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Abstract: Let A be an algebra with unit 1. A map f: A — A is a weakly additive map
if for every z,y € A there exist ts,y, So,y € F such that f(z +y) = ta,y f(z) + sz, (y). We
prove that under some conditions, if f is a commuting map, then there exists A\o(z) € A
and a map A; from A into Z(A) such that f(z) = Ao(z)z + Ai(z) for all z € A. As an
application, a class of commuting weakly additive maps on M, (F) are characterized.
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O TR R BEAR KL, B f - Ma(F) — Mo(F) & XK f(z) = ||z||lo OXH ||| ZATE— P
FEYGED), W f 259l Inmess. Wl f - A — AR HMZIEXR TGN a € AF [f(a),a] = 0.
R fITEEGE f(a) = Ma+ p(a), KEX € Z(A) HHp: A — Z(A) &L,
W) f PR Ry S R .

T AT U BT AR S TR B, SR DG T A 3 Pk (R S R ] 0 G T A e 3R 1.
R IEAT IR ARITIE N a,b € R ab = ba JEAT. A HIR S I IR o0 WS (R AIF 5T 223 )
#1957 # E. C. Posner™IEW] T W F&5i8: R —MREARAIEZTHLO T 7, W R L IEA I
(. JEASEE ST R T AT R DN i A e B S (R 7 %8R, M. BresarPHER] TR F 2 —A
M von Neumann £8EL M £ [ S (AT INGAS e s, W) F & EH ). ASA, M. BresarBIgh il 1
FI AT I0AE e S IR 2 S R I AN S5 R B T AR IR RS L TR
He WU 1T 2 ) 25 0] 5 2% SR [4-9).

WS f: A — ARSI ZFER TN a € AT [f(a),a]r = 0(XH [f(a),alr =
[+ [[f(a),a],al,--- ,a], Jehaf k). B f @ A — AR OBFZIBXN A Na €
A [f(a),a] € Z(A). WIS £ A — AJE LB ZIEN T a € A [f(a),a*] € Z(A).
BT, SCHR [10] B 5043 HE AE B2l = A AR B 0 k-2 SR IR 1. A e T
SO BEAR K E 2 o i, R38R AR T S T e I B R SR AR A1)
TR T, 8§D f R — RE S HME Y HACY WA e € R
H f(z) = ax +h(z), X o € Z(R) HH hit—NINREN Z(R) Fn] fHwi. Shakir ALSIH
BT AN AR AR AT INAS e A 2 s U

T2 AN W A PR AE e LS ] D4

F@) = Xo(@)a™ + A (2)2" 7! 4+ Aua (@) + A (@), Ai A — Z(A).

SR, XA AN BE UL W] AZ W AL g A X R S, DA B - LR, s
Wk [15] UEW] T AERCLR B T, IR @ o2 XU AT MR R, W () = Aa® + () + v(a) (X
BN, p(z), v(z) HIE TR L), A HIRA R BUZ A T 2 AT 5 s A2

f(@)=Xo(@)x + M(x), \i: A— Z(A),i =0,1.

ARSI H R B, WSS T £ A — AR ARSI, W T
Mz e ARFAAE No(x) € AF—ADINAZ] Z(A) IS N AR f(2) = Xo(z)z 4+ A (z). H
T tays Soy Bz, y A RIIEL, PTLOX BRGEIE No(z) € Z(A). A EZLERun .

EHEO0.1 WAL (charF = 0) B A A7 70 1 RIFE S5 o e (1) 45 & AR5, 7] I 3
ade #0,aA(l —e) #0,Y0 #a € A Hf: A— A— ANl InAZ e wes, HXHT
Bz ye A WL

(a) f(z) =0z =0;

(b) z, y L TEM M < f(x), fy) LA,
WIAEAE No(z) € AR N () € Z(A) T f(z) = Xo(2)z + A1 (2) AL

1 &L R6EWY
Eh%ﬁ:ﬂ%[]e 75 0,1, iﬂel =e,e0=1—c¢e. )”JJAﬂUEJEJZA = A1 + A2 + Aay +A22,
X H Aij = eiAej (Z,j =1, 2). TR Ac A A= 22 Aij (JXE Aij S Aij).

