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Abstract: Existing portfolio selection strategies based on the online Newton step (ONS)

algorithm ignore the role of transaction costs, an indispensable factor in real markets. This

paper proposes a new online portfolio selection strategy, the online Newton step transaction

cost (ONSC) method, to address this issue. First, we constructed the optimal function

by combining second order information of a portfolio with the transaction cost penalty

term, and the portfolio was subsequently updated. Then, the sublinear regret bound

O(log(T )) was achieved by theoretical analysis. Empirical research on the data sets of four
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real markets–namely, SP500, NYSE(O), NYSE(N) and TSE–showed that in comparison

to semiconstant rebalanced portfolios (SCRP) and other strategies with transaction costs,

ONSC achieves the highest accumulated wealth and the smallest turnover. Hence, the

research demonstrates the effectiveness of the algorithm.

Keywords: portfolio selection; online Newton step; transaction costs

0 Ú ó

3�Ý]|ÜÀJ[1-5]´<ó�UÚÅìÆS+�9��ïÄ�K, Ù'�¯K3uX
Û3Ø(½�½|�¸eëY/ÀJ�`Ý]|Ü, ±���½�8I, X7Ky ½|¥
�\OÂÃ��z½����z.

3�ÚîÚ (ONS)�{[6]Äul�`z¯K¥�Úî{[7], Cc5�2�^u3�Ý
]|ÜÀJüÑïÄ[6]. ØÓuÙ¦�Ý]|ÜÀJ�{[5], ONS|^
Ý]|Ü�þ
���&E?1�#; �'�¦^��&E, §�±�¯/Âñ, k�`�g�5�¥>
.O(log(T )); §�Øv�?´�Ñ
7K½|¥�~­����——�´¤�[8-9]. �C�
�
3�Ý]|ÜïÄ[10-12]Áã)û�´¤��¯K, Ñy
XSCRP[13]!��Ý]|Ü
üÑ[14](Semi-Universal Portfolio, SUP)���´¤��üÑ, �Ù¥vk¦^Ý]|Ü�þ
���&EüÑ.

�éþã¯K, �©JÑ
�«#�3�ÚîÚ�´¤�üÑ (ONSC): 3ONS�Ä:
þ(Ü�´¤�, |^Ý]|Ü�þ���&E?1�#, ¿�3`z¼ê���þ, V\
�´¤�¨v�, ���´þ���. �©��Ñ
ONSC�{�nØ�¥>., ¿�ÏL
3ý¢½|¥é\OÀÂÃÚ±=Ç��þ¢�, `²ONSC�{3�yÂÃ��z�Ó
�ü$
�´¤�, 3ÀÂÃÚ­½5ü�¡Ñ`uSCRPÚÙ¦�Ä�´¤���{.

1 �'ó�

ïÄÝ]|ÜÀJÌ�kü�6�, ©O´þ���nØ[15]Ú]�O�nØ[16], Ù¥
]�O�nØý­uõ�±Ï½ëY�Ý]|ÜÀJ, ·^u3�|µ, ´�©ïÄ�Ä:.

3�Ý]|ÜÀJ+�kéõÑÚ�üÑ, Ù¥�²;�k~ê2N�üÑ (Constant
Rebalanced Portfolio, CRP)[17], §3zÏÑ¬­#N�Ý]|Ü, �yzÏ©����
]�þ�ãL´���½�'~. Cover3 1991cJÑ
�zÝ]|ÜüÑ (Universal
Portfolio, UP)[18], æ^¤kCRP;[�\�²þ?1Ý]. ØÈ��, �´¤�m©�B
\�Ä�Æ. GaivoronskiÚStella3 2000cJÑ
�~ê2N�üÑ (SCRP), �'CRPü
Ñ, “�”(semi)�g�, =�3���´Ï¥À� k�·���Ï­#N�Ý]|Ü, wÍ~
�
�´¤�. Das�<3 2013cJÑ
3�Bý�#üÑ[19](Online Lazy Update, OLU),
§ÏLé`z¯K¥ëê�Bý�#5N�Ý]|Ü. �½ô�<3 2015cJÑ
Äu�
´¤����Ý]|ÜüÑ (SUP)[14], �´^
“�”�Vg5���´¤�, ¢yïÄL
²SUP�{3\OÀÂÃÚ­½5�¡`u�cJ��¤k�{.

