Taylor & Francis
Taylor &Francis Group

Statistical Statistical Theory and Related Fields
eory

AMD RELATED FIELDS

ISSN: 2475-4269 (Print) 2475-4277 (Online) Journal homepage: https://www.tandfonline.com/loi/tstf20

Semiparametric fractional imputation using
empirical likelihood in survey sampling

Sixia Chen & Jae kwang Kim

To cite this article: Sixia Chen & Jae kwang Kim (2017) Semiparametric fractional imputation
using empirical likelihood in survey sampling, Statistical Theory and Related Fields, 1:1, 69-81,
DOI: 10.1080/24754269.2017.1328244

To link to this article: https://doi.org/10.1080/24754269.2017.1328244

@ Published online: 01 Jun 2017.

N
CJ/ Submit your article to this journal

||I| Article views: 336

A
& View related articles &'

@ View Crossmark data (&'

CrossMark

Ea Citing articles: 1 View citing articles &

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=tstf20


https://www.tandfonline.com/action/journalInformation?journalCode=tstf20
https://www.tandfonline.com/loi/tstf20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/24754269.2017.1328244
https://doi.org/10.1080/24754269.2017.1328244
https://www.tandfonline.com/action/authorSubmission?journalCode=tstf20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=tstf20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/24754269.2017.1328244
https://www.tandfonline.com/doi/mlt/10.1080/24754269.2017.1328244
http://crossmark.crossref.org/dialog/?doi=10.1080/24754269.2017.1328244&domain=pdf&date_stamp=2017-06-01
http://crossmark.crossref.org/dialog/?doi=10.1080/24754269.2017.1328244&domain=pdf&date_stamp=2017-06-01
https://www.tandfonline.com/doi/citedby/10.1080/24754269.2017.1328244#tabModule
https://www.tandfonline.com/doi/citedby/10.1080/24754269.2017.1328244#tabModule

STATISTICAL THEORY AND RELATED FIELDS, 2017
VOL.1,NO. 1, 69-81
https://doi.org/10.1080/24754269.2017.1328244

Taylor & Francis
Taylor & Francis Group

‘ W) Check for updates ‘

Semiparametric fractional imputation using empirical likelihood in survey

sampling

Sixia Chen? and Jae kwang Kim®

2University of Oklahoma, Oklahoma City, OK, USA; Plowa State University, Ames, IA, USA

ABSTRACT

The empirical likelihood method is a powerful tool for incorporating moment conditions in statis-
tical inference. We propose a novel application of the empirical likelihood for handling item non-
response in survey sampling. The proposed method takes the form of fractional imputation but it
does not require parametric model assumptions. Instead, only the first moment condition based
on a regression model is assumed and the empirical likelihood method is applied to the observed
residuals to get the fractional weights. The resulting semiparametric fractional imputation pro-
vides /n-consistent estimates for various parameters. Variance estimation is implemented using
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a jackknife method. Two limited simulation studies are presented to compare several imputation

estimators.

1. Introduction

Missing data are frequently encountered in many areas,
such as survey sampling, epidemiology and other fields.
Simply ignoring missing values can potentially lead to
biased estimation (Kim & Shao, 2013; Little & Rubin,
2002). Two statistical approaches for handling miss-
ing data have been used in practice: propensity score
weighting and imputation. Propensity score weighting
is used mainly to correct for unit non-response, while
imputation is mainly used to handle item non-response.
Haziza (2009) provides a comprehensive overview of
the imputation methods in survey sampling.

Multiple imputation (MI), proposed by Rubin
(1987), is a popular approach of imputation for general-
purpose estimation due to its practical simplicity. How-
ever, the Rubins variance estimator may be biased
under certain situation (Fay, 1992; Kim, Brick, Fuller, &
Kalton, 2006; Wang & Robins, 1998; Yang & Kim, 2016)
and its validity requires the congeniality condition of
Meng (1994), which may not hold for general-purpose
estimation.

Fractional imputation (FI), first proposed by Kalton
and Kish (1984), provides an alternative method for
handling item non-response. Fay (1996), Kim and
Fuller (2004), Fuller and Kim (2005), and Durrant
and Skinner (2006) discussed fractional hot deck
imputation. Kim (2011) and Kim and Yang (2014)
discussed a fully parametric approach to FI. The
parametric fractional imputation (PFI) provides a pow-
erful tool for handling missing data for various sit-
uations. However, it relies on a strong parametric
model assumption and making such an assumption
is not usually preferred in survey sampling. Balanced

random imputation of Chauvet, Deville, and Haziza
(2011) is also an attractive imputation technique, but it
still requires parametric model assumptions for multi-
purpose estimation.

The empirical likelihood (EL) method, considered
by Owen (2001) and Qin and Lawless (1994), is a
useful tool for semiparametric inference in statistics.
It involves a likelihood-based inference without mak-
ing a parametric distributional assumption about the
observed data. Qin (1993) addressed the missing survey
data problem by using a biased sampling argument of
Vardi (1985). Wang and Rao (2002) brought regression-
type imputation approaches to EL inference. Wang and
Chen (2009) used a nonparametric regression imputa-
tion approach to handle missing data in the EL infer-
ence. Miiller (2009) considered a novel application of
EL method to handle missing data under a regression
model assumption. In Miiller (2009), the moment con-
dition of the error term in the regression model is used
to construct a fully imputed estimator.

In this paper, motivated by the fully imputed estima-
tor of Miiller (2009), we propose a semiparametric frac-
tional imputation (SFI) method using EL that can be
used to handle item non-response in survey sampling.
Because the proposed SFI uses only moment condi-
tions in the semiparametric regression model, it is more
robust than the PFI method or parametric MI method.
By using regression model assumptions, the proposed
SFI method is more efficient than the nonparamet-
ric regression imputation method of Wang and Chen
(2009). The proposed method takes the form of FI, so
the actual implementation is very attractive in prac-
tice. The proposed SFI method can be used to estimate
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various parameters, including non-smooth parameters
such as population quantiles.

The paper is organised as follows. The basic set-up
is introduced and the proposed method is presented in
Section 2. The asymptotic properties of the SFI esti-
mators are presented in Section 3. Extensions to non-
smooth statistics as well as random imputations are
covered in Section 4. In Section 5, variance estima-
tion is discussed. Some numerical results are given
in Section 6. Some concluding remarks are made in
Section 7.

2, Basic set-up

Consider a finite population Fy = {(x;,y;);i=
1,2, ..., N}, where x; is the vector of auxiliary vari-
ables that are always observed and y; is the study
variable that is subject to missingness. We assume
(x4, y;) are realisations from a regression model

Y = m(X; By) + e, (1)

where m(X; B,) is assumed to be known with unknown
parameter B, and e satisfies E(¢|X) = 0. No parametric
distributional assumption on X is made.

