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Second-order online portfolio selection strategy with
transaction costs
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Abstract: Existing portfolio selection strategies based on the online Newton step (ONS)
algorithm ignore the role of transaction costs, an indispensable factor in real markets. This
paper proposes a new online portfolio selection strategy, the online Newton step transaction
cost (ONSC) method, to address this issue. First, we constructed the optimal function
by combining second order information of a portfolio with the transaction cost penalty
term, and the portfolio was subsequently updated. Then, the sublinear regret bound

O(log(T)) was achieved by theoretical analysis. Empirical research on the data sets of four
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real markets—namely, SP500, NYSE(O), NYSE(N) and TSE-showed that in comparison
to semiconstant rebalanced portfolios (SCRP) and other strategies with transaction costs,
ONSC achieves the highest accumulated wealth and the smallest turnover. Hence, the
research demonstrates the effectiveness of the algorithm.
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FELRFEG A A IR PRI -0 N T RE AL 88 27 ) USRI 7 R, L SGHE 1) 4
FAILEANH € T3 PR BT N Sk P U T A &, DA 2] — & W H bx, WEmlEZz g
1) 22 i a e KA B R e /M.

FE 2 -5 (ONS) SO T B 2o AR Ak 1) 80 b (0 2R k7)) Ji kel 2 ek
Ak BRI AT O). ORI T A B 4L Ak B VAL, ONS R TR 4L A 1
1 B AT ST AHLE U — A5 S, e o] A sE e e 8K, A B 0 R IR ek s Mgl
FtO(log(T)); 'BIMA R Z A& 208 T Gy h AR E EE M TR — A8 5 A, i
LB R 2 B B AL T T O 2 P R AT S AR T ), IR T A SCRPISL, ez B AL A
el 4] (Semi-Universal Portfolio, SUP) 2417 A8 5 A [ S, (H H b B (58 FH 45 e 41 45 1 i
1 B 5 BN,

BIXF FO ), ASSCHE T — B AR L AR 120 A8 ) A Skl (ONSC): 7E ONS [ JE i
GEGAT Dy A, I BB A& ) B0 s ST 8, IF B s B s & b, s in
Dy BATE T I0, 3028 2w (P K/, ARSCESE H T ONSC Bk i B Je g 5, f Hoad g
LTI S rPoRt BBt f R A F 1 KR SR, U0 B ONSC B AE P UE i & B KA 1) [F]
BRAR T 28 Dy LA, A4St AR MR PR 7 T AL T SCRP A H AN % FE AT B AR I 92
1 48%THE

WP S 20 A 1 P 12 A AN RIR, 0 9l 2 I ME 5 22 R LRI B8 A g K B 6] e
PRARIE K IR T 2 A B EOE S B A A IR R, G TAEZRI 5, A ST T Sk A

TEL B A A e P R 2 B I SR, L B 48 U A5 2P I 3 3B (Constant
Rebalanced Portfolio, CRP)7) ¢ 78 4 #0255 i $E B 41 &, PR UE RE 3 4 I 31 25 A
e LR R e — AN E I EE ). Cover 75 1991 4 48 HH T 72 46 # %2 41 & SR B (Universal
Portfolio, UP)!'8) R fTf5 CRP & K AT AT 8T AAZ 5, 2855 AR FF i 4 40
AT V. Gaivoronski Ml Stella 71 2000 fF4 T 1> 45 23 5 0% (SCRP), AHLL CRP 56
W6, < (semi) (Y RMAEL B FEHEANAE Sy B A 206 EX K N0 22 149 P00 S TR A R A, Uk
DT A G AR, Das 5 ANAE 2013 FEH T AE LR M B BT 5% 19 (Online Lazy Update, OLU),
I I A 1) R 2 K B BB R AR A . SO VAR NAE 2015 SRR T T AL
Ty AR [0 232 $5 08 4145 SR (SUP) AL AR T T 27 (R & Sk 428 1 A8 2 AR, SENEWF TR
B SUP 503245 ST s FIAs e 1 5 L T 2 i B 20 A7 500
2 FAMEE

