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The multiple Markov chains in random environments
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Abstract: The multiple Markov chains in random environments were introduced and

several properties and application backgrounds of the multiple Markov chains in random

environments were given. An existence theorem on the multiple Markov chains in random

environments was proved and several equivalent conditions of the multiple Markov chains

in random environments were presented.
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�ïÄ¿��
éõ´L�¤J. fm©�ïÄÌ�´8¥3 MCRE�ü«AÏ�., =

�Å�¸¥��ÅiÄ��Å�¸¥�©|L§, ��©z[1-6]. 3dÄ:þ, MCRE �

��nØ�ïÄ��
�Ð�uÐ. Cogburn 3 MCRE �G�©a[7-8]
!²©Ù[9]

!¥%

4�½n[10]��¡¼�
´L�ïÄ¤J. Orey[11]é Cogburn�<�ó�?1
o(Ú

µd, Ó���aqu²;ê¼ónØ�¡�(J¿JÑ
�
úm�¯K4�[ïÄ

)�. ¶�»[12]ïÄ
 MCRE ��E¿?Ø
 MCRE �ê¼5�'X. �&ä[13-14]©O?

Ø
 MCRE ��E��Å�¸¥ q- L§��3��5. oA¦[15-16]ïÄ
 MCRE �ê¼

Vó�'X. 'u MCRE ��[0��ë�©z[17]. �©Ì�´3 MCRE�ïÄÄ:þ

é MCRE �.?1í2, Ú\
õ�Å�¸¥�ê��Åó�., ?Ø
õ MCRE�

�
5�, �Ñ
õ MCRE��
A^. ~ 1 �Ñ
õ MCRE3�½ýÿ¥�A^

�µ; ~ 2 �Ñ
õ MCRE3<�ýÿ¥�A^�µ; ~ 3!~ 4�Ñ
ü«AÏ�õ

 MCRE(��Å�¸¥��ÅiÄ); ~ 5A^½n 1.3�(J�Ñ
õ MCRE3 �¬

�Èýÿ�.¥�A^.

� Z ��ê8, N = Z+ ��K�ê8, (X ,A) � (Θ ,B)�ü��ÿ�m, Ù¥X ��

õ�ê8, A´X �lÑ� σ- �ê, (
−→
X ,

−→
A) 9(

−→
Θ ,

−→
B ) ©O�éA�¦È�m. ùp

−→
X =

XN,
−→
A = AN,

−→
Θ = ΘZ,

−→
B = BZ, (

−→
X n

k ,
−→
An

k ) 9(
−→
Θ n

k ,
−→
B n

k ) ©O�éA�Ü©¦È�m, Ù

¥,
−→
X n

k =
∏n

j=k Xj ,
−→
An

k =
∏n

j=k Aj , 0 6 k 6 n < ∞,
−→
Θ n

k =
∏r

j=k Θj,
−→
B n

k =
∏n

j=k Bj,−∞ <

k 6 n < ∞. AO/, - (Θm,Bm)!(Xm,Am) � m �¦È�ÿ�m, Θm,Xm ¥���

©O^ θm, xm 5L«. � (Ω,F , P ) ´�VÇ�m,
−→
ξ = {ξn, n = 0,±1,±2, · · · }Ú

−→
X =

{Xn, n = 0, 1, 2, · · · }´VÇ�m (Ω,F , P ) þ©O��u Θ ÚX �ü��ÅS�,
−→
ξ n+m−1

n =

(ξn, ξn+1, · · · , ξn+m−1) Ú
−→
Xn+m−1

n = (Xn, Xn+1, · · · , Xn+m−1) ©O���u Θm ÚXm �ü

� m ��Å�þS�.

1 õ MCRE ��.�5�

½½½ÂÂÂ 1.1 � p(·; ·, ·) : Θm ×Xm ×A 7→ [0, 1], e÷v^�

(i) �½ θm 9 xm, p(θm; xm, ·) ´Aþ���VÇÿÝ,

(ii) �½ θm 9 A ∈ A, p(θm; ·, A) 'uAm �ÿ,

(iii) �½ xm 9 A ∈ A, p(·; xm, A) 'uBm �ÿ,

(iv) éz��½� A ∈ A, p(·; ·, A) 'uBm ×Am �ÿ,

K¡ p(·; ·, ·) ��� m�Åê��ÅØ.

