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On the signless Laplacian spectral radius of some graphs
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Abstract: Let A(G) be the adjacent matrix of G and Q(G) = D(G) + A(G) is the signless
Laplacian matrix of G. The signless Laplacian spectral radius of G is the largest eigenvalue
of Q(G). In this paper we characterize the graphs with the maximum signless Laplacian
spectral radii among the graphs with given vertex connectivity, among the graphs with
given number of blocks and among the graphs with given pendant vertices, respectively.
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AR, BEFUE A T VF 2 6 TR S5 R Bl A2 (M85 TAE. Zhang 550153 5 %1
TAERTA &5 € A B0 — B A0 =0 b 1] rh B R R AR 18] Li M Shiul?
IrORE TAEDTAR . iR L = el B RO R R e AR d KK L. Abreu Al
Cardosol® &5t T 47 k X FLAB UK n B G IMEFF 'S ot R i, Ning A1 Lil Z)im 14 1F
B TEAT 5 Rt hr 7142, Cai M FanlPSEI 15T 45 € GBI IE] i h 07 1842
KA. 2 5 Z ARSI SR, w] AA B SCHk [6-10].

AN G REE A P AN 8 s T ML BT IR K s R N . B G
s NG i 8 P PR 73 SO I i) . B G BV FR B IO EE L B G Y
Wit G R se e 1 I, BEBCEIE G s K £ B G KRS b SO, RS
XANME AT RUG A AR IANEE. kAN TC MU RUCEISERR O k- s ).

Li Al Shiul"Y #ff € 7 7EXEM@ 2R 204 k 1 FT A 30 B v 3 5 07 % 2 A% d oK .
Linl™2 5 11 T4 n A ROk AN R o- Rl P p R R0 2 A2 B KRS Ye Al Fanl's! %1
] T 45 R B 3 B 1R P AT P A T R e R o AR B AR B KT . WangM A
SE T AES R B R BU B b TE A5 B R AR ORI 1. Berman™®) Bk T 45 € #1 28
R P p oA d R K P WaltS) 28 Hh T 7E I 45 08 SR R B rh i A2 B R . Lin A
Yang!™ 43 I Z0 T LE BT 4 58 el 0 R R 0 () 5 T 6] o B P A N E 1)

BATH grn Rom BB n, ROEMREN & MBI G2 2R O n, SRECh p K
R Gu(k) Ros ECH n, &tE RO & IER. AR SCE A, JAT 20 B Z00 T A1E grp, G5,
A G (k) AR5 hr i il AR oK 1.

L grn PAFASTEL M EFZ2RKGAE

Hiw = (x1, 32, ,an)T, AEATUBEELE XAEE G REV(G) = {1, ,on}
ERREL B 2(v) = 2, HFH2TQG)z = X (2(u) +2(v))*

uwweE(G)
XFV(G) FINRE i, ik Ne(v) (BRI E8 N(v) & B Gl o N8RS, Bt
z & Q(G) RTHHILE ¢(G) B MFIER R, A ¢(Gz(v) = X (x(v) + 2(u)).

wEN (v)

HNAE GG R, ek G 2 G

SI1FE 1.108 FFEEE G M Ein > 2, W ¢(G) > AG)+1, 5L B G = 8,
KHA(G) 2 G KB, S, 2 n A R KL

B w Al v & B G ARSI PIAS i, ATELEE] G Hoin i wo 152 EEA G+ wo.
PR A 0 48B30 o A 557w A o IRFEE8 0, BT AFRAT A R TR 4518

13 1.2 ik G AEHAAHER S o F o FEEE, A (G + uwv) > ¢(G).

B Hy Al Hy WA SAZERE, ik Hy U Hy Fox B Hy A Hy #3200, 115
K H, U H, Mi04E4 E(H, U Hy) = E(H,) U E(Hs), si8E0 V(H, UHy) = V(H,) UV (Hy) I
Kl & Hy + Hy &ilidi& 8 Hy U Hy 0 B Hy RUED Hy IR XT s 45 217

125 44 If) Perron-Forbinus 5& #LAN, T~ I K G A5 20 8 o0 45 I FRHE n) = 5 G
P55 B BTG AT g(G) AR N, BRIXFE IR 43 5 1 (9 SRR AE 7] &2 ] G 1) Perron [1]
H.

