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Abstract: The Jacobi iterative method, Guass-Seidel iterative method, and SOR iterative

method are commonly used in solving linear equations. When the coefficient matrix of a

system of linear equations is strictly sub-diagonally dominant, we demonstrate that the

Jacobi, Guass-Seider, and SOR iterative methods are all convergent. By comparing the

upper bounds of error for the three iterative methods, we show that the upper bound of

error for the Guass-Seidel iterative method is minimal.
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'�.

�©�Ä�5�§|�XêÝ
�î�gé�Ó`
�, Aa~^S�{�Âñ5Ú

Âñ�Ý, }Á)ûXeü�¯K:

¯̄̄KKK I eA = (aij)n×n�î�gé�Ó`Ý
, K)�5�§| Ax = b� Jacobi S�

{!Guass-Seidel S�{Ú SOR S�{´ÄÂñ? eÂñ, �Ñ�A�Ø��Oª.

¯̄̄KKK /// Jacobi S�{!Guass-Seidel S�{9 SOR S�{�Ø�þ.'�.

1 ý��£

½½½ÂÂÂ 1.1
[10] �A = (aij)n×n, e|aii| >

∑

j 6=i |aij |, ∀i ∈ {1, 2, . . . , n}, K¡ A �é�Ó`

Ý
. �þª�z�Ø�ÒÑî�¤á�, K¡ A �î�é�Ó`Ý
.

½½½ÂÂÂ 1.2
[10] �A = (aij)n×n, e|ai,n−i+1| >

∑

j 6=n−i+1 |aij |, ∀i ∈ {1, 2, · · · , n}, K¡ A

�gé�Ó`Ý
. �þª�z�Ø�ÒÑî�¤á�, K¡ A �î�gé�Ó`Ý
.

ÚÚÚnnn1.1
[10] �A = (aij)n×n, B = (bij)n×m, eÝ
 A î�é�Ó`, K

‖A−1B‖∞ 6 max
16i6n

∑m

j=1 |bij |

|aii| −
∑

j 6=i |aij |
. (1)

ÚÚÚnnn 1.2
[11] eS�Ý
 B ��ê‖B‖∞ < 1, KS�úª x(k+1) = Bx(k) + f, k =

0, 1, 2, · · · , Âñu�§|�) x∗. �A�Ø��Oª�

‖x(k) − x∗‖∞ 6
‖B‖k

∞

1 − ‖B‖∞
‖x(1) − x(0)‖∞. (2)

2 n«S�{�Âñ5

�©~^XeÝ
:
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½½½nnn 2.1 � A = (aij)n×n î�gé�Ó`, K�5�§| Ax = b � Jacobi S�{

x(k+1) = CMx(k) + DM Âñu�§|�) x∗. �A�Ø��Oª�

‖x(k) − x∗‖∞ 6
Mk

1 − M
‖x(1) − x(0)‖∞, (3)

Ù¥CM = −D−1(L + U)Sn, DM = D−1b, M = max
16i6n

P

j 6=n−i+1
|aij |

|ai,n−i+1|
.

yyy ²²² d Jacobi S�{�:


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


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

(k+1)

= −D−1(L + U)Sn


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



xn
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...
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x1
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




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

(k)

+ D−1b, (4)

Ù¥ Sn � n ��ü Ý
. Pþª�

x(k+1) = CMx(k) + DM . (5)

dÚn 1.1 �, ‖CM‖∞ 6 max
16i6n

P

j 6=n−i+1
|aij|

|ai,n−i+1|
. PM = max

16i6n

P

j 6=n−i+1
|aij |

|ai,n−i+1|
. Ï� A �î�

gé�Ó`Ý
, ¤±|ai,n−i+1| >
∑

j 6=n−i+1 |aij |, l
‖CM‖∞ 6 M < 1. (ÜÚn 1.2

��, )�5�§| Ax = b � Jacobi S�{ñu�§|�)x∗. �A�Ø��Oª

�‖x(k) − x∗‖∞ 6 Mk

1−M
‖x(1) − x(0)‖∞.