2 ¯K��

�Ä��kn��¦T��´Ï�½| (ùp 1 d� 1��´Ï). �éd��þxt =
(xt,1, · · · , xt,n) ∈ RnL«�¦d��Cz, Ù¥xt,j´1 j��¦31 tU�Â�d�1 (t−
1)U�Â�d�'. PxT

1 = (x1, · · · , xT )�T��´Ï��éd�S�.
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1 tÏ�Ý]|Ü�þ^ bt = (bt,1, bt,2, · · · , bt,n)L«, bt ∈ ∆n, bt,i�Ý]�1 i��¦
þ�]�'~. b�Ý]|Ü btØ#NÑy�dÚñ�, =∆n = {bt|bt ∈ Rn+,

∑n
i=1 bt,i =

1}. P bT
1 = (b1, · · · , bT )�T��´Ï�üÑ. ½Â
�éd��þÚÝ]|Ü�þ��,

1 t��´Ï�ÂÃÏf�±^ st = bt · xt , bT
t xtL«.

Ý]|Ü��#¬�)�´¤�. ��´¤�Ç� c, � 0 6 c < 1, ùL« 1�
ü �]�3Ø��´¤���e (1 − c). 31 (t + 1)Ïm©�Ï, �´¤��þ�
±^Ct = (Ct,1, Ct,2, · · · , Ct,n)T ∈ Rn+L«, Ù¥Ct,i = st |̃bt,1 − bt,1,i|c�1 i�]�þ
�)��´¤�, b̃t,iL«N�Ý]|Ü�c, 1 i�]�31 tÏ(å��]�©�'
~, = b̃t,i = bt,ixt,iPn

i=1 bt,ixt,i
. ¤±, Ý]|Ü²n31 (t + 1)Ï�m©�|G��´¤�

�Costt = CT
t e, Ù¥ e = [1, · · · , 1]T ∈ Rn+.

1 tÏ�ÀÂÃ^ sC
t = st − CosttL«, Ïd3T��´Ï��, Ý]|ÜüÑ bT

1 �)
�\OÀÂÃ�

ST (bT
1 , xT

1 ) = S0

T∏
t=1

sC
t , (1)

Ù¥, S0�Ð©]�, Ï~�� 1.
,	, Ñu'���B, ²~�ÄÂÃ�éêO�Ç. 3T��´Ï���éêO

�Ç�
∑T

t=1 log(bt · xt), 
��æ^CRPÀ�Ý]|Ü b�Ý]ö¼��éêO�Ç
�

∑T
t=1 log(b · xt). b∗´��zù�þ�¯��`CRP�Ý]|Ü, ��æ^üÑ bT

1 �3
��{Alg��¥>.½Â�

Regret(Alg) ,
T∑

t=1

log(b∗ · xt)−
T∑

t=1

log(bt · xt), (2)

=��Ý]Ï¥Alg��`~ê2N�Ý]|ÜüÑ[17](Best Constant Rebalanced Portfolio,
BCRP)�éêÂÃ��. �¥>.�±ïþ���{��`�{�m��É, F"��¦�
U���¥>., =éêÂÃO�Ç¦�U�Cl�BCRP�{.

Ý]|ÜÀJ´3�?1�, z�ÏÑ¬|^#����éd��þ, �â`z¼ê­
#N�Ý]|Ü. §�8I´�O��üÑ bT

1 ¦��´¤���, \OÂÃ��. �¥>.
�´ïþ���{5U�­��I.