I 1.3 HFng =ny =2, WA ¢(Ky + (Kny—1 U Knyy1)) > q(Ki + (Kny, UK)).

iE B 2G=Ki+ (K, UK,,), G =Kp+ (Kn, -1 UKp,41). #iue V(K,,), WH
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BHHEGC=2G- Y w+ Y uw.

weV (Kn,) weV (Kn,)
BBz & G 1 Perron [ &, XS FRYEATEH, X T w € V(Ky,) H z(w) = a; X T
we V(K) H x(w) =b; XT weV(Ky,)f x(w)=c Kk, i Q(G)r = q(G)x, TA133]

q(G)(a) = (n1 —1)(a+a)+k(a+b) =2n1 +k—2)a+ kb,
q(G)(c) = (n2 —1)(c+ )+ k(c+b) = (2na+ k — 2)c+ kb,

IR PIRAFH S, WIS (0(G) = (2m + k= 2))(e = a) = 2(n2 — m)e.

HEH, e > m > 2 AG) = n—1Hn = ni+no+k #5511, 7L
q(G) =2n1 +k, He>a.

SUERE, #7(Q(G) - Q(G)x

= Z (z(u) + z(w;))? — Z (z(u) + z(w;))?

wiGV(KTQ) ijV(Knlf{’u.})

=ny(a +c)* —4(ny — 1)a?
=ngc® — (n1 — 1)a® + 2a(nac — (n1 — 1)a) + (ng —ny + 1)a®

> na(c? — a?) + 2nza(c — a) + (ng —ny + 1)a® > 0.

BrEL, ¢(G") = 2 Q(G")z > 2" Q(G)x = q(G).

X 2 V(G T BAH GIX) #ornmEs X FHE G WK, HHEH G- X
FonEl GIV\X].

EI 1.4 HE GREITA grn TR S HF RSB R K E, WA G2 K+ (KU
Kp_j1).

iE B Fin=k+1, BAELHPRE G2 K, FTURAMEOE n > k + 2.

WS G A k- E] B ATMNA LU LA S

51 G-SHEsHAITL.

e G-S B =003, Hodr s wg B wg 3 AL TSR 2053 Gy AT Gy b, B4
SR G+ wius 1 k-1 BAE G+ uyus W RUEM LA DT K G 1) s, Ft LA
G+ urup € grp. MHRAHEGIEE 1.2, BAVHIE (G + uiuz) > q(Q), X5E G I KRMETIE.

B2 GV(G)US] &N (i =1,2).

Bk AL v Tl g 2B GIV(G1) US] I NAAHAB I 5, IBATRMRE LB 2] G + vyvo 17
RIEBT g HRMGIFE 1.2, BATH (G +viv2) > ¢(G), HE GBI KMETE.

L = |[V(G)|, ne = [V(G2)|, W ng > ny. I LTS 1A 2 th3RATH1TE
G = Ky + (Kn, UK,y,).

Finy =2, AHGIBEE 1.3 5108 (K + (Kn,—1 U Kp,11)) > q(G). X5E G T
J&, Filhng =1, Bl G = Ky + (K1 U Ky_k—1).

2 GY Ao Gu(k) AT 325 B8 F 2R K HE

I 2109 ik w Fl o ZEBEE G I NAF I S, R v,00,- 05 (1 < 5 <
d()) 2BA N)\N(u) PAFRT v if—L 5. ik 2 2K G 11 Perron W&, K ¢/ ZHE G
I M RIA vo; FF HIGINIA wo; (1 <6 < s 45 2(u) > z(v), WA ¢(G') > q(G).
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SIE 2.2 kv 2B G AHIA IFH o RS8EE V(K. ) uV( nz)*ﬁ"]ﬁﬁﬁ)ﬁ%ﬁ
FHAR, X B K, M Ky, 72 G-o N3 B ue V(K,,), IFHG =G > uw+

’wEV(Kul)

oo uw. Fing =n1 =2, WEH ¢(G) > q(G).
weV (Kny)

WE AR B 2 2B G I Perron [, W EINRRYE, X T w € V(K,,) BATH 2(w) = 21,
YT w e V(Ky,) BATH z(w) = zo. B, H Q(G)z = ¢(G)z, 7T LT

¢(@)xr = (n1 — )(z1 +21) + (1 + ) = (201 — Dy + 24,
¢(G)z2 = (n2 — 1)(x2 + 22) + (22 + 2,) = (212 — D)z + 70,

WL BT B, FATT (0(G) = (2m = 1)) (@2 — 1) = 2(ne = m)za.
ERH, ne>ny =22 HTIEELL B q(G) =ni+ne—1>2n; — 1, Frlh oy > 2.
MERER 2T (Q(G) — Q(G))x

= Y (e +aw)’ - Y (W) aw))?
w; €V (Kng) w; €V (Kny —{u})
=ng(zy + 22)% — 4(ny — 1)a?
=noxs — (n1 — 1)a? + 221 (noxe — (n1 — 1)z1) + (ng —ng + 1)a?