½½½ ÂÂÂ 1.2 �
−→
ξ = {ξn, n = 0,±1,±2, · · · }Ú

−→
X = {Xn, n = 0, 1, 2, · · · }´ V Ç �

m (Ω,F , P ) þ©O��u Θ ÚX �ü��ÅS�, p(·; ·, ·) � Θm × Xm × A 7→ [0, 1]þ�

�� m �Åê��ÅØ, eé?¿� A ∈ A, B ∈ B, ÷v^�

P (Xn+m ∈ A, ξn+m ∈ B|
−→
Xn+m−1

0 ,
−→
ξ n+m−1

−∞ )

= p (
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , A) · P (ξn+m ∈ B|
−→
ξ n+m−1

−∞ ), (1)

K¡
−→
X � m �Å�¸

−→
ξ ¥�ê��Åó.

555 1.1 AO�, � m = 1 �,
−→
X ��Å�¸

−→
ξ ¥�ê��Åó.

e¡½n 1.1ò?Ø m�Å�¸¥�ê¼ó�A��d^�, ½n 1.2 ò�Ñ�Å�

¸¥�ê¼ó!m�Å�¸¥�ê¼ó!n�Å�¸¥�ê¼ó�m��p'X.
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½½½nnn 1.1 e�^��d.

(a) (
−→
X,

−→
ξ ) � (Ω,F , P ) þ� m  MCRE;

(b) é?¿� A ∈ A, B ∈ B, ^�

P (Xn+m ∈ A, ξn+m ∈ B|
−→
Xn+m−1

0 ,
−→
ξ n+m−1

−∞ )

= p (
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , A) · P (ξn+m ∈ B|
−→
ξ n+m−1

−∞ )¤á; (2)

(c) é?¿� A ∈ A,
−→
B∞

n+m ∈
−→
B∞

n+m, ^�

P (Xn+m ∈ A,
−→
ξ ∞

n+m ∈
−→
B∞

n+m|
−→
Xn+m−1

0 ,
−→
ξ n+m−1

−∞ )

= p (
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , A) · P (
−→
ξ ∞

n+m ∈
−→
B∞

n+m|
−→
ξ n+m−1

−∞ )¤á; (3)

(d) é?¿� A ∈ A,
−→
Am−1

0 ∈
−→
Am−1

0 , ^�

P (Xn+m ∈ A|
−→
Xn+m−1

0 ,
−→
ξ ) = p(

−→
ξ n+m−1

n ;
−→
Xn+m−1

n , A)Ú (4)

P (
−→
Xm−1

0 ∈
−→
Am−1

0 |
−→
ξ ) = p(

−→
Xm−1

0 ∈
−→
Am−1

0 |
−→
ξ m−1

−∞ )¤á. (5)

½½½nnn 1.2 e
−→
X � m �Å�¸

−→
ξ ¥�ê��Åó, K

−→
X � n(n > m) �Å�¸

−→
ξ ¥

�ê��Åó.

555 1.2 d5 1.1 9½n 1.2 � MCRE 7,´ m  MCRE, l m �Å�¸¥�ê�

�Åó´�Å�¸¥�ê��Åó�.�í2. §��*�{�: XÚ�5 (n + m ��) �

üC5Æ���C�ã�mS (n��� n + m − 1 ��) XÚ¤?�G�Ú�¸k', �

L����m (n���c) Ã'.

e¡�ÑT�.�A�A^�µ.

~~~ 1 (�¦d�ýÿ�.) � Xn, n = 0, 1, 2, · · · L«3 n ��,«�¦�d�. w,e

Ø�Ä�¸Ï��Cz�b½�5��¦d���y3k'�L�Ã', K Xn ���ê

¼ó. ����¹, e�5��¦d�Ø=�y3k', ��y3�L��ã�m (Ø��

� m �ü �m) S��¦d�k', K Xn ��� m ê¼ó. �����, e?�Ú�Ä

	Ü�¸ (X²L�ü!úi²EG¹!½|�¸�Ï�)�Cz, =b½�5�d�¬É

��ã�m (Ø��� m�ü �m)S	Ü�¸�K�, K Xn ��� m �Å�¸¥�

ê¼ó. Ïd, m �Å�¸¥�ê¼óéu�¦d�ýÿ�.äk�ÎÜ¢S��/.