3 Ä Å

Nõ3�Ý]|ÜüÑ3�	�Ä�´¤��5UwÍJ,. 'XSCRP, 3CRP�Ä
:þ�Ä
�´¤�, \\“�”(semi)�g�, �3·����N�Ý]|Ü. �Ò´`, X
JN�Ý]|Ü�)��´¤�puÂÃ, ÒØ?1N�. SUPéUP�U?�´æ�
Ó
��“�”�g�, l�.þ'�, UPzÏN�Ý]|Ü, §��#Å��

bt =

∫
∆n

bSt−1(b)dµ(b)∫
∆n

St−1(b)dµ(b)
. (3)


SUP3��T��´Ï¥À� k�·���Ï (t1, · · · , tk)òÝ]|ÜN��UP, ù k�
�Ïr�éd��þS�©¤
 (k + 1)�Ü©, =

{x1, · · · , xt1−1}{xt1 , · · · , xt2−1} · · · {xtk
, · · · , xT }.
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b��I3z�Ü©�m©|G�´¤�, u´z�Ü©SUPò¼�\OÂÃ

si = bT
i ⊗ti−1

t=ti−1
xt, (4)

Ù¥, ⊗L«��éA¦È, bi =
R
∆n

bSc
ti−1(b)dµ(b)R

∆n
Sc

ti−1(b)dµ(b)
, Sc

ti−1(b) =
∏ti−1

j=1 bTxj −
∑ti−1

j=1 Costj . �

ØzÜ©��´¤��, ò (k + 1)�Ü©�\OÀÂÃ¦ÚÒ��
SUP�\OÀÂÃ

k+1∏

i=1

(si − Costi).

ùa��´¤��üÑSCRP!SUP3Nõêâ8þLyÑp��5U, �§�k�

d3�¯K: SCRPÄuCRP�g�, zgN��Ý]|Ü��½�'~, ØUéÐ/·
AÄ��½|; SUP3À½�Ïæ^UP�Ý]|Ü, �O�¤kCRP;[�\�²þ, 3
O�þ�~E,. �éþã¯K, �©JÑ�#üÑONSC�â¢�êâ, Ä�N��.ë
ê, �zgS��O�þ�!�Çp.

“�”(semi)�g����kØv�?, §I�3���´Ï¥é����`f8?1Ý
]|ÜN�, �é�ù��`f83O�þ�´�~(J�. ,	, �´¤�©��½'~
�´¤�!�½���´¤�, “�”��{�·^u�ö. 
OLU���«�Ä�´¤�
�üÑ, ØÓuSCRP!SUPùü��´¤�üÑæ^“�”�g�, OLU�Ñ
��Bý�
Ý]|Ü�þ

bt+1 = argminb − η log(bTxt) + α‖b− bt‖1 − 1
2
‖b− bt‖22. (5)

OLU3`z�.¥\\
L1¨v�[20], O�N�Ý]|ÜI���´þ, ¿^ëêα��
�´þ���. ù��{¢Sö�å5�\{B, u´�©�Ä3ONS��.¥�Ú\�
��´¤�¨v�. �¤±ÀJONS�{5U?, ´Ï�§æ^�üÑ¥��¼ê�éêÂ
Ã����VÐm, |^
Ý]|Ü�þ���&E; 
OLU^�´éêÂÃ, =��&E.
õ�'u��&E�ïÄó�[21-23]L², ��&E�±���¯�Âñ�Ý, �UJøÝ]
|Ü�þ�ÅÄ&E, ����&E�kÏuÝ]|ÜÀJ?Ö.

�©3ONS�Ä:þ�Ä�´¤�, �O
��#�üÑONSC. TüÑ|^Ý]|Ü
�þ���&E?1�#, ¿�ÏL�´¤�¨v����´þ���. �¡�nØy²�
¢yïÄò`²ONSC�ûÐ5U.

4 3�ÚîÚ�´¤�üÑ (ONSC)

4.1 �.�O
ONSC�ÄXe`z¯K

bt = argmax
b∈∆n

t−1∑
τ=1

[
fτ (b)− β

2
‖b‖2 − 1

2
α‖b− bτ‖22

]
, (6)

Ù¥, argmax f(b)L«3∆n¥¦� f(b)��� b�; �Òm>)ÒS1�����¼ê,
L«��zéêÂÃ, 1����K�?nL[Ü¯K, 1n�^���Cëêα5��
�´þÚ�´¤����, �y��ü�Ý]|Ü�m ���, =zÏ��´þ¦�U
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�, ±d��ü$�´¤��8�, ØJwÑα��, �´¤���, é�´������,
�α = 0�, ���´þ�L2�êvk�^.

