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½½½ÂÂÂ 1 �I ⊆ R
+, s ∈ (0, 1], f : I → R

+, XJ ∀x1, x2 ∈ I 9 ∀t ∈ [0, 1], �3 r ∈ R, ¦
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!²�à¼ê[9]
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!r-à¼

ê[13]
!P �à¼ê[14]).

�Äà¼ê��5zA�, �éà¼ê!éêà¼ê[15]
!AH-à¼ê[16]

!AR-à¼

ê[17]
!AM -à¼ê[18] Ú s-à¼ê[2]

!éê s-à¼ê[19]�?�Úí2¯K, �©|^\� r

g" s-²þ½Â
 AM(s)-à¼ê, ¿$^\� r g"²þÚ\� r g" s-²þ�úªzP

Ò, æ^ÎÒO���{?Ø
 AM(s)-à¼ê��½½nÚ$�5�, ïá
 AM(s)-à¼

ê� Jensen .Ø�ª, �Ñ
Ù�A��d/ª.

½½½ÂÂÂ 2 � I ⊆ R
+, s ∈ (0, 1], f : I → R

+, XJ ∀x1, x2 ∈ I 9 ∀t ∈ [0, 1], �3 r ∈ R, ¦

�
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555 1 � s ∈ (0, 1] � r = 1, 0,−1, 2 �, K¡ AM(s)-à(])¼ê©O� s-à(])¼

ê!AG(s)-à(])¼ê(éê s-à(])¼ê)!AH(s)-à(])¼ê!AR(s)-à(])¼ê.

555 2 � s = 1 � r = 1, 0,−1, 2 ½ r ∈ R �, AM(s)-à(])¼ê=©O�à(])¼

ê!AG-à(])¼ê(éêà(])¼ê)!AH-à(])¼ê!AR-à(])¼ê!AM -à(])¼ê.

1 'u AM(s)-à¼ê��½
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��½, �©¤k?Ø��Ä r 6= 0 ��/, é r = 0 ��/��'?Ø�©z [19].
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y ² �y (i), Ón�y (ii).
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¤±, ¼ê f(x) ´ I þ� AM(s)-à¼ê.
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7�5. XJ f(x) ´ I þ� AM(s)-à¼ê, r > 0, @o ∀x1, x2 ∈ I 9 ∀t ∈ [0, 1], d\
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e f(x) ´ I þ� AM(s)-]¼ê, Ky²¥�Ø�Ò��, ¤±½n 1(i) ���Ü©¤

á.
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+, s ∈ (0, 1], f : I → R

+, K

(i) � r > 0 �, f(x) � I þ� AM(s)-à(])¼ê�¿�^�´ exp[f(lnx)]r � exp I þ

�AÛ s-à(])¼ê;

(ii) � r < 0 �, f(x) � I þ� AM(s)-à(])¼ê�¿�^�´ exp[f(lnx)]r � exp I þ
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y ² =y (i), Ó���{�y² (ii).
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7�5. ∀x1, x2 ∈ exp I, lnx1, lnx2 ∈ I, e f(x) � I þ� AM(s)-à¼ê, 5¿� r > 0,

Kd\� r g�²þð�'XªÚ\� r g� s-²þð�'Xª, k
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e f(x) ´ I þ� AM(s)-]¼ê, � r > 0, Ky²¥�Ø�Ò��, ¤±½n 2(i) ��

�Ü©¤á.

½½½nnn 3 � I ⊆ R
+, s ∈ (0, 1], f : I → R

+, K

(i) � r > 0 �, f(x) � I þ� AM(s)-à(])¼ê�¿�^�´ [f(x−1)]−r � I
−1 þ�

NÚ s-](à)¼ê;

(ii) � r < 0 �, f(x) � I þ� AM(s)-à(])¼ê�¿�^�´ [f(x−1)]−r � I
−1 þ�

NÚ s-à(])¼ê.
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yyy ²²² �y (i), Ón�y (ii).

� g(x) = [f(x−1)]−r(x ∈ I
−1 � r > 0), K f(x) = [g(x−1)]−1/r (x ∈ I).