~~~ 2 (<�ýÿ�.) � Xn, n = 0, 1, 2, · · · L« n ���<�êþ. 3n���¹e,

eb��5�<�êþ��y3�<�êþk', �L��<�êþÃ', K Xn ���

ê¼ó. �Ä�<���)�c#ãÚk�c#ã, b��5�<�êþØ=�y3k',

��y3�L��ã�m (Ø��� m�ü �m)S�<�êþk', K Xn ��� m

ê¼ó. �����, e?�Ú�Äg,�¸Ï��K�, =b½�5�<�êþ¬É�l

y3�L��ã�m (Ø��� m�ü �m)S�g,�¸�K�, K Xn ��� m �

Å�¸¥�ê¼ó. Ïd, m �Å�¸¥�ê¼óéu<�ýÿ�.äk�Ün��/.

~~~ 3 (�m�Å�¸¥��þ�;���ÅiÄ) � e = {(ξi, ηi)}i∈Z ���½Â3

VÇ�m (Ω,F , P )þ��u (0, 1)2 þ����Å�þS�, e÷v^�

P (Xn+1 = j+1|Xn−1 = j−1, Xn = j, e) = ξj , P (Xn+1 = j−1|Xn−1 = j−1, Xn = j, e) = 1−ξj ,
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P (Xn+1 = j+1|Xn−1 = j+1, Xn = j, e) = ηj , P (Xn+1 = j−1|Xn−1 = j+1, Xn = j, e) = 1−ηj,

K¡ {Xn, n > 0}��m�Å�¸ e¥��þ�;���ÅiÄ.

~~~ 4 (�m�Å�¸¥��þ�;���ÅiÄ) ~ 3 ¥�=£¼ê´�m ��

�ÅCþ¼ê, eòÙO�¤�m��ÅCþ¼ê,=÷v^�

P (Xn+1 = j+1|Xn−1 = j−1, Xn = j, e) = ξn, P (Xn+1 = j−1|Xn−1 = j−1, Xn = j, e) = 1−ξn,

P (Xn+1 = j+1|Xn−1 = j+1, Xn = j, e) = ηn, P (Xn+1 = j−1|Xn−1 = j+1, Xn = j, e) = 1−ηn,

K¡ {Xn, n > 0}��m�Å�¸ e¥��þ�;���ÅiÄ.

e¡½n 1.3?Ø m�Å�¸¥ê��Åó��35, ¿?Ø m�Å�¸¥�ê

¼ó!m ê��ÅóÚê��Åó�m��p'X.

- L(
−→
X ; y0, y1, · · · , yn) = {−→y ∈

−→
X : (−→y )i = yi} (n > 0, yi ∈ X , 0 6 i 6 n). �½ xm =

(x0, x1, · · · , xm−1),
−→
θ = (· · · , θ0, θ1, · · · ), ½Â P xm

−→
θ

(L(
−→
X ; y0, y1, · · · , yn))Xe

P xm

−→
θ

(L(
−→
X ; y0, y1, · · · , yn))

=











δ((x0, x1, · · · , xn−1), (y0, y1, · · · , yn−1)), n 6 m,

δ(xm, (y0, · · · , ym−1))
n−m
∏

i=0

p((θi, · · · , θi+m−1); (yi, yi+1, · · · , yi+m−1), yi+m), n > m,

Ù¥, δ(·, ·) L««5¼ê, ´y P xm

−→
θ

(·) ���*Ü¤
−→
A þ�VÇÿÝ. d½Â 1.1 9üNa

½n�, �½ xm(xm ∈ Xm) 9 A(A ∈
−→
A), P xm

−→
θ

(A) ��
−→
θ �¼ê'u

−→
B �ÿ; �½ A ∈

−→
A ,

�� xm �
−→
θ �¼ê'uAm ×

−→
B �ÿ. � Φ �Am ×

−→
B þ���VÇÿÝ, ·�ke�(

Ø¤á.

½½½nnn 1.3 �½Am ×
−→
B þ���VÇÿÝ Φ9 Θm ×Xm ×Aþ��� m�Åê�

�ÅØp(·; ·, ·), K�3��VÇ�m (Ω,F , P )9½Â3Ùþ���u (
−→
X ,

−→
Θ) � m  MCRE

(
−→
X,

−→
ξ )

(
−→
X,

−→
ξ ) : Ω 7→ (

−→
X ,

−→
Θ),

�÷ve�^�.

(i) é?¿� C ∈
−→
A ×

−→
B , k

PΦ((
−→
X,

−→
ξ ) ∈ C) =

∫
Xm×

−→
Θ

Φ(dxm,
−→
θ )

∫
−→
X

P xm

−→
θ

(d−→x )IC(−→x ,
−→
θ ); (6)

(ii)
−→
X � PΦ >S©Ù�

PΦ(
−→
X ∈ A) =

∫
Xm×

−→
Θ

Φ(dxm, d
−→
θ )P xm

−→
θ

(A), A ∈
−→
A ; (7)

(iii)
−→
ξ � PΦ >S©Ù (P m) �

PΦ(
−→
ξ ∈ B) = Φ(Xm × B), B ∈

−→
B ; (8)

