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ABSTRACT

The Current Population Survey (CPS) is a monthly household sample survey with a sample con-
sisting of eight rotation groups. Sampled individuals of a rotation group are interviewed four con-
secutive months and another four consecutive months after resting eight consecutive months. A
composite-type estimator is adopted in the CPS for the estimation of the monthly population
total, which combines sample information from the current month'’s survey and previous months
using the fact that 75% households have data for two consecutive months. There are two values, A
and K, in the composite estimator to decide how to combine the available information, and thus
this estimator is called the AK composite estimator. In this paper, we use a formula of the mean-
squared error of AK composite estimator and propose an easy-to-use method of choosing A and
K based on data, which evolves the estimation of some population quantities using the method
of moments and replication. Some numerical studies are conducted to illustrate the effectiveness
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of the proposed method.

1. Introduction

The Current Population Survey (CPS) is a house-
hold sample survey sponsored by the U.S. Bureau of
Labor Statistics and conducted monthly by the U.S.
Census Bureau to provide estimates of employment,
unemployment and other characteristics of the non-
institutionalised civilian population 16 years of age
and older. The CPS adopts a 4-8-4 rotation sample
design that consists of a sample of eight rotation groups,
approximately equal in size, partitioned in such a man-
ner that for any given month, one-eighth of the sam-
ple is interviewed for the first time, one-eighth for the
second time, ... and one-eighth for the eighth time.
Households in a rotation group are interviewed for four
consecutive months, dropped for the next eight months
and then returned to the sample for the following four
months before they retire from the sample. The rota-
tion paradigm ensures a 75% month-to-month overlap
and a 50% year-to year overlap, which makes it possible
to increase the efficiency of the current month estima-
tors using data from previous months as well as to effi-
ciently estimate month-to-month changes. More details
of the CPS can be found in U.S. Bureau of Labor Statis-
tics (2006) and Cheng (2012).

Let Y; be the unknown population total of a variable
of interest (e.g. total unemployed) and N; be the total
population units at month ¢. The unknown population
mean is Y;/N; (e.g. population proportion for unem-
ployed). The current estimation procedure in the CPS
can be described as follows. Based on the data in rota-
tion group i and month #, let ; ,; be a ratio, regression or
calibration estimator of Y; using some covariates such as

age, sex, race, ethnicity and other household character-
istics. A simple estimator of Y; is the average of Y; ; over
the eight rotation panels, i.e.

~ 1 ~
=2 Y (1)

Using data from the 75% sampled units in month ¢ hav-
ing data for the two consecutive months tand t — 1, we
can estimate the month-to-month change A; = Y, —
Yt —1 by

Ay = ég(f’m — Yieric),
where s = {2, 3, 4, 6, 7, 8}. Note that units in group i =
1 or 5 do not have data for month ¢ — 1. This estimator
of change together with the estimated monthly total for
month ¢ — 1 provides an alternative estimator of Y;:

1?t—l + At- (2)

While the simple estimator in (1) is based on the data
collected in month ¢ only, the alternative estimator in
(2) might be more efficient since it makes use of the data
from month ¢t — 1 as well as data from month ¢ in over-
lapping rotation groups in s. On the other hand, the esti-
mator in (2) does not use data from month ¢ and rota-
tion groups 1 and 5 that are not in s. Thus, to combine
the advantages of the estimators in (1) and (2), the fol-
lowing first-generation composite estimator was used
prior to 1985:

V=1 -KY+ KT, + A, (3)
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which is a convex combination of two estimators
defined in (1) and (2) with a value K between 0 and 1.
After a series of pioneer research studies (e.g. Gurney
& Daly, 1965; Huang & Ernst, 1981), in 1985, a different
composite estimator was introduced by adding another
term to the composite estimator fft’ in (3), which is the
estimator of the net difference between the incoming
and continuing parts of the current month’s sample:

A 1 A 1 A
i- 3 (Th- ).
i¢s i€s
The resulting second-generation composite estimator is
called the AK composite estimator:

V= -K%+KI +A)+AL, @)

where A and K are two values to be determined based
on some criterion. By assigning more weights to rota-
tion groups that have been in the sample for the first
and fifth time, the additional term A{At might reduce
both the bias and variance of the composite estimators
(Gurney & Daly, 1965).