¿©5. XJ g(x) = [f(x−1)]−r � I
−1 þ�NÚ s-]¼ê, 5¿� r > 0, @o ∀x1, x2 ∈ I

9 ∀t ∈ [0, 1], d\� r g�²þð�'XªÚ\� r g� s-²þð�'Xª, k
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[1]
2 (t, 1 − t; x1, x2)) = [g([M

[1]
2 (t, 1 − t; x1, x2)]

−1)]−1/r
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[−1]
2 (t, 1 − t; x−1

1 , x−1
2 ))]−1/r

6 [M
[−1]
2 (ts, (1 − t)s; g(x−1

1 ), g(x−1
2 ))]−1/r

=M
[r]
2 (ts, (1 − t)s; [g(x−1

1 )]−1/r, [g(x−1
2 )]−1/r) = M

[r]
2 (ts, (1 − t)s; f(x1), f(x2)),

¤±, ¼ê f(x) ´ I þ� AM(s)-à¼ê.

7�5. XJ f(x) ´ I þ� AM(s)-à¼ê, r > 0, @o ∀x1, x2 ∈ I
−1 9 ∀t ∈ [0, 1], K

d\� r g�²þð�'XªÚ\� r g� s-²þð�'Xª, k

g(M [−1]
n (t, 1 − t; x1, x2)) = [f([M [−1]

n (t, 1 − t; x1, x2)]
−1]−r = [f(M

[1]
2 (t, 1 − t; x−1

1 , x−1
2 ))]−r

>[(M
[r]
2 (ts, (1 − t)s; f(x−1

1 ), f(x−1
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2 (ts, (1 − t)s; [f(x−1

1 )]−r, [f(x−1
2 )]−r)

=M
[−1]
2 (ts, (1 − t)s; g(x1), g(x2)),

Ïd, g(x) = [f(x−1)]−r ´ I
−1 þ�NÚ s-]¼ê.

e f(x) ´ I þ� AM(s)-]¼ê, � r > 0, Ky²¥�Ø�Ò��, ¤±½n 3(i) ��

�Ü©¤á.

½½½nnn 4 � I ⊆ R
+, s ∈ (0, 1], f : I → R

+, K

(i) � r > 0 �, f(x) � I þ� AM(s)-à(])¼ê�¿�^�´ ∀x1, x2, x3 ∈ I �

x1 < x2 < x3, k

(x3 − x2)
s[f(x1)]

r − (x3 − x1)
s[f(x2)]

r + (x2 − x1)
s[f(x3)]

r
> (6) 0;

(ii) � r < 0 �, f(x) � I þ� AM(s)-à(])¼ê�¿�^�´: ∀x1, x2, x3 ∈ I �

x1 < x2 < x3, k

(x3 − x2)
s[f(x1)]

r − (x3 − x1)
s[f(x2)]

r + (x2 − x1)
s[f(x3)]

r
6 (>) 0.

yyy ²²² �y (i), Ón�y (ii).

7�5. ∀x1, x2, x3 ∈ I � x1 < x2 < x3, - λ = x3−x2

x3−x1
, K x2 = M

[1]
2 (λ, 1 − λ; x1, x3), e

f(x) � I þ� AM(s)-à¼ê, � r > 0, K

f(x2) = f(M
[1]
2 (λ, 1 − λ; x1, x3)) 6 M

[r]
2 (λs, (1 − λ)s; f(x1), f(x3))

=[λs(f(x1))
r + (1 − λ)s(f(x3))

r]1/r =
[(x3 − x2

x3 − x1

)s

(f(x1))
r +

(x2 − x1

x3 − x1

)s

(f(x3))
r
]1/r

,

Ï� f(x) ´ I þ���¼ê, � s ∈ (0, 1], r > 0, ¤±, òþªü>Ó� r g��2�n�

(x3 − x2)
s[f(x1)]

r − (x3 − x1)
s[f(x2)]

r + (x2 − x1)
s[f(x3)]

r
> 0.

du r > 0 �, ±þy²ÚÚ�_, ¤±¿©5¤á.
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XJ f(x) ´ I þ� AM(s)-]¼ê, � s ∈ (0, 1], r > 0, K±þy²L§¥�Ø�Ò�

�, Ïd½n 4(i) ���Ü©¤á.

