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Á�: �A´��kü �1 ��ê. ¡N� f : A → A´��f�\N�, XJ÷vé?¿

� x, y ∈ A, �3 tx,y, sx,y ∈ F ¦� f(x + y) = tx,yf(x) + sx,yf(y) ¤á. �©y²
3�½

�b�e, XJ f ´��N�, K�3 λ0(x) ∈ A Ú��lA� Z(A) �N� λ1, ¦�é¤k

� x ∈ Ak f(x) = λ0(x)x + λ1(x). ��A^, �x
 Mn(F) þ�a���f�\N�.
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Abstract: Let A be an algebra with unit 1. A map f : A → A is a weakly additive map

if for every x, y ∈ A there exist tx,y, sx,y ∈ F such that f(x + y) = tx,yf(x) + sx,yf(y). We

prove that under some conditions, if f is a commuting map, then there exists λ0(x) ∈ A

and a map λ1 from A into Z(A) such that f(x) = λ0(x)x + λ1(x) for all x ∈ A. As an

application, a class of commuting weakly additive maps on Mn(F) are characterized.
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0 Ú ó

�A´½Â3� F (char F = 0) þ�kü � 1 �(Ü�ê. ?� a, b ∈ A, P [a, b] =

ab − ba. A�¥%P� Z(A) (Ù¥ Z(A) = {z ∈ A : [z, a] = 0, ∀a ∈ A}). N� f : A → A´

f�\N�´�é?¿� x, y ∈ A, Ñ�3 tx,y, sx,y ∈ F ¦� f(x + y) = tx,yf(x) + sx,yf(y),

ùp tx,y, sx,y ´Ú x, y k'�ê. ~X, � M2(F) ´½Â3� F þ�÷vÊÏ�Ý
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Ý
¦{�Ý
�ê, N� f : M2(F) → M2(F) ½Â� f(x) = ‖x‖x (ùp ‖x‖´?¿�«Ý


�ê), K f ´f�\N�. N� f : A → A´���´�é¤k� a ∈ Ak [f(a), a] = 0.

XJ��N� f �/ª´ f(a) = λa + µ(a), ùp λ ∈ Z(A) ¿� µ : A → Z(A) ´��N�,

K f �¡�´�~�.

Ï~��N�Ì�ïÄ�´N��/ª§,
'u��5�ïÄ�Ð´'u����.

�R´���´�?¿� a, b ∈ Rk ab = ba ¤á. ���9�'�¥%N��ïÄ�J�

� 1957 c E. C. Posner[1]y²
Xe(Ø: XJ����Rk�"¥%�f, KR7´��

�. ù�(JÚå
<�é�\���N��ïÄ,�. M. Brešar[2]y²
XJ F ´��

l von Neumann �ê M �g���\���N�, K F ´�~�. ØÈ, M. Brešar[3]�Ñ


��þ��\��N���x, �5ù�(J�ïÄöí2�
Ù¦��Ú�êþ. 'u�

�N���õSN�ë�©z [4-9].

N� f : A → A´ k-���´�é¤k� a ∈ Ak [f(a), a]k = 0 (ùp [f(a), a]k =

[· · · [[f(a), a], a], · · · , a], Ù ¥ a k k �). N � f : A → A´ ¥ % N � ´ � é ¤ k � a ∈

Ak [f(a), a] ∈ Z(A). N� f : A → A´ ∗-¥%N�´�é¤k� a ∈ Ak [f(a), a∗] ∈ Z(A).

�C, ©z [10]ïÄ�Ñ3,
n��êþ� k-��N�´�~�. oñÅ�[11]?Ø
2

ÂÝ
�êþ��¥%N�, ¿ÏLE,�O��x
§���/ª. à�B�[12]�x


3,
b�e, z���\N� f : R → R´ k-��N���=�é¤k� x ∈ RÑ

k f(x) = αx + h(x), ùp α ∈ Z(R) ¿� h ´��lR� Z(R) ��\N�. Shakir Ali[13]£

ã
�kéÜ���þ�?¿���\��N�´ ∗-¥%N�.

e¡Þ��²w���N��~f[14]:

f(x) = λ0(x)xn + λ1(x)xn−1 + · · · + λn−1(x)x + λn(x), λi : A → Z(A).