The population mean Y;/N; is estimated by f//’ /Nt,
where N; is the same as ¥ with all observed values
being set to 1.

Kumar and Lee (1983) studied the mean-squared
error (MSE) of the AK composite estimator with a sim-
ple six rotation groups design for the Canadian Labor
Force Survey and discussed how to choose the optimal
A and K that minimise the MSE. For the 4-8-4 rota-
tion design under consideration in this paper, based on
the results in Lent and Cantwell (1994) and Lent, Miller,
and Cantwell (1994, 1998, 1999) proposed to choose
A and K by minimising the variance of the AK com-
posite estimator on a grid, and to estimate unknown
population parameters in the optimal values A and K
by replication as developed in Lent (1991) and Adam
and Fuller (1992). Based on some empirical results, they
suggested that (A, K) should be chosen as (0.4, 0.7) for
estimating the total employed or as (0.3, 0.4) for esti-
mating the total unemployed, which were adopted by
the CPS. However, the rotation group bias issue in the
AK composite estimator (Bailar, 1975; Huang & Ernst,
1981) was not addressed in Lent et al. (1999).

Similar to the development in Kumar and Lee (1983),
in this article, we re-express the variance formulae
(Cantwell, 1990; Lent et al., 1999) of the AK composite
estimator for the 4-8-4 rotation design as a quadratic
function of A for each fixed K. After taking the rotation
group bias into consideration, we find that the MSE of
the AK composite estimator is still a quadratic function
of A for each fixed K. Based on this MSE formula, the
optimal values A and K that minimise the MSE can be
obtained in terms of some unknown population param-
eters including the rotation group biases. To estimate
these unknown parameters, we propose a method based

on the method of moments and replication. By sub-
stituting unknown parameters with appropriate sample
estimators, the resulting AK estimator is approximately
optimal in terms of the MSE. The proposed method is
examined via some simulation studies.

2. The optimal AK composite estimator

The biases of the composite estimator in (3) and the AK
composite estimator in (4) were studied in Bailar (1975)
and Huang and Ernst (1981), respectively, under the
following condition:

(C1) E(f’t,i) =Y; +a; foranymonth t,i=1,...,8.

The biases a;’s in (C1) are mainly caused by the differ-
ence in data collection among different rotation groups
and are assumed to be independent of time ¢. Hence,
they are called rotation group biases. Some empiri-
cal results showing this type of bias can be found in
Krueger, Mas, and Niu (2017).

Using condition (C1) and the results in Huang and
Ernst (1981), we express the bias of the AK composite
estimator as a linear function of A:

(YiaA+ (y; —Ké)'a

Bias(f}') = E(¥}) - ¥, = e

(5)

where

a = (a1, a, as, as, as, as, a7, ag)" ,
Yo = (1/8, —1/24, —1/24, —1/24,1/8, —1/24,
—1/24, —1/24)7,
ylz(l—K 34K 3+K 34K 1-K 34K

’ ’ 9 El ’

8 24 24 24 8 24
34K 3+K\"
§=1(1/6,1/6,1/6,0,1/6,1/6,1/6,0)".

Next, we focus on the variance of the AK composite
estimator. Huang and Ernst (1981) first gave an approx-
imate variance formulae of the AK composite estimator.
We re-express the variance formula in Cantwell (1990)
as a quadratic function of A for each fixed K. We assume
the same conditions as in Huang and Ernst (1981) and
Cantwell (1990), which are commonly used conditions
in studying the variance of composite estimators under
a longitudinal multi-level rotation plan.