½½½nnn 5 � I ⊆ R
+, s ∈ (0, 1], f : I → R

+, K

(i) � r > 0 �, f(x)(x ∈ I) � AM(s)-à(])¼ê�¿�^�´: φ(t) = [f(M
[1]
2 (t, 1 −

t; x1, x2))]
r(∀x1, x2 ∈ I) ´ [0, 1] þ� s-à(])¼ê;

(ii) � r < 0 �, f(x)(x ∈ I) � AM(s)-à(])¼ê�¿�^�´: φ(t) = [f(M
[1]
2 (t, 1 −

t; x1, x2))]
r(∀x1, x2 ∈ I) ´ [0, 1] þ� s-](à)¼ê.

yyy ²²² �y (i), Ón�y (ii).

¿©5. Ï� φ(t) = [f(M
[1]
2 (t, 1 − t; x1, x2))]

r(t ∈ [0, 1]), ¤± φ(0) = [f(x2)]
r, φ(1) =

[f(x1)]
r, q φ(t) � [0, 1] þ� s-à¼ê, � r > 0, ¤±, d\� r g�²þð�'XªÚ\�

r g� s-²þð�'Xª, k

f(M
[1]
2 (t, 1 − t; x1, x2)) = [φ(t)]1/r = [φ(M

[1]
2 (t, 1 − t; 1, 0))]1/r

6[M
[1]
2 (ts, (1 − t)s; φ(1), φ(0))]1/r = [M

[1]
2 (ts, (1 − t)s; [f(x1)]

r, [f(x2)]
r)]1/r

=M
[r]
2 (ts, (1 − t)s; f(x1), f(x2)),

Ïd, ¼ê f(x) � I þ� AM(s)-à¼ê.

7�5. ∀x1, x2 ∈ I 9 ∀t1, t2 ∈ [0, 1], d�²þ�5�[20], � M
[1]
2 (t1, 1 − t1; x1, x2) ∈

[min{x1, x2}, max{x1, x2}] ⊆ I, M
[1]
2 (t2, 1 − t2; x1, x2) ∈ [min{x1, x2}, max{x1, x2}] ⊆ I, -

X1 = M
[1]
2 (t1, 1 − t1; x1, x2), X2 = M

[1]
2 (t2, 1 − t2; x1, x2), K ∀α ∈ [0, 1], Ó�k, M

[1]
2 (α, 1 −

α; X1, X2) ∈ I.

e f(x) ´ I þ� AM(s)-à¼ê, � r > 0, K ∀t1, t2 ∈ [0, 1] 9 ∀α ∈ [0, 1], d\� r g�

²þð�'XªÚ\� r g� s-²þð�'Xª, k

φ(M
[1]
2 (α, 1 − α; t1, t2)) = [f(M

[1]
2 (M

[1]
2 (α, 1 − α; t1, t2), 1 − M

[1]
2 (α, 1 − α; t1, t2); x1, x2))]

r

=[f(M
[1]
2 (α, 1 − α; M

[1]
2 (t1, 1 − t1; x1, x2), M

[1]
2 (t2, 1 − t2; x1, x2)))]

r

6[M
[r]
2 (αs, (1 − α)s; f(M

[1]
2 (t1, 1 − t1; x1, x2)), f(M

[1]
2 (t2, 1 − t2; x1, x2))]

r

=M
[1]
2 (αs, (1 − α)s; [f(M

[1]
2 (t1, 1 − t1; x1, x2))]

r, [f(M
[1]
2 (t2, 1 − t2; x1, x2)]

r)

=M
[1]
2 (αs, (1 − α)s; φ(t1), φ(t2)),

¤±, � r > 0 �, ¼ê φ(t) = [f(M
[1]
2 (t, 1 − t; x1, x2))]

r(∀x1, x2 ∈ I) ´ [0, 1] þ� s-à¼ê.

XJ f(x) ´ I þ� AM(s)-]¼ê, � r > 0, Kþãy²¥�Ø�Ò��, Ïd½n

5(i) ���Ü©¤á.

