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Abstract: The common fixed points of two finite families of set-valued asymptotically
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éü�N�9ü�N�x�ØÄ:Âñ¯K, ®²kéõ�ö?1
ïÄ, X©z [1-6].

,
, 'u8�N��ïÄ%é�k<¯9. 2009 c, où�[7]3��à Banach�m¥, ?

Ø
 δ 8��*ÜN�ØÄ:���¿�^�9 IshikawaS�S�Âñ�ØÄ:�^�, N

�½Â9 IshikawaS��{Xe.

½½½ÂÂÂ 0.1
[7] � E ´D��5�m, D ⊆ E, ¡ T : D → CB(D) � δ 8��*ÜN�,

e ∀x, y ∈ D,

δ(Tx, T y) 6 ‖x − y‖.

���{{{[7] � D ´D��5�m E ���k.àf8, T : D → CB(D), � {tn}, {sn}´

�¢ê�÷v 0 6 tn, sn 6 1, n = 1, 2, 3, · · · , �E D ¥�S� {xn}Xe: � ∀x1 ∈ D,

u1 ∈ Tx1, - y1 = (1 − s1)x1 + s1u1, K�3 v1 ∈ Ty1 k ‖v1 − u1‖ 6 δ(Tx1, T y1); - x2 =

(1 − t1)x1 + t1v1, K� u2 ∈ Tx2, k ‖u2 − v1‖ 6 δ(Tx2, T y1). Xd?1e��:

xn+1 = (1 − tn)xn + tnvn, yn = (1 − sn)xn + snun.

ùp un ∈ Txn, vn ∈ Tyn, ‖un+1 − vn‖ 6 δ(Txn+1, T yn), ‖un − vn‖ 6 δ(Txn, T yn).

�©´3©z [7]�Ä:þ, ÏL�E8�N�e�k�ÚS�S�, ïÄüx δ 8�ì

C�*ÜN�3��à Banach�m¥�ØÄ:Âñ½n.

½½½ÂÂÂ 0.2 � E ´D��5�m, D ⊆ E, ¡ T : D → CB(D) � δ 8�ìC�*ÜN�,

XJ�3 hn ∈ [1,∞), lim
n→∞

hn = 1 ¦�é?¿� n > 1, k

δ(T nx, T ny) 6 hn‖x − y‖, ∀x, y ∈ D.

w,, ke¡�(J.

···KKK 0.1 � D ´¢ Banach�m E ���àf8, Sl, Tl : D → CB(D)(l = 1, 2, · · · , N)

´ 2N � δ 8�ìC�*ÜN�, K�3ê� {hn} ⊂ [1,∞), lim
n→∞

hn = 1 ¦�éu¤k

� l = 1, 2, · · · , N , k

δ(T n

l x, T n

l y) 6 hn‖x − y‖, δ(Sn

l x, Sn

l y) 6 hn‖x − y‖, ∀x, y ∈ D, n > 1.

�©�Ñ�k�ÚS��{Xe.

½½½ ÂÂÂ 0.3 � {a
(i)
n }´ ¢ ê � � ÷ v a

(i)
n ∈ [0, 1](i ∈ {1, 2, · · · , N}), � E D ¥ S �

{xn}Xe: � x1 ∈ D. � n > 1 �, -

x(0)
n = xn, � u(0)

n ∈ T n

1 x(0)
n , v(0)

n ∈ Sn

1 x(0)
n ;

x(1)
n

= (1 − a(1)
n

)v(0)
n

+ a(1)
n

u(0)
n

, � u(1)
n

∈ T n

2 x(1)
n

, v(1)
n

∈ Sn

2 x(1)
n

;

x(2)
n

= (1 − a(2)
n

)v(1)
n

+ a(2)
n

u(1)
n

, � u(2)
n

∈ T n

3 x(2)
n

, v(2)
n

∈ Sn

3 x(2)
n

;

· · · · · ·

x(N−1)
n

= (1−a(N−1)
n

)v(N−2)
n

+a(N−1)
n

u(N−2)
n

, � u(N−1)
n

∈T n

N
x(N−1)

n
, v(N−1)

n
∈Sn

N
x(N−1)

n
;

x(N)
n

= (1 − a(N)
n

)v(N−1)
n

+ a(N)
n

u(N−1)
n

;

xn+1 = x(N)
n

.
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e¡�Únéuy²�©�Ì�(JåX­��^.

ÚÚÚnnn 0.1
[2] � {an}∞n=1, {un}∞n=1 ´�K¢ê�, �éu?¿� n > 1, an+1 6 (1 +

un)an, XJ
∞
∑

n=0
un < ∞, K

(1) lim
n→∞

an �3;

(2) XJ {an} k��fS� {ank
}Âñ� 0, K lim

n→∞

an = 0.