,
, ù�~fØU`²��N�Ò�½´ù«/ª, ÏdI�V\�
��, X©

z [15] y²
3,
b�e, XJ q ´V�\��N��,, K q(x) = λx2 + µ(x)x + v(x) (ù

p λ, µ(x), v(x) Ñáu��¥%). ��g,�¯K´�o/ª���N�÷v

f(x) = λ0(x)x + λ1(x), λi : A → Z(A), i = 0, 1.

�©�8�´�Ä3,
b�e, XJf�\N� f : A → A´��N�, Ké¤k

� x ∈ A´Ä�3 λ0(x) ∈ AÚ��lA� Z(A) �N� λ1 ¦� f(x) = λ0(x)x + λ1(x). d

u tx,y, sx,y ´Ú x, y k'�ê, ¤±ùpØUy² λ0(x) ∈ Z(A). �©�Ì�(ØXe.

½½½ nnn 0.1 �A´ � (charF = 0) þ ¹ k ü   � 1 Ú � � � e � ( Ü � ê, Ó � ÷

v aAe 6= 0, aA(1 − e) 6= 0, ∀0 6= a ∈ A. e f : A → A´��f�\��N�, �é?

¿� x, y ∈ A, ÷v

(a) f(x) = 0 ⇔ x = 0;

(b) x, y ´�5�'�⇔ f(x), f(y) ´�5�'�.

K�3 λ0(x) ∈ AÚ λ1(x) ∈ Z(A) ¦� f(x) = λ0(x)x + λ1(x) ¤á.

1 Ì�(J�y²

d^��� e 6= 0, 1, P e1 = e, e2 = 1 − e. KA�±�¤A = A11 + A12 + A21 + A22,

ùpAij = eiAej (i, j = 1, 2). u´?� A ∈ Ak A =
∑2

i,j=1 Aij (ùp Aij ∈ Aij).
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ÚÚÚnnn 1.1
[11] �R´��¹kü � 1 Ú��� e ��, ¿�R÷v aRe = {0} ⇒ a =

0, aR(1 − e) = {0} ⇒ a = 0, KR�¥%´

Z(R)={z11+z22 : z11∈R11, z22∈R22, z11a12 = a12z22, a21z11 = z22a21, ∀ a12∈R12, a21∈R21}.

ÚÚÚnnn 1.2
[16] �R′ ´��¹kü � 1 Ú��� e ��, ¿�R′ ÷v aR′e = {0} ⇒

a = 0 Ú aR′(1− e) = {0} ⇒ a = 0. ?� a ∈ R′, XJé?¿� x ∈ R′ k exeae = eaexe, K�

3 λ ∈ Z(R′) ¦� eae = λe.

±eÚnÑ´3½n 0.1�cJ^�eJÑ�, e¡òØ2?1`².

ÚÚÚnnn 1.3 ?� x, y ∈ A, K�3�Ø�"� tx,y, sx,y ∈ F ¦� f(x + y) = tx,yf(x) +

sx,yf(y).

yyy ²²² ?� x, y ∈ A, ·�5©�¹?Ø.

(i) XJ x, y ¥��k���", Ø�� x = 0. du f(x) = 0 ⇔ x = 0, ¤± f(0) = 0 ¿

�

f(x + y) = f(y) = f(x) + f(y).

(ii) XJ x, y �Ø�", � tx,y, sx,y ∈ F ¦�

f(x + y) = tx,yf(x) + sx,yf(y).

