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Existence of entropy solutions for an elliptic equation with
degenerate coercivity
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Abstract: In this paper, we use the truncation method to investigate the existence
of solutions for degenerate elliptic problems with variable exponent in weighted Sobolev
spaces. With the help of the Marcinkiewicz estimate and using some a priori estimates
for the sequence of solutions of the approximate problem, and we choose suitable test
functions for the approximate equation and obtain the needed estimates. Then, we obtain
the entropy solutions for the elliptic equation in weighted Sobolev spaces with a variable
exponent.
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AEFRUESG KA. BRI, A SCAE IR 550 Sobolev 7% [A) BEAili b, 25 18 T4 W 45 4] b
ARAREIE L, BIZE AR 15 $ Sobolev 2% [ HHAIF ST Sy A7 AR A0 SR AR UM 22 B T A 2
p(x)-Laplace J7 1%

(1 + [u])@
=0, x € 09,

—div <w(x)|Vu|p(m)_2Vu) +g(z,u)=f, ze,
(1)
u

HA Q c RY(N > 2) £ A Lipschitz i1 5+ 0Q G FIX Ik, v(z) € C(Q), v(z) =0, f &
LYQ) I rT I R L, w(2) ARREL. AL, Bedi 1ih 24k

Al: p(z) € C(Q), p* := maxp(z), p~ := minp(z) WL 1 <p~ <pt < N. 535k, p(x) WL
x€eQ e

> E 1 A, 4,
log-Holder ELEVELAT, BIXHTEREI 2,y € Q, |z —y| < 3 TAEFEE C >0, 15
C
x) — { —.
lp(z) — p(y)] ey p—

A2: g(x,s) 72— Carathéodory B, AT ke RT, 1

Sup. l9(@, 5)] = h(z) € LY(Q). (2)

T, MU AR = € Q AR s € R, g WL T IR 5 5 4F

g(z,s) s> 0. (3)

(Q), T € LL_(Q), JALL (Q) 5 #s ol B2 1),

loc loc

A3: (1) w e L}

loc

(2) 0@ € L1(Q), s(z) € (%,oo) n Lﬁ,m) .

PRAE, FRATTES i) (1) SR e .
EX0.1 BRI EH w e WP (Q,w) b B (1) AR, R Te(u) €
W@ (Q,w), HHAHER ¢ € WP (Q,w) N L2(Q), H

w(@)| V[P 2Ty _
JQ LT a)® VT (u— @)dz + JQ g(z, ) Tk(u — p)dx = JQ fTe(u —p)dz. (4)

1 FE&FIR

AT FATEE IR £ Sobolev 2 [A] ¥ — LS AR DG AT, B 20 4H 1538 2 0L S0k [7].
1.1 LPE(Q,w) =8

Ww(z) £ RY &N ER /il g5, IF Hd JL PR R %, 5 ¢ (Q) = {c €
C(Q) : ming(z) > 1}. MMEEN ¢ € C1(Q), FAiTE X

reN

¢y =supg(z), ¢ = inf ¢(x).
€N €N
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SRR p € O (Q), TAL MUK A FREL Lebesgue 5[0 LP®) (Q, w), & H AT I 2 LT
T 2R AT 00 R K () 2H A

w(z)|u(z)P®dz < oo,
Q

P RINSTER ¢
u(z)

p(x)
1wl Lre 0,0y = inf {)\ >0: J w(zx) < 1},
Q

1.2 WhrE)(Qw) 28
ML R IERE k, i

WEPE(Q, ) = {u € LD(Q,w) : D*u € L") (Qw), |a] <K},

FFIR T E AL

lullywr.pe) (0w = Z [ D%ull o) (2,0)-
lal<k

13 WHTERX
WARIATL
plu) = J w(@)[u|P@dz, Vue LPT(Q,w),
Q

. - + - +
m1n{||u||’£p(x)m’w), ||u||ip<z)(g,w)} <p(u) < maX{HuHip(z)(Q,w)v ||u||ip<z)(sz,w)}'

L4 4847 ps(x) 5 p3(x)
RATEI p,s € CL(Q), B

o) = {2 <ol
- : =z oA 2 i e K 1
S € QWOO) : [mw) RHEREN @ € 0, Befl 18 528 S5 4 1 )
p(x)s(x)N i
pi(a) =4 (8(z) + DN — p(x)s(z)’ N > ps(),
too, N < ps(x).