½½½nnn 2.2 �A = (aij)n×n î�gé�Ó`, K�5�§| Ax = b � Guass-Seidel S�

{x(k+1) = ENx(k) + FN Âñu�§|�) x∗. �A�Ø��Oª�

‖x(k) − x∗‖∞ 6
Nk

1 − N
‖x(1) − x(0)‖∞, (6)

Ù¥EN = −(D + LSn)−1USn, FN = (D + LSn)−1b, N = max{N1, N2, 0}, N1 =
Pn−1

j=1
|a1j |

|a1n| ,

N2 = max
16i6n

Pn−i
j=1

|aij |

|ai,n−i+1|−
P

n
j=n−i+2

|aij |
,

yyy ²²² d Guass-Seidel S�{�n�:
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(k)

+ (D + LSn)−1b, (7)
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òª(7)P�

x(k+1) = ENx(k) + FN . (8)

dÚn 1.1 �,

‖EN‖∞ 6 max
16i6n



































∑n−1
j=1 |a1j |

|a1n|
, i = 1,

∑n−i

j=1 |aij |

|ai,n−i+1| −
∑n

j=n−i+2 |aij |
, 1 < i < n,

0, i = n.

PN1 =
Pn−1

j=1
|a1j |

|a1n| , N2 = max
16i6n

Pn−i

j=1
|aij |

|ai,n−i+1|−
P

n
j=n−i+2

|aij |
. Ï� A �î�gé�Ó`Ý
,

� N1 < 1 ¤á. �|ai,n−i+1| >
∑

j 6=n−i+1 |aij |, l
|ai,n−i+1| >
∑n−i

j=1 |aij | +
∑n

j=n−i+2 |aij |,

?
|ai,n−i+1| −
∑n

j=n−i+2 |aij | >
∑n−i

j=1 |aij |, � N2 < 1. l
N = max{N1, N2, 0} < 1. (Ü

Ún 1.2, �5�§| Ax = b� Guass-Seidel S�{ x(k+1) = ENx(k) + FN Âñu�§|�

) x∗. �A�Ø��Oª� ‖x(k) − x∗‖∞ 6
Nk

1−N
‖x(1) − x(0)‖∞.

½½½nnn 2.3 � A = (aij)n×n î�gé�Ó`§K� 0 < ω 6 1 �, �5�§| Ax = b �

SOR S�{x(k+1) = GP x(k) + HP Âñu�§|�) x∗. �A�Ø��Oª�

‖x(k) − x∗‖∞ 6
P k

1 − P
‖x(1) − x(0)‖∞, (9)

Ù¥ GN = (D + ωLSn)−1[(1 − ω)D − ωUSn], FN = ω(D + ωLSn)−1b, P = max{P1, P2, P3},

P1 =
(1−ω)|a1n|+ω

Pn−1

j=1
|a1j |

|a1n| , P2 = max
1<i<n

(1−ω)|ai,n−i+1|+ω
Pn−i

j=1
|aij |

|ai,n−i+1|−ω
P

n
j=n−i+2

|aij |
, P3 = (1−ω)|an1|

|an1|−ω
P

n
j=2

|anj|
.

yyy ²²² d SOR S�{�n�:
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(k)

+ ω(D + ωLSn)−1b. (10)

òª (10) P�

x(k+1) = GP x(k) + HP . (11)

dÚn 1.1 �,

‖GP ‖∞ 6 max
16i6n



































(1 − ω)|a1n| + ω
∑n−1

j=1 |a1j |

|a1n|
, i = 1,

(1 − ω)|ai,n−i+1| + ω
∑n−i

j=1 |aij |

|ai,n−i+1| − ω
∑n

j=n−i+2 |aij |
, 1 < i < n,

(1 − ω)|an1|

|an1| − ω
∑n

j=2 |anj |
, i = n.
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PP1 =
(1−ω)|a1n|+ω

Pn−1

j=1
|a1j |

|a1n| , P2 = max
1<i<n

(1−ω)|ai,n−i+1|+ω
Pn−i

j=1
|aij |

|ai,n−i+1|−ω
P

n
j=n−i+2

|aij |
, P3 = (1−ω)|an1|

|an1|−ω
P

n
j=2

|anj|
.