(iv) e
−→
ξ ´�� mê��Åó, KVó

−→
Y = {Yn = (Xn, ξn), n > 0}½´�� mê

��Åó;
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(v) e
−→
ξ ´�� m ê��Åó, K 2m �ó

−→
Z = {Zn = (

−→
Xn+m−1

n ,
−→
ξ n+m−1

n ), n >

0}´��ê��Åó.

d½n 1.3 ¥� (iv) � (v) �: ÏL*���m�ê��{, ·��±|^ mê��

Åó�ê��Åó��'nØóäïÄ m�Å�¸¥�ê��Åó. e¡�ÑT�{�

��A^.

~~~ 5 (�¬�Èýÿ�.) è�3�¬)�L§¥I�é�5��È�¹?1ýÿ,

±B�è��)�5�JøÜn�nØ�â. �{üå�, yò�ÈG�w¤ü«�/:

±“Xn = 1”L«3 n���¬“��”; ±“Xn = 0”L«3 n���¬“¢�”. 2ò½|�¸

G��w¤ü«�/: ±“ξn = 1”L«3 n ��½|�¸“ûÐ”; ±“ξn = 0”L«3 n ��½

|�¸“�z”. w,eØ�Ä½|�¸S��Cz (=ò½|�¸S��½), ��5��È

G����c��ÈG�k', K {Xn, n > 0}���ê¼ó. ������¹, e½|�

¸S� {ξn, n > 0}´�ÅCz�, ��5��ÈG�Ø=��c��ÈG�k', ���

c�L�� m�ü �m�ÈG�9½|�¸k', K�ò {Xn, n > 0}w¤´ m�Å�

¸ {ξn, n > 0}¥�ê¼ó, lõ�Å�¸¥�ê¼óäk�2��·^��. e¡|^

½n 1.3 �k'5��Ñ¦ P (Xn+1 = 1) 9 P (Xn+1 = 0) ��{.

¦¦¦)))���{{{ Ø���5, Ø�� m = 2, ¿b½�¸S� {ξn, n > 0}��à� 2 ê¼

ó. ·��±ÏLé½|N�¼�Ù=£VÇ (XÏL=£ªêCq=£VÇ), ��

P (ξn+1 = 0|ξn = 0, ξn−1 = 0) = p0, P (ξn+1 = 1|ξn = 0, ξn−1 = 0) = 1 − p0,

P (ξn+1 = 0|ξn = 0, ξn−1 = 1) = p1, P (ξn+1 = 1|ξn = 0, ξn−1 = 1) = 1 − p1,

P (ξn+1 = 0|ξn = 1, ξn−1 = 0) = p2, P (ξn+1 = 1|ξn = 1, ξn−1 = 0) = 1 − p2,

P (ξn+1 = 0|ξn = 1, ξn−1 = 1) = p3, P (ξn+1 = 1|ξn = 1, ξn−1 = 1) = 1 − p3.

du {ξn, n > 0}�äk 2 �G���à� 2ê¼ó, � {(ξn+1, ξn), n > 0}���ä

k 4 �G���à�ê¼ó. |^�?���{�ò {(ξn+1, ξn), n > 0}� 4 �G�©OéA

�: (0, 0) ↔ 0, (0, 1) ↔ 1, (1, 0) ↔ 2, (1, 1) ↔ 3, Ù=£VÇÝ
�













p0 0 1 − p0 0

p1 0 1 − p1 0

0 p2 0 1 − p2

p3 0 0 1 − p3













. (9)

d=£VÇÝ
 (9) 9 {(ξn+1, ξn), n > 0}�Ð©©Ù ((ξ1, ξ0) �©Ù), ¿2|^ê¼ó��

'nØ=�¦Ñ (ξn+1, ξn) �©Ù, ?d'Xª

P (ξn+1 = 1) = P (ξn+1 = 1, ξn = 1) + P (ξn+1 = 1, ξn = 0)Ú

P (ξn+1 = 0) = P (ξn+1 = 0, ξn = 1) + P (ξn+1 = 0, ξn = 0)

=�¦Ñ ξn+1 �©Ù. Ón, ·��±ÏLé{¤êâ�N�¼�Xe�=£VÇ. �

P (Xn+1 = 0|Xn = 0, Xn−1 = 0, ξn = 0, ξn−1 = 0) = q0,
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P (Xn+1 = 1|Xn = 0, Xn−1 = 0, ξn = 0, ξn−1 = 0) = 1 − q0,

P (Xn+1 = 0|Xn = 1, Xn−1 = 0, ξn = 0, ξn−1 = 0) = q1,

P (Xn+1 = 1|Xn = 1, Xn−1 = 0, ξn = 0, ξn−1 = 0) = 1 − q1,

· · · · · ·

