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Abstract: In this paper, we use the truncation method to investigate the existence

of solutions for degenerate elliptic problems with variable exponent in weighted Sobolev

spaces. With the help of the Marcinkiewicz estimate and using some a priori estimates

for the sequence of solutions of the approximate problem, and we choose suitable test

functions for the approximate equation and obtain the needed estimates. Then, we obtain

the entropy solutions for the elliptic equation in weighted Sobolev spaces with a variable

exponent.
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�IOO�^�. Ïd, �©3\�~�ê� Sobolev �mÄ:þ, �Ä
ò~�êí2�

C�ê��/, =3\�C�ê Sobolev �m¥ïÄ�a�kòzr��Ú"�����5

p(x)-Laplace �§






−div

(
ω(x)|∇u|p(x)−2∇u

(1 + |u|)γ(x)

)
+ g(x, u) = f, x ∈ Ω,

u = 0, x ∈ ∂Ω,

(1)

Ù¥ Ω ⊂ R
N (N > 2) ´äk Lipschitz >. ∂Ω �k.«�, γ(x) ∈ C(Ω), γ(x) > 0, f ´

L1(Ω) ¥��ÿ¼ê, ω(x) ��¼ê. d	, ·�©ªb�:

A1: p(x) ∈ C(Ω), p+ := max
x∈Ω

p(x), p− := min
x∈Ω

p(x)÷v 1 < p− 6 p+ < N . ,	, p(x)÷v

log-Hölder ëY5^�, =é?¿� x, y ∈ Ω, |x − y| 6
1

2
, �3~ê C > 0, ¦�

|p(x) − p(y)| 6
C

− log |x − y|
.

A2: g(x, s) ´�� Carathéodory ¼ê, ¿é?¿� k ∈ R
+, k

sup
|s|6k

|g(x, s)| = hk(x) ∈ L1(Ω). (2)

,	, éA�??� x ∈ Ω Ú?¿� s ∈ R, g÷ve¡�ÎÒ^�

g(x, s) · s > 0. (3)

A3: (1) ω ∈ L1
loc(Ω), ω

−1
p(x)−1 ∈ L1

loc(Ω), Ù¥L1
loc(Ω)�ÛÜ�È�m;

(2) ω−s(x) ∈ L1(Ω), s(x) ∈

(
N

p(x)
,∞

)
∩

[
1

p(x) − 1
,∞

)
.

y3, ·��Ñ¯K (1) �)�½Â.

½½½ÂÂÂ 0.1 ¡ � ÿ ¼ ê u ∈ W
1,p(x)
0 (Ω, ω) � ¯ K (1) � � � � ), X J Tk(u) ∈

W
1,p(x)
0 (Ω, ω), ¿�é?Û ϕ ∈ W

1,p(x)
0 (Ω, ω) ∩ L∞(Ω), k

∫
Ω

ω(x)|∇u|p(x)−2∇u

(1 + |u|)γ(x)
· ∇Tk(u − ϕ)dx +

∫
Ω

g(x, u)Tk(u − ϕ)dx =

∫
Ω

fTk(u − ϕ)dx. (4)

1 O��£

�!¥, ·��Ñ\�C�ê Sobolev �m��
�'�£, �õ[!�ë�©z [7].

1.1 Lp(x)(Ω, ω) �m

� ω(x) 3 R
N þ´�����ÿ¼ê, ¿�´A�??k�¼ê, 8Ü C+(Ω) = {ς ∈

C(Ω) : min
x∈Ω

ς(x) > 1}. é?¿� ς ∈ C+(Ω), ·�½Â

ς+ = sup
x∈Ω

ς(x), ς− = inf
x∈Ω

ς(x).
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é?¿� p ∈ C+(Ω), ·��Ñ\��C�ê Lebesgue �m Lp(x)(Ω, ω), §d¤k÷v±e

/ª��ÿ¼ê u(x) |¤: ∫
Ω

ω(x)|u(x)|p(x)dx < ∞,

¿D��ê

‖u‖Lp(x)(Ω,ω) = inf

{
λ > 0 :

∫
Ω

ω(x)

∣∣∣∣
u(x)

λ

∣∣∣∣
p(x)

6 1

}
.

