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On the signless Laplacian spectral radius of some graphs
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Abstract: Let A(G) be the adjacent matrix of G and Q(G) = D(G)+A(G) is the signless

Laplacian matrix of G. The signless Laplacian spectral radius of G is the largest eigenvalue

of Q(G). In this paper we characterize the graphs with the maximum signless Laplacian

spectral radii among the graphs with given vertex connectivity, among the graphs with

given number of blocks and among the graphs with given pendant vertices, respectively.
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Cc5, ïÄö�
Nõ'uÃÎÒ.Ê.dÌ�»�ïÄó�. Zhang �[1]©O�x


3¤k�½�>ê��ÜãÚ�ÜV�ã¥äk��.Ê.dÌ�»�ã. Li Ú Shiu[2]

©O(½
3¤kä!�Üü�ã!n�ãÚ[ä¥.Ê.dÌ�»���ã. Abreu Ú

Cardoso[3] �Ñ
k k é��:� n �ã G �ÃÎÒ.Ê.dÌ. Ning Ú Li[4] �x
��

Kã�ÃÎÒ.Ê.dÌ�». Cai Ú Fan[5]��
3¤k�½Úê�ã¥.Ê.dÌ�»

���ã. �õ���'�(J, �±��©z [6-10].

��ã G �:ëÏÝ´¦ãØëÏ½¤�²�ã¤IíØ�:����ê. ã G ��

:´íØ�¦ã�ëÏ©|êO\�:. ã G �¬´�vk�:�4�ëÏfã. ã G �

ì´ G �4���fã, ìê´ã G ���ì��ê. ã G �:�´d:�¤�8Ü, íØ

ù�8Ü¥�:�¦�ãC�ØëÏ. d k ����¤�:�8¡� k-:�.

Li Ú Shiu[11] (½
3ëÏÝ�õ� k �¤k�Üã¥.Ê.dÌ�»���ã.

Liu[12] �Ñ
k n �:Ú k �]!:� c-�ã¥.Ê.dÌ�»���ã. Ye Ú Fan[13] �

x
�½:½>ëÏÝ�¤kã¥ÃÎÒ.Ê.dÌ�»½Ì�»���ã. Wang[14] (

½
3�½�:ê�ã¥ÃÎÒ.Ê.dÌ�»���ã. Berman[15] £ã
�½�:ê

�ã¥Ì�»���ã. Wu[16] �Ñ
3¤k�½]!:ê�ä¥Ì�»���ã. Lin Ú

Yang[7] ©O�x
3¤k�½:ëÏÝÚ>ëÏÝ�½�ã¥ålÌ�»���½�ã.

·�^ gk,n L«:ê� n, :ëÏÝ� k �ãa¶Gp
n L«:ê� n, ¬ê� p �ã

a¶Gn(k) L«:ê� n, ]!:ê� k �ãa. 3ù�©Ù¥, ·�©O�x
3 gk,n, Gp
n

Ú Gn(k) ¥ÃÎÒ.Ê.dÌ�»���ã.

1 gk,n ¥ÃÎÒ.Ê.dÌ�»���ã

e x = (x1, x2, · · · , xn)T, @o§�±�w�´½Â3ã G �:8 V (G) = {v1, · · · , vn}

þ�¼ê, = x(vi) = xi, ¿� xTQ(G)x =
∑

uv∈E(G)

(x(u) + x(v))2.

éu V (G) ¥�z��: v, 4 NG(v) (½{�� N(v))L«ã G ¥: v ��:8. b�

x ´ Q(G) 'uA�� q(G) ���A��þ, @o q(G)x(v) =
∑

u∈N(v)

(x(v) + x(u)).

eü�ã G Ú G′ ´Ó��, KP� G ∼= G′.

ÚÚÚnnn 1.1
[18] eëÏã G ��ê n > 2, K q(G) > ∆(G)+1, �Ò¤á��=� G ∼= Sn.

