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Abstract: In this paper, multiple-soliton solutions for a new two-mode coupled KdV

(nTMcKdV) equation are obtained by using the simplified Hirota’s method and the

Cole-Hopf transformation. It is shown that these types of multiple solutions exist only for

models in which specific values for the nonlinearity and dispersion parameters are included

in the models. Furthermore, other exact solutions for an nTMcKdV equation using general

values of these parameters are derived by using several different expansion methods such

as the tanh/coth method and the Jacobi elliptic function method.
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£ã
÷Ó���DÂ�ü�äk�Ó�ÑÑ'X!ØÓ���!��5ÚÑÑëê�Å.

V� KdV �§½ÂXe:

utt + (c1 + c2)uxt + c1c2uxx +
(

(α1 + α2)
∂

∂t
+ (α1c2 + α2c1)

∂

∂x

)

uux

+
(

(β1 + β2)
∂

∂t
+ (β1c2 + β2c1)

∂

∂x

)

uxxx = 0.

(0.1)

Ù¥: u(x, t) ´|¼ê, −∞ < x, t < ∞; ci (i = 1, 2) L«��Ý; αi ���5ëê; βi �Ñ

Ñëê. |¼ê u(x, t) L«YÅlY.Ü�gdL¡�pÝ.

²LAÏ�C�, ¿-

s =
1

2
(c1 − c2), α =

α1 − α2

α1 + α2
, β =

β1 − β2

β1 + β2
, −1 6 α, β 6 1. (0.2)

�§ (0.1) �±�z�

utt − s2uxx +
( ∂

∂t
− αs

∂

∂x

)

uux +
( ∂

∂t
− βs

∂

∂x

)

uxxx = 0. (0.3)

�±wÑ, � s = 0 �, é¤��§'u�m t È©� TMKdV �§ (0.3) Ò�z�IO/

ª� KdV �§. Cc5, TMKdV �§ (0.3) �Ù¦5���2�ïÄ. ©z [2-10] �Ñ


TMKdV �§ (0.3) ��f)ÚM�î(�, ¿y²
d�§äkü�Ø�N�M�î�f.

©z [11-12] �Ñ
 TMKdV �§ (0.3) �ÅðÆÚ Jacobi ý�¼ê). |^V Bell õ�ª,

Xiao!Tian �<3©z[13]¥ïÄ
 TMKdV �§ (0.3) �õ�f)Ú Bäcklund C�. Nõ

Æö�ïÄ
Ù¦a.�V��§, ~XV� mKdV �§[14], V� Burgers �§[15], V�

KP �§[16], V�ÍÜ KdV �§[17]�[18-22].

�©(�SüXe: 1 1 !, �â Korsunsky 3©z[1]¥JÑ��{, �E#�V�Í

Ü KdV (nTMcKdV) �§; 1 2 !, |^{z�V�5�{[23-27], �� nTMcKdV �§�õ

�f)�3�^�; 1 3 !, |^ØÓ�¼êÐm{, X tanh/coth Ú tan/cot �{é��§

�Ù¦°(). d	, �!¥���
 nTMcKdV �§� Jacobi ý�¼ê); 31 4 !¥�

Ñ(Ø.

1 #�V�ÍÜ KdV �§

�©Ì�ïÄ��#�V�ÍÜ KdV �§. Yu 3©z[28]¥ÏL Kronecker SÈ�E


��#���5�ÈÍÜ KdV x. ¦���
ÍÜ KdV �§










ut +
1

4
uxxx +

3

2
uux = 0,

vt +
1

4
vxxx + 2vvx +

3

2
(uv)x = 0.