3��¼ê���þ, �Ä��zéêÂÃ. �ìONS��{, |^Ý]|Ü�þ��
�&E, ò��¼ê ft : ∆n → R½Â�

ft(b) , log(bt · xt) +∇T
t (b− bt)− β

2
[∇T

t (b− bt)]2, (7)

Ù¥, ∇t = ∇[log(bt · xt)] = 1
bt·xt

· xt, ∇2[log(bt · xt)] = − 1
(bt·xt)2

· xtx
T
t = −∇t∇T

t , ��
� ft(bt) = log(bt · xt).

3z�Ï, �{¬|^{¤&EÚ¢�êâ, �â`z¯KN�Ý]|Ü, ¿|G�´
¤�. T��´Ï(å�, ¼�\OÀÂÃST (bT

1 , xT
1 ) = S0

∏T
t=1 sC

t , ^uéüÑ?1µd.

4.2 ONSC�{
�e5¦)1 4.1!¥�`z¯K.

� t = 1�, -¤k ft(b)Ú− 1
2α‖b− bt‖22� 0, ü Ý]|Ü b1 = 1

n1��z
−β
2 ‖b‖22.

� t > 1�, Ðm bt¥ fτ (b)�L�ª, �

bt =argmax
b∈∆n

t−1∑
τ=1

[
log(bτ · xτ )∇T

τ +(b− bτ )− β

2
[∇T

τ (b−bτ )]2− β

2
‖b‖2 − 1

2
α‖b− bτ‖22

]
. (8)

ØUC`z¯K�), éª (8)�Òm>¦± 2
β ¿�ï~ê, k

bt = argmax
b∈∆n

[ t−1∑
τ=1

∇T
τ b− β

2
[∇T

τ (b− bτ )]2 − β

2
‖b‖2 − 1

2
α‖b− bτ‖22

]

= argmax
b∈∆n

t−1∑
τ=1

[ 2
β
∇T

τ b− bT∇τ∇T
τ b + 2bT

τ ∇τ∇T
τ b− bTb− α

β
bTb + 2

α

β
bT

τ b
]
. (9)

u´�`z¯KÒ~f�

argmax
b∈∆n

t−1∑
τ=1

[
− bT∇τ∇T

τ b−
(
1 +

α

β

)
bTb + 2

(
bT∇τ∇T

τ +
1
β
∇T

τ +
α

β
bT

τ

)
b
]
. (10)

-
∑t−1

τ=1−∇2(log xτ ·bτ )+
(
1+ α

β

)
In = At−1,

(
1+ 1

β

)∑t−1
τ=1

[∇(log bτxτ )+α · 1
β bT

τ−1

]
= pt−1,

Kª (10)�{z�

argmax
b∈∆n

(−bTAt−1b + 2pT
t−1b),

T`z¯K�du

argmin
b∈∆n

(b−A−1
t−1pt−1)TAt−1(b−A−1

t−1pt−1).

-

At−1

F
K

(y) , argmin
x∈K

(x− y)TAt−1(x− y),
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u´��¤¦`z¯K�)�

bt =
At−1

F
∆n

(δA−1
t−1pt−1). (11)

ùÒ´ONSC��#Å�. e¡�ÑONSC��{, ��{ 1, Ù¥α!β!η^unØ©Û,
δ´�
�Y�¢�I�
�����NÁëê.

�{ 1 ONSC�{
Ñ\: xn, α, β, η, δ

ÑÑ: b

1: Ð©z b1 = [1/n, · · · , 1/n]

2: éu t > 1, �1 bt =
At−1
F

∆n

(δA−1
t−1pt−1),

Ù¥

pt−1 =
“
1 +

1

β

” t−1P
τ=1

ˆ∇(log bτ xτ ) + α · 1
β

bT
τ−1

˜

At−1
F
K

(y) = argmin
x∈K

(x− y)TAt−1(x− y)