(C2) Var(f/t,,') = o2 for all t and i, and ﬁ.i and f’s,]‘ are
uncorrelated whenever they are based on groups
with different sampled units;

(C3) Based on the structure of the rotation sample
design, the following covariances are possibly not
zero and we write them in terms of unknown o2



and correlation coeflicients p;’s:

Cov(Yiiris1, Vi) = po?, i=1,2,3,56,7;

Cov(Yisaipa, Vi) = pro?, i=1,2,5,6;
Cov(Yiysins, Yii) = pso?, i=1,5;
Cov(Yiro5, ¥i.4) = poo;

Cov(Yiti0,i42, Y21) = proo?, i =3,4;
Cov(Yisinirs, i) = puo?, i=2,3,4;
Cov(Yisizita, Vi) = prao?,  i=1,2,3,4;
Cov(Yisisis, i) = prso?,  i=1,2,3;
Cov(Vis1aire, Yri) = prao?,  i=1,2;

N ~ 5
Cov(Yi415,8, Y1) = p150°.

Let V be the 8 x 8 matrix whose (i, j)th element is

K"_J’pl;j 1§]<1§47
v — Ki_j,oi—j 5§]<1§87
i,j — Ki+8_jpi+87j 5 < i < 8, 1 < ] = 43
0 otherwise.

Also, let y = Ay, + y,. Following Theorem 1 of
Cantwell (1990), we can obtain that

Var(f/t”)
oMy Ty + KB - 2p) +2(y —K29) V(y — )}
- 1—K? ’

By arranging terms as a quadratic form of A, we obtain
that

Var(f/,”) =a,A’+b,A+c,, (6)

where

_ o (g¥o +2¥5 Vo)

(]
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of A having a minimiser at —(b, + bp)/{2(a, + ap)}.
Also, for each fixed K,

mAin [(an + ab)Az + (bn + bb)A + (Cv + Cb)]

(bv + bb)2

=Gt e ay

Thus, if all population quantities in (C1)-(C3) are
known, then the optimal K and A that minimise the
MSE in (7) can be determined through the following
algorithm.

Step 1. Find the optimal K € [0, 1) that minimises (c, +

cp) — (b, + bp)*/{4(a, + ap)} using some method;
for example, a grid search.

Step 2. The optimal A is then chosen as —(b, + by)/

{2(a, + ap)} with the K obtained in step 1.

3. Parameter estimation

The results presented in the previous section are useful
only when a;s in (C1) and ' and pj’sin (C2) and (C3)
are all known. In practice, however, these values are
usually unknown. In this section, we consider param-
eter estimation based on the method of moments and
replication.

Consider first the estimation of the biases a;, i =
1,..., 8. The biases are actually not estimable unless
some conditions or constraints are imposed to them.
The following assumption was considered in Bailar
(1975) and Krueger et al. (2017):

1 - K2 ’
p 200y = K28y — K28"Vy, — yi VE+ yi Vyo + ¥ V1)
v 1 - K2 '
o o2(yTy, + K2878 — 2K*8"y, + 2K287VE — 2K*8"Vy, — 2yTVE + 2yTVy))
L =

1—-K?

under conditions (C2) and (C3).

Combining results (5) and (6), we obtain the follow-
ing formula of the MSE of the AK estimator in terms of
a quadratic form of A for each fixed K. Under conditions
(C1)-(C3), the MSE of AK composite estimator is

MSE(Y,") = E(Y)' = Y;)* = (a, + a)A’
+ (bn + bb)A + (Cv + Cb)’ (7)

where
_ (yga)? 2|y, — K8)Ta)
Ta-xr T (1 —K)? ’
_ {(y, —K§"a)?
 (1-K)2

Note that a, in (6) should be positive; otherwise the
variance in (6) may be negative for some A. Hence, for
each fixed K € [0, 1), the MSE in (7) is a quadratic form

(C4) % a;=0.

Condition (C4) means that the average of eight rota-
tion group estimators, 1?},1, el f/t,g, is an unbiased esti-
mator of Y, More generally, one may assume that
Z§:1 Aia; = 0 for some specified A;’s and then estimate
a; unbiasedly by Y (Y., — Y% A;¥,,)/T. How to
specify A;’s is a difficult problem and deserves some
further research. Our discussion hereafter is based on
Assumption (C4).