Let §; be the response indicator such that §; = 1 if y;
is observed and §; = 0 otherwise. We assume missing at
random (MAR) in the sense that

Pr(§ = 1|x, y) = Pr(é = 1|x). (2)

Even though we observe §; only in the sample, we can
conceptually assume that ;s are defined throughout
the population. Such extended definition of §; has been
adopted in Fay (1992), Shao and Steel (1999), and Kim,
Navarro, and Fuller (2006).

Given the finite population, suppose that sample A of
size n is selected from the finite population by a proba-
bility sampling mechanism. Let 7r;, i =1, 2, ..., N, be
the first-order inclusion probability of unit i in the pop-
ulation. We are interested in estimating 1o, defined as
a solution to the estimating equation E{U (; x, )} = 0
where U (n; x, y) is a known function with parameter 7.
To avoid unnecessary details, we assume that the solu-
tion to E{U (n; X, y)} = 01is unique and the dimensions
of n and U (n; x, y) are r. Thus, the parameter 7 is just-
identified. Under complete response, a consistent esti-
mator of 1 is obtained by solving

1
> LU x.5) =0
icA
for . If some of y; are missing, under the MAR assump-
tion, a consistent estimator of 7y can be obtained by
solving the following expected estimating equation:

1
D BUG: iy + (1= 8)EU (0 %, Y) | xi}]
iea !
=0 3)

for n. The conditional expectation in Equation (3) is
with respect to f(y | x), which is unknown as we only
assume Equation (1).

In FI, our goal is to approximate the conditional
expectation in Equation (3) by the weighted mean of
the fractionally imputed estimating functions. That is,
we wish to achieve

E{UG: %, V) | x} =) wiUmixiy ) (4)
j=1

as closely as possible for some (wjj, yf(j ) satisfy-
ing ZT=1 wj; =1, where wj;’s are desired fractional
weights and yj(j)’s are m imputed values for subject
i. Kim (2011) and Kim and Yang (2014) developed a
FI satisfying Equation (4) using a parametric model
assumption on f(y | x).

In our proposed method, we use the EL approach to
achieve the approximation in Equation (4). To explain
the idea, assume for now that the true parameter 8, in
Equation (1) is known. In this case, €; = y; — m(x;; B)
are available among §; = 1. Because E (¢ | x) = 0 holds,
we can compute

E{U(m; x:,Y) | xi}
:/U(n;xi,y)f(y | x;)dy

=/U(77;Xi, m(x;; By) + €) fe(e | x;)de,

where f. (€ | x) is the (unknown) conditional density
of € given x. To apply the EL method, we assume that
the conditional distribution of € given x can be approx-
imated by

E(e|x) =) 8wil(e <€) (5)
i€A
such that w; = 0 with 2§;w; = 1, where w; is the point
mass assigned to the observed ¢; by assuming that the
support of ¢; is equal to the set of observed ¢;. Using the
approximation in Equation (5), we can obtain

E{Umn; x,Y) | xi} = ZSjij(n; x;, m(x;; By) + €;),
jeA

which can be written in the FI form in Equation (4). To
determine w; uniquely, we can use the idea of pseudo
EL method of Wu and Rao (2006) to maximise

l(w) = Z‘Si”i_l log(w;) (6)
i€A
subject to
Z(S,-wi =1 and Zéiwiei =0. (7)
i€cA icA

In practice, we do not know B, and hence, we do
not observe €; = y; — m(x;; B,). We can use a /n-
consistent estimator of B, to obtain é; = y; — m(x;; B)



and apply the above EL method to the observed residu-
als. In general, one can use

0p(B) = 1. 32 1~ mCx; B =0
iea 7!

to obtain a /n-consistent estimator of B, where
h(x;; B) is an arbitrary function that enables the above
equation to have a solution. If the variance function
V(ylx) = o%q(x;; By) for a known function g, then
one can choose h(x;; B) = m(x;; B)/q(x;; B), where
m(x;; B) = dm(x;; B)/9B. This choice is motivated by
the quasi likelihood method for generalised linear mod-
els (McCullagh & Nelder, 1989, Ch. 9). The solution to
Equation (8) can be called complete-case (CC) method.
The CC estimator is not efficient in general, but it is effi-
cient for estimating f under MAR. Thus, the resulting
SFI estimator can be constructed as follows:

Step 1 Obtain a /n-consistent estimator of B, and
compute €; = y; — m(x;; ) among the respon-
dents.

Step 2 Find @, that maximises Equation (6) subject to

ZS,’U),‘ =1 and ZS,’U),@,’ =0. (9)

i€A i€A
The solution can be written as
~1
R T 1
w; = — > (10)
D kea Sk 1406

where } is obtained by solving the second con-
straint of Equation (9).
Step 3 Use ; in Step 2 to approximate

BUG: %, Y) | %) = ) 80U (m: %, 7).
jEA
where y'V = §, + éjand wf; = ;.
Step 4 The SFI estimator 7sp; of n is computed by solv-
ing

N | 1
Uy(n.B.0) ==Y ;{&'U(n; Xi, ¥i)

icA !

+(1=8) ) 8;wiU (n; x,-,y:‘”’)} =0(11)

JEA

for 7.

Instead of Equation (11), one can also consider a fully
imputed estimating equation based on

S LEU O % ) | %) =0,

iea !
which was considered by Miiller (2009) under the inde-
pendently and identically distributed set-up. The fully
imputed estimating equation may lead to a more effi-
cient estimator of n (Matloff, 1981) but such over-
imputation does not appeal to survey practice since we
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usually do not want to replace the true values of respon-
dents with some imputed values. In the following sec-
tion, we present the asymptotic properties of 7jsg; under
complex survey designs.

3. Asymptotic properties

To discuss the asymptotic properties of the proposed
SFI estimator of 1, we first assume a sequence of finite
populations and samples with finite fourth moments as
in (Fuller, 2009, Ch.1). The following theorem presents
the asymptotic normality of the proposed SFI estima-
tor. The sketched proof of Theorem 3.1 is provided in
Appendix 1.

Theorem 3.1: Under the regularity conditions (Cl)-
(C13) in Appendix 1, the SFI estimator defined in Equa-
tion (11) is a /n-consistent estimator of 1o, that is

~ L /
V' (fiser — m0) —> N(0, BE,,B),

where B=[EPQU@m; x,y)/on}] 1,2 =V(N!
Y iea i Gi), and

¢ = &U(Mo; xi, yi) + (1 — 8;)E {U (no; xi, Y)|x;}

8 amx B |1

x 8;eih(x;; By), (12)
and

Ci = Un(&) — E{Un(e)} — 0 °E {eUn(e) e,
am(x; By) o
—p 0T 1}’

D= E<(1 — 8)U (no; X, )’)[%ﬂ

_E{—am(g‘;ﬂ‘)) 15 = 1Hl(e)>,

with 02 = E(€?), Un(e) = E{(1 — 8)U (no; X, )€},
andl(e) = —dlog fc (e | x)/0€.