1.2 W k,p(x)(Ω, ω) �m

é?¿���ê k, P

W k,p(x)(Ω, ω) = {u ∈ Lp(x)(Ω, ω) : Dαu ∈ Lp(x)(Ω, ω), |α| 6 k},

¿D��ê

‖u‖W k,p(x)(Ω,ω) =
∑

|α|6k

‖Dαu‖Lp(x)(Ω,ω).

1.3 ~^Ø�ª

XJ·�P

ρ(u) =

∫
Ω

ω(x)|u|p(x)dx, ∀ u ∈ Lp(x)(Ω, ω),

@o

min{‖u‖p−

Lp(x)(Ω,ω)
, ‖u‖p+

Lp(x)(Ω,ω)
} 6 ρ(u) 6 max{‖u‖p−

Lp(x)(Ω,ω)
, ‖u‖p+

Lp(x)(Ω,ω)
}.

1.4 �I ps(x) � p∗s(x)

é?¿� p, s ∈ C+(Ω), �

ps(x) :=
p(x)s(x)

1 + s(x)
< p(x),

Ù¥ s(x) ∈

(
N

p(x)
,∞

)
∩

[
1

p(x) − 1
,∞

)
. é?¿� x ∈ Ω , ·��½C�ê���

p∗s(x) :=






p(x)s(x)N

(s(x) + 1)N − p(x)s(x)
, N > ps(x),

+∞, N 6 ps(x).

1.5 \�C�ê Sobolev �m�ëYi\½n

� p, s ∈ C+(Ω)÷v log-Hölder ëY5^�. e r ∈ C+(Ω) � 1 < r(x) 6 p∗s, @okX

eëYi\

W 1,p(x)(Ω, ω) →֒ Lr(x)(Ω).

� inf
x∈Ω

(p∗s(x) − r(x)) > 0 �, i\´;�.

1.6 Poincaré .Ø�ª

� p ∈ C+(Ω)÷v log-Hölder ëY5^�, Ké?¿� u ∈ C∞
0 (Ω), �Oª

‖u‖Lp(x)(Ω) 6 C‖∇u‖Lp(x)(Ω,ω)

¤á, Ù¥~ê C > 0 � u Ã'.
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1.7 �ä¼ê Tk(s)

���/e, éu3 R ¥� s, k, Ù¥ k > 0, pÝ� k ��ä¼ê[8] Tk(s) ½Â�

Tk(s) = max(−k, min(k, s)) =






s, e |s| < k,

k, e s > k,

−k, e s 6 −k.

�uÙ­�5±9�
�*å�, ·��Ñ§�{ã.

k

k

k k
O

s

T
k
(s)

ã 1 ¼êTk(s)

Fig. 1 Function Tk(s)

2 �)��35

½½½nnn 2.1 b� A1—A3 ¤á, f ∈ L1(Ω), @o¯K (1) ���3���).

yyy ²²² ·�ò© 5 Ú�¤y²(L§ë�©z [9-11]).

111 1 ÚÚÚ %C¯K9k��O. �
y²�§ (1) )��35(J, ·�ïá�§ (1)

�%C¯K 




−div

(
ω(x)|∇un|

p(x)−2∇un

(1 + |Tn(un)|)γ(x)

)
+ gn(x, un) = fn, x ∈ Ω,

un = 0, x ∈ ∂Ω.

(5)

ùp, {fn} ´ L∞(Ω) ¥�¼êS��3 L1(Ω) ¥rÂñu f . gn(x, s) = Tng(x, s), �÷vª

(2)!ª(3). d©z [12] �(J, %C¯K (5) ���3��f) un ∈ W
1,p(x)
0 (Ω, ω), �é?