½½½nnn 6 � I ⊆ R
+, s ∈ (0, 1], f : I → R

+, �����, K

(i) � r > 0 �, e ∀x ∈ I k (r − 1)(f ′(x))2 + f(x)f ′′(x) > 0, K f(x) ´ I þ� AM(s)-à

¼ê. e f(x) � I þ� AM(s)-]¼ê, K ∀x ∈ I k (r − 1)(f ′(x))2 + f(x)f ′′(x) 6 0.

(ii) � r < 0 �, e ∀x ∈ I k (r− 1)(f ′(x))2 + f(x)f ′′(x) > 0, K f(x) ´ I þ� AM(s)-]

¼ê. e f(x) � I þ� AM(s)-à¼ê, ∀x ∈ I k (r − 1)(f ′(x))2 + f(x)f ′′(x) 6 0.

y ² �y (i), Ón�y (ii).



52 uÀ���ÆÆ�(g,�Æ�) 2018 c

∀t ∈ [0, 1] 9 s ∈ (0, 1], K 0 6 t 6 ts 6 1. 
 ∀x1, x2 ∈ I, f(x1), f(x2) > 0, Ïd,

k t(f(x1))
r 6 ts(f(x1))

r, Ón, (1 − t)(f(x2))
r 6 (1 − t)s(f(x2))

r, ¤±, k t(f(x1))
r +

(1 − t)(f(x2))
r 6 ts(f(x1))

r + (1 − t)s(f(x2))
r , u´k M

[1]
2 (t, 1 − t; (f(x1))

r, (f(x2))
r) 6

M
[1]
2 (ts, (1 − t)s; (f(x1))

r, (f(x2))
r). 5¿� r > 0, K

[M
[1]
2 (t, 1 − t; (f(x1))

r, (f(x2))
r)]1/r

6 [M
[1]
2 (ts, (1 − t)s; (f(x1))

r, (f(x2))
r)]1/r,

= M
[r]
2 (t, 1 − t; f(x1), f(x2)) 6 M

[r]
2 (ts, (1 − t)s; f(x1), f(x2)), Ïd, � r > 0 �, e (r −

1)(f ′(x))2 + f(x)f ′′(x) > 0(x ∈ I) ⇔ f(x) ´ I þ� AM -à¼ê, ¤±k

f(M
[1]
2 (t, 1 − t; x1, x2)) 6 M

[r]
2 (t, 1 − t; f(x1), f(x2)) 6 M

[r]
2 (ts, (1 − t)s; f(x1), f(x2)),

l
 f(x) ´ I þ� AM(s)-à¼ê.

e f(x) � I þ� AM(s)-]¼ê, K

f(M
[1]
2 (t, 1 − t; x1, x2)) > M

[r]
2 (ts, (1 − t)s; f(x1), f(x2)) > M

[r]
2 (t, 1 − t; f(x1), f(x2)),

l
 f(x) ´ I þ� AM -]¼ê ⇔ ∀x ∈ I k (r − 1)(f ′(x))2 + f(x)f ′′(x) 6 0 (r > 0).

2 'uAM(s)-à¼ê�5�

½½½nnn 7 � A, I ⊆ R
+, s ∈ (0, 1], f : I → R

+, µ : A → B ⊆ I, K

(i) e y = f(u) ´ I þî�4O� AM(s)-à¼ê, u = µ(x) ´ A þ�à¼ê, K

y = f(µ(x)) ´ A þ� AM(s)-à¼ê;

(ii) e y = f(u) ´ I þî�4~� AM(s)-à¼ê, u = µ(x) � A þ�]¼ê, K

y = f(µ(x)) ´ A þ� AM(s)-à¼ê;

(iii) e y = f(u) ´ I þî�4O� AM(s)-]¼ê, u = µ(x) � A þ�]¼ê, K

y = f(µ(x)) ´ A þ� AM(s)-]¼ê;

(iv) e y = f(u) ´ I þî�4~� AM(s)-]¼ê, u = µ(x) � A þ�à¼ê, K

y = f(µ(x)) ´ A þ� AM(s)-]¼ê.

y ² �y (i), Ón�y (ii)!(iii)!(iv).