At−1 =
t−1P
τ=1

−∇2
“

log xτ bτ

”
+
“
1 +

1

β

”
In

3: wt = (1− η)bt + η
n
1

ONSC�{1�Ï¦^þ!Ý], = b1 = [1/n, · · · , 1/n], ��z�Ïr btÝK���üX
.þ, ��^wt = (1− η)bt + η

n1éÝ]|Ü?1²w?n[6]. ONSC�{|^éêO�¼ê�
FÝ (½Â�∇)Ú°lÝ
 (½Â�∇2)?1Ý]|Ü��#. l�{ 1�±wÑ§�I3zg
S��O���n�Ý
�_!��Ý
�þ�¦ÈÚ���üX.þ�N�. N�ù���
±ÏLFÝeü{¯���, ,	ü�O���mE,ÝÑ�|^Ý
_Ún[24]��3O(n2),
¤±ONSC�{�O��Ç�~p.
4.3 nØ©Û

�!�ÑONSC�{��¥>..
½½½nnn 1 b�½|¥k���Cëêα, - η = 0, β = α

8
√

n
, δ = 1KONSC�{k±e�

¥>.,

Regret(ONSC) 6 1
β

log
[nT

α2

]
+

β

2
+ 2ηT.

yyy ²²² Äk, òéê¼ê log(b · xt)3 bt:����VÐm, �

log(b · xt) = log(bt · xt) +∇T
t (b− bt)− 1

2
[∇T

t (b− bt)]2.

q�â��¼ê ft(b)�½Â�±�Ñ, é¤k b ∈ ∆n, log(b · xt) 6 ft(b), K

max
b∈∆n

∑
t

log(b · xt)− log(bt · xt) 6 max
b∈∆n

∑
t

ft(b)− ft(bt). (12)

¤±�O��¥>.�IO��ª (12)m>�ªf�þ..
d©z [25]¥{ü�í���,é?¿ b,k−β

2 ‖b1‖2+
∑

t ft(bt+1) >
∑

t ft(b)− β
2 ‖b‖2;2

d©z [6]¥�Ún 4��
∑T

t=1[ft(bt+1)−ft(bt)] 6 − 1
β n log

[
nT
α2

]
;qÏ� β

2 [‖b‖2−‖b1‖2] 6 β
2 ,

u´�±��

Regret(Alg) 6 1
β

log
[nT

α2

]
+

β

2
. (13)
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��éÝ]|Ü?1²w?n, d©z [1]�½n 2í��Ñ

Regret(ONSC) 6 1
β

log
[nT

α2

]
+

β

2
+ 2ηT, (14)

Ù¥α > η
n .

l½n 1�(J�±wÑ, ONSC�{¼�
g�5�¥>.O(log(T )), `²�X�´Ï
ê�O\, �¥�¬Åìªu 0, =ONSC�\OÂÃO�ÇòÅì�C¯��`�BCRP. �
Ò´`, �X�m�í£, Øä��#�êâ¦�ONSCÚÀ½��`üÑBCRP�m��É
�5��, ÅÚ%Cl��`).

5 ¢yïÄ

�!^ONS!CRP!SCRP!UP!SUP�ONSC�'�, �â²þÀÂÃÚ±=Ç5
µ��{�5U, '�ONS�ONSC�±w�´Ä�Ä�´¤�é���{5U�K�.
CRPÚUP´3�Ý]|ÜÀJ+��²;üÑ, SCRPÚSUP©O´ùü�üÑ�Ä�´¤
����, Ù¥SUP�L
�+���`(J.
5.1 êâ8

¢�3 4�ý¢½|�êâ8þ?1, ©O´IÊ 500�êSP500, Ý�¤ü��mã�ê
âNYSE(O)ÚNYSE(N)!�ç=�êTSE, äN&E�L 1. Ý�¤�êâ3�m��þ�
2, k#!Pü��mã, #��ã��¦êþ�â½|Cz�k¤�#, ´��^u¢yïÄ
�êâ8. ùpÀ� 1 d����Ý]Ï.