¿� v ∈ W
1,p(x)
0 (Ω, ω) ∩ L∞(Ω), k

∫
Ω

ω(x)|∇un|
p(x)−2∇un

(1 + |Tn(un)|)γ(x)
· ∇vdx +

∫
Ω

gn(x, un)vdx =

∫
Ω

fnvdx. (6)

�e5, ·�é%C)S� {un} ��
k��O. éz�� k > 0, � Tk(un) � (6) ���

u�¼ê, ·�k

∫
Ω

ω(x)|∇un|
p(x)−2∇un

(1 + |Tn(un)|)γ(x)
· ∇Tk(un)dx +

∫
Ω

gn(x, un)Tk(un)dx =

∫
Ω

fnTk(un)dx. (7)

y3��Oª (4), 5¿� Tk(s) � s ÓÒ, �Kª (7) �à1���K�, ��

∫
Ω

ω(x)|∇Tk(un)|p(x)

(1 + |Tn(un)|)γ(x)
dx 6 k‖f‖L1(Ω).
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XJÀ� n > k , ·�k

∫
Ω

ω(x)|∇Tk(un)|p(x)

k(1 + k)γ(x)
dx 6 ‖f‖L1(Ω). (8)

Ïd, é¤k k > 0, ��

∫
Ω

ω(x)|∇Tk(un)|p(x)dx 6 k(1 + k)γ+

‖f‖L1(Ω). (9)

5¿�ª(8), e k > 1, @o

∫
Ω

ω(x)|∇Tk(un)|p(x)

k(k + k)γ(x)
dx 6 ‖f‖L1(Ω).

ù�, éu k > 1, ·�k

∫
Ω

ω(x)|∇Tk(un)|p(x)

kγ++1
dx 6 C

∫
Ω

ω(x)|∇Tk(un)|p(x)

kγ(x)+1
dx 6 C‖f‖L1(Ω), (10)

Ù¥ C ´� n Ã'�~ê. d\�C�ê�m¥� Sobolev i\½n, ��

W
1,p(x)
0 (Ω, ω) →֒ Lp∗

s(x)(Ω) →֒ L(p∗

s)−(Ω).

Ù¥

(p∗s)
− =

p−s−N

(s− + 1)N − p−s−
.

5¿�ª (10), ¿é k > 1, ·�k

‖Tk(un)‖
L(p∗

s)− (Ω,ω)
6 C‖∇Tk(un)‖Lp(x)(Ω,ω)

6 C

(∫
Ω

ω(x)|∇Tk(un)|p(x)dx

) 1
β

6 C
(
‖f‖L1(Ω)k

γ++1
) 1

β

,

Ù¥

β =





p−, e ‖∇Tk(un)‖Lp(x)(Ω,ω) > 1,

p+, e ‖∇Tk(un)‖Lp(x)(Ω,ω) 6 1.

·�òΩ©¤{|un| > k}�{un < k}üÜ©. Ù¥{x ∈ Ω‖un(x)| > k}{P�{|un| > k}, {x ∈

Ω‖un(x)| < k}{P�{|un| < k}. �Ä� {|un| > k} = {|Tk(un)| > k}, p− > γ+ + 1, ·�k

meas{|un| > k} 6

(
‖Tk(un)‖

L(p∗
s)− (Ω,ω)

k

)(p∗

s)−

6
C‖f‖

(p∗

s)−

β

L1(Ω)

k(p∗

s)−(1− γ++1
β

)
6

C(‖f‖L1(Ω) + 1)
(p∗

s )−

p−

k
(p∗

s)−(1− γ++1

p−
)

,
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Ù¥ C �~ê, meas{|un| > k} � {|un| > k} �ÿÝ. Ó�� 0 < k < 1 �, w, meas{|un| >

k} 6 |Ω|, ù�·���

lim
k→∞

meas{|un| > k} = 0, 'u n ��Âñ. (11)

111 2 ÚÚÚ {un} 3 Ω þ A � ? ? Â ñ u u. · � ò y ² é ? ¿ � ǫ > 0, k

lim
n,m→+∞

meas{|un − um| > ǫ} = 0. éz�� n, m ∈ N, ke¡�8Ü'X

{|un − um| > ǫ} ⊂ {|un| > k} ∪ {|um| > k} ∪ {|Tk(un) − Tk(um)| > ǫ},

�Ò´`

meas{|un − um| > ǫ} 6 meas{|un| > k} + meas{|um| > k} + meas{|Tk(un) − Tk(um)| > ǫ}.