1.5 AmALE 45 ¥k Sobolev 7 [i] By 3% 4Lk N\ ¥ 3B
B p,s € Cy(Q) i log-Holder HESMELAE. 47 r € CL(Q) H 1 < r(2) < pi, WAH W
YR
lep(m)(ij) AN LT(m)(Q)'
A dnf (pl(w) — r(w)) > O I, AR,
1.6 Poincaré A & R,
W p e CL(Q) W2 log-Holder HELEMELAT, WXHTEM u e C5o(Q), flithat

lull Lo () < ClIVUll o) (0,0)

JROL, A C > 05 u K.
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L7 BT B H Ti(s)
IR, R TIER T s, K, b k>0, SRR K IR EE T, (s) € SO

s, A |s| <k,
Tk (s) = max(—k, min(k, ) k, # s>k,
—k, & s<—k.

ST R LURb T EOLR I, Tl T4 .
Ti(s)

k|-

7

Bl T (s)
Fig.1 Function T%(s)
2 R AR

EE2.1 BB AL A3 HOT, f e LY(Q), IBA MM (1) BAL7AE— DR
WEOBR IRAVK S 5 P SEE Y GRS WK [9-11)).
F1 ¥ WL NSRS AN TE. TR TR (1) MR SE R, AT R (1)

(1438 3 1) 7 »
p(x)—2
{div (w($)|Vun| vun) +gn($7un) = fna S Q,

(1+ |Tn(un)|)V(m)

()

K {f} & L2(Q) R ET S HAE LY(Q) oS T £ go(x,s) = Tng(x s), Hili 2
(2). R (3). HISCHR [12] G55, BT W (5) BAAETE AT u, € WP (Q,w), HAHE
B v e WP (Q,w) N Le(Q),

J w(:b)|Vun|p(I)_2Vun
Q

(L + [T (u) )7 - Vodz + JQ gn (T, up)vde = JQ frude. (6)

PR, AR TR T8 {un ) B LEERANE XA & > 0, B Th(un) A (6) 9—A
o pR B, FAl AT

J w(z) |V, [P*) =2V,
o (14 [Tn(uy))@®

- VT (up)da + J

In (@, upn ) Tx(uy)de = J' fuTk(up)da. (7)
Q Q

PUEEAG T (4), HERE Ti(s) 5 s 75, £ (7) Zdm s —ANEUIR, W fs

w(@)| VT (un) [P
dz <k ,
LZ (14| T (un)|) =) r 1fllz1 @)
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WREI n >k, TA1H
w(@)| VT (uy,) [P
|, e < o )
L, S k> 0, T
kkwwwnwm%”&<ka+m“wmw» (9)
HEREE), &7 k> 1, WA
w(@)| VT (uy,)[P@)
XFE, AT k> 1, BAIA
(z) (=)
Q Q

Horp © 25 n BRI R dOIBCEFEEC 0] ) Sobolev HRAEEE, R A

Wo P (Qw) = LFE(@) — 10D (9).

y
|

p~s™ N
sT+ 1N —p=s—

(py)” = (
HEER (10), I k> 1, FTATA

HTk(un)HL(PE)* (Q,w) < CHVTIC(U’")”LT’(I)(Q,LJ)

<o ([ worvrigrear)’

Q=

<C (||f||L1(Q)k7+H) ;

=

)

5= Py A NVTe(un)ll Lo () = 1
pt, NV (un)l Lo (0,0) < 1

BATEQI B |un| = kY5 {u, < K}WE . b {z € Qllu,(@)] = k}RHC A {Ju,] = k), {z €
| >

Qffun(@)| < KA {Jun| <k} FHEE {|un| > k} = {|Th(un)

nnmwh@)mm>%’

k

&e)” @7
CHfHLl(Q) < Clfllere +1)

,7++1) = 77++1) ’
B p—

meas{|u,| > k} < <

T pen-a P~

K}, pm >+ 1, JATH
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Hd O E L, meas{|un| =k} M {Jun| = kY M. NS0 < k< 10, 2R meas{|u,| >
kY < 19|, ZHERATFFE

kli>nolo meas{|u,| >k} =0, KT n —HULEL. (11)