Dy =D+E{eUn(e)} o °E {

Remark 3.1: In Equation (12), {; can be written as the
sum of four terms. The first two terms is the condi-
tional expectation of U(n; X, ), the third term is the
additional term due to approximating f(y | x) by the
EL method and the fourth term is the additional term
due to estimating .

According to Theorem 3.1, a consistent variance esti-
mator of 7sp; can be written as

~ . (90U (no; X, o1 _
V (sp1) = {E <M>} Vv (NZ”:‘ 1§i>

877 icA

i -7
§ |:{E<8U(ﬂo,x,y))} } | 13
an
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where
. (dU (no; X, 1 Y LG
E (—(”5 ) - g Eo a2
n N i€A n
, U (%; 1, ¥} ”)}
1—8) Y 8w} e
jEA n
with N = D ica ni_l, N = fspr and
~ 1 771] 77177] Cz §]
v =
(FEe) - ZT ™
icA i€A jeA
L - 2
— (é—l {N) ’ (14)
N> = i

wherey = N1} icA ni_lfi and ;isa plug-in estima-
tor of ¢; in Equation (12). One can use
&= 8U M xiy) + (1= 8)A(x: B. )
+8AE®)} " Um(é) — E {Un(en)
— 62 E{eUn(e)}él]

A ~ om(x; -t A
+ Dy |:E {5h(X§ ﬂo)(a—ﬂﬂo)H si€h(x;; B),
with
. . > T 6U(n,xl, *(j))
fixi; B, i) = =24 :
ZjeA j 8]'
E®) = Zn
]EA
s _ Y ieam; 8ié E{am(x; ﬂ°)|8 _ 1}
ZjeA”flSJ ’ B
Y eansiom(xi; B)/0B
B Dica ”i_l’si ’
Dw =D+ E{cU, ()} 6 —ZE{am(aX;;ﬂO)w - 1},
o 1 _ A (i
Un(@&) = =3 (1= 8)U G x5,
jeA
[T (en) Zn‘lu —8) Y 8;;U (s xi, 1),
icA jEA
L T80 ()
E{eUm(e)} _ Z; ATl Of 1_1 j ’
ZjeA 5j”j

extended to handle non-smooth statistics including dis-
tribution functions and percentiles. In Section 4.2, an
extension to stochastic imputation is discussed.

4.1. Inference for non-smooth statistics

Suppose that we are interested in estimating parameter
1o, the solution of E {U(n; X, y)} = 0 with non-smooth
function U (n; x, y), where the non-smoothness can
be with respect to either n or y. For generality, we
assume that the non-smoothness is with respect
to both n and y. Wang and Opsomer (2011) dis-
cussed asymptotic results for non-differentiable sur-
vey estimators. Define 6 = (n, B), 6 = (10, By)-
Let U,(0) =N"'Y, 7 'U@®;8,x,y) and
U (0) = E{U(0; 6, x;, )}, where

U (0; 8 xi, yi) = 8:U (n: X1, 1) + (1 — 83)

X / U {n; xi, m(x;; B) + €} fe (eilx;)de;.

Denote § = (n, ﬁ) as the solution of estimating
equation U,(0) = 0. To discuss asymptotic proper-
ties, we replace regularity conditions (C7)-(C10) in
Appendix 1 with the regularity conditions (C14)-(C17)
in Appendix 2. The following theorem presents the
asymptotic expansion of #jsg; under this scenario and
the sketched proof is presented in Appendix 2.

Theorem 4.1: Under regularity conditions (C1)-(C3)
and (C11)-(C17) in Appendix 1 and Appendix 2, gy has
the following asymptotic expansion:

-1
R [BE {U (o X,y)}}
Nser — Moo= — | ————————

an
x GV ; %;2,») +0,(n712),
where
$i = 8iU (mos Xi, yi) + (1 — 8i) p(xi3 By, mo)
+ ]% |:[_]m(e,~) — E{Un(en} — we,}

am(x; By)

1
0B }] dieh(xi; By),

+ Dy, [E {8h(X; Bo)

X jea 857 10U G /3y [ /28 — dmex;: B)/08]

N 1
D=+ 771'_1(1 — &)
52

icA

When nN~! = o(1), the second term of Equation (14)
is of smaller order and can be safely ignored.

4. Extensions

In this section, we discuss two extensions of the pro-
posed method. In Section 4.1, our proposed method is

Z]EA, ]_1

where

Dy, =D*+E{eUu(e)} 0 °E {%};mw = 1},

and
E [(1 —38)8;U {no; X,-,yf(j)(ﬂ)”

_ -1
={E@)} 0B




evaluated at B, and other terms are the same as those in
Theorem 3.1.

By Theorem 4.1, we can obtain

. c ,
Vn (fiser — 1m9) —> N(0, BE,,B),

where = [E@U@m;x,»)/0n}]™!  and X, =
V{N~! D ica JTI-_IQZ-}. If we are interested in estimating
the cumulative density function of y, which is Pr(y <
t), then we can choose U (1; x, y) = I(y < t) — nand

E[ =898, fno: %577 (8)}]

+o00  p+o0
= f / {1-pGxn} px))

t+m(x;: B)—m(xi: B)
X / Fyix; vy jdxidx;,
—00
where p(x) = Pr(6 = 1|x). Therefore, we have
om(x;; By)
0B

}f}’jxj‘ {t + m(x;; By) — m(x;; 'BO)} :|

= {E@®)™ E[(l - 5i)3j{

am(xh ﬂ()
B

A consistent estimator of D* can be written as
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4.2. Stochasticimputation

In the multi-purpose surveys, stochastic imputation is
often preferred to deterministic imputation since it can
preserve distributional relationship better. In stochas-
tic imputation, imputed values are generated from a
stochastic imputation mechanism and with additional
variability due to the imputation. For simplicity, we only
consider the case where U (; x, yf(j )) is a smooth func-
tion of 7 and B. The results can be naturally extended to
non-smooth statistics. The stochastic imputation esti-
mator 7jsprp can be obtained by solving the following
estimating equation:

OO Q|
U, B, A= N ; ;{&‘U(U, Xi, Yi)

1
1 m
+ (1= 8)— ZU(n;xi,yf“))} =0,
s=1

where y' are randomly selected from {ji; = j; +

é;;j €A} with the selection probability P(yi* =
Jij) = w};, where w}; are the fractional weights in

Equation (11). Since

1—s, ZJGAM {am<xj,ﬂ>/aﬂ—am<x,,ﬂ)/aﬂ}fyj.x, [t +mxs: B — mxis B

=) —

icA NZjeA, ”j
with
f ()/|X) (hxhy)_l ZieA ﬂi_l‘sin{h;l (X - Xi)}Ky{h;l ()’ - yl)}
yIx = )

(h) ™D ica ”iflSiKX {

where Kx and K, are kernel functions for x and y with
bandwidth hx and h,. Thus, a consistent variance esti-
mator of 7)sg; here can be obtained similarly to Equation
(13).