ZE— N HIRETANE N XE 1 AN 1IN G ). A &, =
(Te1, 5 Trn) € R RIRIEEENME IR, Horp oy ;2258 5 HURSEAESE ¢ RN 5258 (¢ —
1) KRB I, 8 &l = (21, -+, 7)) I T A5 WM P51
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BB AL S W by = (bea, bez, - 5 ben) RIR, by € Ay, by ANPGRS 0 HUBCE
B P BB AL S b A ARVFIHILZEN RIS, BIA, = {b]b, € R"F, S0 by =
1} e bl = (by, -+ ,bp) AT AL MR SRNE. & ST A A% 1m) s F 9 4L & i) & 2 A,
Ft N AR T LA s, = by - 2y £ bl 2 TR

BUEHNGWEFSTELHGBIA. WEGEAENe, HO < ¢ < 1, BERIAN
BRI PR AE R A A G R (1 — ). 5 (¢t 4+ 1) WITF R I 30, 28 5 )l AS 1) B mp
LA C, = (Ci1,Chay- - Crn)™ € R EIR, 1 Cri = sefbit — biile B8 iM%k
PR IRAS S A, by e U BB A A 2T, AN P AE O ¢ U SR (K 9 7 4 T L
i, Wb, = % BT L, $e8 4G S HAE S (¢ + 1) W T 4R B2 AF A8 5 A
M Costy = Cle, Hrfe=1,--- ,1]T € R,

S5 EE 58 = ¢ — Costy Row, BILTE T MG S5, B AL RS o] r=4:
) SR s A

T
Srbf,@]) =S [ ] s (1)
t=1
rh, S AAIUG T, WO 1.

Fihbh, TR B A, 4 B AR O B KR A TN RS B 2 I TR B
KZR NS log(by - @), 10— CRP 3% B % 414 b 109 B985 3045 (1 0 By K %
AT log(b-ay). b* Rdg KA AR S it CRP B AL 4, — AR S o (178
L Alg I JE Il 5 SCh

T T
Regret(Alg) £ Zlog(b* Sxy) — Z log(b; - x;), (2)
t=1 t=1

R B Alg 55 de 0o B0 #4941 A s (1 7) (Best Constant Rebalanced Portfolio,
BCRP) [0 Bl a2 2. J5 M ads 5t nl AT i — AN B U 2 W) 1) 22 57, Ay A9 3 v)
RN JE Mg 5, RGO 2 19 I3 mT REHIT B 4 BCRP Sk,

B Bk PR AL LTI, BF— AR SR AT 1S 2 AR A A% 1) 5, AR DA bR B
PR BT . e H bR Bt — AN SRS o] 1348 b A I, SRt de K. el 5t
e i BN L R 2R R
3 & L

VFZ AR B A& RIS AE RSN [BAT 5 A Je It e 25 32 71 Lb4n SCRP, 7E CRP )3
fitli 2% 58 T A8 Gy AR, N (semi) )RR, JUZETE >4 (1) I 2 R 28 H o 41 & i i, Qo
PR B A o A v TGRS, EANEEAT IS, SUP X UP (R 5t 2 R BT[]
FER < (1 J0AR, IWBERY b LA, UP 45 SR AL, e sEHipLE

S, bSi-1(b)du(b)
C T, S (B)du(e)”
1M SUP 753N T ANAE 2y B e I AN S I (¢, - ) BERRBE A5 3804 UP, X kA4S
IS ST AR s ) B P 20 40 B T (K + 1) N84, B

(3)

{(Bl,"' 7wt171}{mt17"' 7$t271}"'{wtk7"' 733T}'
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(BB T AR IR I AR ST A S A, TR SUP K 3RS Rl st

si = b O1,, T, (4)

— S Ja, BSE _1(B)du(d) . i—1 i—1
;H\:EF'7 ®?€ﬂ<7ﬁ%5ﬁm%$ﬂ, bz = m%i—ll(b)d/‘(b)7 St-;fl(b) = H;:l bij — Z;:l COStj. j’l_]