> nz(xg - x%) + 2nox1(x2 — 1) + (N2 — N1 + 1)1,% >0.

R, ¢(G7) = 2TQ(GNx > 2T Q(G)x = q(G).
ATH K5, Ron e 58 & Ky, B2 s B0 p st 15 2 . B AR 3,
K3 i € G
B 2.3 HE G Gy PR S R s R, W G = KR
MEOBR FRATREEE R B AN S R SE U AN E BRPIE .
51 G TE—AIEE AL
B AEE G R rRA PIANASFH AR I 55w S v, A AE R G R IERE 5w AT
v, BAVEHEIE G, BRE G e Gr. h5H 1.2 41 ¢(G) > ¢(@), X5 G R ETE.
52 KEGHEHRE RN
e G AP A w Fl o, WK 1R,

K1 GG
Fig.1 G and G
e o 2B G 1) Perron [l &, 47 2(u) > a(v), BAFEAIEG =G~ ¥ ovw+

wENg, (v)

Nooouw, AL G =G~ Y ww+ Y ovw WHEM G e Gr, HEIHE 21, F

wENG, (u) wENG, (u) wENg, (v)
q(G) > q(G), TH5KE G KT E.
53 BETEZAA - MAFRNT K.
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BB K, BKy, 2B G P, o ny >0y > 3. ik u € V(E,)\{v} HG =

G- > uw + > ww. AR, G e GP, HT1HL 2.2, ¢(G) > ¢(G), XEE G 1)
weV (Kpy \{v}) weV (Kny \{v})
[ ONEF IR

el B =AWE, BROMIR G =K, .

AT D(nyng — 1,no — 1) FORIERLEE S,y ALS,,, FIHFL AT o JFAFEI K], X
n =mni + na.

EIE 2.4 ﬂ?iﬁlgl G 1 G (k) TS B S itk A K, B A6

() X n> <k<n-28k=n—-1,HG2KF ;

(ii) X n > 4Ek—n—2 H G =D(n;1,n—3).

i B () Mk =0, 1dzn—1lﬁ, e U, BT AR 2 <k <n—2. ik S 2
K G AT AR AR U AR S, 27 5w Mo 225 S AR 1, B4 5] B 1.2
33 (G +wv) > q(G), XEKE G H"]Wﬁ‘ﬁ%iﬁ Pk GIS] & Ky, TRWIE G & HAEES
K K,_r BNk S8 200. RIX kLB HUAE 2R K, EIFE-—A 5L, 4
WA w R v ERE T 20 B0, I ATM AR 2(u) 1 z(v) IR, 4 2(u) > z(v), Wik
G =G- > vU; + > wy, RZ4 G =G - > uv; + > vv;.

vi €N (v)\{u} vi €N (v)\{u} v; EN(u)\{v} vi €N (u)\{v}

W, G € G(k). RZEHGIHE 2.1 1 ¢(G') > q(G), 5B G IRRYEP I, Bk, G = KF_,.
(ii) % G 2 D(n;1,n — 3). W u Ml v &K G HIIWAGEBEER, 47 2(uw) > z(v), W
itG=G- > vU; + > woy, RZWG =G — > uv; + > VY.
 wEN@)\{u) vENONu) viEN\{v} viEN\{v}
WM, G € Gu(k). HR2HETIE 211 ¢G) > q@), XH5E G KT E, rbf
G =~ D(n;1,n—3).

Z % X W

[ 1 ] ZHANG X. The Laplacian spectral radius of some bipartite graphs[J]. Linear Algebra Appl, 2008, 428: 1610-1619.

[2] LIJ, SHIU W, CHAN W. On the Laplacians spectral radius of bipartite graphs[J]. Linear Algebra Appl, 2011,
435: 2183-2192.

