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Non-orthogonal corrections to wave functions in

perturbation theory
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Abstract: Time-independent perturbation theory is fairly accurate for the correction

of non-degenerate energy levels, but its accuracy is not satisfactory for the correction of

wave functions. After examining the derivation process of perturbation theory, it was

found that the reason for the difference in precision may be related to the Orthogonality

Assumption. The Orthogonality Assumption — an arbitrary-order modified wave function

above zero order is orthogonal to the zero-order wave function — is a condition used in

establishing perturbation theory. This paper explored the Orthogonality Assumption in

detail and obtained a constraint condition on higher-order modified wave functions by using

the normalized properties of the wave function; this condition implies that the accuracy
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at second-order and above is not suitable for use with the Orthogonality Assumption.

It can be shown that without introducing the Orthogonality Assumption, the result of

the energy level correction is exactly the same as that of the orthogonal situation, but

the result of the modified wave function has a difference that cannot be ignored. This

phenomenon can reasonably explain the previous accuracy problem. In this paper, the

first three-order non-orthogonal corrective wave function of the one-dimensional charged

harmonic oscillator system in the homogeneous electric field is taken as a specific example.

By comparing the analytical solution of this system, it can be demonstarted that the

non-orthogonal correction of the wave function has higher accuracy than the orthogonal

correction. The paper briefly discusses generalization to the degenerate perturbation

theory. Combined with recent progress on the Stark problem, it offers a possible method

to check for correction of non-orthogonal perturbation.

Keywords: time-independent perturbation theory; non-degenerate correct energy level;

correct wave function; orthogonality assumption
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 n �I.

“��5b�”�êÆLã�

c(k)
n =

〈

ψ(0)
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∣

∣

∣
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∣
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∑
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(0)
n − E

(0)
m )2(E
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(0)
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m = c
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





















a(2)
n = −1

2

∑

j 6=n

|c(1)j |2 = −1

2

∑

j 6=n

VnjVjn

(E
(0)
n − E

(0)
j )2

,

a(3)
m = c(3)m − 1

2

Vmn

E
(0)
n − E

(0)
m

∑

j 6=n

VnjVjn

(E
(0)
n − E

(0)
j )2

.

(21)

��, 3ª (7) �\ k = 3, 2g|^JÜ� 0 ��½, k

a(3)
n = −1

2

∑

j 6=n

c
(1)∗
j c

(2)
j + c

(2)∗
j c

(1)
j = −

∑

j 6=n

ℜ[c
(1)∗
j c

(2)
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ù�Ò��
cn�¤k?���L�ª.

|^þ¡�(J, �©�Ä��äk)Û)�XÚ: !r>| E ¥��>Ö q ����

�f. Hamilton þ�

H = − ~
2

2µ
· d2

dx2
+
µω2

2
x2 + qEx, (23)

Ù¥ H0 = − ~
2

2µ
d2

dx2 + µω2

2 x2 ´����fXÚ, XJ>| E �fK V = qEx ´�6�^.

ÏL�� x→
√

~

µω
x, H → ~ωH �±¦CþÚ�§Ãþjz. d� Hamilton þ{z�

H = −1

2
· d2

dx2
+

1

2
x2 + ǫx, (24)

Ù¥ ǫ =
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q2E2

µ~ω3 . d� V = ǫx. ·��� H0 ����� E
(0)
n = n+ 1

2 , ÙéA�8�z��

Å¼ê ψ
(0)
n (x)�[8,11]

ψ(0)
n (x) =

√

1
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π− 1
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(

− x2

2

)

Hn(x), (25)
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ùp Hn(x) ´ Hermite õ�ª, =

Hn(x) = (−1)nex2 dn

dxn
(e−x2

). (26)

Hamilton þª (24) ´k)Û)�[8], �I�é��fXÚ?1���m²£C� x′ = x+ ǫ,

Òk ψn(x) = ψ
(0)
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dxk
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




































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2
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(x) = π− 1

4

ǫ2

2
(x2 − 1) exp

(

− x2

2

)

,

ǫ3

3!

d3ψ
(0)
0

dx3
(x) = −π− 1

4

ǫ3

6
(x3 − 3x) exp

(

− x2

2

)

.

(28)

òÚ\�ØÚ\��5b��ü«�6Ø�cn�?�(J�ª (28) é', �±�ß/w

Ñ�ö�«O.

�〈a|, 〈b|´éAuU?E
(0)
a !E

(0)
b �"�Å¼ê, KÝ
�Vab�

[11]

Vab = ǫ〈a | x | b〉 =
1√
2
(
√
b+ 1 δa,b+1 +

√
b δa,b−1). (29)

Ïdlª (18)!ª (19)!ª (29) �±wÑ, c
(1)
m ¥ m 6= 1 �7,� 0, c

(2)
m ¥ m 6= 2 �7,�

0, c
(3)
m ¥ m 6= 1, 3 �7,� 0, =



















































c
(1)
1 = − ǫ√

2
,

c
(2)
2 =

ǫ2

2
√

2
,

c
(3)
1 = 0,

c
(3)
3 = − ǫ3

4
√

3
.

(30)

Ïd,



















φ
(1)
0 = c

(1)
1 ψ

(0)
1 ,

φ
(2)
0 = c

(2)
2 ψ

(0)
2 ,

φ
(3)
0 = c

(3)
3 ψ

(0)
3 .