(i) � ω = 1 �, du A î�gé�Ó`, |a1n| >
∑n−1

j=1 |a1j |, � P1 < 1. du |ai,n−i+1| >
∑n−i

j=1 |aij | +
∑n

j=n−i+2 |aij |, � |ai,n−i+1| −
∑n

j=n−i+2 |aij | >
∑n−i

j=1 |aij |, l
 P2 < 1. 
�

P3 = 0 < 1. l
 P = max{P1, P2, P3} < 1.

(ii) � 0 < ω < 1 �, ω|a1n| > ω
∑n−1

j=1 |a1j | + (1 − ω)|a1n| − (1 − ω)|a1n|, =|a1n| >

(1 − ω)|a1n| + ω
∑n−1

j=1 |a1j |, �P1 < 1. qÏ�|ai,n−i+1| >
∑n−i

j=1 |aij | +
∑n

j=n−i+2 |aij |. �

kω|ai,n−i+1| > ω
∑n−i

j=1 |aij | + ω
∑n

j=n−i+2 |aij | + (1 − ω)|ai,n−i+1| − (1 − ω)|ai,n−i+1|. ¤

±|ai,n−i+1| − ω
∑n

j=n−i+2 |aij | > (1 − ω)|ai,n−i+1| + ω
∑n−i

j=1 |aij |, �P2 < 1. duω|an1| >

ω
∑n

j=2 |anj | + (1 − ω)|an1| − (1 − ω)|an1|, =|an1| − ω
∑n

j=2 |anj | > (1 − ω)|an1|, � P3 < 1.

l
P = max{P1, P2, P3} < 1. �âÚn 1.2, �5�§| Ax = b � SOR S�{ x(k+1) =

GP x(k) +HP Âñu�§|�) x∗. �A�Ø��Oª� ‖x(k) −x∗‖∞ 6
P k

1−P
‖x(1) −x(0)‖∞.

3 n«S�{�Ø�þ.'�

½½½nnn 3.1 � A = (aij)n×n �î�gé�Ó`Ý
, K'u�5�§| Ax = b � Jacobi

S�{Ú Guass-Seidel S�{, k

‖x(k) − x∗‖∞ 6
Nk

1 − N
‖x(1) − x(0)‖∞ 6

Mk

1 − M
‖x(1) − x(0)‖∞. (12)

yyy ²²² d½n 2.1 Ú½n 2.2 �,

M = max
16i6n

∑

j 6=n−i+1 |aij |

|ai,n−i+1|
, N1 =

∑n−1
j=1 |a1j |

|a1n|
,

N2 = max
16i6n

∑n−i

j=1 |aij |

|ai,n−i+1| −
∑n

j=n−i+2 |aij |
, N = max{N1, N2, 0}.

(i) �M, N1Ó1�, M =
Pn−1

j=1
|a1j |

|a1n| = N1.

(ii) �M, N1 ØÓ1�, P� N1 Ó1� M̂ , K N1 = M̂ < M .

(iii) � M, N2 Ó1�,

∑

j 6=n−i+1 |aij |

|ai,n−i+1|
−

∑n−i

j=1 |aij |

|ai,n−i+1| −
∑n

j=n−i+2 |aij |

=
|ai,n−i+1|

∑

j 6=n−i+1 |aij | −
∑n

j=n−i+2 |aij |
∑

j 6=n−i+1 |aij | − |ai,n−i+1|
∑n−i

j=1 |aij |

|ai,n−i+1|(|ai,n−i+1| −
∑n

j=n−i+2 |aij |)

=
|ai,n−i+1|

∑n

j=n−i+2 |aij | −
∑n

j=n−i+2 |aij |
∑

j 6=n−i+1 |aij |

|ai,n−i+1|(|ai,n−i+1| −
∑n

j=n−i+2 |aij |)

=
(|ai,n−i+1| −

∑

j 6=n−i+1 |aij |)
∑n

j=n−i+2 |aij |

|ai,n−i+1|(|ai,n−i+1| −
∑n

j=n−i+2 |aij |)
.