ÚÚÚnnn 0.2
[5] � E ´��à Banach�m, {xn} ⊂ E, {yn} ⊂ E, tn ∈ [δ, 1 − δ](n > 1),

δ ∈ (0, 1), XJe¡�^�:



























lim sup
n→∞

‖xn‖ 6 a,

lim sup
n→∞

‖yn‖ 6 a,

lim
n→∞

‖tnxn + (1 − tn)yn‖ = a,

¤á, K lim
n→∞

‖xn − yn‖ = 0, lim
n→∞

‖xn‖ = lim
n→∞

‖yn‖ = a, Ù¥ a > 0 ´�~ê.

1 Ì�(J

Äk, �Ñe¡�Ún.

ÚÚÚnnn 1.1 � D ´��à Banach�m E ���4àf8, Sl, Tl : D → CB(D)(l =

1, 2, · · · , N) ´ 2N � δ 8�ìC�*ÜN�, Ù¥, {hn}÷v{hn} ⊂ [1,∞),
∞
∑

n=1
((hn)N −1) <

∞, {xn}X½Â 0.3. � F = ∩N

l=1(F (Sl) ∩ F (Tl)) 6= ∅, Ké¤k� p ∈ F , limn→∞ ‖xn − p‖

�3.

y ² éu?¿� p ∈ F , k

‖x(1)
n

− p‖ = ‖(1 − a(1)
n

)(v(0)
n

− p) + a(1)
n

(u(0)
n

− p)‖

6 (1 − a(1)
n )‖v(0)

n − p‖ + a(1)
n ‖u(0)

n − p‖

6 (1 − a(1)
n

)δ(Sn

1 x(0)
n

, Sn

1 p) + a(1)
n

δ(T n

1 x(0)
n

, T n

1 p)

6 (1 − a(1)
n )hn‖xn − p‖ + a(1)

n hn‖xn − p‖

= hn‖xn − p‖,

‖x(2)
n − p‖ = ‖(1 − a(2)

n )(v(1)
n − p) + a(2)

n (u(1)
n − p)‖

6 (1 − a(2)
n

)‖v(1)
n

− p‖ + a(2)
n

‖u(1)
n

− p‖

6 (1 − a(2)
n )δ(Sn

2 x(1)
n , Sn

2 p) + a(2)
n δ(T n

2 x(1)
n , T n

2 p)

6 (1 − a(2)
n )hn‖x

(1)
n − p‖ + a(2)

n hn‖x
(1)
n − p‖

6 (hn)2‖xn − p‖.
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Xde�, ��

‖xn+1 − p‖ = ‖x(N)
n

− p‖ = ‖(1 − a(N)
n

)(v(N−1)
n

− p) + a(N)
n

(u(N−1)
n

− p)‖

6 (1 − a(N)
n

)‖v(N−1)
n

− p‖ + a(N)
n

‖u(N−1)
n

− p‖

6 (1 − a(N)
n )δ(Sn

Nx(N−1)
n , Sn

Np) + a(N)
n δ(T n

Nx(N−1)
n , T n

Np)

6 (1 − a(N)
n

)hn‖x
(N−1)
n

− p‖ + a(N)
n

hn‖x
(N−1)
n

− p‖

6 (hn)N‖xn − p‖. (1.1)

� αn = (hn)N − 1, K��

‖xn+1 − p‖ 6 (1 + αn)‖xn − p‖.

Ï�
∞
∑

n=1
αn < ∞, dÚn 0.1 �� lim

n→∞

‖xn − p‖�3.

ÚÚÚnnn 1.2 � D, Sl, Tl : D → CB(D)(l = 1, 2, · · · , N) 9 {hn}ÓÚn1.1, {xn}X½

Â 0.3, Ù¥ a
(i)
n ∈ [δ, 1 − δ], 0 < δ < 1

2 , i ∈ {1, 2, · · · , N}. � F = ∩N

l=1(F (Sl) ∩ F (Tl)) 6= ∅,

XJ lim
n→∞

‖xn − v
(i)
n ‖ = 0(i ∈ {0, 1, 2, · · · , N − 1}), K lim

n→∞

d(xn, Tixn) = lim
n→∞

d(xn, Sixn) =

0, i ∈ {1, 2, · · · , N}.

y ² dÚn 1.1�é?¿� p ∈ F , lim
n→∞

‖xn − p‖�3, Ø�� lim
n→∞

‖xn − p‖ = d. d

ª (1.1) �

lim
n→∞

‖(1 − a(N)
n )(v(N−1)

n − p) + a(N)
n (u(N−1)

n − p)‖ = d.