ùp ∆(G) ´ G ���Ý, Sn ´ n �:�(ã.

b� u Ú v ´ã G ¥Ø���ü�:, ·�r3ã G ¥\þ> uv ���ãP� G+uv.

Ï�\�^#�> uv ¦: u Ú v �ÝêO\, ¤±·�ke¡�(Ø.

ÚÚÚnnn 1.2 4 G ´��kü�Ø���: u Ú v �ëÏã, @o q(G + uv) > q(G).

b� H1 Ú H2 ´ü�:Ø��ëÏã, 4 H1 ∪ H2 L«dã H1 Úã H2 ���, ¦�

ã H1 ∪H2 �>8� E(H1 ∪H2) = E(H1)∪E(H2), :8� V (H1 ∪H2) = V (H1)∪ V (H2) �

ã¶ã H1 + H2 ´ÏLë� H1 ∪ H2 ¥ ã H1 Úã H2 �z�é:���.

dÍ¶� Perron-Forbinus ½n�, éu{üëÏã G k©þ����A��þ�ÙÃ

ÎÒ.Ê.dÌ�» q(G) �éA, ¡ù��©þ���ü A��þ�ã G � Perron �

þ.

ÚÚÚnnn 1.3 e n2 > n1 > 2, Kk q(Kk + (Kn1−1 ∪ Kn2+1)) > q(Kk + (Kn1 ∪ Kn2)).

yyy ²²² - G = Kk + (Kn1 ∪ Kn2), G′ = Kk + (Kn1−1 ∪ Kn2+1). e u ∈ V (Kn1), K²
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w/k G′ ∼= G −
∑

w∈V (Kn1)

uw +
∑

w∈V (Kn2)

uw.

b� x ´ã G � Perron �þ, dé¡5��, éu w ∈ V (Kn1) k x(w) = a¶éu

w ∈ V (Kk) k x(w) = b¶éu w ∈ V (Kn2) k x(w) = c. Ïd, d Q(G)x = q(G)x, ·���

{
q(G)(a) = (n1 − 1)(a + a) + k(a + b) = (2n1 + k − 2)a + kb,

q(G)(c) = (n2 − 1)(c + c) + k(c + b) = (2n2 + k − 2)c + kb,

ÏLéþãªf�O�, �±�� (q(G) − (2n1 + k − 2))(c − a) = 2(n2 − n1)c.

5¿�, n2 > n1 > 2, ∆(G) = n − 1 � n = n1 + n2 + k. dÚn 1.1, �±��

q(G) > 2n1 + k, � c > a.

q5¿�, xT(Q(G′) − Q(G))x

=
∑

wi∈V (Kn2)

(x(u) + x(wi))
2 −

∑

wj∈V (Kn1−{u})

(x(u) + x(wj))
2

= n2(a + c)2 − 4(n1 − 1)a2

= n2c
2 − (n1 − 1)a2 + 2a(n2c − (n1 − 1)a) + (n2 − n1 + 1)a2

> n2(c
2 − a2) + 2n2a(c − a) + (n2 − n1 + 1)a2

> 0.

¤±, q(G′) > xTQ(G′)x > xTQ(G)x = q(G).

e X ´ V (G) �f8, ·�^ G[X ] L«d8Ü X �Ñ�ã G �fã, ¿�^ G − X

L«ã G[V \X ].

½½½nnn 1.4 eã G ´¤k gk,n ¥ÃÎÒ.Ê.dÌ�»���ã, Kk G ∼= Kk +(K1∪

Kn−k−1).

yyy ²²² e n = k + 1, @oN´�� G ∼= Kk+1, ¤±·�b½ n > k + 2.

� S ´ã G ��� k-:�, @o·�k±eA:äó.

äääóóó 1 G-S T�¹ü�©|.

b� G-S �¹n�©|, Ù¥: u1 Ú u2 ©O uü�ØÓ�©| G1 Ú G2 þ, @o

S �´ã G + u1u2 � k-:�. Ï�ã G + u1u2 �:ëÏÝØ�uã G �:ëÏÝ, ¤±

G + u1u2 ∈ gk,n. �´dÚn 1.2, ·��� q(G + u1u2) > q(G), ù�ã G �4�5gñ.