EREEIS N A ) RAS G, B (K 4 1) AN EB 2 (0 Rl i SR 2 T SUP 1 Rl as

k+1
H(Si — Costy).
i=1
XIHIAL b FRAS I 5% SCRP . SUP {EVF 22 B4l 48 R I AL P g, HEATA —
SEYEAE A 1) 8 SCRP 5T CRP A RUARL, 45 C 48 P58 4145 4 [ 52 1) BB, AN BEAR i M i
A T SUP AR E YR UP B 4145, k7 CRP & K B2y, 18
VRS BRSO, B AR ) R, A SO H R SEE ONSC MR S I b, ) A Y 2
K, BAFUGEARIN THR RN AR
“7 (semi) FJAEA G WA AL AL, EHEARAN ST G W R 2 AT
B G, (R BX A e U AR T LR AR RAER). 5386, 28 5 A I3 A [ E EL
A oy WA« T SE A I AS 2y AR, <2 A0 SRS ] T J5 . T OLU AR — 25 e AS 5y A
fHENE, ANF T SCRP. SUP IXPANAZ Sy AR SRR 2 i AL, OLU 45t 17— Ml
PR 5 )

. 1
b1 = argmin, — nlog(b @) + allb — bl — 5 [lb— b3, (5)

OLU fEMALBE RS i in N T Ly 78 500 200 SH S s PR A & B AT S &, I S50 o 1276
ATy RN XA TS bR A R T N A, T2 A SCH SR ONS IR AL it 5| N —
ANAE G EAIE T I, 2 BT LA FE ONS 73k e, 2 DA A e SR 1 SR s wh 483 2K R 304 o B0l
A I 2SR TT, A TR LA B 1 B B 1 OLU FH I A2 0 B0l s, B —Bfs B
2T s BT TAER- 23 0 i BT DLk B S P (i s I R, HLRESR AL %
oMM E R, HHE G EEA B THRE A A&,

A SCAE ONS [F)FEAli 2% FE AT 5 A, Wik 17— N H I S ONSC. 1% SRS A B3 4 4
) B 1 A EEAT B, O HAR IS AT ) A FE T I A 2 B K. R T BRASIE W
SEUERFFEK 60 ONSC i K 4P fE.

4 EEAWMY P M A K% (ONSC)
41 AT

ONSC F i F LAk in
t—1 B 1
b = argmax 3 [£:(6) = S11bl1* = Sallb = b.3]. (6)

Horr, argmax f(b) RINAE A, TAEAT f(b) 5 K AR 555 A0 55 A SR — J50h 358 2% bR &L,
Bt KA Bl s, B IO 1 I AL B AU A ), S = TR A T AE 2 B o SR A
AL oy B ANAZ oy AR BRI, DRALEAH 408 Y J043 B 21 5 22 1) 22 di /D, BIVEE B0 AR A2 2 e JL ] i
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7N, EAEIE B B AR AT 5y AR I H R, AN Y o 0K, A8 5y AR TBOR, 65 A8 B 1) R A 80K,
Moo= O, BRI SRR Lo VEECR AT

TER R KB BCE b, 2% i KA Bl as. 0 B ONS I HE, FFH B9 414 1) = i) —
Bt S, KRR AL £, - A, — RESA

p

Fi(b) = log(b - @) + Vi (b= by) = SV (b= by)]*, (7)

Horr, Ve = Vlog(be - a1)] = 505, - @, V[log(be - @)] = — e - @) = =V, Vi, HH
W f:(b:) = log(b; - x1).

FERE— W), SRR Dy s BN i Eodfa, ARYE UL i) SR BB T 4 &, IS AE 5
JEA. TAKE GG IS, 43 B3 GE Sr (0], 2T) = So TI_, s&, AT S AT P
12 ONSC %3

KRR 4.1 45 TR ISR AL In) L

Mt =10, P fi(b) Fl —Lallb— b3 50, AL by =
B> 1, JEIT b fr(b) RIES, 4

LKW T —5b| 3.

1
n

t—1
1
by =argmax ) P%@wwﬁvf+®—bJ—Ewa—hﬂ%imMF—*Mw—bwﬂ~ (8)
beA, =1 2 2 2

ANSCRAR )RR, X5 (8) S5 AT AR L § I B, 1

t—1
_ T _é T _ 2_@ 2_} _ 2
bt_azgergfx[;vfb S[VE(b— b)) = bl = Sallb— b, 3]
t—1
:agnmXE:{gvfb—bTvTVIb+4vaTVIb—bTb—9$Tb+29b34. 9)
a2« 13 3 3
TR JFARAL in R 5 Sk
t—1
1 a
argmax y | — 6TV Vb — (14 2)6Tb+2(7V, VT + VT + LpT)b|. 10
b Tz_:l[ ( 5) ( 3 3 )} (10)