∀x1, x2 ∈ A 9 ∀t ∈ [0, 1], k M
[1]
2 (t, 1−t; x1, x2) ∈ A, d^��, µ(x1), µ(x2), µ(M

[1]
2 (t, 1−

t; x1, x2)) ∈ B ⊆ I, � M
[1]
2 (t, 1 − t; µ(x1), µ(x2)) ∈ B ⊆ I, Ï� u = µ(x) � A þ�à¼ê, �

y = f(u) ´ I þî�4O� AM(s)-à¼ê, ¤±

f(µ(M
[1]
2 (t, 1 − t; x1, x2))) 6 f(M

[1]
2 (t, 1 − t; µ(x1), µ(x2)))

6M
[r]
2 (ts, (1 − t)s; f(µ(x1)), f(µ(x2))),

�, ¼ê y = f(µ(x)) � A þ� AM(s)-à¼ê.

aq/, �±y²e�(J.

½½½nnn 8 � A, I ⊆ R
+, s ∈ (0, 1], f : I → R

+, µ : A → B ⊆ I, K

(i) e y = f(u) ´ I þî�4O� r g�²þ s-à¼ê, u = µ(x) ´ A þ� AM -à¼

ê, K y = f(µ(x)) ´ A þ� AM(s)-à¼ê;

(ii) e y = f(u) ´ I þî�4~� r g�²þ s-à¼ê, u = µ(x) � A þ� AM -]¼

ê, K y = f(µ(x)) ´ A þ� AM(s)-à¼ê;
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(iii) e y = f(u) ´ I þî�4O� r g�²þ s-]¼ê, u = µ(x) � A þ� AM -]¼

ê, K y = f(µ(x)) ´ A þ� AM(s)-]¼ê;

(iv) e y = f(u) ´ I þî�4~� r g�²þ s-]¼ê, u = µ(x) � A þ� AM -à¼

ê, K y = f(µ(x)) ´ A þ� AM(s)-]¼ê.

3 AM(s)-à¼ê� Jensen .Ø�ª

½½½nnn 9 � I ⊆ R
+, s ∈ (0, 1], f : I → R

+, r ∈ R, r 6= 0, e f(x) � I þ� AM(s)-à¼

ê, @o ∀xi ∈ I 9 ∀ti ∈ [0, 1](i = 1, 2, · · · , n), �
n
∑

i=1

ti = 1, Ñk

f(M [1]
n (t1, t2, · · · , tn; x1, x2, · · · , xn)) 6 M

[r]
n (ts1, t

s
2, · · · , tsn; f(x1), f(x2), · · · , f(xn)). (3)

e f(x) � I þ� AM(s)-]¼ê, KØ�ª (3) ¥�Ø�Ò��.

y ²(^êÆ8B{). ky r > 0 ��/. � f(x) � I þ� AM(s)-à¼ê.

� n = 1 �, t1 = 1, d�ª (3) �ð�ª, ¤±½n¤á.

� n = 2 �, ∀x1, x2 ∈ I 9 ∀t1, t2 ∈ [0, 1], � t1 + t2 = 1, d AM(s)-à¼ê�½Â 2, k

f(M
[1]
2 (t1, t2; x1, x2)) = f(M

[1]
2 (t1, 1 − t1; x1, x2))

6M
[r]
2 (ts1, (1 − t1)

s; f(x1), f(x2)) = M
[r]
2 (ts1, t

s
2; f(x1), f(x2)),

¤±, � n = 2 �½n¤á.

b� n = k �½n¤á, = ∀xi ∈ I, ∀ti ∈ [0, 1](i = 1, 2, · · · , k), �
k
∑

i=1

ti = 1, k

f(M
[1]
k (t1, t2, · · · , tk; x1, x2, · · · , xk)) 6 M

[r]
k (ts1, t

s
2, · · · , tsk; f(x1), f(x2), · · · , f(xk)).