(1.1)

©z[28]ïÄ
�§ (1.1) �òÿ(�. �â Korsunsky 3©z[1]¥JÑ��{, ·��EÑ

#�V�ÍÜ KdV (nTMcKdV) �§










































utt + (c1 + c2)uxt + c1c2uxx +
(

(α1 + α2)
∂

∂t
+ (α1c2 + α2c1)

∂

∂x

)3

2
uux

+
(

(β1 + β2)
∂

∂t
+ (β1c2 + β2c1)

∂

∂x

)1

4
uxxx = 0,

vtt + (c1 + c2)vxt + c1c2vxx +
(

(α1 + α2)
∂

∂t
+ (α1c2 + α2c1)

∂

∂x

)(

2vvx +
3

2
(uv)x

)

+
(

(β1 + β2)
∂

∂t
+ (β1c2 + β2c1)

∂

∂x

)1

4
vxxx = 0.

(1.2)
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²LC� (0.2), �§ (1.2) Ò��z�











utt − s2uxx +
( ∂

∂t
− αs

∂

∂x

)3

2
uux +

( ∂

∂t
− βs

∂

∂x

)1

4
uxxx = 0,

vtt − s2vxx +
( ∂

∂t
− αs

∂

∂x

)(

2vvx +
3

2
(uv)x

)

+
( ∂

∂t
− βs

∂

∂x

)1

4
vxxx = 0.

(1.3)

�±w�� s = 0 �, é¤��§'u�m t È©, nTMcKdV �§Ò�z�
IO�ÍÜ

KdV �§ (1.1).

2 õ�f)

3�!¥, ò|^{z�V�5�{ïÄV�ÍÜ KdV(nTMcKdV) �§�õ�f).

r�§






u(x, t) = eθi = ekix−cit,

v(x, t) = eθi = ekix−cit, i = 1, 2, 3, · · · , n.
(2.1)

�\�§ (1.3) ¥¿'��5����5�, ��ÑÑ'X

ci =
k3

i ± ki

√

k4
i + 16βsk2

i + 64s2

8
. (2.2)

Ïd

θi = kix − k3
i ± ki

√

k4
i + 16βsk2

i + 64s2

8
t. (2.3)

|^ Cole-Hopf C�, b½�§ (1.3) �3õ�f)







u(x, t) = R1(ln f(x, t))xx,

v(x, t) = R2(ln f(x, t))xx,
(2.4)

Ù¥ R1, R2 ��½~ê. éuü�f), -¼ê f(x, t) �

f(x, t) = 1 + eθ1 = 1 + ek1x−
k3
1
±k1

√
k4
1
+16βsk2

1
+64s2

8
t. (2.5)

r�§ (2.4)!(2.5) �\ nTMcKdV �§ (1.3) ¿¦) R1, R2, ���

β = α, R1 = 2, R2 = −3

2
(2.6)

�, ü�f)�3.

rª (2.5) �ª (2.6) �\�§ (2.4), ��� nTMcKdV �§ (1.3) �ü�f)�











































u(x, t) =
2k2

1e
k1x−

k3
1
±k1

√
k4
1
+16βsk2

1
+64s2

8
t

(

1 + ek1x−
k3
1
±k1

√
k4
1
+16βsk2

1
+64s2

8
t
)2

,

v(x, t) = −3

2
· k2

1e
k1x−

k3
1
±k1

√
k4
1
+16βsk2

1
+64s2

8
t

(

1 + ek1x−
k3
1
±k1

√
k4
1
+16βsk2

1
+64s2

8
t
)2

.
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éu��f), -

f(x, t) = 1 + eθ1 + eθ2 + a12e
θ1+θ2

= 1 + ek1x−
k3
1
±k1

√
k4
1
+16βsk2

1
+64s2

8
t + ek2x−

k3
2
±k2

√
k4
2
+16βsk2

2
+64s2

8
t

+ a12e
k1x+k2x−

k3
1
±k1

√
k4
1
+16βsk2

1
+64s2

8
t−

k3
2
±k2

√
k4
2
+16βsk2

2
+64s2

8
t.