2�â½n 1.3 � {(Xn+1, Xn, ξn+1, ξn), n > 0}���äk 16 �G���à�ê¼ó. ·

��±|^þª¼�Ù=£VÇÝ
, 2�â {(Xn+1, Xn, ξn+1, ξn), n > 0}�Ð©©Ù

=�¦Ñ {(Xn+1, Xn, ξn+1, ξn), n > 0}�©Ù. l|^�VÇúªB��� P (Xn+1 =

1) 9 P (Xn+1 = 0) �¦)úª(ùpdu=£VÇÝ
/ª�E,, �ÑäN¦)L�ª).

2 ½n�y²

�!ò�Ñ½n 1.1!½n 1.2!½n 1.3�y², Äk�Ñe�Ún.

ÚÚÚnnn 2.1
[17] � (Ei, Ei) ��ÿ�m, Wi ´VÇ�m (Ω,F , P ) þ� Ei ��Å� (i =

1, 2, 3), fi ´ Ei þ�k.�ÿ¼ê (i = 1, 2, 3), C ´F ¥�f σ- �ê, W1 � W2 'u C ^�Õ

á, W3 'u C/E3 �ÿ, f3 ´ (E2 × E3, E2 × E3) þ�k.�ÿ¼ê, K

E(f1(W1)f2(W2)f3(W2, W3)|C) = E(f1(W1)|C)E(f2(W2)f3(W2, W3)|C).

½½½nnn 1.1���yyy²²² (a) ⇐⇒ (b) d½Â 1.2 w,, ey (b) ⇒ (c). �

Fn+m−1,k = σ(
−→
X k

0 ,
−→
ξ n+m−1

−∞ ),Fn+m−1 = Fn+m−1,n+m−1.

Äky²é?¿� k > 1, k

P (ξn+m ∈ B1, · · · , ξn+m+k−1 ∈ Bk|Fn+m−1)

= P (ξn+m ∈ B1, · · · , ξn+m+k−1 ∈ Bk|
−→
ξ n+m−1

−∞ )Ú (10)

P (Xn+m ∈ A, ξn+m ∈ B1, · · · , ξn+m+k−1 ∈ Bk|Fn+m−1)

= p (
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , A)P (ξn+m ∈ B1, · · · , ξn+m+k−1 ∈ Bk|Fn+m−1)ùüª¤á. (11)

ùp A ∈ A, Bi ∈ B, 1 6 i 6 k, n > 0. A^êÆ8B{y²ª(10)!ª(11). � k = 1 �, 3

ª (2) ¥- A = X ��ª (10)¤á. ò k = 1 ��ª (10) �(Ø�\ª (11), ��� k = 1 �

ª(11) ¤á. �ª (10)!ª(11)é k ¤á, Ké k + 1 �, k

P (Xn+m ∈ A, ξn+m ∈ B1, · · · , ξn+m+k ∈ Bk+1|Fn+m−1)

= E(P (Xn+m ∈ A, ξn+m ∈ B1, · · · , ξn+m+k ∈ Bk+1|Fn+m+k−1)|Fn+m−1)

= E[I{Xn+m∈A}I{ξn+m∈B1,··· ,ξn+m+k−1∈Bk}P (ξn+m+k ∈ Bk+1|Fn+m+k−1)|Fn+m−1].

dª (2) Ú5 1.2 �

P (Xn+m ∈ A|Fn+m−1) = p(
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , A). (12)

d 8 B b � � ª (10) é k ¤ á �{ξn+m, · · · , ξn+m+k−1}� {X0, · · · , Xn+m−1}'

u
−→
ξ n+m−1

−∞ ^�Õá. dª (11) é k ¤á9ª (12) ��{ξn+m, · · · , ξn+m+k−1}� Xn+m '
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uFn+m−1 ^�Õá. yò Xn+m w¤Ún 2.1¥� W1, ò{ξn+m, · · · , ξn+m+k−1}w¤Ú

n 2.1 ¥� W2, ò
−→
ξ n+m−1

−∞ w¤Ún 2.1¥� W3, òFn+m−1 w¤Ún 2.1¥� C, KdÚ

n 2.1 ��

E[I{Xn+m∈A}I{ξn+m∈B1,··· ,ξn+m+k−1∈Bk} · P (ξn+m+k ∈ Bk+1|Fn+m+k−1)|Fn+m−1]

= E[I{Xn+m∈A}|Fn+m−1] · E[I{ξn+m∈B1,··· ,ξn+m+k−1∈Bk},

P (ξn+m+k ∈ Bk+1|
−→
ξ n+m+k−1

−∞ )|Fn+m−1]

= p (
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , A)E
[

P
(

k
⋂

i=0

{ξn+m+i ∈ Bi}|
−→
ξ n+m+k−1