If the parameter of interest is the tth percentile of Y,
givenbyn = FY_1 (7), the SFI estimator 7j; sp; of 1 can be
obtained by solving the estimating Equation (11) with
UGri x,y) = I(y < n) — . Since E{I(Y < n)} = Fy(n),
it can be shown that 7 spr has the asymptotic expansion
in Theorem 4.1 with

AE{U (no; x, )}

o = fy(no) =E

{fx (nolx)}

where f, is the density function for y. A consistent esti-
mator of 0E {U(no; X, y)} /0n can be written as

dE{U(no; x, y)
{a—; =Y n (1),

zeA

and a consistent estimator of D* can be written as

hl(x —x)}

p lim — Z U(n; xi, y; *(9))

m—>00 m

=EU;(n| B. MILx.y.8)
= Zﬁjw?}U(n;xi,ny)),

jeA

where the conditional expectation is with respect to the
stochastic imputation mechanism, we have

ViU (n | B, 1))

= V{U,(no. B. 2} + V(U (no | B.3) —

= V{U,(no. B. )} + E[V{U; (no | B. 3)
— U, (1o, B. ML %, 3. 8}].

077(770, B? 3")}

Thus, using an argument similar to Theorem 3.1, we can
obtain

;! {8m(xj; B)/aB — dm(x;; 3)/319} fyj|xj {ﬁ +m(xj; B) — m(x; f?)}

D= —
i€A !

with ) = 7 spr.

NZjeA, T

—1 ’
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U (no; X, -1
V (spr2) ~ {E (W)} Vm

. -1
X{E(M)} 1)
an

where Vy; = V{(j,;‘(n | B, M)}. Therefore, a consistent
variance estimator can be written as

U (no;
V(ﬁRI)—{ <W>} Vi

5 {E (3U(no;/x,y))}_1,
an

Var = V{0, (1o, B. W)} + V(07 (o | B, 1)
— U, (o, B. I x, , 8}, (16)

and E@3U (no: x.y)/0m), V{Uy(no, B. 1)} can be
obtained similarly to Equation (13) and

V{ﬁ*(no | B. %) — U, (no. B. ML x, 3, 8)

Zn—2(1 —8) ) 8w}, {U(n,x,,yl D)

where

mN2 i€A JjEA
2
- Z 5;101*](](77, X, ;i (J))}
JEA

The second term of Equation (16) estimates the addi-
tional variance due to stochastic imputation. If m is
large, the second term is negligible.

5. Replication variance estimation

Estimating the variance of the estimator 7jsp; can be
done through the linearisation formulas presented in
Section 3 for smooth statistics and the formulas in
Section 4 for non-smooth statistics. However, it requires
tedious algebra to compute all the terms. In this
section, we consider an alternative approach using
replication methods. Shao and Tu (1995) considered
the theoretical aspects of replication methods such as
Jackknife and Bootstrap. Wolter (2007) gives a com-
prehensive overview of replication variance estimation
methods in survey sampling.

Suppose we are interested in estimating T =
Zil yi. Define the design weight as d; = 7;”'. The
design unbiased estimator of T is T = Y ica diyi and
the consistent replication variance estimator of T is
given by

L
Ve(T) =) a(T® T,

k=1
where L is the number of replicates, c is the replication
factor associated with the kth replication and Tk =
> ica dPy; with d® being the kth replicate of d;. For
example, cx = (L — 1)/L for deleting one group jackknife

method. For details of corresponding ¢, with different
variance estimation approaches, see Wolter (2007).

To obtain replication variance estimator of our pro-
posed SFI estimator, we apply the same SFI method to
each of the replicates. In the first step, we obtain the kth
replicate of %) by solving

Z dMs; {yi = m(xi; B)} h(xi; B) = 0.
i€A
In the second step, the replicated EL weights are com-

puted by maximising

O (w) = 8;d" log(w;)

jeA

subject to constraints

> 85 jdpw;=1and Y 8;(d /dpw;el = o,

jea jeA

A (k
with e](k) =y; — m(xj; ﬂ( )). In the final step, the repli-

cated SFI estimator is computed using the replicated EL
weights. For smooth statistics, the kth replicate of 7,
denoted by ﬁé];)l, is obtained by the solution to the fol-
lowing estimating equation

> df"){éimn; x.y) + (1-8)

icA

< 38,000 (x5 (B ))}

jEA

~ (k)
=mx; B )+

~ (k) c . . .
yj — m(x;; B ). The final replication variance estima-
tor of fspy is given by

L
2

N ~k A

Vr(nsp1) = E Ck (UéF} - nSFI> .

k=1

~ iy (k)
where wfj(k):wﬁk)and yf(”(ﬂ )

For non-smooth statistics, our estimator is similar to
that of Wang and Opsomer (2011). Define

2® =00 (G, B, 3) + [~E{eUn(@}] AP — 1)

PPN BN
+D*(B - B),
where ]S"A{epm (€)} and D* are defined in Section 4.1,
Un(k)(ﬁ, B, 1) is defined in Equation (11) with design
weight replaced by replication weight d, ) and fractional

weights replaced by replication fractional weights w*(k).

Then the replication variance estimator can be wr1tten
as

Vr(fiser) =

3 cefa®

L
k=1

-1
{ dE {U(n, X, y) }

R e
. R 0E {U (#; x,
—Un(ﬁ,ﬁ,k)}z {M} ,

with 81§{U(n; X, ¥)}/9n defined in Section 4.1.



6. Simulation studies

In this section, we conduct two limited simulation stud-
ies. The first one is generated from an artificial data-set
and the second one is based on the real data treated as
a finite population.

6.1. Simulation one

We repeatedly generate B = 2000 finite populations of
(x> yi, 8;) of size N = 10, 000 from a super-population
model

YVi= O.SX,' + €,

with x; ~ exp (1) and E(¢;|x;) = 0. Two error distribu-
tions are considered: (E1) ¢; ~ N(0, 1) and (E2) € ~
{x2(2) — 2}/2. Given (x, y), the response indica-
tor & has a Bernoulli distribution with Pr(§ = 1]|x) =
{l + exp(l — 36)}71 . The overall response rate is about
50%. Given each finite population (x, y, §), we draw
a sample by using a Poisson sampling design with
the first-order inclusion probability w; = nz;/ Zil zi,
where n = 200 and z; = max{0.5y; + 2, 1} + u;, with
u; ~ x*(1) and x2(1) corresponding to the chi-squared
distribution with degrees of freedom equal to one. In
this simulation, we are interested in estimating three
parameters:

(1) 6, =N"! ZN:1 ¥i» the population mean of y.

(2) 6, =N"'>"_ I(yi < 1), the proportion of y
less than 1.

(3) 63 = F1(0.5), the population median of y.

From each sample, we compute the following four
estimators:

(1) The CC estimator based on the complete cases
only. The CC estimator is the solution to
Y ica 8 U (s X1, yi) = 0, where U (n; x, y) is
the corresponding estimating equation for each
parameter.