XJ x, y ´�5Ã'�, K x + y 6= 0, ¤± f(x + y) 6= 0. u´ tx,y, sx,y Ø��".

e tx,y, sx,y ¥k���", Ø��

f(x + y) = tx,yf(x), tx,y 6= 0,

K f(x + y), f(x) ´ � 5 � ' �, l 
 x + y, x ´ � 5 � ' �, � x, y � 5 Ã ' g ñ, Ï

d tx,y, sx,y �Ø�".

XJ x, y ´�5�'�, K f(x), f(y) ´�5�'�, u´�3Ø��"� a, b ∈ F ¦�

0 = af(x) + bf(y).

du f(x) 6= 0, f(y) 6= 0, ¤± a, b �Ø�". u´é?¿� p ∈ F Ñk

f(x + y) = (tx,y + ap)f(x) + (sx,y + bp)f(y).

Ï� char(F) = 0, K�3 p ∈ F ¦� tx,y + ap 6= 0 Ú sx,y + bp 6= 0. Ïd�±� tx,y + ap, sx,y +

bp �#� tx,y, sx,y, u´ tx,y, sx,y �Ø�".

ÚÚÚnnn 1.4 f(1) ∈ Z(A), f(ei) ∈ A11 +A22 (i = 1, 2). ¿��3 zi ∈ Z(A) ¦� eif(1)ei =

ziei.

yyy ²²² ?� a ∈ A, K [f(a + 1), a + 1] = 0. d½Â���3 ta,1, sa,1 ∈ F, ¦�

[f(a + 1), a + 1] = [ta,1f(a) + sa,1f(1), a + 1] = sa,1[f(1), a] = 0.

Ï� sa,1 6= 0, ¤± [f(1), a] = 0, Ïd f(1) ∈ Z(A). ?� a11 ∈ A11 Ú a22 ∈ A22, k

[f(1), a11] = [e1f(1)e1, a11] = 0
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Ú

[f(1), a22] = [e2f(1)e2, a22] = 0

¤á. u´ e1f(1)e1 ∈ Z(A11) Ú e2f(1)e2 ∈ Z(A22). =é?¿� a ∈ A, k

e1f(1)e1ae1 = e1ae1f(1)e1

Ú

e2f(1)e2ae2 = e2ae2f(1)e2.

dÚn 1.2, �3 z1, z2 ∈ Z(A), ¦� e1f(1)e1 = z1e1 Ú e2f(1)e2 = z2e2 ¤á.

Ï� [f(1), e1] = [f(e1 + e2), e1] = 0, [f(e1), e1] = 0, K [f(e2), e1] = 0, ¤± f(ei) ∈

A11 + A22.

ÚÚÚnnn 1.5 ?� aii ∈ Aii, K f(aii) ∈ A11 + A22, [eif(aii)ei, aii] = 0. ¿��3f�\

N� fii : Aii → Z(A), ¦� ejf(aii)ej = fii(aii)ej , 1 6 i 6= j 6 2. AO/, e2f(e1)e2 =

f11(e1)e2 Ú e1f(e2)e1 = f22(e2)e1 ¤á.

yyy ²²² ?� a11 ∈ A11, K

0 = [f(a11), a11] = [e1f(a11)e1 + e1f(a11)e2 + e2f(a11)e1 + e2f(a11)e2, a11]

= [e1f(a11)e1, a11] + [e1f(a11)e2, a11] + [e2f(a11)e1, a11].

5¿�

[e1f(a11)e1, a11] ∈ A11, [e1f(a11)e2, a11] ∈ A12, [e2f(a11)e1, a11] ∈ A21.

Ïd, é?¿� a11 ∈ A11, k

[e1f(a11)e1, a11] = [e1f(a11)e2, a11] = [e2f(a11)e1, a11] = 0.

du

[e1f(a11)e2, a11] = 0, ∀ a11 ∈ A11,

O��

a11e1f(a11)e2 = 0, ∀a11 ∈ A11,

Ïd

(a11 + e1)e1f(a11 + e1)e2 = 0, ∀a11 ∈ A11.

dÚn 1.4 � e1f(e1)e2 = 0, ¤± e1f(a11)e2 = 0. qdu

[e2f(a11)e1, a11] = e2f(a11)e1a11 = 0,

aq/, k

e2f(a11)e1 = 0, ∀a11 ∈ A11.