2T {u} 7£Q LILTALEKSET v FATKIEWNIEER e > 0, f
lim Oomeas{|un —Up| > €} = 0. XD n,meN, F FHFESKR

net
{lun = um| > e} C {[unl >k} U{[um| >k} U{|Tk(un) — Ti(um)| > €},
A2
meas{ |ty — | > €} < meas{|uy| > k} + meas{|un| > k} + meas{|Th(un) — Tk (tm)| > €}.
SR EE K o > 0, Tl BEIRAE 2 KK ke, 5

meas{ [t — Um| > €} < % + meas{|T: () — T (um)| > €} (12)

VER B (9), TATATEN {Th(un)} 76 WP (Q,w) A WAF—AFEER & > 0, {Te(un)}
16 LP@)(Q,w) HIUE, H {Th(un)} KM ENSL. %182 & WAT R, TATH

lim  meas{|u, — um| > €} =0,
n,Mm— 00

XUEH] {un b MO BECSL, MRAE Riesz 3E B, A74E {u,} DT80 (Thc A S U — 4
A BRI, AT
un — u, {E Q _EJUTAE Sk (13)

g5 500(9), TATATER T, (un)} 3G 751 (Dd/EARL), A
Ty (un) — Te(u), T WP (Q,w) FEFUEL. (14)

B3 H {gu(r,un)) 16 LNQ) THILEL 4 pi(s) AN S0H R
Lipschits B, % i — oo I, WHAE p; — x(jsjon sign(s). TATER (5) TR pi(s) 1N KR
B, W

J () (1) |Vt [P)
Q (1 + |Tn(un)|)7(m)

dz + J gn(x,un)pi(uy)de = J frnpi(uy)dz. (15)
Q Q

T2 (15) Zeui 2 — IOk AR I, AT bR T, w4
Q Q
#5530 (2), 2 H Lebesgue & HUSE 2L, B i — oo BIIIRKIR, A

g (&, )|z < J fuldz. (16)

J{|un|>k} {lun|>k}
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AT TN € > 0, B (1) PR {fa} £ L1(Q) shaffiesho T f, WIAE L 78 50 K1

ke > 0, fiif3
J |fnlde < e.
{lun‘>ké}
P QA B, g5 (2) &l (16), B
| tonteun)iaz = |

g0 (2, )| +j (g2, 1)
En{|un|<ke}

Em{‘“n‘>ké}

< J | fr]dx + J hi, (z)dz
{‘“n‘>ké} E

<e —i—J' hi, (z)dx < 2e.
B

ToE, {gn(z,un)} ASEE RN, 55—J71, HT {g,} W2 Carathéodory 4511 LA & K (13),
FAENIE g (2, un) — g(a,u) 7E Q LJLTAEALWSL. R Vitali 52 21, JATH

gn(@,un) — g(z,u), T L'(Q) o8l (17)

Fag Tlu,) € WP (Qu) IS BEh > k, LI 0 = Torlun — T(un) +
Ty (un) — Ti(w)] TEA (6) AL AL, A TH

J w(z) |V, [P =2V,
Q

Ty ¥ Taklun = Talun) + Ti(un) = Ti(w))de

(A

+ JQ Gn (@, un) Top[un — Th(tn) + T(un) — Ti(u)]dz

(B)
= JQ SnTok[tn — Th(un) + Ti(un) — Ti(u)]dz .

(€
N T IR IL, BATE {en n} AL

lim lim e, = 0.

h—o0 n—00

R, {en} WL lim e, = 0. KT (B) BRI (C) 1, 455X (14), & (17), LK £, 4E LN(Q)
R, AT

Lz gn (@, un ) Tok[tn — Th(un) + Tk (un) — Ti(u)]de = ep p, (18)
J'Q fnTgk[un — Th(un) + Tk(un) - Tk(u)]d:v = E€n,h- (19)
T2, mX(18). 9

ng(fn — gn(@, un))Tox [ty — Thun) + Ti(un) — Th(w)]dz = €, .
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KT (A), TATRE M = 4k + b, M |un| = M B, H VTor[u, — Th(un) + Tr(un) — Ti(u)] = 0.
(A) nJHR5r A
w(x)|VTM(un)|p(x)72VTM(un)
(4) ‘Lum} (0 + [T
+] ()| VT ()" 2V T ()
{Jun|=k} (14T (un)] )Y@
LS {Jun] < kY 1, wn — Th(un) = 0, HAEES {Jun| > kY 1, VTi(u,) = 0, BATH

[ w(@)| VT (un)[P@ 2V T (un)
) _JQ (1 + [T (un) )@

- VTok[un — Th(un) + Ti(un) — Tk (u)]de

- Vo [un — Th(un) + Tk(un) — Tr(u)]dz.