äääóóó 2 G[V (Gi) ∪ S] ´����ã (i = 1, 2).

b�: v1 Ú v2 ´ã G[V (G1)∪S] ¥ü�Ø���:, @o·�éN´w� G + v1v2 E

,áu gk,n. �´dÚn 1.2, ·�k q(G + v1v2) > q(G), �ã G �4�5gñ.

- n1 = |V (G1)|, n2 = |V (G2)|, Ù¥ n2 > n1. lþ¡�äó 1 Ú 2 ¥·���

G ∼= Kk + (Kn1 ∪ Kn2).

e n1 > 2, @odÚn 1.3 �� q(Kk + (Kn1−1 ∪Kn2+1)) > q(G). ù�ã G �4�5g

ñ, ¤± n1 = 1, �Ò´ G ∼= Kk + (K1 ∪ Kn−k−1).

2 Gp
n Ú Gn(k) ¥ÃÎÒ.Ê.dÌ�»���ã

ÚÚÚnnn 2.1
[19] 4 u Ú v ´ëÏã G ¥�ü�ØÓ�:, b� v1, v2, · · · , vs (1 6 s 6

d(v)) ´8Ü N(v)\N(u) ¥ØÓu u ��
:. 4 x ´ã G � Perron �þ, ã G′ ´dã G

ÏLíØ> vvi ¿�O\> uvi (1 6 i 6 s )
���"e x(u) > x(v), Kk q(G′) > q(G).
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ÚÚÚnnn 2.2 b� v ´ã G ����:, ¿� v :�8Ü V (Kn1)∪ V (Kn2) ¥�¤k:Ñ

��, ùp� Kn1 Ú Kn2 ´ G-v �ü�©|. - u ∈ V (Kn1), ¿� G′ = G −
∑

w∈V (Kn1)

uw +

∑
w∈V (Kn2)

uw. e n2 > n1 > 2, Kk q(G′) > q(G).

yyy ²²² b� x ´ã G � Perron�þ, Kdé¡5, éu w ∈ V (Kn1) ·�k x(w) = x1,

éu w ∈ V (Kn2) ·�k x(w) = x2. Ïd, d Q(G)x = q(G)x, �±��

{
q(G)x1 = (n1 − 1)(x1 + x1) + (x1 + xv) = (2n1 − 1)x1 + xv,

q(G)x2 = (n2 − 1)(x2 + x2) + (x2 + xv) = (2n2 − 1)x2 + xv,

ÏLéþãªf�O�, ·�k (q(G) − (2n1 − 1))(x2 − x1) = 2(n2 − n1)x2.

5¿�, n2 > n1 > 2. dÚn 1.1, k q(G) > n1 + n2 − 1 > 2n1 − 1, ¤± x2 > x1.

q5¿� xT(Q(G′) − Q(G))x

=
∑

wi∈V (Kn2 )

(x(u) + x(wi))
2 −

∑

wj∈V (Kn1−{u})

(x(u) + x(wj))
2

= n2(x1 + x2)
2 − 4(n1 − 1)x2

1

= n2x
2
2 − (n1 − 1)x2

1 + 2x1(n2x2 − (n1 − 1)x1) + (n2 − n1 + 1)x2
1

> n2(x
2
2 − x2

1) + 2n2x1(x2 − x1) + (n2 − n1 + 1)x2
1 > 0.

Ïd, q(G′) > xTQ(G′)x > xTQ(G)x = q(G).

·�^ K
p
n−p L«3��ã Kn−p �,�:þ\ p ^]!>����ã. w,/,

K
p−1
n−p+1 ∈ Gp

n.