Ïd, é?¿� a11 ∈ A11, k

f(a11) ∈ A11 + A22, [e1f(a11)e1, a11] = 0.
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Ón, é?¿� a22 ∈ A22, k

f(a22) ∈ A11 + A22, [e2f(a22)e2, a22] = 0.

e¡�Ä e2f(a11)e2 Ú e1f(a22)e1.

Ï� [f(a11 + a22), a11 + a22] = 0, ¤±�3�"� ta11,a22
, sa11,a22

∈ F, ¦�

ta11,a22
[e2f(a11)e2, a22] + sa11,a22

[e1f(a22)e1, a11] = 0.

u´é?¿� a11 ∈ A11, a22 ∈ A22, k

ta11,a22
[e2f(a11)e2, a22] = sa11,a22

[e1f(a22)e1, a11] = 0.

du ta11,a22
6= 0, sa11,a22

6= 0, ¤± e1f(a22)e1 ∈ Z(A11), ¿� e2f(a11)e2 ∈ Z(A22). Ï

ddÚn 1.2, �3 f11(a11), f22(a22) ∈ Z(A), ¦� e2f(a11)e2 = f11(a11)e2 Ú e1f(a22)e1 =

f22(a22)e1 ¤á.

¢Sþ, d f �f�\5, ?� aii, bii ∈ Aii (i = 1, 2), �3�"� taii,bii
, saii,bii

∈ F, ¦

�

fii(aii + bii)ej = taii,bii
fii(aii)ej + saii,bii

fii(bii)ej , (1)

K

(fii(aii + bii) − taii,bii
fii(aii) − saii,bii

fii(bii))Aej = 0.

dA�b���

fii(aii + bii) = taii,bii
fii(aii) + saii,bii

fii(bii),

¤± fii ´f�\N�.

ÚÚÚnnn 1.6 ?� aij ∈ Aij (1 6 i 6= j 6 2), Ke�(Ø¤á:

(1) ejf(aij)ei = 0;

(2) eif(aij)ej =
tei,aij

sei,aij

(eif(ei)eiaij − aijejf(ei)ej) =
tei,aij

sei,aij

(eif(ei)eiaij − fii(ei)eiaij) =
tej,aij

sej,aij

(aijejf(ej)ej − eif(ej)eiaij) =
tej,aij

sej,aij

(aijejf(ej)ej − fjj(ej)eiaij), ù p tei,aij
, sei,aij

,

tej ,aij
, sej ,aij

∈ F;

(3) eif(aij)eiaij = aijejf(aij)ej ;

(4) �3f�\N� fij , gij : A → Z(A), ¦� eif(aij)ei = fij(aij)ei Ú ejf(aij)ej =

gij(aij)ej ¤á.

yyy ²²² ùp�y² (i, j) = (1, 2) ��/, ,�« (i, j) = (2, 1) ��/aq.

?� a12 ∈ A12, K [f(e1 + a12), e1 + a12] = 0. Ïd�3�"� te1,a12
, se1,a12

∈ F, ¦�

[f(e1 + a12), e1 + a12]

= te1,a12
[f(e1), a12] + se1,a12

[f(a12), e1]

= te1,a12
e1f(e1)e1a12 − te1,a12

a12e2f(e1)e2 + se1,a12
e2f(a12)e1 − se1,a12

e1f(a12)e2. (2)

Ïd e2f(a12)e1 = 0. ¤±(Ø (1) ¤á, ¿�

e1f(a12)e2 =
te1,a12

se1,a12

(e1f(e1)e1a12 − a12e2f(e1)e2)

=
te1,a12

se1,a12

(e1f(e1)e1a12 − f11(e1)e1a12).
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Ón, d�ª [f(e2 + a12), e2 + a12] = 0 ��

e1f(a12)e2 =
te2,a12

se2,a12

(a12e2f(e2)e2 − e1f(e2)e1a12)

=
te2,a12

se2,a12

(a12e2f(e2)e2 − f22(e2)e1a12).