éz���½� σ > 0, ·�À�¿©�� k̂, ¦�

meas{|un − um| > ǫ} 6
σ

2
+ meas{|Tbk

(un) − Tbk
(um)| > ǫ}. (12)

5¿�ª (9), ·��� {Tk(un)} 3 W
1,p(x)
0 (Ω, ω) ¥k.. éz���½� k > 0, {Tk(un)}

3 Lp(x)(Ω, ω) ¥ý;, � {Tk(un)} �ÿÝÂñ. �Ä� k �?¿5, ·�k

lim
n,m→∞

meas{|un − um| > ǫ} = 0,

ù`² {un} �ÿÝÂñ, �â Riesz ½n, �3 {un} ���fS� (EP���)±9��

�ÿ¼ê u, ¦�

un → u, 3 Ω þA�??Âñ. (13)

(Üª (9), ·��À� {Tk(un)} �·�f� (EP���), Kk

Tk(un) → Tk(u), u W
1,p(x)
0 (Ω, ω) ¥fÂñ. (14)

111 3 ÚÚÚ {gn(x, un)} 3 L1(Ω) ¥rÂñ. - ρi(s) ´��üN4O¿���k.�

Lipschitz ¼ê, � i → ∞ �, ÷v ρi → χ{|s|>k}sign(s). ·�3ª (5) ¥À� ρi(s) ��u�

¼ê, Kk

∫
Ω

ω(x)ρ′i(un)|∇un|
p(x)

(1 + |Tn(un)|)γ(x)
dx +

∫
Ω

gn(x, un)ρi(un)dx =

∫
Ω

fnρi(un)dx. (15)

duª (15) �à1����K�, ·��K�K�, ��

∫
Ω

gn(x, un)ρi(un)dx 6

∫
Ω

fnρi(un)dx.

(Üª (2), ¿$^ Lebesgue ��Âñ½n, � i → ∞ ��4�, k

∫
{|un|>k}

|gn(x, un)|dx 6

∫
{|un|>k}

|fn|dx. (16)



58 uÀ���ÆÆ�(g,�Æ�) 2019 c

é?¿�½� ǫ > 0, 5¿�ª (11) ±9 {fn} 3 L1(Ω) ¥rÂñu f , K�3¿©��

kǫ > 0, ¦� ∫
{|un|>kǫ}

|fn|dx < ǫ.

é Ω ¥��ÿf8 E, (Üª (2) 9ª (16), k

∫
E

|gn(x, un)|dx =

∫
E∩{|un|6kǫ}

|gn(x, un)|dx +

∫
E∩{|un|>kǫ}

|gn(x, un)|dx

6

∫
{|un|>kǫ}

|fn|dx +

∫
E

hkǫ
(x)dx

6 ǫ +

∫
E

hkǫ
(x)dx 6 2ǫ.

u´, {gn(x, un)} ´�Ý�È�. ,��¡, du {gn}÷v Carathéodory ^�±9ª(13),

·��� gn(x, un) → g(x, u) 3 Ω þA�??Âñ. �â Vitali ½n, ·�k

gn(x, un) → g(x, u), u L1(Ω) ¥rÂñ. (17)

111 4 ÚÚÚ Tk(un) 3 W
1,p(x)
0 (Ω, ω) ¥rÂñ. � h > k, ¿À� v = T2k[un − Th(un) +

Tk(un) − Tk(u)] �� (6) �u�¼ê, ·�k

∫
Ω

ω(x)|∇un|
p(x)−2∇un

(1 + |Tn(un)|)γ(x)
· ∇T2k[un − Th(un) + Tk(un) − Tk(u)]dx

︸ ︷︷ ︸
(A)

+

∫
Ω

gn(x, un)T2k[un − Th(un) + Tk(un) − Tk(u)]dx

︸ ︷︷ ︸
(B)

=

∫
Ω

fnT2k[un − Th(un) + Tk(un) − Tk(u)]dx

︸ ︷︷ ︸
(C)

.