(2) Full sample estimator based on the original
sampling without missing data andpseudo EL
method (FULL). Specifically, we maximise | =
> ica 7 Hlog(w;), subject to the following con-

straints:
Zw,-:l, ZwiéiZO,

icA icA

where & =y, —fy— px; and (Bo, B1) is
obtained by solving the following estimating
equation:

Do = Bo— Bixd (1, x)" =0.

ieA
The full sample estimator serves as a benchmark
for comparison.
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(3) The PFI estimator of Kim (2011) assuming
yilxi ~ N(Bo + B1xi, o) with imputation size
M = 100.

(4) The nonparametric fractional imputation (NFI)
estimator that uses the following nonparametric
fractional weights:

. K {h' (i — x))}
W, =
Y ZjeA 8K {h;l(x,- - xj)}

for each unit i € A with §; = 0 and j €

A with §; = 1. We use the reference
bandwidth h, = 1.06N"/%6, with &, =
((N=D' Y = V2 =
NI ,m7'x; and N=Y,,77'. A

Gaussian kernel density function K,(f)
(271)~Y2exp ( — £2/2) has also been used.
(5) The stochastic regression imputation (SRI) esti-
mator assuming the following model: y; = 8o +
B1x; + ¢ with E(¢;) = 0 and V(¢;) = o2
(6) The proposed SFI estimator éspl.

From the Monte Carlo sample of size B = 2000,
Monte Carlo bias, standard error and root mean
squared error (RMSE) are computed for each point
estimator. The results are presented in Table 1. Under
(E1) and (E2), the CC estimators perform worst since
the response mechanism is not missing completely at
random (MCAR). Unless the response mechanism is
MCAR, the CC estimator is biased. The FULL estima-
tors always perform best since they assume no miss-
ing values and use moment condition (1). Under dis-
tribution (E1), the SFI and PFI estimators have similar
performances. Among the three imputation estimators,
the NFI and SFI estimators perform worst in terms of
RMSE for all scenarios since they used less information.

Table 1. The Monte Carlo bias (x 1072), standard error (SE) (x
10~2) and root mean squared error (RMSE) (x 10~2) for four dif-
ferent methods with two error distributions in Simulation one.

(E1) (E2)
Par Method Bias SE RMSE Bias SE RMSE
E(y) CcC 186 13.0 227 20.0 19.8 28.1
FULL 0.1 59 5.9 03 9.0 2.0
PFI —0.1 7.8 7.8 0.7 12.0 12.0
NFI 07 129 129 29 213 215
SRI —-02 139 13.9 17 233 233
SFI —-02 69 6.9 03 124 124
Priy <1) CcC —63 53 8.2 —35 4.8 5.9
FULL 0.0 3.0 3.0 0.0 2.6 2.6
PFI 0.2 3.1 31 —54 31 6.2
NFI —0.1 51 5.1 —05 49 49
SRI 0.2 5.0 5.0 —04 5.0 5.0
SFI 0.1 32 32 0.1 33 33
Quantile CcC 15.0 139 204 219 228 31.6
FULL 0.1 7.8 7.8 0.2 13.2 13.2
PFI —03 85 85 300 145 333
NFI —08 149 14.9 27 253 254
SRI —-10 157 15.7 24 254 25.5
SFI —05 9.1 9.1 0.2 17.0 17.0
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Under model (E2), the SFI estimator shows neg-
ligible bias for all parameters, but the PFI estimator
has non-negligible bias for estimating proportion and
quantile which is due to the misspecification of the error
distribution. The NFI and SRI estimators are not as effi-
cient as the SFI estimator in terms of bias and variance.
The SFI estimator outperforms PFI, NFI and SRI esti-
mators in terms of RMSE. The overall results indicate
the robustness of SFI. For variance estimation, we com-
puted the relative bias based on the Taylor linearisation
and replication methods, respectively. All the relative
bias are below 7%. In addition, we calculate the Monte
Carlo coverage rate for the 95% confidence intervals.
Under model (E1), the coverage rates are 94.8%, 93.4%
and 95.0% for estimating mean, proportion and quan-
tile, respectively, by using Taylor method, and 94.9%,
93.6% and 95.1% by using replication method. The
results under model (E2) are similar and the coverage
rates are close to the nominal rate.

6.2. Simulation two

In the second simulation study, we use 2013-2014
U.S. National Health Examination and Nutrition Sur-
vey (NHANES) data as a pseudo finite population.
Suppose the study variable is systolic blood pressure
(BPXSY1) and the covariate variable is body mass
index (BMXBMI). Keeping only the cases where both
BPXSY1 and BMXBMI are greater than zero, the
pseudo finite population eventually contains 7104 cases.
The scatter plot of BPXSY1 versus BMXBMI is pre-
sented in Figure 1. We assume that BPXSY1 is roughly
linear with respect to BMXBMI. After performing

(Mean).

(Propl).

(Prop2).

(Prop3).

linear regression of BPXSY1 versus BMXBM]I, the QQ
plot of residuals and residuals vs. fitted values plot are
presented in Figure 2. The residual plots suggest devi-
ation from normality. The p value from Anderson-
Darling test for normality is less than 2.2 x 1076, We
first generate response indicators §;, i =1, 2, ...., 7104
from the following logistic regression model:

Pr(8; = 1|BMXBMI,))
exp {1 — 0.1log(BMXBMI,) }

1+ exp {1 —0.1log(BMXBMI))}

The response rate is around 60%. Then given the pop-
ulation of (BPXSY1;, BMXBMI;, §;), B = 2000 Monte
Carlo samples are generated by simple random sam-
pling with sample size n = 200. Assume that the param-
eters of interest are

Finite population mean of BPXSY1, which is 6,,
= 118.056.
Finite population proportion one of BPXSYI:

0, = - EN I(BPXSY1; < 80) = 0.0008
= — P < =0. .
PN :

i=1

Finite population proportion two of BPXSY1:

LN
O =% ZI(BPXSYI,- < 120) = 0.6017.
i=1
Finite population proportion three of BPXSY1:

Op3 = ! EN I(BPXSY1; < 160) = 0.9711
= — P < =0. .
PN I

i=1

150 200

BPXSY1

100

Figure 1. Scatter plot of BPXSY1vs. BMXBMI.
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Figure 2. QQ stands for quantile quantile plot (left panel) and residual vs. fitted value plot (right panel).

Table 2. The Monte Carlo bias (x 1072), standard error (SE)
(x 1072) and root mean squared error (RMSE) (x 10~2) for four
different methods and four parameters.