Ï� [f(a12), a12] = 0, ¤± e1f(a12)e1a12 = a12e2f(a12)e2. Ïd(Ø (2)Ú (3) ¤á.

ey(Ø (4). ?� a11 ∈ A11, K [f(a11 + a12), a11 + a12] = 0. dÚn 1.5 Ú(Ø (1), �

��3�" sa11,a12
∈ F, ¦�

[f(a11 + a12), a11 + a12] = [sa11,a12
e1f(a12)e1, a11] + g(a11, a12),

ùp

[sa11,a12
e1f(a12)e1, a11] ∈ A11, g(a11, a12) ∈ A12.

Ïd, é?¿� a11 ∈ A11 k [e1f(a12)e1, a11] = 0 ¤á, ¤± e1f(a12)e1 ∈ Z(A11).

aq/, ?� a22 ∈ A22, d�ª [f(a22 + a12), a22 + a12] = 0 �±y² e2f(a12)e2 ∈

Z(A22). 2dÚn 1.2, �3 f12(a12), g12(a12) ∈ Z(A), ¦�

e1f(a12)e1 = f12(a12)e1, e2f(a12)e2 = g12(a12)e2.

Ón, dÚn 1.5 �� fij, gij ´f�\�, Ïd(Ø (4) ¤á.

ÚÚÚnnn 1.7 ?� a12 ∈ A12, a21 ∈ A21, K

a21e1f(a12)e1 = e2f(a12)e2a21

Ú

a12e2f(a21)e2 = e1f(a21)e1a12

¤á.

yyy ²²² ?� a12 ∈ A12, a21 ∈ A21, K [f(a12 + a21), a12 + a21] = 0. ÏddÚn 1.6, �

3�" ta12,a21
, sa12,a21

∈ F, ¦�

[f(a12 + a21), a12 + a21]

= ta12,a21
(−a21e1f(a12)e1 − a21e1f(a12)e2 + e1f(a12)e2a21 + e2f(a12)e2a21)

+ sa12,a21
(e1f(a21)e1a12 + e2f(a21)e1a12 − a12e2f(a21)e1 − a12e2f(a21)e2)

= (ta12,a21
e1f(a12)e2a21 − sa12,a21

a12e2f(a21)e1) + sa12,a21
(e1f(a21)e1a12 − a12e2f(a21)e2)

+ ta12,a21
(−a21e1f(a12)e1 + e2f(a12)e2a21) + (sa12,a21

e2f(a21)e1a12 − ta12,a21
a21e1f(a12)e2).

u´,

a21e1f(a12)e1 = e2f(a12)e2a21, a12e2f(a21)e2 = e1f(a21)e1a12.

ÚÚÚnnn 1.8 ?� aij ∈ Aij , K eif(aij)ei + ejf(aij)ej ∈ Z(A) (1 6 i 6= j 6 2).

yyy ²²² � 1 6 i 6= j 6 2, ?� aij ∈ Aij , aji ∈ Aji, dÚn 1.6 (4) ��

eif(aij)ei = fij(aij)ei, ejf(aij)ej = gij(aij)ej ,
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ùp fij(aij), gij(aij) ∈ Z(A). ddªÚÚn 1.7��

ajifij(aij)ei = gij(aij)ejaji, ∀ aji ∈ Aji,

=

(gij(aij)ej − fij(aij)ej)aei = 0, ∀ a ∈ A.