2 Zf—_:ll —V2(10g x;-br)+ (1 + %)In =4, (1+ %) Ztr_:ll [v(bg b-x,)+a- %b?—l} = Pi-1,
X (10) AT fR 4R A

argmax(—b" A;_1b+ 2p; ,b),
beAn,

AL A T

aigrilin(b - At_—11pt—1)TAt—l(b - At_—llpt—l)-
e n

&

Ai—1
F (y) £ argmin(z —y)" A1 (z —y),
K zEK
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TR B R 1) @ i Ky
b, = ’:El(&A;jlpt_l). (11)

X A& ONSC I F HLEI. T gy th ONSC 53k, WAL, Hday 8 n HTHEIL T,
§ AR T JE BRI S A5 B R I — N IS AL

$y:1 ONSC Hik

{FEA“.)\ m’ﬂ: Ol7 ﬁ’ ,'77 5

i b

1: Wkt by = [1/n, -+, 1/n]

Ar_1
2T > 1, Wb = F (6A; 1 pi-1),
sk '
t—1

1
P = (1 + B) 21 [V(logbrz,) + a - %b;l‘_l}

Ap—1
F (y) = argmin(z — y) T As1(z — y)
K zeK

Apq = :i;l fVQ(log:Bq—b-,—> + (1 + —)In
3wy = (l—n)bt—l-%l

ONSCHILEH M SR, Wby = [1/n, -+, 1/n], ZJatE— B b, BOL I 4~ 8pat
MR, B we = (1—m)by + FLXT BB HAT T 1AL HLOT. ONSC A X K Kb Koy
BBEE (5 3 V) it SRR (32 S0 V) MATBEGAL & ST, R 1l LA B R AR AR
AR VS AN n B HERR I — VAR [ B SR BUR— AN S a2 R, B — ]
uLﬁ:W“TIB%/z DROACAH 51, 53 40P IV 5704 I T 52 2% JEE 408 R TR R 5 | B PP 4 O (),
B LA ONSC Sk v SRR R R &

43 HRAT

A4t ONSC HIL I i s 5

EE1 B A% SHa, 40 =0, 0 = 3%, § = LW ONSCHILA LR
[ZUE

Regret(ONSC) < % [nT] + g +2nT.

iE BB L, B SR B log(b - @) 7E by SR B RN TT, 13
log(b - x;) = log(by - x;) + VI (b — b;) — %[v}(b —b,)]?.
SRR B R R EL £, (b) BORE SCRT AR, XTI b € Ay, log(b - 2) < fi(b), M

ggi}:’ zt:log(b ~xy) —log(by - ) < max th — fi(by). (12)
P VB S i A R AR (12) Elﬂﬁ@iﬁ?ﬁ‘]iﬁ.

PR SCHR (25] 7P 5 B HE ST 0, ST b, 1 —D)b1 |2+, fe(berr) = 0, fi(B)— 2] %E‘?
HHSCHR 6] PR TR A TS0 S [fi(brar) — fi(be)] < —Snlog [2F]; XKL S1||b)2 — ||b1|| 1< 8,
TR

Regret(Alg) < g

log [ } + (13)
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e JE X B G AT T A B, SR (1] 1 BE 2 HE A5

Regret(ONSC) < E [ } + g + T, (14)

Hfa>1
MoE HE 1 E‘Jé@x‘%TH%tﬂ ONSC H 318 T IRk Ja il 5t O(log(T)), Ui Wk A2 &) 1)
Brsahn, e ESZEET 0, B ONSC 19 R s 3K 54 3 i B 5 5 B i i BCRP.
e U, Bl A IS () AR, AN A 28T 0 £ s 415 ONSC FIE & 1) e AL Sk s BCRP 2 [1] (1) % 5+

