
with § Aw i <w j (1esp., j Aw i <w j). We have Eg21 = Ejg; U E39; U E3gq U Eda;.

Proposition 5.1 The set F421 is infinite.

Proof. The result follows from the fact that {w|w = [6 + 7p,3,2],p € N} C Eq21. O

Lemma 5.2 There exists a subset Fya1 of E421 such that each left-connected component

of Fa21 contains some w € Fyaq.

Proof. We need only to find a subset Fy21 of E421 such that for any w’' € E421, there exists
some w € Fya1 such that w’,w are in the same left-connected component of Fy27.

(i) Let Fyqq be the set of all w € E421 satisfying the following condition:

(@) 3 < (B)w< B)w<7and Bw < (Dw < 3w+ 7.

We see from Theorem 3.2 that by repeatedly left multiplying various elements with the
form ¢; ; on any w' € Ejy; U E39q, we can get some w € Fyoq such that w’, w are in the same

left-connected component of F421. One can check that
Fi01 ={[6,3,5],[8,3,5], 19, 3,6],[10,2,6],[11, 2, 6], [12, 3, 6] }.

(ii) Let F45; be the set of all w € E421 satisfying the following condition:
(@) 3 < (2w < B)w<7and 2w < (Nw < (2w + 7.
Similarly. For any w’ € E35q U Ejsq, we can get some w € Fjp; such that w',w are in the

same left-connected component of F421. We have
Fio1 = {[5,4,6],[6,4,5],[8,4,5],[9,4,6],[10,5, 6], [11, 5, 6] }.

Let Faa1 = Fj9q U Ffo,. The result is proved. O
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Proposition 5.3 (1) The infinite set Eq21 is two-sided-connected, which forms a single
two-sided cell of 63;
(2) The set Eq21 contains 12 left cells of 6’3, each of which is left-connected.

Proof. Let 1 = [9,4,6], 22 = [8,4,5],23 = [6,4,5] and x4 = [10,2,6]. We see that Fya1 =
M(z1) U M(z2) UM(x3) UM(xy4) (see Fig. 1). It implies by o = z1t1 = a3t and [9,3,6] =
Xaty € M(x2) that the set Fyoq is right-connected.

[5,4,6] [6,4,5] [6,3,5] [10,2,6] [11,2,6] [12,3,6]

[156] [1056] 9461 [845] [835]  [936]
(3 —"2 st} [30 — 20— 1]

Xy X,

Fig. 1 The right-connectedness of the set Fa21

We see from Fig. 1 that no two elements in F427 have the same generalized tabloids. The
result follows from Lemma 2.5, Lemma 3.3, Proposition 5.1 and Lemma 5.2. o

Case 2 The set F32q

Let w € C3. We see from Lemma 3.1 that w € E324 if and only if w satisfies the following
condition (a):

(a) There exist some pairwise not 6-dual 4, j, k in [6] with j < k and ¢ is w-tame head,
satisfying at least one of the following conditions:

(al) j <w i <w k and 0 < (jlw < (k)w < T;

(a2) j <w i <y jand 0 < (jlw < 7 < (k)w < (j)w + 7;

(a3) j <w i <w kand 0 < (jlHw <7< (k)w < (jlw +T;

(ad) 7 < ()w < (K)w < (jw +T.

Let E, (resp., Ezs;, E3:,, E32,) be the subset of Es2q, elements of which satisfy
condition (al) (resp., condition (a2), condition (a3), condition (a4)) of condition (a). We have
Eg2qy = E32, UE2,, UE3,, UE3,,.

Proposition 5.4 The set E32q is infinite.

Proof. The result follows from the fact that {[8 + Tp,9 + 7p, 3]|p € N} C Eg2;. O

Lemma 5.5 There exists a subset F321 of E321 such that each left-connected component

of E321 contains some w € F327.

Proof. We will find a subset F32; of F32, satisfying the requirement above.

(i) Let F{,}zl be the set of all w € E?.l’21 satisfying the following condition:

(b1) 0 < Blw < (b)w < (4)w < (2)w < 7 and (4)w > 3.

By applying various left star operations on any w’ € E{,l’zl, we can get some w € F321 such
that w’, w are in the same left-connected component of Egz;.

(ii) Let F3221 be the set of all w € E§21 satisfying the following condition:

b2) 0 < Blw< (Dw< (Nw <7< (2w < (Hw+ 7 and (4)w > 3.

Similarly, for any w’ € E32,, we can get some element w € Fg,, such that w’, w are in the

same left-connected component of Fgzy.
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(iii) Let F32, be the set of all w € E3,, satisfying the following condition:

(b3) 0 < (Bl)w < (Dw <7< (2w < (Lw+ 7 and (4)w > 3.

One can check that for any w’ € E§21v there exists some w € ngl such that w’ and w are
in the same left-connected component of F32;. We have

F??zl = {[3a 97 1]7 [47 9, 1]) [5a 117 1]7 [57 107 1]a [37 8, 2]7 [47 87 2]7

[5,8,3],[6,9,3],[6,10,2],[6,11,2],[6,12, 3]}.

(iv) Let F3%, be the subset of F3,,, the element of which satisfies the following condition:

(b"4)3< (Dw <7< (l)w< 14 and (1)w < 2w < (Lw+ 7.

We see from Theorem 3.2 that for any w’ € Egzl, there exists some w € Fé/é1 such that
w,w’ are in the same left-connected component of Fgz1.

Let F?”%l be the subset of Fé’;ll, elements of which satisfy the following condition:

b 3<@w <7< (1w < (2w < 14.

