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The explicit structure of projectively flat Finsler

metrics with three parameters
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Abstract: In this paper, projectively flat Finsler metrics are considered. A class of

projectively flat Finsler metrics with three parameters are formed. Moreover, the sufficient

and necessary conditions for the measurement to be considered projectively flat was

obtained. In particular, the flag curvature expression of projectively flat Finsler metrics

are presented.
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Berwald Ýþ[1]

F =

(√

〈x, y〉2 + |y|2(1 − |x|2) + 〈x, y〉
)2

(1 − |x|2)2
√

〈x, y〉2 + |y|2(1 − |x|2)
.

§´ Bn(r) ⊂ R
n þáÇ K = 0 ��K²"¥dVÝþ[2].
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Berwald Ýþ´diùÝþ α :=
√

aij(x)yiyj , 1-/ª β := biy
i Ú Mn þ�1w�¼ê

φ = φ(s), s = β
α

�¤� (α, β) Ýþ[3], d (α, β) ½Â�¥dVÝþ�±L«¤Xe/ª

F (x, y) = αφ(s), s =
β

α
. (1)

XJ φ = φ(s) ?�Ú÷v

φ(s) > 0, φ − sφs + (b2 − s2)φss > 0, |s| 6 b < b0,

Ù¥ b = ‖β‖α, Kdª (1) ½Â�¥dVÝþ F ¡� (α, β) Ýþ. 3 (α, β) ÝþÄ:þ, {�

7�<[4-5]qJÑ
2Â (α, β) Ýþ�Vg, ½Â�Xe/ª

F (x, y) = αφ(b2, s), s =
β

α
,

Ù¥ α :=
√

aij(x)yiyj �iùÝþ, β := biy
i � 1-/ª. � φ(b2, s) �� s k'�, (α, β) Ýþ

=�2Â� (α, β) Ýþ. 2Â� (α, β) Ýþ´' (α, β) ÝþA^��2���a¥dVÝþ.

Berwald Ýþ´2Â (α, β) Ýþ��|¤Ü©, §�±L«¤

F (x, y) = αφ(b2, s) = α(
√

1 + b2 + s)2,

Ù¥

α =

√

〈x, y〉2 + |y|2(1 − |x|2)
1 − |x|2 , β =

〈x, y〉
(1 − |x|2) 3

2

,

s =
β

α
, b2 =

|x|2
1 − |x|2 .

ÏLé Berwald Ýþ�ïÄ, ©z [6] �Ñ��a¥dVÝþÓ��±L«�

F (x, y) = αφ(b2, s) = α(
√

1 + b2 + s)2, s =
β

α
,

Ù¥

α =

√

|y|2(1 + µ|x|2) − µ〈x, y〉2
1 + µ|x|2 ,

β =
λ〈x, y〉 + (1 + µ|x|2)〈a, y〉 − µ〈x, y〉〈a, x〉

(1 + µ|x|2) 3

2

,

b2 =
λ2|x|2

1 + µ|x|2 +
2λ〈a, x〉
1 + µ|x|2 − µ〈a, x〉2

1 + µ|x|2 + |a|2.

�©ÏLé±þ¥dVÝþ�ïÄ, &? R
n �mf8þ�a¹nëê�¥dVÝþ�

)Û�E[7]. � ξ ´?¿~ê, Ω = Bn(r) ⊂ R
n, � ξ < 0 �, r = 1√

−ξ
; � ξ > 0�, r = +∞,

| · | Ú 〈, 〉 ´ R
n þ�IO�êÚSÈ. � F = αφ(b2, s) : TΩ → [0, +∞),

α =

√

ε|y|2(1 + ξ|x|2) + κ2〈x, y〉2
1 + ξ|x|2 , (2)

β =
κ〈x, y〉 + ε(1 + ξ|x|2)〈a, y〉 + κ2〈x, y〉〈a, x〉

(1 + ξ|x|2) 3

2

, (3)
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Ù¥ κ ´?¿~ê, ε ´?¿�ê, a ∈ R
n(|a| < 1) ´~�þ.

ÏLéª (2) Úª (3) �ïÄ, �E
�a#�¥dVÝþ.

½½½nnn � F = αφ(b2, s) : TΩ → [0, +∞) ´dª (2) Úª (3) �Ñ�¼ê, ½Â¼ê

φ(b2, s) = (
√

1 + b2 + s)2, s = β
α
, K±e(Ø¤á.

(1) e κ2 + εξ = 0, K

b2 = ε|a|2 +
(1 + κ〈a, x〉)2

1 + ξ|x|2 − 1.

(2) F ´�K²"¥dVÝþ�¿�^�´ κ2 + εξ = 0.