3,J=1
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SIE 1AM W REAEHRNIC L RIS IC e I, I HRIHAL aRe = {0} = a =
0, aR(1 —e) = {0} = a =0, MR KL

Z(R)={z11+222: 211 €R11, 222 € Rz, 211012 = A12222, A21211 = 222021,V a12 € R12, az1 € Ro1 }.

I 1.206 W R EAEH AL FREE T e I, I HR L aRe = {0} =
a=0FMaR'(1-e)={0} =a=0. 1EHla e R, WEXMEEN » € R' H exeae = eacxe, NAT
EX € Z(R') #1153 eae = e.

PAR 51 BEASE AL E B 0.1 A RTSR 4 AF R AR K, N IR AN PR EEAT 3L

51 1.3 Elz,y € A WHFERANFR sy, 50y € FEF f(2+y) = toyf(z) +
Sm,yf(y)'

WE B T,y e A AR IITE.

() Wz, y PEDTANE, APHz=0 BT fx) =0 2=0, L f0)=0Jf
H

f@+y)=fly) = f(=)+ f(y).

(i) Wiz, y BARE, Wty y, 50, € FIER
f($ + y) = tm,yf(m) + Sm,yf(y)'

WSR2,y REVETLRM, WM +y # 0, FTLhf(x+y) # 0. T ity s, NENE.
A oy, Soy TH A NE, AYTB

f(LL' + y) = tm,yf(‘r)v Lo,y 7& 0,

W f(x +y), fo) 2RI H, Wil e + y, o G OCH, 55,y Sk JE 7 A,
W tey, oy BEANE
R @,y LRI, W f (), f(y) RERAEARSC, TAFAEA RN E N 0, b € F A5

0=af(z)+bf(y)
BT f(z) #0, f(y) #0, Filla, b 2ANE. TRIMEEN p € FHAT
f@+y) = oy +ap) f(z) + (2,9 + b0) [ ()

4 char(F) = 0, WIAEAE p € FAEFS toy 4+ ap # 0 Ml s,y + bp # 0. ISEAT A £, + ap, 52 +
bp A by 50y THE tays 50y BANE.

BIE 1.4 f(1) € Z(A), fe;) € A+ Ao (i = 1,2). I HAFAE 2 € Z(A) i e f (1)e; =
Zi€;.

i THa e A W [f(a+1),a+1] = 0. BE TR b, 501 € F, ££7
fla+1),at1]=[tarf(@) + a1/ (1), at 1] = saa[f(1),a] = 0.
B 501 # 0, BTBA [£(1).a] = 0, Bl £(1) € Z(A). FTHa € Ay Flagy € Agy, 41
[f(1),a11] = [erf(1)er,ar1] =0
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F
[f(1),a2] = [eaf(1)es,a22] =0

ﬁij‘ 3:% elf(l)el S Z(All) Fl 62f(1)62 € Z(.A22) Eﬂxﬁ'ﬁ—ﬁ%—?ﬁg a€ A, ﬁ
e1f(l)erae; = eraer f(1)eq

N
eaf(1)eqaes = esaeaf(1)es.

H5IHE 1.2, fE7E 21, 20 € Z(A), 1T e1 f(1)er = z1e1 Mleaf(1)ea = zoen L.

WA [f(1),e1] = [fler + ea),en] = 0, [f(er),ea] = 0, W [f(ea),ea] = 0, PTLL f(es) €
A1 + Aos.

I 1.5 T ay; € Ay, W flay) € Air + Aso, [eif(aii)es, aii) = 0. I HAFLESS v
WS fi 0 A — Z(A), 113 ejflain)e; = filan)ej, 1 < i # j < 2. KM, eaf(er)es =
fi(er)ea Mleq fez)er = faa(ez)er BT

iE B fFHan € A, W

0= [f(a11),a11] = [e1f(ar1)er + e1f(air)ez + eaf(ar1)er + eaf(air)ez, ari]
= [e1f(ai1)er, a11] + [e1f(ai1)e2, a11] + [eaf(a11)er, a11].
HEEE
lerf(arr)er,ar1] € Air, [erf(arr)ez, ar1] € Aiz, [eaf(arr)er, ar1] € Asi.