Let w’' € Fg3,, we have (1)u’ < (2)u’ < (L)w' + 7 and 7 < (1)’ < 14. If (2)u’ < 14,
we have w’ € Fji,. Suppose that (2)w’ > 14, we see that 7 < (2)uw’ — 7 < (1)w’ < 14. Let
w = totitatstow’, we have w € F§3, and l(w') = I(tot1tatsts) + [(w). Then w' and w are in the
same left-connected component of F32; by Lemma 2.6.

Let Fyz, be the set of all w € Fg3, satisfying the following condition:

b4)3<@w <7< Nw< 2w < 3w+ 7.

Let w € F§3,, we have 0 < (2)uw' — 7 < 7and 0 < (3)w’ < 4. If (2)w' — 7 < (3)w’, then

! 321 Suppose that (2)w’ —7 > (3)w’. Let w = totitatstow’, we see that w € F§21 and w’
and w are in the same left-connected component of F3z27. By 0 < (L)w—7 < (2w—7 < (3)w < 4
we have Fiz, = {[8,9,3]}.

(v) For any w' € F3217 let w = totstatitow’, we have w € F3,,. Then w' and w are in the

321
same left-connected component of Eg2; by Lemma 2.6. We see by the conditions (b2) and (b3)
that F3a, C F3a,. Let Fy2q = Fiz, U{[8,9,3]}, the result is proved. O

Proposition 5.6 (1) The infinite set E3z2q is two-sided-connected, which forms a single
two-sided cell of Cs.
(2) The set E3z2q contains 12 left cells of C~'3, each of which is left-connected.

Proof. Letzy = [5,8,3],22 = [4,8,2],23 = [6,10, 2] and z4 = [4,9,1]. We have F,, = M (1)U
M(x2) UM (x3) UM(z4) (see Fig. 2). We see from x5 = x1t2 = z4t1, [5,10,1] = x3ts € M(x4)
and [6,9,3] = [8,9,3]to € M (1) that the set F3z; is right-connected.

[5.8,3] [6,9,3] [8,9,3]

aok—{1}- 0]

[3,9,1] [3,8,2] [4,8,2] [6,f0,2] [6,11,2]  [6,12,3]

Oz,

[4,9.1] [5,150,1] [5.1L1]

Fig. 2 The right-connectedness of the set Fg2,
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By Fig. 2 we see that no two elements in F32; have the same generalized tabloids. The

result follows from Lemma 2.5, Lemma 3.3, Proposition 5.4 and Lemma 5.5. o

Case 3 The set Fggq2

Let w € Cs. We see that w € E35q2 if and only if w satisfies the following condition (a):

(a) There exist some pairwise not 6-dual i, 7, k in [6] with 4 is w-tame head and j and k
are both w-wild heads, satisfying:

(al) (j)w > 7 and j, k are w-uncomparable;

(a2) There exactly one of the following conditions holds:

(a21) The integers of {i,i, k, 7} are pairwise w-uncomparable;

(a22) (k)w > 7 and the integers of {i,4,j, k} are pairwise w-uncomparable.

Let B3,z (resp., E2,,2) be the set of all w € E3aq2 satisfying the condition (a21) (resp.,
condition (a22)) of the condition (a). Then we have Egp12 = Ey 2 U E2yya.

Proposition 5.7 The set Fgzoq2 is finite.

Proof. For any w € Ega12 and ¢ € [6], we always have —4 < (t)w < 21. O

1

Lemma 5.8 (Ei,,2) = E3y,2 and (E92,212)71 = E3p12-

Proof. By closely observing the matrix forms of the elements in Fgpq2, we see that if w € Egaq2
satisfying the condition (a21) (resp., the condition (a22)) of the condition (a), so does w=t. [

Lemma 5.9 There exists a subset F31212 (Tesp.,nglz) of Eé212 (Tesp.,Egzlz) such that
each left-connected component of Ezy,2 (resp.,E3q,2) contains some w in Fgy 5 (resp.,Fiag2).

Proof. (i) Let F§212 be the set of all w € Eé212 satisfying the following condition:

b1)3<Bluw<Bw<7<(6)w< Bw+T7.

By applying various left star operations on any w’ € Eézlg, we can get some w € F3}212
such that w’ and w are in the same left-connected component of F3512. Then we have

Fip2 ={[-1,2,4],(-2,1,4],[-3,1,5],[—4,1,5]}.

(ii) Let F32212 be the set of all w € E§212 satisfying the following condition:

b2)3< Dw <7< B)w < (Bl)w < (3w +T.

For any w' € E§212, we see that there exists some w € F§212 in a left-connected component
of E3212 containing w’. We see from 0 < (5)w —7 < (6)w — 7 < (3)w < 4 that Fiy2 =
{[-2,-1,3]}. O

Proposition 5.10 (1) The finite set Egg12 is a union of two two-sided cells E?.l’212 and
E§212 of 53, each of which is two-sided-connected,

(2) The set Eézlg contains 4 left cells of 53, each of which is left-connected,

(3) The set E§212 is left-connected, which forms a single left cell of Cs.

Proof. 1t implies by Fgp,2 = M([—2,1,4]) U {[-1,2,4]} and [-2,1,4] = [-1,2,4]t; that the
set F3}212 is right-connected.

By R([—2,—-1,3]) = {to} and Fig. 3 we see that no two elements in F35;2 have the same
generalized tabloids. The result follows from Lemma 1.1, Lemma 2.5, Lemma 3.3, Proposition
5.7 and Lemmas 5.8—5.9. o
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[-1,2,4] [-2,1,4] [-3.1,5] [-4.1,5]

Fig. 3 The right-connectedness of the set F;212

So far we have proved all the assertions in Theorem 4.1.
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