½½½nnn 2.3 eã G ´¤k Gp
n ¥ÃÎÒ.Ê.dÌ�»���ã, Kk G ∼= K

p−1
n−p+1.

yyy ²²² ·�òÏLe¡�n�äó5�¤ù�½n�y².

äääóóó 1 ã G ¥�z��¬Ñ´��ì.

b�3ã G �,�¬¥kü�Ø���: u Ú: v, @oÏL3ã G ¥ë�: u Ú:

v, ·���ã G̃, w,k G̃ ∈ Gp
n. dÚn 1.2 �� q(G̃) > q(G), ù�ã G �4�5gñ.

äääóóó 2 ã G TÐk���: v.

b�ã G ¥kü��: u Ú v, Xã 1 ¤«.

ã 1 G Ú G

Fig. 1 G and G

b� x ´ã G � Perron �þ, e x(u) > x(v), @o·�4 G = G −
∑

w∈NG1(v)

vw +

∑
w∈NG2(u)

uw, ÄKP G = G −
∑

w∈NG2(u)

uw +
∑

w∈NG1(v)

vw. ²w/, G ∈ Gp
n, dÚn 2.1, k

q(G) > q(G), ù�ã G �4�5gñ.

äääóóó 3 ã G ¥�õ�k��¬ØÓ�u K2.
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b� Kn1 Ú Kn2 ´ã G �ü�¬, Ù¥ n2 > n1 > 3. 4 u ∈ V (Kn1)\{v} � G′ =

G −
∑

w∈V (Kn1\{v})

uw +
∑

w∈V (Kn2\{v})

uw. w,, G′ ∈ Gp
n, dÚn 2.2, q(G′) > q(G), ù�ã G �

4�5gñ.

(Ü±þ�n�äó, ·��� G = K
p−1
n−p+1.

·�^ D(n; n1 − 1, n2 − 1) L«ë�(ã Sn1 Ú Sn2 �¥%: u Ú v ����ã, ùp

n = n1 + n2.

½½½nnn 2.4 b�ã G ´¤k Gn(k) ¥ÃÎÒ.Ê.dÌ�»���ã, @ok

(i) éu n > 1, 0 6 k < n − 2 ½ k = n − 1, k G ∼= Kk
n−k¶

(ii) éu n > 4 � k = n − 2, k G ∼= D(n; 1, n − 3).

yyy ²²² (i) � k = 0, 1 ½ n−1 �, (Ø´²��, ¤±·�b� 2 6 k < n−2. 4 S ´

ã G ¥¤k�]!:�¤�8Ü, e: u Ú v ´8Ü S ¥Ø���ü�:, @odÚn 1.2

�� q(G + uv) > q(G), ù�ã G �4�5gñ, ¤± G[S] ∼= Kn−k, ùL²ã G ´d3��

ã Kn−k þ\ k ^]!>���. XJù k ^]!>Ø3��ã Kn−k þ�Ó��:þ, ~

X: u Ú: v þ�Ê
�
]!>, @o·�'� x(u) Ú x(v) ���. e x(u) > x(v), K4

G′ = G−
∑

vi∈N(v)\{u}

vvi +
∑

vi∈N(v)\{u}

uvi, ��- G′ = G−
∑

vi∈N(u)\{v}

uvi +
∑

vi∈N(u)\{v}

vvi. w

,/, G′ ∈ Gn(k). �´dÚn 2.1 k q(G′) > q(G), �ã G �4�5gñ, Ïd, G ∼= Kk
n−k.

(ii) b� G 6∼= D(n; 1, n − 3). P u Ú v ´ã G ¥�ü��]!:, e x(u) > x(v), K

4 G = G −
∑

vi∈N(v)\{u}

vvi +
∑

vi∈N(v)\{u}

uvi, ��P G = G −
∑

vi∈N(u)\{v}

uvi +
∑

vi∈N(u)\{v}

vvi.

w,/, G ∈ Gn(k). �´dÚn 2.1 k q(G) > q(G), ù�ã G �4�5gñ, ¤±k

G ∼= D(n; 1, n − 3).
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