R, SHMEE M an € A, B

[elf(all)elaall] = [elf(a11)€2,a11] = [€2f(a11)61,a11] =0.

T
lerf(air)ez,a11] =0, Vai € Ajq,
R EE
allelf(au)eg = 0, Vau S ./4117
ESplia

(a11 +er)eif(ain +e1)ea =0, Vay € Aig.
MG E 1475 e1 f(e1)ez = 0, Frlhesf(arn)es = 0. X1 T
leaf(ai1)er, ai1] = eaf(air)eiann =0,

FAdh,
eaf(air)er =0, Yai € Air.

JHZ, MATR M a1y € A, ]

fla11) € A1 + As2, [e1f(a1r)er,an] = 0.
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[FJ3, AT R age € Aso, H
flaz2) € A11 + Asz, [e2f(aaz)ea, ase] = 0.
TS eaf(air)es Mler f(ass)er.
B [f (a11 + ag2), a11 + aze] = 0, FTEAFAEIER M tar 000 Sars a0e € F, 15
tars,azs[€2f (a11)e2, aza] + Say1 025 (€1 f (a22)e1, a11] = 0.
TRAMTRE N a11 € Avy, ags € Ago,
tars,az (€2 (a11)€2, a22] = 541, az, (€1 f (a22)er, an1] = 0.

T tari.am # 0, Sarrame # 0, FTlherf(am)er € Z(A1r), I Heaf(ar1)ex € Z(Ax).
I 51 HE 1.2, F21E fii(ann), fao(ae) € Z(A), 13 eaf(ain)es = fii(air)es Fler flaz)er =
fa2(agz)eq BT

SeBr b, B f S eI TE, AEH @i, b € Aii (i = 1,2), FAEAEZR R tasi biss Sasi b € Fy AE

e
fii(aii + bii)ej = tay, b, fii(aii)ej + Sau by, fii(bii)ej, (1)
huj
(fii(@ii + bii) = ta; by, fii(aii) — Saz b, fii(bii))Ae; = 0.
H1 A R BT 15

Jii(@ii + bii) = ta, by, fii(aii) + Saz b, fii(bii),
Fit LA flz%ggﬂb”MET
I 1.6 (THlai; € Ay (1<i#j<2), W IR
(1) e; f(ai;)e: = 0;
(2) eif(ai)e; = 2 (eif (eq)eiass — aijef (e)eg) = 2 (e f(ei)eras; — fuslei)eias;) =

(asje;f(ej)e; — fijlej)eias;), E B te 4, 5e, a0

tej.ai _ tejiay
oo aijej fej)e; — eif(ej)eiay) =
tej,aij ySej,a:; € F;
(3) eif(aij)eiai; = aije; f(aij)e;;
(4) FFAESS I INREY fij, 965 « A — Z(A), 43 eif (aij)ei = fij(ai)es Mejflaije; =
gij(aij)e; BOL.
W OBR XHIUUE] (4, 5) = (1,2) BB, —F (i, 5) = (2,1) IS TE 2R AL
fEH ar2 € Ara, W [f(e1 + a12),e1 + aia] = 0. BKIAELEAER W te, as, Ser a1n € F, 5
[f(e1 + ai2),e1 + ar2]
= t€1>a12 [f(61)7 al?] + Seq,a12 [f(a12)7 61]
= te,an€1f(€1)€1012 — tey arp01262f(€1)€2 + Sey arp€2f(a12)€1 — Seq.an€1f(a12)ea.  (2)

JH: €2f(a12)61 =0. %uéﬁi@ (1) E‘Zj, j‘JFE_

t
€1f(a12)€2 = ﬂ(elf(el)elam - a12€2f(€1)€2)
€1,a12

t
= ﬂ(61f(61)61a12 - f11(€1)€1612)-
8617012
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[FHE 55 [f(e2 + a12), ea + ar2] = 0 A 1%

t
e1f(az)es = =22 (argea f(e2)e2 — e1f(e2)e1ar2)
Sez,a12
t
= 222 (arzea f(e2)e2 — for(ez)erarn).
Sez,a12

KA [f(a12),a12] = 0, FTlLes f(ai2)erarn = arzeaf(ara)ea. FILES IR (2) FT (3) BT
MEZE (4). EB an € A, W [f(an + a12),a11 + arz] = 0. BI5GB 15 FIZ5iE (1), 7T
fﬁ.ﬁﬁiﬂig\; Sa11,a12 € Fu ,@E?g’

[f(a11 + a12), a11 + a12] = [Says,arn€1f(a12)er, a11] + g(ai1, ar2),
X
[Sair,an€1f(a12)er, a11] € Ai1, glarr, a12) € Aia.
BRI, RHAEE ) a1 € Arn £ [e1f(a12)er, ar] = O AL, BTl er f(ai2)er € Z(Ar).