(2.7)

r�§ (2.4)!(2.7) �\ nTMcKdV �§ (1.3) ¿¦) a12, ���� α = β = 1, � a12 =
(k1−k2)2

(k1+k2)2
�, ��f)�3. |^Ó���{�±�� a23, a13 �äNL�ª, =

aij =
(ki − kj)

2

(ki + kj)2
, 1 6 i < j 6 3. (2.8)

Ïd��f)�


















u(x, t) = 2
k2
1e

θ1 + k2
2e

θ2 + 2(k1 − k2)
2eθ1+θ2 + a12(k

2
2e

2θ1+θ2 + k2
1e

θ1+2θ2)

(1 + eθ1 + eθ2 + a12eθ1+θ2)2
,

v(x, t) = −3

2
· k2

1e
θ1 + k2

2e
θ2 + 2(k1 − k2)

2eθ1+θ2 + a12(k
2
2e2θ1+θ2 + k2

1e
θ1+2θ2)

(1 + eθ1 + eθ2 + a12eθ1+θ2)2
.

�
��n�f), -

f(x, t) = 1 + eθ1 + eθ2 + eθ3 + a12e
θ1+θ2 + a13e

θ1+θ3 + a23e
θ2+θ3 + a123e

θ1+θ2+θ3 , (2.9)

Ù ¥ θi (i = 1, 2, 3) d ª (2.3) û ½, aij (1 6 i < j 6 3)!a123 � �  . r � §

(2.4)!(2.6)!(2.8)!(2.9) Ú α = β = 1 �\ nTMcKdV �§ (1.3), ¿¦) a123, ·��

� a123 = a12a13a23. |^±þ(J�±���§ (1.3) �n�f).

5 �ÍÜ KdV �§ (1.1) ØÓ, nTMcKdV �§ (1.3) ��f)�3�´�éAÏ�

α, β �. 3�!¥, ·�uy��=� α = β �ü�f)�3, α = β = 1 ���f)�n�

f)�3. 
éu�����5ëê α �ÑÑëê β �, �f)´Ä�3, ·��ØU(½.

3 Ù¦�°()

3.1 tanh/coth �{

3�!¥, ·�ò¬|^ tanh/coth �{[29-31] 5¦ nTMcKdV �§�°(). �







u(x, t) = a0 + a1tanhm1(kx − ct),

v(x, t) = b0 + b1tanhm2(kx − ct).
(3.1)

ò�§ (3.1) �\�§ (1.3), 3¤��§¥²ï��5��ÑÑ��� m1 = m2 = 2, K







u(x, t) = a0 + a1tanh2(kx − ct),

v(x, t) = b0 + b1tanh2(kx − ct).
(3.2)
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3.1.1 α 6= β

r�§ (3.2) �\ nTMcKdV �§ (1.3) ¿'�¤��§¥ tanh(kx − ct) ��g�Xê,

��


























a1 = a, b0 = b,

b1 = −3

4
a, c = −sk(2βk2 + aα)

2k2 + a
,

a0 = −2

3
a − s(2k2 + a)

3k2(α − β)
+

s(2βk2 + aα)2

3k2(α − β)(2k2 + a)
,

(3.3)

ùp a, b ��"~ê.

dª (3.2) �ª (3.3), �¦�)



































u(x, t) = −2

3
a − s(2k2 + a)

3k2(α − β)
+

s(2βk2 + aα)2

3k2(α − β)(2k2 + a)

+ a tanh2
(

kx +
sk(2βk2 + aα)

2k2 + a
t
)

,

v(x, t) = b − 3a

4
tanh2

(

kx +
sk(2βk2 + aα)

2k2 + a
t
)

.

(3.4)

e�






u(x, t) = a0 + a1coth2(kx − ct),

v(x, t) = b0 + b1coth2(kx − ct).
(3.5)

� tanh(kx − ct) �{�Ú½�q, �¦�ÛÉ)



































u(x, t) = −2

3
a − s(2k2 + a)

3k2(α − β)
+

s(2βk2 + aα)2

3k2(α − β)(2k2 + a)

+ a coth2
(

kx +
sk(2βk2 + aα)

2k2 + a
t
)

,

v(x, t) = b − 3a

4
coth2

(

kx +
sk(2βk2 + aα)

2k2 + a
t
)

.