Under condition (C4),

8
A A 1
E(Yt,i—Yt)=ai—§;ﬂi=ﬂi-
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Then, for a total of T months, a; can be estimated unbi-
asedly by

T
A 1 A A
4= ;(Yt,i -Y).

Now we turn to the estimation of o2 and p;’s in (C2)
and (C3). Under condition (C2), we obtain that, for any
i+jandt,

E(Vi—Y:)* = E{(ii— Y, —a) — (V- Y, — a))
+ (a;i — a))y
= 20’2 + (ai - aj)z.
Hence,
_ E(ii— Y ))? — (ai — a))?
= 5 .

Similarly, the following formulas can be derived under
(C2) and (C3):

0,2

p1 = EWi1im1 — Ye1 — @)
x (Yoi— Y, —a))/o?,

P2 = E(Viiaivs — Yigo — i)
x (Yoi— Y, —a))/o?,

p3 = E(Yiis,i03 — Yigs — ais3)
x (V=Y —ap/o?, i=1,5

po = E(Yiio5 — Ys —as)(Yia — Y — ay) /0%

i=1,2,3,56,7;

i=1,2,5,6;

P10 = E(ﬁ+1o,i+2 —Yir10 — ait2)

x (Vi—Yi—a)/o?, i=34;
P11 = E(?t+11,i+3 — Y1 —aigs)

x (?t,l_Yt_al)/Gzﬁ i:29 354;
P12 = E(l?t+12,i+4 —Yii12 — ais)

x (Yii— Y —a)/o?, i=1,234
o153 = EVis13.i05 — Yer1s — Givs)

x (Yo=Y —an/o?, i=1,23;
P14 = E(i}t+14,i+6 — Yii14 — aige)

X (fft,i — Y —a)/o?, i=12;
P15 = E(i}t+15,8 — Y15 — a8)(?t,1 -Y - 111)/02~

With the available unbiased estimator g; for the rota-
tion group bias under (C4), approximately unbiased
estimators of o2 and p;’s based on data over T months
can be constructed as follows:

T
N 1 A ~ A oA
6= cm D 2 A=Y’ — @i —ap’k
t=1 1<i<j<8
T—1

1 - N
b1 = ————— E E Y11 — Y1 — 4
o1 6(T — 1)52 (Yeqrit t+1 +1)

t=1 ie{1,2,3,5,6,7}
x (Y=Y —a);
T—2

A 1 X .
- m Z Z (Yt+2,i+2 - Yt+2 - ai+2)

t=1 ie{1,2,5,6}

)
Ny
|

x (Y=Y —a);

] T-3
p3 = S aas (Yig3,i43 — Yig3 — dig3)
AT =30 t=1 ie{l,5)
x (Y — Y — a);
I T-9
/39 = T ovz2 Z(Yt+95 - Yt+9 - &5)
(T —9)o —
X (1?:.4 - ?z — dy);
] T-10
P10 = g Z Z (Yiq10,i42 — Ye10 — dig2)
2T - 10)0 t=1 ic(3,4)
x (Y — Y — a);
] T-11
o= 3T —11)3? Z Z (Yegi1,i03 — Vi1 — Giy3)
t=1 ie(2,3,4)
X (f/z,i - 1?: - ﬁi);
] T-12
2 = VLTIV Z Z (Yit12,i44 — Yig12 — Qiga)
4T —12)5 t=1 ie(1,2,3,4)
x (Y=Y — a);
] T-13
f13 = 3T —13)52 Z Z (Yiq13,i45 — Yig13 — Gigs)
t=1 ie{1,2,3)
x (Y — Y — a);
1 T—14
Pu=——> Y (Fisrsire — Yirrs — dige)
2T - 140 t=1 ie(1,2}
X (f/z,i - 1?: - ﬁi);
] T-15
p1s = et Z (Yes158 — Ye15 — ds)
(T —15)6 =

X (?t,l _?t —131)~

Theorem 3.1: Assume conditions (C1)-(C4). Then, as
T — oo,
~2

JT (% - 1) = 0p(1),

VT@; —a)/N, = 0p(1), i=1,...,8,

VT(pj—p)=0p(1), j=1,2,3,9,...,15

where Ny is the population size at time t and Op(1)
denotes a quantity bounded in probability.