Ï � A ´ î � g é � Ó ` 
, ¤ ± |ai,n−i+1| −
∑

j 6=n−i+1 |aij | > 0, |ai,n−i+1| −
∑n

j=n−i+2 |aij | > 0, �þª�u0, l
 M > N2.
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(iv) � M, N2 ØÓ1�, P� N2 Ó1� M̄ , K M > M̄ > N2. nþ¤ã, N =

max{N1, N2, 0} 6 M . ¤±

‖x(k) − x∗‖∞ 6
Nk

1 − N
‖x(1) − x(0)‖∞ 6

Mk

1 − M
‖x(1) − x(0)‖∞.

½½½nnn 3.2 � A = (aij)n×n �î�gé�Ó`Ý
, K'u�5�§| Ax = b �

Guass-Seidel S�{Ú SOR S�{, k

‖x(k) − x∗‖∞ 6
Nk

1 − N
‖x(1) − x(0)‖∞ 6

P k

1 − P
‖x(1) − x(0)‖∞. (13)

yyy ²²² d½n 2.2 Ú½n 2.3 �,

N1 =

∑n−1
j=1 |a1j |

|a1n|
, N2 = max

16i6n

∑n−i

j=1 |aij |

|ai,n−i+1| −
∑n

j=n−i+2 |aij |
, P1 =

(1 − ω)|a1n| + ω
∑n−1

j=1 |a1j |

|a1n|
,

P2 = max
1<i<n

(1 − ω)|ai,n−i+1| + ω
∑n−i

j=1 |aij |

|ai,n−i+1| − ω
∑n

j=n−i+2 |aij |
, P3 =

(1 − ω)|an1|

|an1| − ω
∑n

j=2 |anj |
.

(i) '� N1, P1,

P1 − N1 =
(1 − ω)|a1n| + ω

∑n−1
j=1 |a1j |

|a1n|
−

∑n−1
j=1 |a1j |

|a1n|
=

(1 − ω)(|a1n| −
∑n−1

j=1 |a1j |)

|a1n|
> 0,

� N1 < P1.

(ii) '� N2, P2. e N2, P2 Ó1,

P2 − N2 =
(1 − ω)|ai,n−i+1| + ω

∑n−i

j=1 |aij |

|ai,n−i+1| − ω
∑n

j=n−i+2 |aij |
−

∑n−i

j=1 |aij |

|ai,n−i+1| −
∑n

j=n−i+2 |aij |

=
(1 − ω)|ai,n−i+1|

2 − (1 − ω)|ai,n−i+1|
∑n−i

j=1 |aij | − (1 − ω)|ai,n−i+1|
∑n

j=n−i+2 |aij |

(|ai,n−i+1| − ω
∑n

j=n−i+2 |aij |)(|ai,n−i+1| −
∑n

j=n−i+2 |aij |)

=
(1 − ω)|ai,n−i+1|(|ai,n−i+1| −

∑n−i

j=1 |aij | −
∑n

j=n−i+2 |aij |)

(|ai,n−i+1| − ω
∑n

j=n−i+2 |aij |)(|ai,n−i+1| −
∑n

j=n−i+2 |aij |)
.

Ï� A î�gé�Ó`, �þª�u 0. = N2 < P2.

e N2, P2 ØÓ1, �� N2 Ó1�� P̂1, K N2 < P̂2. qÏ� P̂2 < P2, ¤± N2 < P2. n

þ¤ã, N = max{N1, N2, 0} < max{P1, P2} 6 max{P1, P2, P3} = P. ¤±

‖x(k) − x∗‖∞ 6
Nk

1 − N
‖x(1) − x(0)‖∞ 6

P k

1 − P
‖x(1) − x(0)‖∞.

4 � (

�©y²
��5�§|�XêÝ
î�gé�Ó`�, Jacobi!Guass-Seidel Ú

SOR S�{þÂñ, ¿�Ñ
�A�Ø��O. ÏL'�n«S�{�Ø�þ., uy

Guass-Seidel S�{�Ø�þ.��.
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