�
�Bå�, ·�P {εn,h}÷v

lim
h→∞

lim
n→∞

εn,h = 0.

aq/, {εn}÷v lim
n→∞

εn = 0. 'u (B) �Ú (C) �, (Üª (14)!ª (17), ±9 fn 3 L1(Ω)

¥r;, ·�k

∫
Ω

gn(x, un)T2k[un − Th(un) + Tk(un) − Tk(u)]dx = εn,h, (18)

∫
Ω

fnT2k[un − Th(un) + Tk(un) − Tk(u)]dx = εn,h. (19)

u´, dª(18)!ª(19)��

∫
Ω

(fn − gn(x, un))T2k[un − Th(un) + Tk(un) − Tk(u)]dx = εn,h.
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'u (A), ·�� M = 4k + h, � |un| > M �, k ∇T2k[un − Th(un) + Tk(un) − Tk(u)] = 0.

(A) �
©�

(A) =

∫
{|un|<k}

ω(x)|∇TM (un)|p(x)−2∇TM (un)

(1 + |Tn(un)|)γ(x)
· ∇T2k[un − Th(un) + Tk(un) − Tk(u)]dx

+

∫
{|un|>k}

ω(x)|∇TM (un)|p(x)−2∇TM (un)

(1 + |Tn(un)|)γ(x)
· ∇T2k[un − Th(un) + Tk(un) − Tk(u)]dx.

du38Ü {|un| < k} ¥, un − Th(un) = 0, �38Ü {|un| > k} ¥, ∇Tk(un) = 0, ·�k

(A) =

∫
Ω

ω(x)|∇Tk(un)|p(x)−2∇Tk(un)

(1 + |Tn(un)|)γ(x)
· ∇[Tk(un) − Tk(u)]dx

+

∫
{|un|>k}

ω(x)|∇TM (un)|p(x)−2∇TM (un)

(1 + |Tn(un)|)γ(x)
· ∇[un − Th(un)]dx

−

∫
{|un|>k}

ω(x)|∇TM (un)|p(x)−2∇TM (un)

(1 + |Tn(un)|)γ(x)
· ∇Tk(u)dx.

þªmà1����K�, �K�K�¿émà1��?1
©���

εn,h >

∫
Ω

ω(x)[|∇Tk(un)|p(x)−2∇Tk(un) − |∇Tk(u)|p(x)−2∇Tk(u)]

(1 + |Tn(un)|)γ(x)
· ∇[Tk(un) − Tk(u)]dx

+

∫
Ω

ω(x)|∇Tk(u)|p(x)−2∇Tk(u)

(1 + |Tn(un)|)γ(x)
· ∇[Tk(un) − Tk(u)]dx

−

∫
{|un|>k}

ω(x)|∇TM (un)|p(x)−2∇TM (un)

(1 + |Tn(un)|)γ(x)
· ∇Tk(u)dx

=In + Jn − Kn.

þª�ü�3 n → ∞ �ÑªCu 0. ¯¢þ, 'u Jn, � n > h, 5¿�ª (9), ùL²

ω(x)|∇Tk(u)|p(x)−2∇Tk(u)

(1 + |Tn(un)|)γ(x)
3 (Lp′(x)(Ω, ω∗))N ¥´r;�. (Üª (14), ·�k

lim
n→∞

Jn = lim
n→∞

∫
Ω

ω(x)|∇Tk(u)|p(x)−2∇Tk(u)

(1 + |Tn(un)|)γ(x)
· ∇[Tk(un) − Tk(u)]dx = 0.

'u Kn, ��n�

Kn =

∫
Ω

ω(x)|∇TM (un)|p(x)−2∇TM (un) · ∇Tk(u)χ{|un|>k}

(1 + |Tn(un)|)γ(x)
dx.