Par Method Bias SE RMSE
Mean oM —-29 124.8 1249
PFI —-23 153.2 153.2
NFI —50 153.5 153.6
SRI 14 169.7 169.7
SFI —22 153.3 1533
Prop1 COM 0.0 02 0.2
PFI 0.5 03 0.6
NFI 0.0 03 03
SRI 0.1 03 03
SFI 0.0 0.2 0.2
Prop2 COM 0.0 34 34
PFI —22 3.8 44
NFI —05 42 43
SRI 0.5 42 43
SFI 0.2 39 39
Prop3 coOM 0.0 12 12
PFI 0.7 1.1 13
NFI 0.2 14 14
SRI —-03 1.6 1.6
SFI 0.1 14 14

We consider the same PFI, NFI, SRI and SFI estima-
tors as discussed in Simulation one. The Monte Carlo
bias, standard error and RMSE are presented in Table 2.
For the population mean, PFI and SFI perform similarly
and the NFI estimator has slightly larger bias and stan-
dard error. SR has comparable bias as PFI and SFI, but it
has larger SE, as expected. For population proportions,
the PFI estimator has substantially larger bias than NFI,
SRI and SFI which may be due to the misspecifica-
tion of error distributions. The NFI and SRI estimators
have larger standard errors than PFI and SFI estimators
since the nonparametric methods are not as efficient as
parametric or semiparametric methods and stochastic

imputation will produce larger variance. Overall, SFI
estimator performs the best in terms of both bias and
variance.

7. Conclusions

Regression imputation is often used to handle item
non-response in survey sampling. Unlike the usual
regression imputation, the proposed SFI offers valid
inference for a wide set of parameters such as pop-
ulation proportions and quantiles. Besides, only the
first moment assumption is needed to obtain a con-
sistent SFI estimator of the parameter, which leads to
robust parameter estimation. The proposed SFI method
shows good performances in the limited simulation
studies.

The proposed method has several possible future
research topics. First, instead of assuming ignorable
response mechanism, we can consider an extension to
non-ignorable non-response (Kim & Yu, 2011) using an
exponential tilting response model. Also, extension of
the SFI for handling multivariate missing data will be
an important future research topic.

Acknowledgments

We thank an anonymous referee and the editor for very
constructive comments. The first author wishes to acknowl-
edge the partial funding provided by National Institutes of
Health, National Institute of General Medical Sciences (Grant
1 U54GM104938), Oklahoma Shared Clinical and Transla-
tional Resources; Alterations and Renovations; Oversight and
Management Core and IDeA-CTR to the University of Okla-
homa Health Sciences Center. The research of the second
author is partially supported by a grant from NSF in the US
(MMS-1324922).



78 (&) S.CHENANDJ.K.KIM

Disclosure statement

No potential conflict of interest was reported by the authors.

Funding

National Institutes of Health; National Institute of General
Medical Sciences [grant number 1 U54GM104938]; Okla-
homa Shared Clinical and Translational Resources; Alter-
ations and Renovations; Oversight and Management Core
and IDeA-CTR; NSF [grant number MMS-1324922].

References

Chauvet, G., Deville, J. C., & Haziza, D. (2011). On balanced
random imputation in surveys. Biometrika, 98, 459-471.

Chen, J., & Sitter, R. (1999). A pseudo empirical likelihood
approach to the effective use of auxiliary information in
complex surveys. Statistica Sinica, 9, 385-406.

Durrant, G. B., & Skinner, C. (2006). Using missing data
methods to correct for measurement error in a distribu-
tion function. Survey Methodology, 32(1), 25-36.

Fay, R. E. (1992). When are inferences from multiple imputa-
tion valid? In Proceedings of the Survey Research Methods
Section of the American Statistical Association (Vol. 81, pp.
227-232).

Fay, R. E. (1996). Alternative paradigms for the analysis of
imputed survey data. Journal of the American Statistical
Association, 91(434), 490-498.

Fuller, W. A. (2009). Sampling statistics. Hoboken, NJ: Wiley.

Fuller, W. A., & Kim, J. K. (2005). Hot deck imputation for the
response model. Survey Methodology, 31, 139-149.

Haziza, D. (2009). Imputation and inference in the presence
of missing data. In D. Pfeffermann & C. R. Rao (Eds.),
Handbook of statistics. Sample surveys: Theory, methods
and inference (Vol. 29, pp. 215-246). Amsterdam: Elsevier
BV.

Isaki, C. T. and Fuller, W. A. (1982). Survey design under the
regression superpopulation model. Journal of the Amer-
ican Statistical Association, 77, 89-96.

Kalton, G., & Kish, L. (1984). Some efficient random imputa-
tion methods. Communications in Statistics A, 13, 1919—
1939.

Kim, J. K. (2011). Parametric fractional imputation for miss-
ing data analysis. Biometrika, 98, 119-132.

Kim, J. K., Brick, J., Fuller, W. A., & Kalton, G. (2006). On
the bias of the multiple-imputation variance estimator in
survey sampling. Journal of Royal Statistical Society: Series
B, 68(3), 509-521.

Kim, J. K., & Fuller, W. A. (2004). Fractional hot deck impu-
tation. Biometrika, 91(3), 559-578.

Kim, J. K., Navarro, A., & Fuller, W. A. (2006). Replicate
variance estimation after multi-phase stratified sampling.
Journal of the American Statistical Association, 101, 312
320.

Kim, J. K., & Shao, J. (2013). Statistical methods for handling
incomplete data. London: Chapman and Hall/CRC.

Kim, J. K, & Yang, S. (2014). Fractional hot deck impu-
tation for robust inference under item nonresponse
in survey sampling. Survey Methodology, 40, 211-
230.

Kim, J. K., & Yu, C. L. (2011). A semi-parametric estimation
of mean functionals with non-ignorable missing data.
Journal of the American Statistical Association, 106, 157-
165.

Little, R. J. A., & Rubin, D. B. (2002). Statistical analysis with
missing data (2nd ed.). Hoboken, NJ: Wiley.

Matloff, N.S. (1981). Use of regression functions for improved
estimation of means. Biometrika, 68, 685-689.

McCullagh, P, & Nelder, J. (1989). Generalized linear models.
London: Chapman and Hall.

Meng, X. L. (1994). Multiple-imputation inferences with
uncongenial sources of input. Statistical Science, 9, 538-
558.

Miiller, U. U. (2009). Estimating linear functionals in nonlin-
ear regression with response missing at random. Annals
of Statistics, 98, 2245-2277.

Owen, A. B. (2001). Empirical likelihood. New York, NY:
Chapman and Hall/CRC.

Qin, J. (1993). Empirical likelihood in biased sample prob-
lems. Annals of Statistics, 21(3), 1182-1196.

Qin, J., & Lawless, J. (1994). Empirical likelihood and general
estimating equations. The Annals of Statistics, 22, 300-
325.

Rubin, D. B. (1987). Multiple imputation for nonresponse in
surveys. New York: John Wiley & Sons.

Shao, J., & Steel, P. (1999). Variance estimation for survey data
with composite imputation and nonnegligible sampling
fractions. Journal of the American Statistical Association,
94, 254-265.

Shao, J., & Tu, D. (1995). The jackknife and bootstrap. New
York: Springer-Verlag.