K� n = k + 1 �, ∀xi ∈ I, ∀ti ∈ [0, 1](i = 1, 2, · · · , k, k + 1), �
k+1
∑

i=1

ti = 1, ¿5¿�

t1
t1+t1+···+tk

x1+ t2
t1+t2+···+tk

x2+ · · · + tk

t1+t2+···+tk

xk =M
[1]
k ( t1

t1+t2+···+tk

, t2
t1+t2+···+tk

, · · · , tk

t1+t2+···+tk

;

x1, x2, · · · , xk) ∈ I ±9 r > 0, �â AM(s)-à¼ê�½ÂÚb�, d\� r g�²þð�'

XªÚ\� r g� s-²þð�'Xª, k

f(M
[1]
k+1(t1, t2, · · · , tk+1; x1, x2, · · · , xk+1))

=f
(

(t1 + t2 + · · · + tk)M
[1]
k

( t1

t1 + t2 · · · + tk
,

t2

t1 + t2 · · · + tk
· · · ,

tk

t1 + t2 · · · + tk
;

x1, x2, · · · , xk

)

+ tk+1xk+1

)

=f
(

M
[1]
2

(

t1 + t2 + · · · + tk, tk+1; M
[1]
k

( t1

t1 + t2 · · · + tk
,

t2

t1 + t2 · · · + tk
· · · ,

tk

t1 + t2 · · · + tk
;

x1, x2, · · · , xk

)

, xk+1

))

6M
[r]
2

(

(t1 + t2 + · · · + tk)s, tsk+1; f
(

M
[1]
k

( t1

t1 + t2 · · · + tk
,

t2

t1 + t2 · · · + tk
· · · ,

tk

t1 + t2 · · · + tk
;

x1, x2, · · · , xk

))

, f(xk+1)
)
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=
[

(t1 + t2 + · · · + tk)s
(

f
(

M
[1]
k

( t1

t1 + t2 · · · + tk
,

t2

t1 + t2 · · · + tk
· · · ,

tk

t1 + t2 · · · + tk
;

x1, x2, · · · , xk

)))r

+ tsk+1(f(xk+1))
r
]1/r

6

[

(t1+t2+· · ·+tk)s
(

M
[r]
k

(( t1

t1+t2+· · ·+tk

)s

,
( t2

t1+t2+· · ·+tk

)s

, · · · ,
( tk

t1+t2 + · · · +tk

)s

;

f(x1), f(x2), · · · , f(xk)
))r

+ tsk+1(f(xk+1))
r
]1/r

=M
[r]
2 (ts1, t

s
2, · · · , tsk+1; f(x1), f(x2), · · · , f(xk+1)),

=, � n = k + 1 �, Ø�ª (3) ¤á. �éu��g,ê n, e f(x) � I þ� AM(s)-à¼ê,

KØ�ª (3) ¤á.

e r < 0 �, Ón�yØ�ª (3) E,¤á. �½n�c�Ü©¤á.

Ó���{�y²: e f(x) � I þ� AM(s)-]¼ê, KØ�ª (3) ¥�Ø�Ò��, ¤

±½n���Ü©¤á.

'u½n 9, §����d/ªXe.

½½½nnn 10 � I ⊆ R
+, s ∈ (0, 1], f : I → R

+, r ∈ R, r 6= 0, � ∀xi ∈ I, ∀qi ∈ R
+(i =

1, 2, · · · , n), e f(x) � I þ� AM(s)-à(])¼ê, K

f
(

M [1]
n

( q1

q1 + q2 + · · · + qn
,

q2

q1 + q2 + · · · + qn
, · · · ,

qn

q1 + q2 + · · · + qn
; x1x2, · · · , xn

))

6(>)M
[r]
n

(( q1

q1 + q2 + · · · + qn

)s

,
( q2

q1 + q2 + · · · + qn

)s

, · · · ,
( qn

q1 + q2 + · · · + qn

)s

;

f(x1), f(x2), · · · , f(xn)
)

.

AO/, XJ q1 = q2 = · · · = qn, Kk

í Ø � I ⊆ R
+, s ∈ (0, 1], f : I → R

+, r ∈ R, r 6= 0, � ∀xi ∈ I (i = 1, 2, · · · , n), e

f(x) � I þ� AM(s)-à(])¼ê, K

f
(

M [1]
n

( 1

n
,
1

n
, · · · ,

1

n
; x1, x2, · · · , xn

))

6 (>)M
[r]
n

(( 1

n

)s

,
( 1

n

)s

, · · · ,
( 1

n

)s

;

f(x1), f(x2), · · · , f(xn)
)

.
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