−∞

)

|Fn+m−1

]

. (13)

�

P
(

k
⋂

i=0

{ξn+m+i ∈ Bi}|
−→
ξ n+m+k−1

−∞

)

= h(
−→
ξ n+m+k−1

−∞ ), (14)

w,
−→
ξ n+m−1

−∞ 'uFn+m−1 �ÿ, �
−→
ξ n+m+k−1

n+m �
−→
Xn+m−1

0 'u
−→
ξ n+m−1

−∞ ^�Õá. dÚ

n 2.1 ��ª (13)�±�¤

p(
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , A)E
[

P
(

k
⋂

i=0

{ξn+m+i ∈ Bi}
∣

∣

∣

−→
ξ n+m+k−1

−∞

)∣

∣

∣

−→
ξ n+m−1

−∞

]

= p (
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , A)P
(

k
⋂

i=0

{ξn+m+i ∈ Bi}
∣

∣

∣

−→
ξ n+m−1

−∞

)

. (15)

|^ª (12)!ª(13)!ª(14)!ª(15)ª��

P
(

Xn+m ∈ A,

k
⋂

i=0

{ξn+m+i ∈ Bi}|Fn+m−1

)

= p (
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , A)P
(

k
⋂

i=0

{ξn+m+i ∈ Bi}
∣

∣

∣

−→
ξ n+m−1

−∞

)

. (16)

A O /, 3 ª (16)¥ - A = X � ª (10)é k + 1 ¤ á, ò ª (10)é k + 1 ¤ á � ( Ø �

\ª (16)��ª (11)é k + 1 �¤á, lª (10)!ª(11)¤á. dª (10)Úª (11)��

é
−→
B∞

n+m ¥�¤kÎ8
−→
B∞

n+m, ª(3) ¤á, düNa½n´y²ª (3)¤á.

ey (c) ⇒ (d). 3ª (3) ¥-
−→
B∞

n+m =
−→
Θ∞

n+m, �

P (Xn+m ∈ A|
−→
Xn+m−1

0 ,
−→
ξ n+m−1

−∞ ) = p(
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , A)· (17)

2- A = X �

P (
−→
ξ ∞

n+m ∈
−→
B∞

n+m|
−→
Xn+m−1

0 ,
−→
ξ n+m−1

−∞ ) = P (
−→
ξ ∞

n+m ∈
−→
B∞

n+m|
−→
ξ n+m−1

−∞ ). (18)

dª (17)Úª (18) ´�ª (4) ¤á. 3ª (18)¥- n = 0 �ª (5) ¤á, � (c) ⇒ (d) �y.

ey (d) ⇒ (b). �ª (4) Úª (5) ¤á, Ké k < n 9k.�ÿ¼ê f , k

E[f(· · · , ξn+m−3, ξn+m−2, Xk+m)|Fn+m,k+m−1]

=
∫

f(· · · , ξn+m−3, ξn+m−2, x)p(
−→
ξ k+m−1

k ;
−→
Xk+m−1

k , dx)

= E[f(· · · , ξn+m−3, ξn+m−2, Xk+m)|Fn+m−1,k+m−1].
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|^þªò
n+m−1

∏

k=0

I{Xk∈Ak} �géFn+m,n+m−2,Fn+m,n+m−3, · · · ,Fn+m,m−1 �^�êÆÏ

", ��

P
(

n+m−1
⋂

k=0

{Xk ∈ Ak}|Fn+m,m−1

)

= P
(

n+m−1
⋂

k=0

{Xk ∈ Ak}|Fn+m−1,m−1

)

. (19)

|^ª (5), ék.�ÿ¼ê g, h, k

E(g(
−→
ξ k+m−1

−∞ )h(
−→
Xm−1

0 )|
−→
ξ k+m

−∞ ) = E(g(
−→
ξ k+m−1

−∞ )h(
−→
Xm−1

0 )|
−→
ξ k+m−1

−∞ ). (20)

éª (19) ü>'u
−→
ξ k+m

−∞ �^�êÆÏ"¿|^ª (20)��

P
(

n+m−1
⋂

k=0

{Xk ∈ Ak}|
−→
ξ k+m

−∞

)

= P
(

n+m−1
⋂

k=0

{Xk ∈ Ak}|
−→
ξ k+m−1

−∞

)

.

� ξk+m � {X0, X1, · · · , Xn+m−1}'u
−→
ξ k+m−1

−∞ ^�Õá. Ïd