(3) � κ2 + εξ = 0 �, F äkIþáÇ, �IþáÇ�

K =
1√

1 + b2(
√

1 + b2 + s)3

(ξ

ε
+

c2

1 + b2

)

,

Ù¥

c2 = −ξ(1 + κ〈a, x〉)2
ε(1 + ξ|x|2) .

5 � ξ = −1, ε = 1, κ2 = 1 �, F �2Â� Berwald Ýþ.

1 ý��£

½½½ÂÂÂ 1 � F ´ Mn þ���¥dVÝþ, XJ§�±L«� F = αφ(b2, s), s = β
α
, Ù

¥ ‖β‖α 6 b0, φ = φ(b2, s) ´�1w¼ê, K F ¡�2Â� (α, β) Ýþ.

ÚÚÚnnn 1
[6] � M ´�� n �6/, XJé?¿�iùÝþ α Ú 1-/ª β, b = ‖β‖α < b0,

TM þ�¼ê F = αφ(b2, s), s = β
α
, ´��¥dVÝþ��=� φ = φ(b2, s) ´1w�¼ê

�÷v

φ > 0, φ − sφs + (b2 − s2)φss > 0, (4)

Ù¥ s Ú b ´÷v |s| 6 b < b0 �?¿¢ê.

ÚÚÚnnn 2
[8] � M ´�� n �6/, F = αφ(b2, s) ´ Mn þ2Â� (α, β) Ýþ, K F ´Û

Ü�K²"¥dVÝþ, XJ F ÷v±e^�

(1) ¼ê φ(b2, s) ÷ve��§

φss = 2(φb − sφbs),

Ù¥ φb L« φ é b2 ��g �.

(2) α ´�K²"�, β ´4�, � β 'u α �/.

ÚÚÚnnn 3
[6] �2Â� (α, β) Ýþ F = αφ(b2, s), s = β

α
, ´�K²"¥dVÝþ, K§�

�KÏf P �±L«�

P =
2α−1(φ − sφs)G

m
α ym + φs(2bmGm

α + r00) + 2αφb(r0 + s0)

2F
,

Ù¥ Gm
α ´'u α �ÿ/Xê, r00 = rijy

iyj , r0 = bjrijy
i, s0 = bjsijy

i, Gm
α ym = α

2 αxkyk.
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ÚÚÚnnn 4
[9] � F = F (x, y) ´ U ⊂ R

n þ�¥dVÝþ, K F = F (x, y) ´�K²"¥d

V�¿�^�´ F ÷ve¡��§

Fxkylyk − Fxl = 0.

½½½ÂÂÂ 2
[10] 3m8 U ∈ R

n þ�¥dV6/ (M, F ), e F �¤kÿ/�3 U SÜÑ´

��, K¡ F ´�K²"�. éu¥dV6/ (M, F ), e M þ�?¿�:, þ�3ÛÜ�

IX {xi}, ¦� F 3�IXe´�K²"�, K¡ F ´ÛÜ�K²"�.

ù��du: ��¥dVÝþ´�K²"�¿�^�´§�ÿ/Xê Gi äkXe/ª

Gi = Pyi,

Ù ¥ P = P (x, y) ´ ¥ d V Ý þ F (x, y) � � K Ï f, � P (x, y) ä k � g � à 5, =

P (x, λy) = λP (x, y), ∀λ > 0. � (M, F ) ´¥dV6/, x ∈ M, y ∈ TxM , éu�¹ y �

�¡ Πy ∈ TxM , -

K(Πy, y) :=
gimRi

kukum

F 2gijuiuj − [gijyiuj]2
,

Ù¥ Πy = span{y, u}

Ri
k = 2

∂Gi

∂xk
− yj ∂2Gi

∂xj∂yk
+ 2Gj ∂2Gi

∂yj∂yk
− ∂Gi

∂yj
· ∂Gj

∂yk
.

K(Πy, y) ¡� (M, F ) 3 x :÷�� y �áÇ.

e K(Πx, y) = K(x, y) =´ (x, y) ∈ TM0 �¼ê, K¡ (M, F ) äkIþáÇ, F =

F (x, y) ¡�äkIþáÇ�Ýþ. ?ÛÛÜ�K²"¥dVÝþ7äkIþáÇ[11],

�IþáÇ÷v±e�ª

K =
P 2 − Pxkyk

F 2
, (5)

Ù¥ P ´ F ��KÏf�

P =
Fxkyk

2F
.