KM, LM aze € Azo, HIFFR [f(az2 + a12), a0 + ar2] = 0T LLIEM exf(arn)ez €
Z(Aszz). PRI L2, AFHE fi2(ar2), g12(ar2) € Z(A), 1113

€1f(G12)€1 = f12(G12)€1, 62f(a12)62 = 912((112)62-

[FIEE, 51 1.5 015 £, gij &9 TN, PIES IR (4) AL
glﬁ 1.7 ’E‘EEX a1 € A12, as1 € A217 U'JJ

asier faiz)er = eaf(ar2)esan

i
a1262f(021)62 = €1f(a21)€1G12
iE B fElais € A, an1 € A1, W [far2 + a21), a12 + an] = 0. B H 512 1.6, 47
FEAEF Larsan > Sar,am € F, 11T

[f(ai2 + az1), a12 + az21]
=ta10,a0: (—a21€1 f(a12)e1 — a1€1 f(ai2)es + e1f(a12)ezas1 + ez f(ai2)esanr)
+ Says.a0: (€1f(a21)e1a12 + eaf(az1)e1a12 — arzea f(azi)er — arzeaf(azy)es)
= (tars,as: €1f(012)€2021 — Sa15,00, 1262 f(A21)€1) + Sa15,00, (€1 f(a21)e1a12 — a12e2 f(az1)ez)
+ tays a0 (—az21e1f(a12)er + eaf(a12)e2a21) + (Says.a0 €2f(a21)€1a12 — tays.a0,a21€1 f(a12)e€2).
TR,
G2161f(al2)61 = €2f(a12)€21121, a1262f(021)62 = €1f(a21)€11112-
I 1.8 (Tl ai; € Aij, Weif(aij)ei +ejflaij)e; € Z(A) (1 <i#j<2).
W B W1<i#j <2 T ai; € Ay, aji € Ay, H151EE1.6(4) 152

eif(aij)e; = fij(aij)es, ejflaij)e; = gij(aij)e;,
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X fii(aij), gij(aij) € Z(A). HFG 3 1.7 152
ajifij (aij)ei = Gij (aij)ejajia Vﬂji € Aji;
Ell]
(gij (aij)ej — fij (aij)ej)aei =0,Vace A.
EEE A H‘]@%&, ’ﬁ gij(aij)ej = fij(aij)ej, JH:
eif(ai)ei + e f(aij)e; = fijlaij)ei + gij(aij)e; = fij(ai;) € Z(A).
313 1.9 THay € Aii, iy

Sai1,a te ,a
elf(all)el = f11(a11)€1 + M(elf(el)el - f11(61)61)a11-

ai1,a125e1,a12

W B fEHan € Air, a2 € Ara, W [f(a11 + a12),a11 + arz] = 0. 53 1.5 F15]
P16, HFAEAEF Loy a10s Sary,are € F, 47

[f(a11 + a12), a11 + a12]

=tayan1f(ar1)erars — tay, an012€2f(011)€2 — Saiy 01161 f(a12)es.

il

t€i7aij

eif(aij)e; = S—(eif(ei)eiaij — aize; f(ei)e;)
ei1aij
teiyaij
= ——*(eif(ei)eiai; — fiilei)ejaiz),

Sei,aij

iy
tair,an€1f(a11)erais — tayy a1, 01262 f(@11)e€2
tel,ll12 _
— Say1,a12011 | ——=(e1f(e1)eraiz — aizeaf(er)es) ) = 0.
€1,a12
A
t817a12
tars,ae1f(arn)er — tayy ar, f11(ar)er — sapsas anerf(er)er
€1,a12
t
+ Sa11,a10 ﬂall][ll(el)el>elae2 =0.
€1,a12

R % 1S

Saiy,arzle ,a
e1f(ar)er = fii(an)en + —2=2—2"12(eq f(e1)er — fii(er)er)aqs.

ai1,a125e1,a12

Fetolt, B R [f(aze + an), az + ao1] = 014, FELEIEF Lo 001 Sazaan € F, AHUI
FLER .
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glﬁ 1.10 ’EEEX a99 € A22, ljl”

Sags,az te a
eaf(azz)es = foo(agg)eg + —22H 222 (e f(eg)ea — fao(e)ea)ass.