qÏ�

lim sup
n→∞

‖v(N−1)
n

− p‖ 6 lim sup
n→∞

δ(Sn

N
x(N−1)

n
, Sn

N
p)

6 lim sup
n→∞

hn‖x
(N−1)
n − p‖ 6 lim sup

n→∞

(hn)N‖xn − p‖ = d,

Ón�� lim sup
n→∞

‖u
(N−1)
n − p‖ 6 d. �dÚn 0.2 ��

lim
n→∞

‖v(N−1)
n

− u(N−1)
n

‖ = 0, � lim
n→∞

‖u(N−1)
n

− p‖ = d.




d = lim
n→∞

‖u(N−1)
n

− p‖ 6 lim inf
n→∞

δ(T n

N
x(N−1)

n
, T n

N
p) 6 lim inf

n→∞

hn‖x
(N−1)
n

− p‖

6 lim sup
n→∞

hn‖x
(N−1)
n − p‖ 6 lim sup

n→∞

(hn)N‖xn − p‖ = d,

�

lim
n→∞

hn‖x
(N−1)
n − p‖ = d,

l
 lim
n→∞

‖x
(N−1)
n − p‖ = d. 


d = lim
n→∞

‖x(N−1)
n − p‖ = lim

n→∞

‖(1 − a(N−1)
n )(v(N−2)

n − p) + a(N−1)
n (u(N−2)

n − p)‖,
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2dÚn 0.2Ú lim sup
n→∞

‖v
(N−2)
n − p‖ 6 d, lim sup

n→∞

‖u
(N−2)
n − p‖ 6 d, ��

lim
n→∞

‖v(N−2)
n

− u(N−2)
n

‖ = 0.

Xde�, k

lim
n→∞

‖v(i)
n − u(i)

n ‖ = 0, ∀i ∈ {0, 1, 2, · · · , N − 1}. (1.2)

2dª (1.2)ÚK�^���:

lim
n→∞

‖xn − u(i)
n
‖ = 0, ∀i ∈ {0, 1, 2, · · · , N − 1}. (1.3)

q

‖xn+1 − xn‖ = ‖x(N)
n

− xn‖ = ‖(1 − a(N)
n

)(v(N−1)
n

− xn) + a(N)
n

(u(N−1)
n

− xn)‖

6 (1 − a(N)
n )‖v(N−1)

n − xn‖ + a(N)
n ‖u(N−1)

n − xn‖,

‖x(i−1)
n − xn‖ = ‖(1 − a(i−1)

n )(v(i−2)
n − xn) + a(i−1)

n (u(i−2)
n − xn)‖

6 (1 − a(i−1)
n

)‖v(i−2)
n

− xn‖ + a(i−1)
n

‖u(i−2)
n

− xn‖,

ÏddK�^�Úª (1.3)��

lim
n→∞

‖xn+1 − xn‖ = 0, (1.4)

lim
n→∞

‖x(i−1)
n

− xn‖ = 0, ∀i ∈ {2, 3, · · · , N}.


� i = 1 �, lim
n→∞

‖x
(i−1)
n − xn‖ = 0 w,¤á, ¤±

lim
n→∞

‖x(i−1)
n

− xn‖ = 0, ∀i ∈ {1, 2, 3, · · · , N}. (1.5)

2dª (1.3)!(1.5)Ú

d(xn, T n

i
xn) 6 d(xn, T n

i
x(i−1)

n
) + δ(T n

i
x(i−1)

n
, T n

i
xn) 6 ‖xn − u(i−1)

n
‖ + hn‖x

(i−1)
n

− xn‖,

��

lim
n→∞

d(xn, T n

i
xn) = 0, ∀i ∈ {1, 2, 3, · · · , N}. (1.6)




d(xn, Tixn) 6 d(xn, xn+1) + d(xn+1, T
n+1
i

xn+1) + δ(T n+1
i

xn+1, T
n+1
i

xn) + δ(T n+1
i

xn, Tixn)

6 d(xn, xn+1) + d(xn+1, T
n+1
i

xn+1) + hn+1‖xn+1 − xn‖ + h1d(xn, T n

i
xn),

�dª (1.4)!(1.6)��

lim
n→∞

d(xn, Tixn) = 0, ∀i ∈ {1, 2, 3, · · · , N}.

Ón�y

lim
n→∞

d(xn, Sixn) = 0, ∀i ∈ {1, 2, 3, · · · , N}.
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e¡5y²�©�Ì�½n.