RSN, AT B L AT AR
5 SRR

A5 ONS. CRP. SCRP. UP. SUP 5 ONSC 1 b, #9124 35 Wi 25 A1 F8 % %ok
PRl SV I M BE, L ONS 5 ONSC 1 LA 3 52 75 2 58 AT 5y I A X — AN 5925 1k B 117 5% .
CRP 1 UP J&7E £ W 41 A KE B A1) 28 3, SCRP Al SUP 43l A& 1X P AN SR 5 L8 AL ) A,
AIARRAR, Hodr SUP ARER T Ak 1 S I &5
51 #H¥#EHE

i%&‘zﬁ\ﬁgﬁﬁ%m&ﬁ’%iﬁﬁ, 3R 500 5 SP500, ZHAZ Bt AN I 7] BE %
#i NYSE(O) #INYSE(N). 4 B 2354 TSE, R AR R & 1. A8 B it B e v 1)y Bl B o
J7, A ZAS I B, B — llnElﬁ’]ﬂ%‘ﬁ%@*ﬁ%&ﬂi%é%%@ﬁmm%ﬁ, YRS R S TIR Tl
R, X HLEER 1 dE A — AN B .

*x 1 ZBREEE

Tab. 1 Databases used for experiments

EISIES I i Y5 KH/d Jhe s A
SP500 1998.01.02—2003.01.30 1276 25
NYSE(O) 1962.07.03—1984.12.31 2826 36
NYSE(N) 1985.01.01—2010.06.30 6431 23
TSE 1994.01.04—1998.12.31 1259 88

52 MRS

KK T IR EFR K VP ONSC 5 HoAth S0 H6F L (1) 52 56 300 5.

(1) “F¥vlas: ¥t 2om B I FIBRAS Sy AR, AN SCRERIEEN 3 FUKESE, P34 50 ¥sk
B ES . X P R AR bR UETR AR, AR T3 I SRR

(2) JHEZR: AFARE T 0P340 98 77 1 A bl al DU R AR 3 Sk AR e T, T e S /)
R M 1 AR Tk
53 ZEhR%

SO PR AT EE A B S 4 P B AL B 3 L BEEE, X AEBEHLEER 50 ¥, IR H ONSC.
ONS. CRP. SCRP. UP. SUP % 6 Fp3hg KA 7. X 5 ONS 5 ONSC S H i & A n = 0,
B =1,8 =0.125, ONSC [N 5 A HIZH o = 10 000. £ 2. £ 3. RAFEKSFHNRRT
YAE G ASZSN Wk ¢ = 0.05, 0.02, 0.01, 0.001, 05, 6 FiAS 1] () 508 AF 4 AN BURAE FIR1F 17
B as. 78 AN BRI S5 B, B T8 NYSE(O) 12428 5 A Z 0 0 I ONSC k7592
S BE KT ONS BAAR, HoAth A5 ONSC [ R LE HAth Sfe s 4 24T, $RAT 0 P 34039 K0 23 e e

B, K2, EI3HIE4ERT X c=0.05 16 FRohsAE 4 ML L. N 41X 5K K
LA H ONSC 43 T /M B % A% T UP M CRP. £ 6 JE7~ T 4 /N BB 45 58, 7T Ll
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YRS T A K B E BB 0 21 5 R B SRS

F I AE AL NYSE(O) 5 NYSE(N) I, ONSC ) 5 S LA 4% S o Ji e S B iR 1) SCRP i
TR — MR, AR SP500 Y, ONSC ) )8 % 6 U o 42 SR b J) i 2 IR 1) SUP 19 1/4.
7t TSE 1, ONSC ) i 4% 2 Al I Fe 42 Sl vh Jil i 22 B (IR SCRP (B ANE]. 454 B B4

S, ONSCAT BV A e A BRI s, 1 FLUR SRR A8 oy AR

#* 2 EHIEE SP500 L 50 %Ik (c=0.05, 0.02, 0.01, 0.001, 0) BYF:5 ks
Tab. 2 Average net wealth for 50 independent trails (¢ = 0.05, 0.02, 0.01, 0.001, 0)
on the SP500 dataset

C

R 0.05 0.02 0.01 0.001 0
ONSC 2.146 2.235 2.265 2.293 2.296
ONS 0.582 1.133 1.419 1.740 1.823

UPpP 1.196 1.603 1.804 2.016 2.091
SUP 1.790 1.836 1.880 1.915 1.987
CRP 0.855 1.448 1.727 2.024 2.060
SCRP 1.651 1.789 1.841 1.890 1.895