Vardi, Y. (1985). Empirical distributions in selection bias
models. Annals of Statistics, 13, 178-203.

Van der Vaart, A. W. (1998). Asymptotic statistics. New York:
Cambridge University Press.

Visék, J. A. (1979). Asymptotic distribution of simple esti-
mate for rejective, Sampford and successive sampling. In
J. Jureckova (Ed.), Contributions to statistics: Jaroslav hjék
memorial volume (pp. 263-275). Dordrecht: Academia,
Prague & D. Reidel.

Wang, D., & Chen, S. X. (2009). Empirical likelihood for
estimating equations with missing values. The Annals of
Statistics, 37, 490-517.

Wang, Q., & Rao, J. N. K. (2002). Empirical likelihood-based
inference under imputation for missing response data.
The Annals of Statistics, 30, 896-924.

Wang, N., & Robins, J. M. (1998). Large-sample theory for
parametric multiple imputation procedures. Biometrika,
85(4), 935-948.

Wang, J. Q., & Opsomer, J. D. (2011). On asymptotic normal-
ity and variance estimation for nondifferentiable survey
estimators. Biometrika, 98, 91-106.

Wolter, K. M. (2007). Introduction to variance estimation. New
York, NY: Wiley.

Wu, C., & Rao, J. N. K. (2006). Pseudo empirical likelihood
ratio confidence intervals for complex surveys. The Cana-
dian Journal of Statistics, 34, 359-375.

Yang, S., & Kim, J. K. (2016). A note on multiple impu-
tation for general-purpose estimation. Biometrika, 103,
244-251.

Appendices

Appendix 1. Proof of Theorem 3.1

We first assume the following regularity conditions:

(C1) The finite population is a random sample
from the semiparametric regression model
in Equation (1). The regression function
m(x; B) in Equation (1) has a continuous



first derivative dm(x; B)/9p in the neighbour-
hood of the true value B, and E {m*(x; B)}
and E {om(x; §)/0f} are bounded in this
neighbourhood.

(C2) Function h(x; B) in the estimating function
(7,3 (B) in Equation (8) has continuous first
derivative oh(x; )/ in the neighbourhood
of the true value B, and |/h(x; B)||> and
[|oh(x; B)/dB]|| are bounded by some integrable
function G; (x) in the neighbourhood.

(C3) The model error term in Equation (1) satisfies
E(€%) < o0 and max {||¢;]|: i € A} = 0,(n"?).

(C4) Let Uy B =E[s{y—mx:B}hxB)],
assume Ug (B) converges to Ug(B) in
probability uniformly in the neighbour-

hood of the true value fB,. For every
a > 0 infgp g, 11U (B> 0=
11Us (Bo) Il-

(C5) 8(7,9 (B) /9B converges to continuous nonsin-
gular derivative dUg (B) /9 in probability uni-
formly in the neighbourhood of the true value
Bo-

(C6) /nUp (Bo) N N(0, £p), as n, N — o0, where
¥p = V{v/nUp (B,)} denotes the design model
variance, the variance under the joint distribu-
tion of the super-population model and the sam-
pling mechanism.

(C7) Function U(n; x,y) has continuous partial
derivatives U (; x, y)/dn and 9U (n; x, y)/dy
in the neighbourhood of the true value 7,
and ||U(m;x, I 119U (s x, )/dn|| and
[|0U (n; x, y)/dy|| are bounded by some inte-
grable functlon G, (x, y) in the neighbourhood.

(C8) Let AOESRPIWEAUCEND
and U (n) = E{U(n, xi.y)},  then T, (n)
converges to U(n) in probability uniformly in the
neighbourhood of the true value 7. For every a
> 0, infyjp—nojiza IU () || > 0 = [|U (o) |-

(C9) aU, (n) /9n converges to continuous nonsin-
gular derivative 0U(n)/0n in probability uni-
formly in the neighbourhood of the true value
No-

(C10) /nU, (o) £ N(0, £,), as n, N — oo, where
2, = V{ﬁﬁn (10)} denotes the design model
variance.

(C11) The first-order inclusion probabilities satisfy
K; < Nn~'m; < Ky for all i, where K; and Ky
are positive constants

(C12) max; ; In,Jrr = 1| = o(1) foranyi,j=1,2,

,Nandi # j, where 7 jj are the second-order
inclusion probability of unit 7 and unit j in the
population.

(C13) The response probability satisfies Equation (2)
anda < Pr(8; = 1|x;) < lfori=1,2, ..., Nfor
some fixed a > 0.
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Conditions (C1)-(C2) are the model assumptions
about the finite population. Condition (C3) is used
to control the asymptotic order of A in Equation
(10). Chen and Sitter (1999, Appendix 2) argued that
(C3) holds for common unequal probability sampling
designs. Conditions (C4) and (C8) ensure the con-
sistency of B and #, respectively. Conditions (C5),
(C6), (C9) and (C10) are the regularity conditions
that ensure asymptotic normality of B and #. Van
der Vaart (1998, Ch. 5) used similar regularity con-
ditions. Specifically, Conditions (C6) and (C10) have
been used in many existing literature such as Wu and
Rao (2006), Wang and Opsomer (2011), among oth-
ers. Hajek (1960, 1964) established the asymptotic nor-
mality condition under simple random sampling and
rejective sampling with unequal selection probabilities.
Visék (1979) established the asymptotic normality for
the Horvitz-Thompson estimator under Rao-Sampford
sampling designs. Condition (C7) controls the smooth-
ness and asymptotic behaviour of estimating function
U(n; x, y). Conditions (C11) and (C12) are the stan-
dard assumptions for the sampling designs. Similar con-
ditions have been used in Isaki and Fuller (1982) and
Wang and Opsomer (2011). Condition (C13) controls
the behaviour of the individual response probability.
According to assumption (C3) and by using similar
techniques as Wu and Rao (2006), we can show that
A= O,(n~"/?). Assumption (C4) and Taylor linearisa-
tion can establish

0=Ug(B)
aU Bo) /.
= Uﬂ(ﬂo) + gﬂ <ﬂ - .Bo) + Op(”_l/z)-
Therefore,
) 0By | | .
B—By=— % Uﬂ(ﬂo) + Op(”il/z)

. -1
=)

1 _
X N ;Tti '8ieih(xi; By)

+0,(n"7?). (A1)

We know that A is the solution of the following estimat-
ing equation:

0,1, B) =

&
Zén lé‘=0.

zeA !