The proof of this result is given in Appendix.

The derived estimators are moment estimators. The-
orem 3.1 indicates that they are consistent 2with the
convergence rate VT, under (C1)-(C4). To improve
the efficiency by repeated computations, we consider
a replication method such as the balanced half sample
or balanced repeated replication (e.g. Adam & Fuller,
1992; Lent, 1991; Lent et al., 1999). Suppose that a bal-
anced half sample set of size B has been created. Define
Y; ki as the kth replicate estimate for Y; ; with replicate
weights 0.5 and 1.5 in each half sample. We apply the
moment method to each replicate and then average over



the replicates, which lead to the following estimators for
o?and p;’s:

i 4 B T-1 A
pP1 = 6B(T — 1)62 ; £ ieu,;ﬁj](nﬂ,k,iﬂ
- ?H-l az+1)(At,k,z - At a;);
i 4 B T2 .
02 = 1B(T — 2)32 ; 2 Z 6}(Yt+2,k,i+2
- f@—z - ai+2)(At,k,z - At — a;);
o 4 B T-3 ;
P3 = 2B(T — 3)52 Lol L 5}( t+3,k,i+3
- 1Aft+3 — ait3 (At,kz - At — a;);
B T-9

B T-10

P10 = m Z Z Z YVip10ki42

k=1 =1 ic(3 4}
— Yit10 — Giy2) Yeki — Ve — ai);
4 B T—11
PP e
ou 3B(T — 11)52 Z Z A Z (Yeg11,k,i43
k=1 t=1 ic(2,3.4)
— Y — ai3) Yok — Yo — a);
B T—-12

- 4 A
P12 = m Z Z Z }(Yt+12,k,i+4

k=1 t=1 ic{1,2.3,4
— YVivir — i) Yok — Vo — ap);
4 B T-13
013 = ————5 Y, i
P13 3B(T — 13)62 Z Z ' Z (Yet13,k,i45
k=1 t=1 ie(1,2,3)
— Yoy — digs) Yk — Vi — ai);
4 B T-14
L R oo
P14 2B(T — 14)62 Z Z Z (Yer1a,kive
k=1 t=1 ie(1,2)
— Y14 — dire) Yiki — Yi — ai);
4 B T-15
WL S Borrre — Fours — 3
P15 = BT~ 15)52 kX_; ;( t+15,k8 — Yi415 — dg)
x (Yigr — Y —a1).

These estimators will be called replication-moment
estimators. Note that this method is different from the
replication method in Lent et al. (1999) in two aspects.
The first is that we include bias estimators. The second
is that we use past data from T months to improve efhi-
ciency under (C2) and (C3).
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The performance of the different estimation proce-
dures in obtaining the optimal A and K was compared
through a numerical study.

4. Numerical study

We generated a finite population of size N = 15, 000, in
which the employment status variables were generated
such that the unemployment proportion is the same
as the estimated unemployment rate by the CPS from
2004 to 2014. We considered the estimation of Y;, the
population-level unemployment total at month ¢, and
rotation groups of the same size n = 50, 100 and 200.
For each month, we selected a simple random sample
of size n from the population, and kept them on track
in the next 15 months. Such sampling scheme ensures
that condition (C4) holds approximately. Based on the
simulated sample, we estimated the optimal coefficients
A and K, and obtained the optimal AK estimators for
all months in 2014. The proposed estimators based on
moment estimation alone and replication moment are
denoted by }A’t/ "y and fft’ 'p> respectively, in which the total

number of replications is B = 48. We compared f/t’ "and

A

Y/’ with two other AK composite estimators, the AK
composite estimator ?t/,/C with fixed A = 0.3 and K =
0.4, and the AK composite estimator f’/fL with A and
K determined by the replication method proposed in
Lent et al. (1999). The estimator f/t’ 'cisbased on all data
from January 2004 to December 2013. For estimators
}A’t”/L, fft”M and f//”R, we tried two different T’s, T = 120
(January 2004 to December 2013) and T = 60 (January
2009 to December 2013).