2 ½n�y²

-

ω = 1 + ξ|x|2, ∆ = ε|y|2(1 + ξ|x|2) + κ2〈x, y〉2 = ε|y|2ω + κ2〈x, y〉2. (6)

α2 = aijy
iyj , β = biy

i. (7)

K

aij =
εδij

ω
+

κ2xixj

ω2
, (8)
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bi =
κxi + εωai + κ2〈a, x〉xi

ω
3

2

, (9)

bj =
κxj + εωaj + κ2〈a, x〉xj

ω
3

2

. (10)

Ï� ω = 1 + ξ|x|2 > 0, (aij) = (aij)
−1, ¤±

aij =
ω

ε

(

δij − κ2xixj

ε + (εξ + κ2)|x|2
)

. (11)

(Üª (6)–(11) �

b2 = ‖β‖2
α = aijbibj

=
ω

ε

(

δij − κ2xixj

ε + (εξ + κ2)|x|2
)(κxi + εωai + κ2〈a, x〉xi

ω
3

2

)(κxj + εωaj + κ2〈a, x〉xj

ω
3

2

)

=
1

εω2

{

[(κ + κ2〈a, x〉)2|x|2 + 2εω〈a, x〉(κ + κ2〈a, x〉)]
(

1 − κ2|x|2
ε + (εξ + κ2)|x|2

)

+ ε2ω2
(

|a|2 − κ2〈a, x〉2
ε + (εξ + κ2)|x|2

)}

.

d½n�^� κ2 + εξ = 0 9 |a| v
�, |^ ω = 1 + ξ|x|2 �±��

b2 =
1

εω2

{

[(κ + κ2〈a, x〉)2 + 2εω〈a, x〉(κ + κ2〈a, x〉)]
(

1 − κ2|x|2
ε

)

+ ε2ω2
(

|a|2 − κ2〈a, x〉2
ε

)}

=
(κ + κ2〈a, x〉)2|x|2

εω
+ 2〈a, x〉(κ + κ2〈a, x〉) + ε|a|2 − κ2〈a, x〉2

=
(1 + κ〈a, x〉)2

ω
(1 − ω) + ε|a|2 + (1 + κ〈a, x〉)2 − 1

=
(1 + κ〈a, x〉)2

ω
+ ε|a|2 − 1.

é?¿� ξ, Ñk b2 <
(1+κ〈a,x〉)2

ω
+ ε|a|2, ¤± b ´kþ.�.

�â½n¥�¼ê φ(b2, s) = (
√

1 + b2 + s)2, s = β
α
, ��

φ > 0, φs = 2(
√

1 + b2 + s), φss = 2. (12)

rª (12) �\ª (4) ��

φ − sφs + (b2 − s2)φss = 1 + 3(b2 − s2) > 0.

|^Ún 1 � F ´��¥dVÝþ.

e¡5¦ α 'u xk ��©, ÏLO��

αxk =
1

ω2
[∆− 1

2 ω(εξ|y|2xk + κ2〈x, y〉yk) − 2ξ∆
1

2 xk]. (13)

dª (13) ��O���

αxkyl =
1

ω2
[−∆− 3

2 ω(ωεyl + κ2〈x, y〉xl)(εξ|y|2xk + κ2〈x, y〉yk)

+ ∆− 1

2 ω(κ2xlyk + κ2〈x, y〉δkl) − 2∆− 1

2 ξκ2〈x, y〉xlxk].
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�

αxkylyk =
1

ω2
[−∆− 3

2 ω(ωεyl + κ2〈x, y〉xl)(εξ + κ2)〈x, y〉|y|2)

+ ∆− 1

2 (ωκ2|y|2xl + κ2ω〈x, y〉yl − 2κ2ξ〈x, y〉2xl)]. (14)

nÜª (13)!(14) 9 ∆
1

2 = ∆− 1

2 · ∆ ��

αxkylyk − αxl =
1

ω2

{

[−∆− 3

2 ω(ωεyl + κ2〈x, y〉xl)〈x, y〉|y|2 + ∆− 1

2 ω|y|2xl](εξ + κ2)
}

.

dÚn 4 � α ´�K²"��=� κ2 + εξ = 0 , §��KÏf

θ =
αxkyk

2α
= −ξ〈x, y〉

ω
. (15)

α ��¡Ç

αK =
θ2 − θxmym

α2
=

ξ

ε
. (16)

� bi|j L« β 'u α ��C�ê�Xê, �

rij =
1

2
(bi|j + bj|i), sij =

1

2
(bi|j − bj|i), r00 = rijy

iyj, si
j = aikskj ,

si
0 = si

jy
j , ri = bjrij , si = bjsij , r0 = riy

i, bi = aijbj , (17)

s0 = siy
i, ri = aijrj , si = aijsj , r = biri.