(3.6)

3.1.2 α = β

r�§ (3.2) �\ nTMcKdV �§ (1.3) ¿- β = α, 3¤���§¥'� tanh(kx − ct)

��g�Xê, �±��























a0 = a, b0 = b,

a1 = −2k2, b1 =
3

2
k2,

c = −k3 +
3

4
ak ± 1

4
k
√

16k4 − 8k2(3a + 4αs) + 9a2 + 8s(3aα + 2s),

(3.7)

ùp a, b ��"~ê.
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dª (3.2) �ª (3.7) �¦�)�











































u(x, t) = a − 2k2tanh2
[

kx −
(

− k3 +
3

4
ak

± 1

4
k
√

16k4 − 8k2(3a + 4αs) + 9a2 + 8s(3aα + 2s)
)

t
]

,

v(x, t) = b +
3

2
k2tanh2

[

kx −
(

− k3 +
3

4
ak

± 1

4
k
√

16k4 − 8k2(3a + 4αs) + 9a2 + 8s(3aα + 2s)
)

t
]

.

(3.8)

e�






u(x, t) = a0 + a1coth2(kx − ct),

v(x, t) = b0 + b1coth2(kx − ct).
(3.9)

� tanh(kx − ct) �{�Ú½�q, �¦�ÛÉ)�











































u(x, t) = a − 2k2coth2
[

kx −
(

− k3 +
3

4
ak

± 1

4
k
√

16k4 − 8k2(3a + 4αs) + 9a2 + 8s(3aα + 2s)
)

t
]

,

v(x, t) = b +
3

2
k2coth2

[

kx −
(

− k3 +
3

4
ak

± 1

4
k
√

16k4 − 8k2(3a + 4αs) + 9a2 + 8s(3aα + 2s)
)

t
]

.

(3.10)

3.2 tan/cot �{

3�!¥, éu�����5ëê�ÑÑëê�, ò|^ tan/cot �{5¦ nTMcKdV

�§�±Ï). �






u(x, t) = a0 + a1tanm3(kx − ct),

v(x, t) = b0 + b1tanm4(kx − ct).
(3.11)

rª (3.11) �\�§ (1.3), 3¤��§¥²ï��5��ÑÑ��� m3 = m4 = 2. K






u(x, t) = a0 + a1tan2(kx − ct),

v(x, t) = b0 + b1tan2(kx − ct).
(3.12)

3.2.1 α 6= β

¯¢þ, du tanh(iξ) = i tan(ξ)(i ´Jêü ), XJ- k � ik ¿�\ª (3.4), =�¦

�)�


































u(x, t) =
2

3
a − s(2k2 + a)

3k2(α − β)
+

s(2βk2 + aα)2

3k2(α − β)(2k2 + a)

+ a tan2
(

kx +
sk(2βk2 + aα)

2k2 + a
t
)

,

v(x, t) = b − 3a

4
tan2

(

kx +
sk(2βk2 + aα)

2k2 + a
t
)

.

(3.13)

e�






u(x, t) = a0 + a1cot2(kx − ct),

v(x, t) = b0 + b1cot2(kx − ct).
(3.14)



48 uÀ���ÆÆ�(g,�Æ�) 2019 c

� tan(kx − ct) �{�Ú½�q, �¦�ÛÉ)�


































u(x, t) =
2

3
a − s(2k2 + a)

3k2(α − β)
+

s(2βk2 + aα)2

3k2(α − β)(2k2 + a)

+ a cot2
(

kx +
sk(2βk2 + aα)

2k2 + a
t
)

,

v(x, t) = b − 3a

4
cot2

(

kx +
sk(2βk2 + aα)

2k2 + a
t
)

.