Based on 500 simulation repetitions, we approxi-
mated the MSE for each estimator and listed them in
Table 1 for ¢ ranging from January to December 2014.
The result of estimation bias for each estimator is omit-
ted, because the bias of each estimator is negligible com-
pared with the standard deviation. We have the follow-
ing observations from Table 1.

L. l}t’ > 17/ "rand 17[’ 'z are much better than f@”’c, indi-
cating that updating A and K is necessary at least
periodically.

2. lA/'tf/R is better than f/t”M in most cases, indicating
that the additional computations by replication
is worthwhile.

3. In 63 of the total of 72 cases, IA/tf’R is better than

l}t(’L, and some of the improvements are sub-
stantial. The estimator fft/”M based on moment
estimation alone is better than ﬁf’L in 28 of the
72 cases.

Because the bias is negligible in this simulation study,
possible reasons for the improvement of our method
over the one in Lent et al. (1999) are (i) our method
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Table 1. Simulation MSE of four estimators in 2014 (all results are in %).

MSE
T=60 T=120

n t Y/N Ve Y Yu 4 Y Y Y
50 Jan 6.60 0.806 0.692 0.687 0.663 0.581 0.593 0.534
Feb 6.70 1.074 0.773 0.751 0.743 0.696 0.688 0.661
Mar 6.60 1.175 0.732 0.702 0.640 0.653 0.710 0.620
Apr 6.20 0.763 0.721 0.523 0.611 0.677 0.559 0.650
May 6.30 0.964 0.662 0.671 0.678 0.699 0.672 0.678

Jun 6.10 0.691 0.455 0.41 0.425 0.436 0.418 0.417

Jul 6.20 1.299 0.389 0.728 0.358 0.340 0.701 0.417

Aug 6.10 1.578 0.655 0.975 0.630 0.528 0.880 0.525
Sep 5.90 1.876 0.750 1.231 0.750 0.627 0.726 0.624
Oct 5.70 1.502 0.760 1136 0.851 0.751 0.706 0.704

Nov 5.80 0.910 0.742 1.818 0.725 0.539 0.778 0.523
Dec 5.60 0.967 0.717 0.865 0.696 0.576 0.564 0.527
100 Jan 6.60 0.426 0.280 0.315 0.269 0.269 0.306 0.222
Feb 6.70 0.417 0.269 0.266 0.203 0.255 0.250 0.228
Mar 6.60 0.374 0.273 0.221 0.206 0.256 0.251 0.238

Apr 6.20 0.472 0.257 0.293 0.248 0.231 0.197 0.188

May 6.30 0.425 0.161 0.157 0.154 0.161 0171 0.154

Jun 6.10 0.321 0.199 0.267 0.215 0.169 0.167 0.150

Jul 6.20 0.324 0.198 0.175 0.153 0.143 0.189 0.142

Aug 6.10 0.391 0.118 0.159 0.125 0.116 0141 0.127

Sep 5.90 0.283 0.121 0.222 0.115 0.159 0.152 0.141
Oct 5.70 0.554 0.127 0.191 0.125 0.207 0.342 0.204
Nov 5.80 0.865 0.221 0.385 0.205 0.220 0.265 0.234

Dec 5.60 0.471 0.208 0.340 0.201 0.193 0.335 0.190

200 Jan 6.60 0.231 0.183 0.185 0.179 0.166 0.153 0.149
Feb 6.70 0.166 0.136 0.132 0.127 0.132 0.131 0.115

Mar 6.60 0.140 0.131 0.1M 0114 0.125 0.112 0114

Apr 6.20 0.152 0.116 0.115 0.112 0.114 onz 0.101
May 6.30 0.201 0.090 0.118 0.087 0.089 0.113 0.083