½½½nnn 1.1 3Ún 1.2 �b�e, XJ D ´ E ���;àf8, K {xn}Âñ� {T1, T2,

· · · , TN , S1, S2, · · · , SN}�,�ú�ØÄ:.

y ² d {xn} ⊂ D ;��, �3 {xnk
} ⊂ {xn}¦� xnk

→ x∗ ∈ D, k → ∞. dÚ

n 1.2 9

d(x∗, Tix
∗) 6 d(x∗, xnk

) + d(xnk
, Tixnk

) + δ(Tixnk
, Tix

∗) + δ(T n+1
i

xn, Tixn)

6 d(x∗, xnk
) + d(xnk

, Tixnk
) + h1d(x∗, xnk

),

�� ∀i ∈ {1, 2, 3, · · · , N}, � k → ∞�, d(x∗, Tix
∗) = 0. Ón�� d(x∗, Six

∗) = 0, � x∗ ∈ F .

qdÚn 1.1 �y²� ∀p ∈ F , lim
n→∞

‖xn − p‖Ñ�3, ¤± lim
n→∞

‖xn − x∗‖ = 0.

½½½nnn 1.2 3Ún 1.1 �b�e, S� {xn}rÂñ� {T1, T2, · · · , TN , S1, S2, · · · , SN}�

ú�ØÄ:��=� lim
n→∞

d(xn, F ) = 0.

y ² 7�5w,, �Iy¿©5. Äky² {xn}´ D ¥� Cauchy�. ¯¢þ,

3Ún 1.1 �y²¥®� ‖xn+1 − p‖ 6 (1 + αn)‖xn − p‖, @oéu?¿���ê m, n,

m > n Ú 1 + x 6 ex(x > 0) ��

‖xm − p‖ 6 (1 + αm−1)‖xm−1 − p‖ 6 eαm−1‖xm−1 − p‖

6 eαm−1 [(1 + αm−2)‖xm−2 − p‖] 6 eαm−1(eαm−2‖xm−2 − p‖)

6 eαm−1+αm−2‖xm−2 − p‖

6 · · ·

6 e

m−1
P

i=n

αi

‖xn − p‖ 6 e

∞
P

i=n

αi

‖xn − p‖

= M‖xn − p‖,

Ù¥ M = e

∞
P

i=n

αi

. Ïd, éu?¿� p ∈ F , k

‖xn − xm‖ 6 ‖xn − p‖ + ‖xm − p‖ 6 (1 + M)‖xn − p‖,

d p �?¿5��: ‖xn − xm‖ 6 (1 + M)d(xn, F ). d lim
n→∞

d(xn, F ) = 0 � {xn}´ D ¥

� Cauchy�.

Ï � D � 4 8, ¤ ± � 3 p0 ∈ D ¦ � lim
n→∞

xn = p0. q d u lim
n→∞

d(xn, F ) = 0,

� d(p0, F ) = lim
n→∞

d(xn, F ) = 0. q F � D ¥�48, � p0 ∈ F . d½n�y.

½½½nnn 1.3 3Ún 1.2�b�e, XJk�� Ti ½ Si(1 6 i 6 N) Ú s > 0 ¦�

d(x, Tix) > sd(x, F ) ½ d(x, Six) > sd(x, F ), ∀x ∈ D.

KS� {xn}rÂñ� {T1, T2, · · · , TN , S1, S2, · · · , SN}�ú�ØÄ:.

y ² d Ú n 1.2 � é u ? ¿ � ∀i ∈ {1, 2, 3, · · · , N}, lim
n→∞

d(xn, Tixn) = 0,

lim
n→∞

d(xn, Sixn) = 0. KdK�^���é,�~ê s > 0, k lim
n→∞

sd(xn, F ) = 0. �d

½n 1.2 ��d½n�y.

(e=1 75 �)
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±wÑ8Ü F2312 ¥Ø�3ü���äk�Ó�2Â τ -ØCþ. ÏddÚn 4.1 ��8

ÜF2312 ´E2312 �����n�L�8Ü�Ù¥¹k 12 ���.

dþ¡y²��Ún 4.2 ¥^� (1)–(2) ¤á. dã 10 ��8ÜF2312 ¥Ø�3ü��

�äk�Ó2Â τ -ØCþ
�8ÜF1 �F2 Ñ´E2312 ¥mëÏ�f8, ÏdÚn 4.2 ¥�^

� (3) ¤á. ²u���8ÜE′

2312 �E′′

2312 ÷vÚn4.2 ¥^� (4). Ïd8ÜE2312 ´ü�V

>�nE′

2312 �E′′

2312 �¿.
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