(3.15)

3.2.2 α = β

- k � ik, ¿�\ª (3.8), =�¦�)�











































u(x, t) = a − 2k2tan2
[

kx −
(

k3 +
3

4
ak

± 1

4
k
√

16k4 + 8k2(3a + 4αs) + 9a2 + 8s(3aα + 2s)
)

t
]

,

v(x, t) = b +
3

2
k2tan2

[

kx −
(

k3 +
3

4
ak

± 1

4
k
√

16k4 + 8k2(3a + 4αs) + 9a2 + 8s(3aα + 2s)
)

t
]

.

(3.16)

e�






u(x, t) = a0 + a1cot2(kx − ct),

v(x, t) = b0 + b1cot2(kx − ct).
(3.17)

� tan(kx − ct) �{�Ú½�q, �¦�ÛÉ)�











































u(x, t) = a − 2k2cot2
[

kx −
(

k3 +
3

4
ak

± 1

4
k
√

16k4 + 8k2(3a + 4αs) + 9a2 + 8s(3aα + 2s)
)

t
]

,

v(x, t) = b +
3

2
k2cot2

[

kx −
(

k3 +
3

4
ak

± 1

4
k
√

16k4 + 8k2(3a + 4αs) + 9a2 + 8s(3aα + 2s)
)

t
]

.

(3.18)

3.3 Jacobi ý�¼ê)

3ïÄ nTMcKdV �§ (1.3) � Jacobi ý�¼ê)�c, ·�k0��
Ä�'X

ª[12,32]







sn(ζ, 1) = tanh(ζ), cn(ζ, 1) = sech(ζ),

sn2(ζ, m) + cn2(ζ, m) = 1, m2sn2(ζ, m) + dn2(ζ, m) = 1, m ∈ (0, 1].
(3.19)

� u = u(ξ), v = v(ξ), ξ = k(x − λt), k 6= 0, k, λ �?¿~ê, |^óª{K�ò nTMcKdV

�§ (1.3) z�eã~�©�§



























−3

2
(λ + αs)u′2 + (λ2 − s2)u′′ − 3

2
(λ + αs)uu′′ − 1

4
k2(λ + βs)u′′′′ = 0,

−3

2
(λ + αs)u′′v − 3(λ + αs)u′v′ − 2(λ + αs)v′2 + (λ2 − s2)v′′ − 2(λ + αs)vv′′

− 3

2
(λ + αs)uv′′ − 1

4
k2(λ + βs)v′′′′ = 0.

(3.20)
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3.3.1 Jacobiý��u¼ê)

�

u(ξ) =

M
∑

i=0

ai sni(ξ, m), v(ξ) =

N
∑

i=0

bi sni(ξ, m). (3.21)

rª (3.21) �\�§ (3.20) ¿'���5��ÑÑ�, ��� M = N = 2, K






u(ξ) = a0 + a1 sn(ξ, m) + a2 sn2(ξ, m),

v(ξ) = b0 + b1 sn(ξ, m) + b2 sn2(ξ, m).
(3.22)

ò�§ (3.22) �\�§ (3.20) ¿|^'Xª (3.19), 3¤��§¥- sn(ξ, m) �ØÓg�X

êþ�", ���


























a1 = 0, b1 = 0, b0 = b,

a0 =
2

3
· βk2m2s + k2λm2 + βk2s + k2λ + λ2 − s2

αs + λ
,

a2 = −2k2m2(βs + λ)

αs + λ
, b2 =

3

2
· k2m2(βs + λ)

αs + λ
,

(3.23)

ùp b ��"~ê. Ïd, Jacobi ý��u¼ê)�


























u(x, t) =
2

3(αs + λ)
[k2(1 + m2)(βs + λ) + λ2 − s2

− 3k2m2(βs + λ)sn2
(

k(x − λt), m
)

],

v(x, t) = b +
3

2
· k2m2(βs + λ)

αs + λ
sn2

(

k(x − λt), m
)

.