Lass,as Sea,an

IR E L 0.1
EH 0.1 89EA FHz = a11t+aia+asi+ass € A, 5| f E@EX, AR AR5 B u,v €F,
{32 #L 0.1 1

f(x) = fair + a12 + az1 + az2)
= uf(an + ai2) + vf(a + az)
= Utan,amf(all) + usallyal2f(a12) + VSas0,a21 f(an) + ’Uta2271121f(a22)'

r
Ao(z) = alerf(er)er — fii(er)er) + Bleaf(e2)e2 — faa(ez)e2),
Hrp
O = USayq,a10 ter.ars s B = USass.a0, M
ersar ez,
4

M(z) = f(z) = Mo(2)x,

VRN (z) 2 A B, Bk, JUEGHE, XA e € A, 1 M (z) € Z(A). b L, H5I
P15 FI5]BE 1.6 145

M(z) = fair + a1z + a21 + az2) — Ao(z)(a11 + ai2 + az1 + ag2)

=Ulayy,a12.f(@11) + USayr1,a10 f(@12) + VS 020,001 F(A21) + Vasy 000 f(a22) — (a(e1f(e1)er
— fii(er)er) + Bleaf(e2)es — faa(e2)ea))(air + aiz + az1 + ag2)

=Utay,,a0€1f(@11)€1 + Ulay, arn2f(a11)e2 + Vg, am €1f(@22)€1 + Vtasy ay €2 (a22)e2
+ USay;ap€1f(@12)e1 + USay; ar.€2f(@12)€2 + VSags,a0,€1f (a21)€1 + USasy,as €2 (a21)e2
+ USay;,a1.€1f(a12)€2 + VSagy a0 €2 f(az1)er — aley f(er)er — fii(er)er)an
—a(erf(er)er— fii(er)er)arz—Bleaf(e2)ea — faa(ea)ez)aar —B(eaf (e2)ea— faz(e2)e2)asz

=Utay,,a0€1f(@11)€1 + Ulay, arn2f(a11)e2 + Vg, am 1S (@22)€1 + Vtasy ay €2 (a22)e2

+ USqy, .61 f(a12)e1 + USary a10€2f(@12)€2 + VSass,as, €1 f (a21)€1 + Vagy as €2 f (a21)e2

+ (“Sau,am G - 04) (erf(er)er — fii(er)er)ain + (USaQQ,agl fes 021 - ﬁ) (e2f(e2)e2
— faz(e2)ea)aor — aler f(er)er — fri(er)er)arr — Bleaf(e2)ea — faa(ea)ea)ass.

51 HE 1.8 152

usan,amelf(al?)el + u5a111a1262f(a12)62 + vsa22702161f(a21)61 + ’L)Sa221a2162f(a21)62 € Z(A)a (3)
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HHGIHE 15 M5 P19, H

Utay,.a.e1f(a11)er — alerf(er)er — fii(er)er)arr + utay, ar€2f(ai1)es

— ul _ San,arster,ar _

= Uy, ap1f(a11)e1 — Utay, ars (erf(er)er — fii(er)er)arr + uta,, ar.€2f(ai1)es
La11,a125€1,a12

= Ulqyy,a10 f11(A11)€1 + Utay a1, f11(011)€2

= utan,amfll(all) € Z(A) (4)
AR, B9 12 1.5 A5 EL 110, A

Vtags,an €1f(a22)er — Bleaf(e2)ea — faa(ez)ez)ao + vtag, as €2 f(az2)e2

Sazz,a01tes a1 (eaf(

= Ulayy as €1 (a22)€1 — Vlagy a: ; ez)ez — faz(ez)ea)azs + Vtay, an €2 f(a2)e2

a22,a21 Sez,a21
= Utayy a0, f22(22)€1 4 Vtasy a0y f22(a22)e2

= Utazz,azl f22 (a22) € Z(A) (5)

il (3)-(5), MTEMSRIRHMEE R 2 € A Mi(2) € Z(A).