LLL 1 ¢¢¢���êêêâââ888
Tab. 1 Databases used for experiments

êâ8 �m�� Uê/d �¦ê/�
SP500 1998.01.02−2003.01.30 1 276 25

NYSE(O) 1962.07.03−1984.12.31 2 826 36

NYSE(N) 1985.01.01−2010.06.30 6 431 23

TSE 1994.01.04−1998.12.31 1 259 88

5.2 µd�I
�©æ^
ü«�I5µ�ONSC�Ù¦üÑé'�¢��J.
(1) ²þÀÂÃ: ÀÂÃL«\OÂÃ�Ø�´¤�, �©zgÀ� 3��¦, ²þ 50g¢

��ÀÂÃ. ù´Ýþ���{�IO�I, w,²þÀÂÃ���Ð.
(2) ±=Ç: zÏ�´�²þ]�z©'. �±^5�Ý]�{�­½5©Û, ±=Ç��

L«üÑ�­½5�p.
5.3 ¢�9(J

¢���{´lz�êâ8¥�ÅÀ� 3��¦, ù��ÅÀ� 50g, ¿æ^ONSC!
ONS!CRP!SCRP!UP!SUP� 6«üÑ5�Ý].ùpONS�ONSC�ëê��� η = 0,
β = 1, δ = 0.125, ONSC��´¤���ëêα = 10 000. L 2!L 3!L 4ÚL 5©OL«

��´¤�Ç©O� c = 0.05, 0.02, 0.01, 0.001, 0�, 6«ØÓ�üÑ3 4�êâ8þ¼��²
þÀÂÃ. 3 4�êâ8�(J¥, Ø
3NYSE(O)þ��´¤�Ç� 0�ONSC¼��²þ
ÀÂÃÑ$uONS±	, Ù¦�¹eONSC�Ly'Ù¦üÑÑ�Ð, ¼��²þÀÂÃ�p.

ã 1!ã 2!ã 3Úã 4Ð«
� c = 0.05� 6«üÑ3 4�êâ8þ�±=Ç. l 4ùÜã
�±wÑONSC��
���±=Ç, �$uUPÚCRP. L 6Ð«
 4�ã�ê�(J, �±
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wÑ3êâ8NYSE(O)�NYSE(N)þ, ONSC�±=Ç'�{üÑ¥±=Ç�$� SCRP�
�$��êþ?. 
3SP500¥, ONSC�±=Ç�´�{üÑ¥±=Ç�$� SUP� 1/4.
3TSE¥, ONSC�±=Ç��´�{üÑ¥±=Ç�$� SCRP���Ø�. (Ü±þü�
¢�, ONSCk���±=ÇÚ���ÀÂÃ, 
��I�$��´¤�.

LLL 2 333êêêâââ888 SP500þþþ 50gggÕÕÕáááÁÁÁ��� (c=0.05, 0.02, 0.01, 0.001, 0)���²²²þþþÀÀÀÂÂÂÃÃÃ
Tab. 2 Average net wealth for 50 independent trails (c = 0.05, 0.02, 0.01, 0.001, 0)

on the SP500 dataset

üÑ
c

0.05 0.02 0.01 0.001 0

ONSC 2.146 2.235 2.265 2.293 2.296

ONS 0.582 1.133 1.419 1.740 1.823

UP 1.196 1.603 1.804 2.016 2.091

SUP 1.790 1.836 1.880 1.915 1.987

CRP 0.855 1.448 1.727 2.024 2.060

SCRP 1.651 1.789 1.841 1.890 1.895

LLL 3 333êêêâââ888NYSE(O)þþþ 50gggÕÕÕáááÁÁÁ��� (c=0.05, 0.02, 0.01, 0.001, 0)���²²²þþþÀÀÀÂÂÂÃÃÃ
Tab. 3 Average net wealth for 50 independent trails (c = 0.05, 0.02, 0.01, 0.001, 0)

on the NYSE(O) dataset

üÑ
c

0.05 0.02 0.01 0.001 0

ONSC 38.562 38.866 40.315 40.724 40.770

ONS 4.379 16.158 25.557 38.959 40.786

UP 22.911 23.705 27.583 29.520 35.111

SUP 29.079 30.640 32.393 34.221 36.702

CRP 3.562 14.532 23.587 2.024 40.125

SCRP 19.381 23.708 25.673 27.429 27.752

LLL 4 333êêêâââ888NYSE(N)þþþ 50gggÕÕÕáááÁÁÁ��� (c=0.05, 0.02, 0.01, 0.001, 0)���²²²þþþÀÀÀÂÂÂÃÃÃ
Tab. 4 Average net wealth for 50 independent trails (c = 0.05,0.02,0.01,0.001,0)