-V[Tx(up) — T (uw)]dz

+] (@) VTar ()P >V T ()
{lun| =k} (1 + [T (un)[)7®
_ J w () VT () [P =2V Ty ()
{Jun| >k} (1 + [T (un)[) 7
e A B A AR AR, s P A TN A i 2 IUEAT R 0 S T A
En.h >J w( @) [V Tx (1) [P 2V Ty (1) — [ VT () [P 2V T (u)]
7 g (1 + T (ug) )7
w () |V T (w) [P "2V T (u)
LZ (14T (un) )@
_ J ()| VTar (un) P72V Tag (un)
{Jun |2k} (1 + | T (un)[)7@®
=I,+ J, — K,.

FRJFEW I n — oo WAL T 0. FHz b, KT J,, ¥ n > h, HEREFNA (9), XEY

w(z ) [P(*) =2 U / . N Ny
IO g (160 (00 AR, 45758 (10), R

- V{up — Tr(up)]dz

- VT (u)dz.

- V[Tk(un) — Tg(u)]dz

VT (upn) — Tr(u)]dz

- VT (uw)dz

J w(@) | VT (u) [P =2V T (u)
Q

At Loy Y Ek(un) = Ti(w)]de = 0.

lim J, = lim
n—oo n—oo

KT Ky, nlHEH N

K= [ T2 i) T,
" Q (1+ |Tn(un)|)V(m) .

v o V(W)X {juak) N N N e . "
¥ — oo i, 5 o) [ fE (LP)(Qw)) sl ST 0. IR 456X (9), BATHI

w(@)|VTar (un) [P =2V T (un) 75 (P @) (Q, w*))N AT 5L, BITAT
w(@) |V T (un)[P®) =2V Tas (u)

lim K, = lim J' - VT (u)dz = 0.
n—oo 00 ) 2} (1 + T (ug) )7
gk, X n > M > h >k, f4 p(z)-Laplace B U1, 113
1

J, C@NTT P29 ) = VT2V ()
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R4 n — oo I, TATH
VT (un) = VTk(u), T(LPO(Q,w))N sy, (20)

s % o BB ) R 5 6) PRI Th(un — 0) 1F N K i %,
¢ € Wy (Q,w)n L>(Q), A

J W(I)|vun|p(z)7zvun
o (14 T(u,))7@
YT RS R P, S8 (07), B A{fo} €5 L1(9) RS, BURAE L% () 1 Ti(un — ) 3341
KT Ti(u— o), A M n — oo I, IATH

VT (upn — ¢)dx+J 9(x, un) Tk (un, — ¢p)da = Lz foTk(un —@)dz. (21)

Q

J g(z, un) Tk (uy — ¢)de — J' g(z,u)Tk(u — ¢)dz,
Q Q

J foTk(un — ¢)dz — J fTi(u — ¢)da.

Q Q

XA (21) s — I, WL =k + ||@]| Lo, &iE30 (13), JATHT
Ti(un — @) — Ti(u — @), 1 Q EJLT-AbAEL

FAh, FEER (9),

J w()| VT (un — ¢) P da = J w(z)|V (uy — ¢)[P @ da
Q {lun—o|<k}

< @V - 9P
{Jun|<L}
<o’ (J' w(x)| VT (uy) |P@ da —|—J w(ac)|V¢|p(I)dx)
Q Q
<C (5 n LK)
BRI, T (un — ) 76 WEPE (Q,0) FHAT S, B
[, Zetun = 0o = | Titw—optn, F W @0) P (22)
Q Q
Won > L, 45430 (20). X (22), AT

[ et PO 2Ty VTi(un ~ 6)
T+ |T (un>|>v<r>

T

J x)|VTL(u (@) QVTL(un) VT (un — @) da
1+ | L (un) )7
J 2) | VT (u)[P®) =2V T (u) - VTk(u—ng) e
(1 + |TL (u)][) ™)
J' )| VulP@) =2y - VT (u — @) de.
(14 [ul)7@)

EEFATHAEM T w 2 W (1) FIR5 k.
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