N´w� β ´4���=� sij = 0. du

bi|j =
∂bi

∂xj
− bkΓk

ij . (18)

dª (6) � ∂ω
∂xi = 2ξxi. |^ª (8), k

∂aij

∂xl
=

κ2

ω2
(δilx

j + δjlx
i + 2δijx

l) − 4κ2ξxixjxl

ω3
. (19)

�âª (11)!(19), κ2 + εξ = 0 Ú ω = 1 + ξ|x|2, �� Christoffel ÎÒ

Γk
ij =

1

2
akl

(∂ail

∂xj
+

∂ajl

∂xi
− ∂aij

∂xl

)

=
ω

ε
(δkl + ξxkxl)

[κ2

ω2
(δilx

j + δjlx
i) − 2ξκ2xixjxl

ω3

]

= − ξ

ω
(δikxj + δjkxi) +

ξκ2

εω
(δilx

jxkxl + δjlx
ixkxl)

− 2ξκ2

εω2
δklxixjxl − 2κ2ξ2

εω2
|x2|xixjxk

= − ξ

ω
(δikxj + δjkxi).

|^ bk = κxk+εωak+κ2〈a,x〉xk

ω
3

2

k

bkΓk
ij = −2ξ(κ + κ2〈a, x〉)xixj

ω
5

2

− ξε

ω
3

2

(aix
j + ajx

i), (20)
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∂bi

∂xj
=

(κ + κ2〈a, x〉)δij + κ2(aix
j + ajx

i)

ω
3

2

− 3ξ(κ + κ2〈a, x〉)xixj

ω
5

2

. (21)

òª (20)!(21) �\ª (18) ¥, ²{üO����

bi|j = −ξ(κ + κ2〈a, x〉)xixj

ω
5

2

+
(κ + κ2〈a, x〉)δij

ω
3

2

,

�

sij =
1

2
(bi|j − bj|i) = 0,

rij =
1

2
(bi|j + bj|i) = −ξ(κ + κ2〈a, x〉)xixj

ω
5

2

+
(κ + κ2〈a, x〉)δij

ω
3

2

=
1

ε
· (κ + κ2〈a, x〉)

ω
1

2

(

− ξεxixj

ω2
+

εδij

ω

)

=
κ + κ2〈a, x〉

εω
1

2

aij .

¤± β ´4�, � β 'u α ´�/�, �/Ïf� c(x) = κ+κ2〈a,x〉

εω
1

2

.

�â φ = (
√

1 + b2 + s)2 �

φb = (
√

1 + b2 + s)(1 + b2)−
1

2 , φbs = (1 + b2)−
1

2 , (22)

dª (12)!(22)�

2(φb − sφbs) = 2 = φss.

�âÚn 2 � F ´ÛÜ�K²"�. |^ª (17) Ú F ´ÛÜ�K²"�, w,k

r00 = cα2, r0 = cβ, r = cb2, ri = cbisi
0, s0 = 0, si = 0. (23)

òª (15)!(23) �\Ún 3 ¥, ��

P =
2α−1(φ − sφs)G

m
α ym + φs(2bmGm

α + r00) + 2αφb(r0 + s0)

2F

=
2θα(φ − sφs) + φs(2θβ + cα2) + 2cαφbβ

2F

=
2θαφ + cα2(2sφb + φs)

2F

= θ + cα(1 + b2)−
1

2 ,

Ù¥

θ =
αxkyk

2α
= − ξ

ω
〈x, y〉.

|^ª (15) Ú κ2 + εξ = 0, ÏLO��

Pxkyk = θxkyk + cxkykα(1 + b2)−
1

2 + αxkykc(1 + b2)−
1

2 − 1

2
cα[b2]xkyk(1 + b2)−

3

2 ,
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P 2 − Pxkyk = (θ2 − θxkyk) +
(2αθc − αxkykc − cxkykα)√

1 + b2
+

c2α2

1 + b2
+

cα[b2]xkyk

2(1 + b2)
3

2

,

cxkyk =
κ2〈a, y〉

εω
1

2

− ξ(κ + κ2〈a, x〉)〈x, y〉
εω

3

2

= −ξ

ε
β, (24)

[b2]xkyk =
2κ〈a, y〉(1 + κ〈a, y〉)

ω
− 2ξ〈x, y〉(1 + κ〈a, y〉)2

ω2
= 2cβ. (25)

dª (5)!(15)!(16)!(24)!(25), k

K =
P 2 − Pxkyk

F 2
=

1

α2φ2

[

α2 ξ

ε
+

ξαβ

ε
√

1 + b2
+ (

√

1 + b2 + s)
c2α2

(1 + b2)
3

2

]

=
1√

1 + b2(
√

1 + b2 + s)3

(ξ

ε
+

c2

1 + b2

)

,

Ù¥ c2 = − ξ(1+κ〈a,x〉)2

εω
.
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