* 3 #EHIEENYSE(O) £ 50 %R (¢=0.05, 0.02, 0.01, 0.001, 0) BIFig:%1ktE

Tab. 3 Average net wealth for 50 independent trails (¢ = 0.05, 0.02, 0.01, 0.001, 0)

on the NYSE(O) dataset

C

SR
0.05 0.02 0.01 0.001 0

ONSC 38.562 38.866 40.315 40.724 40.770
ONS 4.379 16.158 25.557 38.959 40.786

UP 22.911 23.705 27.583 29.520 35.111
SUP 29.079 30.640 32.393 34.221 36.702
CRP 3.562 14.532 23.587 2.024 40.125
SCRP 19.381 23.708 25.673 27.429 27.752

* 4 HEBREENYSE(N) L 50 &R (c=0.05, 0.02, 0.01, 0.001, 0) K455

Tab. 4 Average net wealth for 50 independent trails (¢ = 0.05,0.02,0.01,0.001,0)

on the NYSE(N) Dataset

C

Pl
0.05 0.02 0.01 0.001 0

ONSC 27.014 28.327 28.778 29.190 29.236
ONS 1.468 6.659 11.238 18.128 19.125

UP 10.521 12.385 16.091 20.400 22.137
SUP 14.931 15.943 16.849 17.867 19.636
CRP 1.187 6.823 12.266 20.828 22.092
SCRP 11.679 14.592 15.930 17.372 17.549
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#* 5 HEHIEE TSE L 50 XMk (¢=0.05, 0.02, 0.01, 0.001, 0) AYFH5UgE
Tab. 5 Average net wealth for 50 independent trails (¢ = 0.05,0.02,0.01,0.001,0)
on the TSE dataset

C

0.05 0.02 0.01 0.001 0

ONSC 2.812 2.931 2.971 3.008 3.012
ONS 0.430 0.887 1.131 1.408 1.443
UP 1.149 1.297 1.591 1.816 2.143
SUP 1.671 1.841 1.952 2.090 2.219
CRP 0.781 1.216 1.414 1.621 1.646
SCRP 1.694 1.815 1.860 1.899 1.907
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%%zl- 0.4

B’ 03

0.2

0.1

0
ONSC ONS UP SUP CRP SCRP

K1 64 SEISAERRSE SP500 AR LR (¢ = 0.05)
Fig.1 The turnover results for six strategies on the SP500 dataset (¢ = 0.05)
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2 6 MHRAEHIAE NYSE(O) L ALR (c = 0.05)
Fig.2 The turnover results for six strategies on the NYSE(O) dataset (¢ = 0.05)
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3 0.8

®

BE 0.6
04
0.2

ONSC ONS UP SUP CRP SCRP
B3 64N RISIEHEES: NYSE(N) AR R (¢ = 0.05)
Fig.3 The turnover results for six strategies on the NYSE(N) dataset (¢ = 0.05)

0.8

0.7

0.6
% O5F
& 04
B2

0.3

0.2

0.1

ONSC ONS UP SUP CRP SCRP
4 64 RISESISE TSE FRAERLER (c = 0.05)
Fig.4 The turnover results for six strategies on the TSE dataset (¢ = 0.05)

® 6 6NMRBEANBBEELHNARIHHESER

Tab. 6 The numerical turnover results of six strategies on the four datasets

5 EIE/iES

. SP500 NYSE(O) NYSE(N) TSE
ONSC 0.001 18 0.000 54 0.000 25 0.001 09
ONS 0.017 32 0.014 21 0.007 80 0.019 00

UP 0.148 63 0.882 00 1.096 39 0.164 89
SUP 0.004 62 0.015 71 0.002 73 0.004 44
CRP 0.622 26 1.123 00 1.187 33 0.780 97
SCRP 0.011 05 0.002 83 0.003 63 0.002 69

6 k5D

ARG T — Tl (910 e P 0% A G 1 P M ——A1 2k /U0 AS B A SR (ONSC), ik
T ONS [ AL, 770 I F$ 98 416 i) 2 19 — B A S AL G DAL pR L, JEAE DAL R BT A I T 48 5
FASTE S0, #5073 5 A 5 A R/, %071 B 4% ONS A B3y, HLEE 0% 3&E v
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