2dA�b�, k gij(aij)ej = fij(aij)ej , Ïd

eif(aij)ei + ejf(aij)ej = fij(aij)ei + gij(aij)ej = fij(aij) ∈ Z(A).

ÚÚÚnnn 1.9 ?� a11 ∈ A11, K

e1f(a11)e1 = f11(a11)e1 +
sa11,a12

te1,a12

ta11,a12
se1,a12

(e1f(e1)e1 − f11(e1)e1)a11.

yyy ²²² ?� a11 ∈ A11, a12 ∈ A12, K [f(a11 + a12), a11 + a12] = 0. dÚn 1.5 ÚÚ

n 1.6, �3�" ta11,a12
, sa11,a12

∈ F, ¦�

[f(a11 + a12), a11 + a12]

= ta11,a12
e1f(a11)e1a12 − ta11,a12

a12e2f(a11)e2 − sa11,a12
a11e1f(a12)e2.

´�

eif(aij)ej =
tei,aij

sei,aij

(eif(ei)eiaij − aijejf(ei)ej)

=
tei,aij

sei,aij

(eif(ei)eiaij − fii(ei)ejaij),

K

ta11,a12
e1f(a11)e1a12 − ta11,a12

a12e2f(a11)e2

− sa11,a12
a11

( te1,a12

se1,a12

(e1f(e1)e1a12 − a12e2f(e1)e2)
)

= 0.

Ïd

(

ta11,a12
e1f(a11)e1 − ta11,a12

f11(a11)e1 − sa11,a12

te1,a12

se1,a12

a11e1f(e1)e1

+ sa11,a12

te1,a12

se1,a12

a11f11(e1)e1

)

e1ae2 = 0.

|^b��

e1f(a11)e1 = f11(a11)e1 +
sa11,a12

te1,a12

ta11,a12
se1,a12

(e1f(e1)e1 − f11(e1)e1)a11.

aq/, |^�ª [f(a22 + a21), a22 + a21] = 0 �, �3�" ta22,a21
, sa22,a21

∈ F, ¦�X

e(Ø¤á.
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ÚÚÚnnn 1.10 ?� a22 ∈ A22, K

e2f(a22)e2 = f22(a22)e2 +
sa22,a21

te2,a21

ta22,a21
se2,a21

(e2f(e2)e2 − f22(e2)e2)a22.

e¡y²½n 0.1.

½½½nnn 0.1 ���yyy²²² ?� x = a11+a12+a21+a22 ∈ A, d f �½Â, �3�"~ê u, v ∈ F,

¦�½n 0.1 �

f(x) = f(a11 + a12 + a21 + a22)

= uf(a11 + a12) + vf(a21 + a22)

= uta11,a12
f(a11) + usa11,a12

f(a12) + vsa22,a21
f(a21) + vta22,a21

f(a22).

�

λ0(x) = α(e1f(e1)e1 − f11(e1)e1) + β(e2f(e2)e2 − f22(e2)e2),

Ù¥

α = usa11,a12

te1,a12

se1,a12

, β = vsa22,a21

te2,a21

se2,a21

.

-

λ1(x) = f(x) − λ0(x)x,

w, λ1(x) ´Aþ�N�. Ïd, �L�y, é¤k� x ∈ A, k λ1(x) ∈ Z(A). ¢Sþ, dÚ

n 1.5 ÚÚn 1.6��

λ1(x) = f(a11 + a12 + a21 + a22) − λ0(x)(a11 + a12 + a21 + a22)

=uta11,a12
f(a11) + usa11,a12

f(a12) + vsa22,a21
f(a21) + vta22,a21

f(a22) − (α(e1f(e1)e1

− f11(e1)e1) + β(e2f(e2)e2 − f22(e2)e2))(a11 + a12 + a21 + a22)