(3.24)

eª (3.24) ¥ m = 1, ���V­��¼ê)














u(x, t) =
2

3(αs + λ)
[2k2(βs + λ) + λ2 − s2 − 3k2(βs + λ)tanh2

(

k(x − λt)
)

],

v(x, t) = b +
3

2
· k2(βs + λ)

αs + λ
tanh2

(

k(x − λt)
)

.

(3.25)

�±wÑù|)=�|^ tanh �{���) (3.4) ½ (3.8).

3.3.2 Jacobi ý�{u¼ê)

3ª (3.21) ¥^ cn(ξ, m) �O sn(ξ, m), �\�§ (3.20) ¿²ï��5��ÑÑ�, �

�� M = N = 2, K






u(ξ) = a0 + a1 cn(ξ, m) + a2 cn2(ξ, m),

v(ξ) = b0 + b1 cn(ξ, m) + b2 cn2(ξ, m).
(3.26)

òª (3.26) �\�§ (3.20) ¿|^'Xª (3.19), 3¤��§¥- cn(ξ, m) �ØÓg�Xê

þ�", ���


























a1 = 0, b1 = 0, b0 = b,

a0 = −2

3
· 2βk2m2s + 2k2λm2 − βk2s − k2λ − λ2 + s2

αs + λ
,

a2 =
2k2m2(βs + λ)

αs + λ
, b2 = −3

2
· k2m2(βs + λ)

αs + λ
,

(3.27)
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ùp b ��"~ê. Ïd, Jacobi ý�{u¼ê)�



























u(x, t) = − 2

3(αs + λ)
[k2(2m2 − 1)(βs + λ) − λ2 + s2

− 3k2m2(βs + λ)cn2
(

k(x − λt), m
)

],

v(x, t) = b − 3

2
· k2m2(βs + λ)

αs + λ
cn2

(

k(x − λt), m
)

.

(3.28)

5 dª (3.27) ¥ a1 = b1 = 0 ��, Jacobi ý�{u¼ê)��|^'Xª (3.19) �

�d Jacobi ý��u¼ê)�Ñ.

e3) (3.28) ¥� m = 1, ���V­��¼ê)











u(x, t) = − 2

3(αs + λ)
[k2(βs + λ) − λ2 + s2 − 3k2(βs + λ)sech2

(

k(x − λt)
)

],

v(x, t) = b − 3

2
· k2(βs + λ)

αs + λ
sech2

(

k(x − λt)
)

.

�¦ sn(ξ, m) ½ cn(ξ, m) ¼ê)�Ú½��, ·��¦� Jacobi DN )























u(x, t) =
2

3(αs + λ)
[k2(m2 − 2)(βs + λ) + λ2 − s2

+ 3k2(βs + λ)dn2
(

k(x − λt), m
)

],

v(x, t) = b − 3

2
· k2(βs + λ)

αs + λ
dn2(k(x − λt), m).

du tanh(iξ) = i tan(ξ), XJ- k = i κ ¿�\ª (3.25), ���±Ï)











u(x, t) =
2

3(αs + λ)
[−2κ2(βs + λ) + λ2 − s2 − 3κ2(βs + λ)tan2(κ(x − λt))],

v(x, t) = b +
3

2
· κ2(βs + λ)

αs + λ
tan2

(

κ(x − λt)
)

.

�±wÑù|)=�|^ tan �{���) (3.13) ½ (3.16).

4 ( Ø

3�©¥, ·��E
��#�V�ÍÜ KdV �§. ��¡, ÏL{z� Hirota �{

Ú Cole-Hopf C�, éuAÏ� α!β ����T�§��f), �éu��� α!β �, �

f)´Ä�3, ·��ØU(½. ,��¡, ÏLØÓ�¼êÐm{, éu��� α!β �,

·���
T�§�Ù¦°().
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