on the NYSE(N) Dataset

üÑ
c

0.05 0.02 0.01 0.001 0

ONSC 27.014 28.327 28.778 29.190 29.236

ONS 1.468 6.659 11.238 18.128 19.125

UP 10.521 12.385 16.091 20.400 22.137

SUP 14.931 15.943 16.849 17.867 19.636

CRP 1.187 6.823 12.266 20.828 22.092

SCRP 11.679 14.592 15.930 17.372 17.549
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LLL 5 333êêêâââ888TSEþþþ 50gggÕÕÕáááÁÁÁ��� (c=0.05, 0.02, 0.01, 0.001, 0)���²²²þþþÀÀÀÂÂÂÃÃÃ
Tab. 5 Average net wealth for 50 independent trails (c = 0.05, 0.02, 0.01, 0.001, 0)

on the TSE dataset

üÑ
c

0.05 0.02 0.01 0.001 0

ONSC 2.812 2.931 2.971 3.008 3.012

ONS 0.430 0.887 1.131 1.408 1.443

UP 1.149 1.297 1.591 1.816 2.143

SUP 1.671 1.841 1.952 2.090 2.219

CRP 0.781 1.216 1.414 1.621 1.646

SCRP 1.694 1.815 1.860 1.899 1.907

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0
ONSC ONS UP SUP CRP SCRP

ã 1 6�üÑ3êâ8 SP500þ�±=Ç(J (c = 0.05)

Fig. 1 The turnover results for six strategies on the SP500 dataset (c = 0.05)

1.4

1.2

1.0

0.8

0.6

0.4

0.2

0

ONSC ONS UP SUP CRP SCRP

ã 2 6�üÑ3êâ8NYSE(O)þ�±=Ç(J (c = 0.05)

Fig. 2 The turnover results for six strategies on the NYSE(O) dataset (c = 0.05)
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1.4

1.2

1.0

0.8

0.6

0.4

0.2

0

ONSC ONS UP SUP CRP SCRP

ã 3 6�üÑ3êâ8NYSE(N)þ�±=Ç(J (c = 0.05)

Fig. 3 The turnover results for six strategies on the NYSE(N) dataset (c = 0.05)

ONSC ONS UP SUP CRP SCRP

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

ã 4 6�üÑ3êâ8TSEþ�±=Ç(J (c = 0.05)

Fig. 4 The turnover results for six strategies on the TSE dataset (c = 0.05)

LLL 6 6���üüüÑÑÑ333 4���êêêâââ888þþþ���±±±===ÇÇÇ���êêê���(((JJJ
Tab. 6 The numerical turnover results of six strategies on the four datasets

üÑ
êâ8

SP500 NYSE(O) NYSE(N) TSE

ONSC 0.001 18 0.000 54 0.000 25 0.001 09

ONS 0.017 32 0.014 21 0.007 80 0.019 00

UP 0.148 63 0.882 00 1.096 39 0.164 89

SUP 0.004 62 0.015 71 0.002 73 0.004 44

CRP 0.622 26 1.123 00 1.187 33 0.780 97

SCRP 0.011 05 0.002 83 0.003 63 0.002 69

6 (Ø�Ð"

�©JÑ
�«#�3�Ý]|ÜÀJüÑ—–3�ÚîÚ�´¤�üÑ (ONSC), Ä
uONS�g�, ¿©|^Ý]|Ü�þ���&E�E`z¼ê, ¿3`z¼ê¥V\
�´
¤�¨v�, ��
�´þÚ�´¤����. T�{ä�ONS���&E`³, �U
·A
�3�´¤��ý¢½|. �©éONSCéA��{?1
nØ©Û, ���¥>.O(log(T )),
¿3 4�ý¢êâ8þéõ��¦?1
�þ¢�, uyONSC���\OÀÂÃ²wpuÙ
¦3�Ý]|ÜÀJüÑ, ¿�¼�
�$�±=Ç, ÙéA��{LyÑûÐ�­½5.
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