=uta11,a12
e1f(a11)e1 + uta11,a12

e2f(a11)e2 + vta22,a21
e1f(a22)e1 + vta22,a21

e2f(a22)e2

+ usa11,a12
e1f(a12)e1 + usa11,a12

e2f(a12)e2 + vsa22,a21
e1f(a21)e1 + vsa22,a21

e2f(a21)e2

+ usa11,a12
e1f(a12)e2 + vsa22,a21

e2f(a21)e1 − α(e1f(e1)e1 − f11(e1)e1)a11

− α(e1f(e1)e1−f11(e1)e1)a12−β(e2f(e2)e2−f22(e2)e2)a21−β(e2f(e2)e2−f22(e2)e2)a22

=uta11,a12
e1f(a11)e1 + uta11,a12

e2f(a11)e2 + vta22,a21
e1f(a22)e1 + vta22,a21

e2f(a22)e2

+ usa11,a12
e1f(a12)e1 + usa11,a12

e2f(a12)e2 + vsa22,a21
e1f(a21)e1 + vta22,a21

e2f(a21)e2

+
(

usa11,a12

te1,a12

se1,a12

− α
)

(e1f(e1)e1 − f11(e1)e1)a12 +
(

vsa22,a21

te2,a21

se2,a21

− β
)

(e2f(e2)e2

− f22(e2)e2)a21 − α(e1f(e1)e1 − f11(e1)e1)a11 − β(e2f(e2)e2 − f22(e2)e2)a22.

dÚn 1.8 ��

usa11,a12
e1f(a12)e1 + usa11,a12

e2f(a12)e2 + vsa22,a21
e1f(a21)e1 + vsa22,a21

e2f(a21)e2 ∈ Z(A), (3)
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2dÚn 1.5ÚÚn 1.9, k

uta11,a12
e1f(a11)e1 − α(e1f(e1)e1 − f11(e1)e1)a11 + uta11,a12

e2f(a11)e2

= uta11,a12
e1f(a11)e1 − uta11,a12

sa11,a12
te1,a12

ta11,a12
se1,a12

(e1f(e1)e1 − f11(e1)e1)a11 + uta11,a12
e2f(a11)e2

= uta11,a12
f11(a11)e1 + uta11,a12

f11(a11)e2

= uta11,a12
f11(a11) ∈ Z(A). (4)

Ón, dÚn 1.5ÚÚn 1.10, k

vta22,a21
e1f(a22)e1 − β(e2f(e2)e2 − f22(e2)e2)a22 + vta22,a21

e2f(a22)e2

= vta22,a21
e1f(a22)e1 − vta22,a21

sa22,a21
te2,a21

ta22,a21
se2,a21

(e2f(e2)e2 − f22(e2)e2)a22 + vta22,a21
e2f(a22)e2

= vta22,a21
f22(a22)e1 + vta22,a21

f22(a22)e2

= vta22,a21
f22(a22) ∈ Z(A). (5)

nÜª (3)–(5), �±��é?¿� x ∈ Ak λ1(x) ∈ Z(A).

nþ¤ã, ½n 0.1 ¤á.

lþãy²L§�±wÑ½n 0.1�_½n´Ø¤á�. Ï� λ0(x) Ø�½áu Z(A).

�´�±O\^�, ¦_½n¤á.

íííØØØ 1.1 �A´� F (char F = 0) þ�(Ü�ê, �¹kü � 1Ú��� e. A÷

v aAe 6= 0, aA(1 − e) 6= 0, Ù¥ a 6= 0, a ∈ A. � f : A → A´f�\N�, ?� x, y ∈ A, ÷

v:

(a) f(x) = 0 ⇔ x = 0;

(b) x, y �5�'⇔ f(x), f(y) �5�'.

e f(x) = λ0(x)x + λ1(x), ùp λ0(x) = α(e1f(e1)e1 − f11(e1)e1) + β(e2f(e2)e2 − f22(e2)e2),

λ1(x) ∈ Z(A) ¿� α
β

=
te1,e2

se1,e2

, K f ´��N�.

yyy ²²² dÚn 1.4Ú 1.5, �3�" te1,e2
, se1,e2

∈ F, ¦�

te1,e2
e1f(e1)e1 = e1f(1)e1 − se1,e2

e1f(e2)e1

= (z1 − se1,e2
f22(e2))e1 ∈ Z(A11)

Ú

se1,e2
e2f(e2)e2 = e2f(1)e2 − te1,e2

e2f(e1)e2

= (z2 − te1,e2
f11(e1))e2 ∈ Z(A22).