[3] ABREU N, CARDOSO D. On the Laplacian and signless Laplacian spectrum of graph with k pairwise co-
neighbor vertices[J]. Linear Algebra Appl, 2012, 437: 2308-2316.

[4] NING W, LI H. On the signless Laplacians spectral radius of irregular graphs[J]. Linear Algebra Appl, 2013,
438: 2280-2288.

[ 5 ] CAI G, FAN Y. The signless Laplacians spectral radius of graphs with chromatic number[J]. Math Appl, 2009,
22: 161-167.

[6] CVETKOVICL D, SIMIC S K. Towards a spectral theory of graphs based on signless Laplacian II[J]. Linear
Algebra Appl, 2010, 432: 2257-2272.

[ 7] LIU H, LU M. On the spectral radius of graphs with cut edges[J]. Linear Algebra Appl, 2004, 389: 139-145.
[8] LIU M, LIU B L. The signless Laplacian spread[J]. Linear Algebra Appl, 2010, 432(2-3): 505-514.

[ 9] WANG J, HUANG Q. Some results on the signless Laplacians of graphs[J]. Applied Mathematics Letters, 2010,
23: 1045-1049.

[10] ZHANG M, LI S. On the signless Laplacian spectra of k-trees[J]. Linear Algebra Appl, 2015, 467: 136-148.

[11] LI J, SHIU W, CHAN W. The Laplacians spectral radius of some grapgs[J]. Linear Algebra Appl, 2009, 431:
99-103.

[12] LIU M. The (signless) Laplacian spectral radius of c-cyclic graphs with n vertices and k pendant vertices[J].
Electronic Journal of Linear Algebra, 2012, 23: 945-952.

[13] YE M, FAN Y Z. Maximizing signless Laplacian or adjacency spectral radius of graphs subject to fixed connec-
tivity[J]. Linear Algebra Appl, 2010, 433: 1180-1186.



il VRIEIE, % SEIIJERE SR R 31

WANG J F, HUANG Q X. Maximizing the signless Laplacians spectral radius of graphs with given diameter or
cut vertices[J]. Linear and Multilinear Algebra, 2011, 59(7): 733-744.

BERMAN A, ZHANG X D. On the spectral radius of graphs with cut vertices[J]. Journal of Combinatorial
Theory, Series B, 2001, 83: 233-243.

WU B F, XIAO E. The spectral radius of trees on k pendant vertices[J]. Linear Algebra Appl, 2005, 395: 343-349.

LIN H Q, YANG W. Distance spectral radius of digraphs with given connectivity[J]. Discrete Mathematics, 2012,
312: 1849-1856.

CVETKOVIC D, ROWLINSON P, SIMIC S K. Signless Laplacian of finite graphs[J]. Linear Algebra Appl, 2007,
423: 155-171.

HONG Y, ZHANG X D. Sharp upper and lower bounds for largest eigenvalue of the Laplacian matrices of trees
[J]. Discrete Mathematics, 2005, 296: 187-197.

(FE%E: & Z)

(B3 18 )
[ 3 ] CHEN I J, PAULRAJ A. Understanding supply chain management: Critical research and a theoretical framework

[4]
(5]
(6]
[7]
(8]
[9]

[J]. International Journal of Production Research, 2004, 42(1): 131-163.

FISCHER T, GEHRING H. Planning vehicle transhipment in a seaport automobile terminal using a multi-agent
system [J]. European Journal of Operational Research, 2005, 166(3): 726-740.

BOSE F, WINDT K. Understanding Autonomous Cooperation and Control in Logistics [M]. Berlin: Springer,
2007: 351-363.

MATTFELD D C, ORTH H. The allocation of storage space for transshipmentin vehicle distribution [C]//
Container Terminals and Cargo Systems. Berlin: Springer, 2007: 267-290.

MATTFELD D C, BIERWIRTH C. An efficient genetic algorithm for job shop scheduling with tardiness objec-
tives [J]. European Journal of Operational Research, 2004, 155(3): 616-630.

MATTFELD D C, KOPFER H. Terminal operations management in vehicle transshipment [J]. Transportation
Research Part A, 2003, 37(6): 435-452.

CORDEAU J F, MOCCIA G L. Optimizing yard assignment in an automotive transshipment terminal [J].
European Journal of Operational Research, 2011, 215(1): 149-160.

(RfEHE: F 2)