P (ξn+m ∈ B|Fn+m−1) = P (ξn+m ∈ B|
−→
ξ k+m−1

−∞ ).

lk

P (Xn+m ∈ A, ξn+m ∈ B|
−→
Xn+m−1

0 ,
−→
ξ n+m−1

−∞ )

= E[I{ξn+m∈B}P (Xn+m ∈ A|Fn+m,n+m−1)|Fn+m−1]

= p(
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , A) · P (ξn+m ∈ B|
−→
ξ n+m−1

−∞ ).

� (d) ⇒ (b) �y.

½½½nnn 1.2 ���yyy²²² e p(·; ·, ·)� �� m �Åê��ÅØ, KP

p((θ0, · · · , θn+m); (x0, · · · , xn+m); A) = p((θn+1, · · · , θn+m); (xn+1, · · · , xn+m); A).

�
−→
X � m �Å�¸

−→
ξ ¥�ê��Åó, Äky²

−→
X � m + 1 �Å�¸

−→
ξ ¥�ê��Å

ó. d^�êÆÏ"�5��

P (Xm ∈ Am,
−→
Xm−1

0 ∈
−→
Am−1

0 |
−→
ξ ) = E(E(I

{Xm∈Am,
−→
Xm−1

0
∈
−→
Am−1

0
}
|
−→
ξ ,

−→
Xm−1

0 )|
−→
ξ )

= E(I
{
−→
X

m−1

0
∈
−→
A

m−1

0
}
E(I{Xm∈Am}|

−→
ξ ,

−→
Xm−1

0 )|
−→
ξ )

= E(I
{
−→
X

m−1

0
∈
−→
A

m−1

0
}
p(
−→
ξ m−1

0 ;
−→
Xm−1

0 , A)|
−→
ξ )

= E(I
{
−→
X

m−1

0
∈
−→
A

m−1

0
}
p(
−→
ξ m−1

0 ;
−→
Xm−1

0 , A)|
−→
ξ m−1

0 )

= P (Xm ∈ Am,
−→
Xm−1

0 ∈
−→
Am−1

0 |
−→
ξ m−1

0 )

= E(E(I
{Xm∈Am,

−→
X

m−1

0
∈
−→
A

m−1

0
}
|
−→
ξ m−1

0 )|
−→
ξ m

0 )

= E(E(I
{Xm∈Am,

−→
X

m−1

0
∈
−→
A

m−1

0
}
|
−→
ξ )|

−→
ξ m

0 )

= E(I
{Xm∈Am,

−→
X

m−1

0
∈
−→
A

m−1

0
}
|
−→
ξ m

0 )

= P (Xm ∈ Am,
−→
Xm−1

0 ∈
−→
Am−1

0 |
−→
ξ m

0 ),
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P (Xn+m+1 ∈ A|
−→
Xn+m

0 ,
−→
ξ ) = p(

−→
ξ n+m

n+1 ;
−→
Xn+m

n+1 , A)

= P (Xn+m+1 ∈ A|
−→
Xn+m

n+1 ,
−→
ξ n+m

n+1 )

= E(I{Xn+m+1∈A}|
−→
Xn+m

n+1 ,
−→
ξ n+m

n+1 )

= E(E(I{Xn+m+1∈A}|
−→
Xn+m

n+1 ,
−→
ξ n+m

n+1 )|
−→
Xn+m

n ,
−→
ξ n+m

n )

= E(E(I[Xn+m+1∈A}|
−→
Xn+m

0 ,
−→
ξ )|

−→
Xn+m

n ,
−→
ξ n+m

n )

= E(I{Xn+m+1∈A}|
−→
Xn+m

n ,
−→
ξ n+m

n )

= p(
−→
ξ n+m

n ;
−→
Xn+m

n , A).

l
−→
X � m + 1 �Å�¸

−→
ξ ¥�ê��Åó. dêÆ8B{´y

−→
X � n �Å�¸

−→
ξ ¥

�ê��Åó.

½½½nnn 1.3 ���yyy²²² � Ω =
−→
X ×

−→
Θ ,F =

−→
A ×

−→
B , é?¿� C ∈ F , ½Â

PΦ(C) =

∫
Xm×

−→
Θ

Φ(dxm, d
−→
θ )

∫
−→
X

P xm

−→
θ

(d−→x )IC(−→x ,
−→
θ ), (21)

´�y PΦ(·) � (Ω,F) þ�VÇÿÝ. ?� ω = (−→x ,
−→
θ ) ∈ Ω, ½Â

−→
X (ω) = −→x ,

−→
ξ (ω) =

−→
θ ,

=
−→
X Ú

−→
ξ Ñ´�IL§. ey (

−→
X,

−→
ξ ) � (Ω,F , P ) þ� m  MCRE.

� Θn :
−→
Θ → Θ ´1 n ��I¼ê, = Θn(

−→