(31)
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|^ª (25) ��U
^�� H0 ���Å¼ê,�














































ψ
(0)
0 (x) = π− 1

4 exp
(

− x2

2

)

,

ψ
(0)
1 (x) = π− 1

4

√
2x exp

(

− x2

2

)

,

ψ
(0)
2 (x) =

π− 1

4

√
2

(2x2 − 1) exp
(

− x2

2

)

,

ψ
(0)
3 (x) =

π− 1

4

√
3

(2x3 − 3x) exp
(

− x2

2

)

.

(32)

u´��5b�e�?�Å¼ê(J�


























φ
(1)
0 (x) = −π− 1

4 ǫx exp
(

− x2

2

)

,

φ
(2)
0 (x) = π− 1

4

ǫ2

2

(

x2 − 1

2

)

exp
(

− x2

2

)

,

φ
(3)
0 (x) = −π− 1

4

ǫ3

6

(

x3 − 3

2
x
)

exp
(

− x2

2

)

.

(33)

ª (33) �°((Jª (28) ?1é', ��Ø
1��Å¼ê���?��°((J¬Ü, p

��?�(JÑ�°((Jk�É. 1��?��¬Ü�<y
·�éJÜ� 0 ��½´�

(�.

25O�Å¼ê����?�(J, dª (21)!ª (22)!ª (29), k


















































a
(1)
1 = − ǫ√

2
,

a
(2)
2 =

ǫ2

2
√

2
,

a
(3)
1 =

ǫ3

4
√

2
,

a
(3)
3 = − ǫ3

4
√

3
,

(34)

±9


















a
(1)
0 = 0,

a
(2)
0 = − ǫ

2

4
,

a
(3)
0 = 0.

(35)

��, Å¼ê����?����?���É�






ψ
(2)
0 = φ

(2)
0 + a

(2)
0 ψ

(0)
0 ,

ψ
(3)
0 = φ

(3)
0 + a

(3)
1 ψ

(0)
1 .

(36)

äN/,


























ψ
(1)
0 (x) = −π− 1

4 ǫx exp
(

− x2

2

)

,

ψ
(2)
0 (x) = π− 1

4

ǫ2

2
(x2 − 1) exp

(

− x2

2

)

,

ψ
(3)
0 (x) = −π− 1

4

ǫ3

6
(x3 − 3x) exp

(

− x2

2

)

.

(37)
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ª (37) �°((Jª (28) é', ��Å¼ê����?��cn����Ðm�(J��

��, ù��©�ß�Ø*
Ü. �,==ù��~f���êþ��, ���vkÄ½�

©�*:, `²(¢�3�
���?���{, Ù�\k�!°Ý�p.

3 o(�Ð"

�©�(J´é�{¿�6ØO��{����õ, �´�©¤¦^��{�±aí

�{¿��¹¥�, =ïÄ���?�é{¿�6Ø�K�. ÐÚ�O�L², ����5

b�é{¿�6Ø�K�'�{¿�¹��, {¿�¹e´ÄÚ\��5b�¬E¤U?

?��Ñy�É, �uù��ÉUÄ�ª (15) ���ß�I�?�Ú�O�. í2�{¿

�¹��±Jø�õ�{5u��©�(J, 'X!r>|¥��f� Stark �A. 2017 c,

Osherov �Æö3��f�Uþk�
�6u	Ü>|rÝ�(½���¹e, ¦)Ñ
,


 Stark¯K�°()Û)[12-13], ù�u��«Cq�{�°ÝJø
rå�óä. du{

¿�6Ø¥, ØÄÚ\��5b�¬��U??��Ñy l, ¤±ÏL� Osherov �(J

é', ��u�U?°Ý, =�ÐÚ�y�©�g´. I�5¿�´, du\þ	>|�6

���fUÌ´ëYÌ, ¤±�©��(JE,�´°(U?�ì?Ðm. éu?�Å¼ê

Ψn(x) �u�, duÅ¼êØ´���*ÿþ, �±3Û�þu�VÇ�Ý�������

?���É |‖Ψn(x)‖2 − ‖Φn(x)‖2|, ½ö3�Ûþu�∫
V

‖Ψn(x) − Φn(x)‖2 d3x =
∑

m,k,l

(a(k)
m − c(k)

m )(a(l)∗
m − c(l)∗m ), (38)

Ù¥, Ψn(x) ´����¹e�Å¼ê, Φn(x) ´��5b�e�Å¼ê.

é a
(k)
n �÷vª (7) ��½�{�&?�´�����Ä��K. ª (7) ��å
 a

(k)
n

�¢Ü, � a
(k)
n �JÜ%E,¬é(JE¤K�, ùL²�U¬k��éJÜ?1���^

�·�ÿ�uy, 
ù�^�½N5
u�Ä��Ôn5Æ.

,��¡, �6Ø3þf|Ø¥�A^�%@�¹
“��5b�”, ù�:�±l

Lippmann-Schwinger �§[14]�/ª¥wÑ5, =

Ψ±
α = Φα + (Eα −H0 ± iǫ)−1V Ψ±

α , (39)

Ù¥, Φα =´ H0 ���Å¼ê, Ψ±
α =´ H ���Å¼ê, �§���½
 Φα �Xê� 1,


�¡��� Φα ��. ùÒ%¹
��5b���½. �6Øäkg,� Lorentz �C5,

��©�Lã�ªùX
ù�:[14], �±ò�©�(JU�� Lorentz �C/ª, ù�éþ

f|Ø��6nØk½õ½���õ�^.
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