Zi LPTik, sE B 0.1 L.

I TRAE 3ot R Y L R B 0.1 (900 5 B R S 1. B do() R 2 BT Z(A).
{EE T LASE N 251, (30 58 BEAROL.

#it1.1 WAREF (charF = 0) EW 4 GMRE, HEH A0 1R E TCe. Al
Lade#0,aA(l—e)#0, K a#0,ae A W f:A— Al Mg, N 2,y € A, I
J

(@) flz) =02 =0;

(b) 2,y &K & f(x), fy) BAEAIR,

%f(w) = do(@)z + Mi(2 ) XH Ao(z) = alerf(er)er — fii(er)er) + Bleaf(ez)ea — faa(ez)ea),
M) € Z(A) I H S = L ) £ AT
iE B EE%]EEM%DM FAEAEE ey 00, Ser 00 € F, 1T

tel,egelf(el)el = elf(l)el - 861)6261][(62)61
= (21 = Seyex fa2(€2))e1 € Z(A11)

il

Sel,eger(e2)e2 = e?f(l)eQ - t€17€262f(61)62
= (22 — tel’e2f11(61))62 S Z(AQQ).

é\

(22 = tey,en f11(e1)).

(Zl - 581,e2f22(62))7 Qg =
t81,82 881782

ﬂw\ﬁﬂj 1,09 € Z(A), ,[H: eif(ei>ei = o e; € Z(A”) (’L = 1, 2)

a1 =
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M BBV erf(er)er — fu(er)er € Z(An), I Heaf(ez)ea — far(ea)er € Z(Az).
A5 2 14, RHER I 010 € Aro, H

aey f(e1)eraiz + Barz faz(e2)ez = (ae1 f(er)er + Bfa(ea)er)ars
= (ae1f(er)er + Berf(ez)er)arn
= Y(tey,es1f(€1)e1 + Sepes€1f(€2)e1)arn
=ve1 f(1)era12 = yarzeaf(1)es
=a12(te, es€2f(€1)€2 + Sey es€2f (€2)€2)
= aiz(afii(er)es + Beaf(ez)ea)
= afii(er)erarz + Baizea f(ez)es,
KM o = Yleyens 8= VSer,e0, 7 € F, U
aferf(er)er — fii(er)er)arz = Baia(eaf(e2)ea — faa(ez)ez), Vaia € Aja.
[EEE BT
aas (e1f(er)er — fii(er)er) = Bleaf(e2)e2 — faz(e2)e2)azn, Vaz € Aai.
CEEESSWRIES

Ao(7) = alerf(er)er — fii(er)er) + Bleaf(ez)ea — faa(ez)ea) € Z(A).
AT 50 FEAC S — B R A K, AR s B 0.1 A0 55wl w5t 1) 52 CnT LLAS 30 4

.

32 1.2 VLM, (F) & € XAETF (char F = 0) b [ 26 F40 B4 in 2 R afe vk (10 A FEAR 2,
W f o My (F) — My (F) &89 sy, HXMERW 2,y € M, (F), ii2:

(a) f(z) =0z =0;

(b) =,y A < f(2), f(y) LMEAK.

U fREATH, WIAFAE Xo () € My (F) A A (2) € FAERT f(x) = o)z + A (2)1.

A AT B B 1, A = Mo(F) & —ANF-45 A ARBH S A 0 T MRS e =
(§9). My(F) i/ aMy(F)e # 0,aMo(F)(I —e) # 0,0 # a € A f(z) = ||z|z &350 N
W, HXHME R 2,y € Mo (F), A

(a) f(z) =0z =0;

(b) z,y ZEYEAK & f(x), f(y) LPEAL.

W f AT e, I H
f(@) = |zllz = Xo(z)z + A1 (2)],
EH \o(x) = ||2||T € Z(M2(F)), I H A\ (2) =0 € Z(My(F)).
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