� n → ∞ �,
∇Tk(u)χ{|un|>k}

(1 + |Tn(un)|)γ(x)
3
(
Lp(x)(Ω, ω)

)N
¥rÂñu 0. Ó�(Üª (9), ·���

ω(x)|∇TM (un)|p(x)−2∇TM (un) 3 (Lp′(x)(Ω, ω∗))N ¥k., Ï
k

lim
n→∞

Kn = lim
n→∞

∫
{|un|>k}

ω(x)|∇TM (un)|p(x)−2∇TM (un)

(1 + |Tn(un)|)γ(x)
· ∇Tk(u)dx = 0.

nþ, é n > M > h > k, �â p(x)-Laplace �f�üN5, ��

ε(n, h) > In >
1

(1 + k)γ+

∫
Ω

ω(x)[|∇Tk(un)|p(x)−2∇Tk(un) − |∇Tk(u)|p(x)−2∇Tk(u)]

×∇[Tk(un) − Tk(u)]dx > 0.
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=� n → ∞ �, ·�k

∇Tk(un) → ∇Tk(u), u(Lp(x)(Ω, ω))N ¥rÂñ. (20)

111 5 ÚÚÚ u ´¯K (1) ��). 3ª (5) ¥À� Tk(un − φ) ��u�¼ê, Ù¥

φ ∈ W
1,p(x)
0 (Ω, ω) ∩ L∞(Ω), k

∫
Ω

ω(x)|∇un|
p(x)−2∇un

(1 + |Tn(un)|)γ(x)
·∇Tk(un−φ)dx+

∫
Ω

g(x, un)Tk(un−φ)dx =

∫
Ω

fnTk(un−φ)dx. (21)

éuþª��ü�, (Üª (17), � {fn} 3 L1(Ω) ¥r;, ±93 L∞(Ω) ¥ Tk(un −φ) f∗Â

ñu Tk(u − φ), @o� n → ∞ �, ·�k

∫
Ω

g(x, un)Tk(un − φ)dx →

∫
Ω

g(x, u)Tk(u − φ)dx,

∫
Ω

fnTk(un − φ)dx →

∫
Ω

fTk(u − φ)dx.

éuª (21) �à1��, � L = k + ‖φ‖L∞(Ω), (Üª (13), ·�k

Tk(un − φ) → Tk(u − φ), 3 Ω þA�??Âñ.

,	, 5¿�ª (9), k

∫
Ω

ω(x)|∇Tk(un − φ)|p(x)dx =

∫
{|un−φ|<k}

ω(x)|∇(un − φ)|p(x)dx

6

∫
{|un|<L}

ω(x)|∇(un − φ)|p(x)dx

6 2p+

(∫
Ω

ω(x)|∇TL(un)|p(x)dx +

∫
Ω

ω(x)|∇φ|p(x)dx

)

6 C (� n Ã').

Ïd, Tk(un − φ) 3 W
1,p(x)
0 (Ω, ω) ¥k., =

∫
Ω

Tk(un − φ)dx →

∫
Ω

Tk(u − φ)dx, u W
1,p(x)
0 (Ω, ω) ¥fÂñ. (22)

� n > L, (Üª (20)!ª (22), ·�k

∫
Ω

ω(x)|∇un|
p(x)−2∇un · ∇Tk(un − φ)

(1 + |Tn(un)|)γ(x)
dx

=

∫
Ω

ω(x)|∇TL(un)|p(x)−2∇TL(un) · ∇Tk(un − φ)

(1 + |TL(un)|)γ(x)
dx

→

∫
Ω

ω(x)|∇TL(u)|p(x)−2∇TL(u) · ∇Tk(u − φ)

(1 + |TL(u)|)γ(x)
dx

=

∫
Ω

ω(x)|∇u|p(x)−2∇u · ∇Tk(u − φ)

(1 + |u|)γ(x)
dx.

ù�·�Òy²
 u ´¯K (1) ��).
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