-

α1 =
1

te1,e2

(z1 − se1,e2
f22(e2)), α2 =

1

se1,e2

(z2 − te1,e2
f11(e1)).

�±wÑ α1, α2 ∈ Z(A), Ïd eif(ei)ei = αiei ∈ Z(Aii) (i = 1, 2).
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lþã?Ø�� e1f(e1)e1 − f11(e1)e1 ∈ Z(A11), ¿� e2f(e2)e2 − f22(e2)e2 ∈ Z(A22).

¤±dÚn 1.4, é?¿� a12 ∈ A12, k

αe1f(e1)e1a12 + βa12f22(e2)e2 = (αe1f(e1)e1 + βf22(e2)e1)a12

= (αe1f(e1)e1 + βe1f(e2)e1)a12

= γ(te1,e2
e1f(e1)e1 + se1,e2

e1f(e2)e1)a12

= γe1f(1)e1a12 = γa12e2f(1)e2

= γa12(te1,e2
e2f(e1)e2 + se1,e2

e2f(e2)e2)

= a12(αf11(e1)e2 + βe2f(e2)e2)

= αf11(e1)e1a12 + βa12e2f(e2)e2,

ùp α = γte1,e2
, β = γse1,e2

, γ ∈ F, =

α(e1f(e1)e1 − f11(e1)e1)a12 = βa12(e2f(e2)e2 − f22(e2)e2), ∀a12 ∈ A12.

Ón�y

αa21(e1f(e1)e1 − f11(e1)e1) = β(e2f(e2)e2 − f22(e2)e2)a21, ∀a21 ∈ A21.

dÚn 1.1 ��

λ0(x) = α(e1f(e1)e1 − f11(e1)e1) + β(e2f(e2)e2 − f22(e2)e2) ∈ Z(A).

duÝ
�ê´�aAÏ��ê, �â½n 0.1 Úf�\N��½Â�±��Xeí

Ø.

íííØØØ 1.2 � Mn(F) ´½Â3 F (char F = 0) þ�'uÝ
\{Ú¦{�Ý
�ê, N

� f : Mn(F) → Mn(F) ´��f�\N�, �é?¿� x, y ∈ Mn(F), ÷v:

(a) f(x) = 0 ⇔ x = 0;

(b) x, y �5�'⇔ f(x), f(y) �5�'.

XJ f ´��N�, K�3 λ0(x) ∈ Mn(F) Ú λ1(x) ∈ F ¦� f(x) = λ0(x)x + λ1(x)I.

�Xc¡J��~f, A = M2(F) ´�� F- (Ü�ê�¹kü � I Ú��� e =

( 1 0
0 0 ). M2(F) ÷v aM2(F)e 6= 0, aM2(F)(I − e) 6= 0, ∀0 6= a ∈ A. f(x) = ‖x‖x ´��f�\

N�, �é?¿� x, y ∈ M2(F), k

(a) f(x) = 0 ⇔ x = 0;

(b) x, y �5�'⇔ f(x), f(y) �5�'.

K f ´��N�, ¿�

f(x) = ‖x‖x = λ0(x)x + λ1(x)I,

ùp λ0(x) = ‖x‖I ∈ Z(M2(F)), ¿� λ1(x) = 0 ∈ Z(M2(F)).
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[14] BREŠAR M. Commuting Maps: A survey [J], Taiwanese Journal of Mathematics, 2004, 8(3): 361-397.
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