In addition, we have

BUA(O ﬂo = 261 T i

IEA

= —E(8)0” + 0,(1),

(A2)
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and
A0, By) _ 1 8 Im(xi; By)
B  N<mo 9B
_ am(x; By) _
= E{—aﬂ |8_1}E(8)
+0,p(1). (A3)

Based on Equations (A2) and (A3), by using Taylor lin-
earisation, we have

0 == UA(,)\"’ B)
a0, (0, ﬂo) 8UA(O By)
N B

= U,(0, By) + B - By

+o0p(n1?). (A4)
According to Equations (A1)-(A4) and after some alge-
bra, it can be shown that

11 3 1 am(x;

o2 N E(5) o? o

0 ; -1
x [E {h(x; ﬂ@”“a"—ﬂﬁ")w - 1”
—Zﬂ e By)

E(6)
+ Op(n_l/z),

A=

(A5)

where o2 is the variance for the residuals. With condi-
tion (C6), it can be shown that ) = 19 + 0,(1). In addi-
tion, we have

39U, (0o, By, 0)

oA
-1
= —— (1 —6;) — €
25 Zza

x U ;%5577 (Bo))
—(E @) E{(1 = 808,60 n0: %57 (Bo)) |
+ Op(l)

= —E{eUn(e)} + 0,(D), (A6)

39U, (10, By, 0)
0B
_ Ly Uiy dm; " 9U(moi X 31)
N jeA D kea Sy : Iy
" {am(xi; By)  Im(x;; ﬂo)}
0B 0B
aU (no; X, yi) { om(x;; By)
dy B

= {E(a)}‘lE[(l — 8,6,

om(x;; By)
s IR0

=D+ o0,(1), (A7)

and

U, (no, By. 0)
an
8; 0U (no; xi, yi)
ﬁ icA ;’ n
72 (1- 8> » 8w dUGnos xi i (By))
ieA jeA ZkeA Sknk an

=E{8w}+5{(1_5)w}
an an

+ Op(l)

aU (no; x,
:E{ (no; x

)
= J }+op(1), (A8)

where U,,(¢) = E{(1 — 8)U (1,; x, y)|e} and

D= E((l U (ne; x,y)[%;f”)

am(x; By) .
- )
—f (€) f(€). Define

1
T N(N—DEG) ;wi(l — %)

X Z w;8;U (Uo;Xi,)’f(j)(ﬁo)),

jeA. j#i

with [(¢) =

then by using Taylor linearisation,

~ 1
Uy (o, o, 0) = ;ﬂi_laiU(%; xi.yi) + E(S) + S
E(S) _
—E(S) — ) {8 —E@®)} + 0,(n™"/?)
1
=N ;ﬂi_ 8;U (no; xi, yi) + S
_E®)
" E()
with  E(S) = E{(1 —8)U(no; x,y)} and

N1y 8w According to the Hoeffding decom-
position,

{68 —E@®)} +0,(n 1%,

5y =

_ 1 -1
= N(N—DE®) ;”" (1

x Y ﬂ1715jU{no,x,,y,(J)(ﬂo}
jeA. ji

= iz 77 (1 = 8)E |U (no; xi, yi) |x:)
- N i i 05 Xis Vi i

i€cA

—8;)

+ni-1]%E {(1 = 8)U (no; xi, yi)lei} }
—E(S) + 0p(n?).
Therefore,
_ ! anl&,-U(Uo; Xi, ¥i)
N icA

1
5 2o (1= B)EU Gno; i 30) i)

icA

U, (10, By, 0)



d;
+;! E(8)E {(1 —8)U (no; Xiv}’i)|5i}]
_E®)¢ —12
B Yo

(A9)
According to Taylor linearisation, we have
0="0,@. 8. 1)

8011(7705 ﬂOa O) A

= U, (no, By, 0) + . (A — 1)
n

30, (no, By, 0) »
T(ﬂ - ﬂo)

+ aUn(’?O, ﬁ09 0)’)‘\’
oA

By Equations (A1), (A5)-(A10), after some algebra, we
can show that

aU (no: -1
ﬁ—noz—{E< (no,x,y)>}
n

1 - -
X (N ZT[,- 1§i) + 0p(n 1/2)7

icA

+

+ 0,(n'72). (A10)

where ¢; is defined in Equation (12) of Theorem 3.1.

Appendix 2. Proof of Theorem 4.1

We replace regularity conditions (C7)-(C10) in
Appendix 1 with the following regularity conditions:

(C14) U, (0) converges to U (9) in probability uni-
formly in the neighbourhood of the true value
0. For every a > 0, infy,5-y24 110 0)11>0=[1T @)II.

(C15) There exists a measurable function L(§, x, y)
with E {L2 (6, x, y)} < oo and for every 6
and 6, in the neighbourhood of the true
value 6o, ||U (61:8,x,y) — U (62:8,x,y) || <
L&, x, )16y — 6.

(C16) Assume that E{U? (90; 8, X, y)} < oo and
E{(j (9; 8, X, y)} has continuous and invert-
ible first derivatives with respect to 6 and the
corresponding first derivatives are bounded by
some integrable function in the neighbourhood
of the true value 6.

(C17) /nU, (6y) £ N(0, =p), as n, N — oo, where
Yy = V{ﬁﬁn (6p)} denotes the design model
variance.
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Similar to Conditions (C4) and (C8), Condition
(C14) ensures the consistency of proposed estimator.
Conditions (C15) and (C16) are required to derive
asymptotic expansion of proposed estimator. See Van
der Vaart (1998, Ch. 5) for more details of those
conditions. Similar to Conditions (C6) and (C10),
Condition (C17) is used to derive the central limit
theory.

The proof of the consistency of /} and 7 is similar
to the relevant proof in Theorem 3.1. According to the
regularity conditions (C10)-(C12) and by using similar
techniques as that of Theorem 19.26 of Van der Vaart
(1998), we can show that

0 = ﬁ)’](ﬁ7 ﬂ7 3\')

. 30, (no, By, 0) 2
= U, (00, By, 0) + —— 70 3

ar
IE{U, (10, By, 0)} (»
+8E{Un(g(;’, ﬂo, 0)} (ﬁ . 770) + Op(nfl/Z). (B1)

In addition, we have

OE(U, (0. By. 0} _ DE{8U(mo; %, 3)}

an an
1 9E {1 —8)8;U,(no: xi, y)}
E) on +op(D)
_ Ui %, y) +o,(1), (B2)
an
and
aE{UII(TIO’ ﬂO’ 0)} — D* + OP(I), (B3)

B
where D* is defined in Theorem 4.1. According
to Equations (A1), (A5), (A6), (A9), (B1)-(B3),
we have

-1
) [aE {U (no; x,y)}}
NS,y —No = — | —————————

on

1 _ _
X (N ;ﬂi lfi) + 0p(n 12y,

where ¢; is defined in Theorem 4.1.



	Abstract
	1.Introduction
	2.Basic set-up
	3.Asymptotic properties
	4.Extensions
	4.1.Inference for non-smooth statistics
	4.2.Stochastic imputation

	5.Replication variance estimation
	6.Simulation studies
	6.1.Simulation one
	6.2.Simulation two

	7.Conclusions
	Acknowledgments
	Disclosure statement
	Funding
	References
	Appendices
	7.1.Proof of Theorem 3.1
	7.2.Proof of Theorem 4.1