θ ) = θn,

−→
B l

k ´d {Θi, k 6 i 6 l}¤�)

� σ �ê, K

σ{ξi, k 6 i 6 l} = {
−→
X × B : B ∈

−→
B l

k}. (22)

�½ Bi ∈ B, k 6 i 6 l 6 n + m, 9 {y0, y1, · · · , yn+m} ⊂ X , k∫
L(

−→
X ;y0,y1,··· ,ym+n)×L(

−→
Θ;Bk,··· ,Bn+m)

dPΦ p(
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , xn+m)PΦ(ξn+m ∈ B|
−→
ξ n+m−1

−∞ )

=

∫
Xm×

−→
Θ

Φ(dxm, d
−→
θ )P xm

−→
θ

(L(
−→
X ; y0, y1, · · · , ym+n)) · m(L(

−→
Θ; Bk, · · · , Bn+m)|

−→
B n+m−1

−∞ ). (23)

� xm = (x0, x1, · · · , xm−1), é?¿�½� y0, y1, · · · , yn+m, d½Â�

P xm

−→
θ

(L(
−→
X ; y0, y1, · · · , yn+m))

= δ(xm, (y0, · · · , ym−1))
n

∏

i=0

p((θi, · · · , θi+m−1); (yi, yi+1, · · · , yi+m−1), yi+m),

��
−→
θ �¼ê'u σ �ê

−→
B n+m−1

0 �ÿ, 
−→
B n+m−1

0 ⊂
−→
B n+m−1

−∞ . � Em ´'u m �Ï"�

f, Kª (23) �u∫

Xm×
−→
Θ

Φ(dxm, d
−→
θ )[Em(P xm

−→
θ

(L(
−→
X ; y0, y1, · · · , ym+n)) · I

L(
−→
Θ;Bk,··· ,Bn+m)

|
−→
B n+m−1

−∞ )]

= PΦ

((

n+m
⋂

i=0

{Xi = yi}
)

⋂

(

n+m−1
⋂

j=k

{ξj ∈ Bj}
⋂

{ξn+m ∈ Bn+m}
))

.

�½Â 1.2¥�ª (1)¤á, l (
−→
X,

−→
ξ ) ��� m�Å�¸¥�ê��Åó. (

−→
X,

−→
ξ ) �

© Ù d ª (6) ½ Â,
−→
X � PΦ > S © Ù d ª (7) ½ Â,

−→
ξ � PΦ > S © Ù d ª (8) ½ Â.

� (i)!(ii)!(iii) �y.
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ey (iv) ¤á. �
−→
ξ = {ξn, n ∈ Z}´�� mê��Åó, Yn = (Xn, ξn), n > 0, EΦ �

'u PΦ �Ï"�f, K

PΦ((Xn+m, ξn+m) ∈ {y} × B)|(X0, ξ0), · · · , (Xn+m−1, ξn+m−1))

= PΦ(Xn+m = y, ξn+m ∈ B|
−→
Xn+m−1

0 ,
−→
ξ n+m−1

0 )

= EΦ(PΦ(Xn+m = y, ξn+m ∈ B|
−→
Xn+m−1

0 ,
−→
ξ n+m−1

−∞ )|
−→
Xn+m−1

0 ,
−→
ξ n+m−1

0 )

= EΦ(p(
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , y)PΦ(ξn+m ∈ B|
−→
ξ n+m−1

−∞ )|
−→
Xn+m−1

0 ,
−→
ξ n+m−1

0 )

= EΦ(p(
−→
ξ n+m−1

n ;
−→
Xn+m−1

n , y)PΦ(ξn+m ∈ B|
−→
ξ n+m−1

n )|
−→
Xn+m−1

0 ,
−→
ξ n+m−1

0 )

= PΦ((Xn+m, ξn+m) ∈ {y} × B|(Xn, ξn), · · · , (Xn+m−1, ξn+m−1)).

�Vó
−→
Y = {Yn = (Xn, ξn), n > 0}´�� mê��Åó.

ey (v) ¤á. -

Z ′
n = (Yn, Yn+1, · · · , Yn+m−1),

Kd (iv) � Yn, n > 0 ��� m ê��Åó, l Z ′
n, n > 0 ���ê��Åó. �

−→
Z = {Zn = (

−→
Xn+m−1

n ,
−→
ξ n+m−1

n ), n > 0}

´��ê��Åó. (v) �y.
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