Jun 6.10 0.258 0.098 0.140 0.094 0.092 0.141 0.081

Jul 6.20 0.243 0.087 0.140 0.087 0.087 0.084 0.081

Aug 6.10 0.165 0.087 0.102 0.088 0.082 0.102 0.071
Sep 5.90 0.262 0.085 0.160 0.092 0.080 0.163 0.087
Oct 5.70 0.188 0.092 0117 0.090 0.081 0.120 0.080
Nov 5.80 0.147 0.093 0.093 0.093 0.088 0.093 0.085

Dec 5.60 0.141 0.096 0.081 0.089 0.082 0.079 0.071

adopts a more precise method to determine the opti-
mal coefficient A, which is supported by the fact that
Yt 4 iImproves Yt ; in some cases, although the moment
estimation of o2 and p;’s without replication may not
be efficient; and (ii) Yt » uses more past observations in
estimating o' and pj’s under (C2) and (C3). Note that
the method in Lent et al. (1999) also uses (C2) and (C3)
in the derivation of the variance formula of the AK com-
posite estimator, although not in the estimation of o
and p;’s. Furthermore, in applications, the biases should
be checked empirically before applying the method in
Lent et al. (1999).

5. Discussions

Selecting A and K in the AK composite estimators
has been a long-standing issue in the CPS. We revisit
the MSE formula of the AK composite estimator and
express it as a quadratic form of A for each fixed K so
that the optimal A and K can be easily obtained. Based
on our simulation results, we recommend the pro-
posed replication-moment method in estimating the
unknown parameters in the optimal values of A and K.

Different from existing methods for choosing A and K
in the CPS (Lent et al., 1999), our approach selects A in
a more precise manner, and uses past data and takes the
rotation group bias into consideration when estimat-
ing the unknown parameters in the optimal values of A
and K.

Both our approach and the one in Lent et al. (1999)
are based on (C2) and (C3) which are covariance sta-
tionarity conditions when monthly data are viewed as a
time series. Without these covariance stationarity con-
ditions, the variance or MSE of ¥, does not have any
explicit form so that selecting A and K becomes very dif-
ficult. Some further research along the following lines is

desired.

1. For along period of time (a large T), the covari-
ance stationarity conditions are likely to be vio-
lated. However, it may be reasonable to assume
these conditions in a moderate time period, and
our method can be applied periodically.

2. Some ideas for relaxation of the stationarity con-
ditions are discussed in Cantwell (1990). For
example, we may assume that Cov(fft,i, f/s i) =



Ple—s|.i. joz if the two estimators are from the
same panel but |t — s| months depart. Our
method may be extended to this situation where
data are non-stationary, but a certain structure is
imposed to Cov(fft,i, }A’S,j).

3. Without any assumption other than the exis-
tence of the second-order moments, the MSE
of ¥/ does not have any explicit form. If an
accurate MSE estimator can be derived (e.g. by
replication or bootstrapping), we may select A
and K by minimising the MSE estimator over
a grid.

Our result also relies on condition (C4) for the rota-
tion biases. Without any condition, the rotation biases
are not estimable. Previous researchers either assumed
(C4) or simply ignored the rotation biases (Bailar, 1975;
Cantwell, 1990; Krueger et al., 2017; Lent et al., 1999).
A further investigation on the rotation biases when they
are not ignorable is needed.

Combining with Theorem 2 in Cantwell (1990), our
method can be applied to the selection of the optimal
A and K for estimating the month-to-month change A;
by Y/ — Y/ |, because the MSE of ¥, — ¥ is also a
quadratic form of A for any fixed K. Note that ¥, —
Y/ | is always unbiased for A, and hence its MSE is its
variance. The proof of the following result is given in
Appendix.

Theorem 5.1: Let L be the 8 x 8 matrix with 1s on the

subdiagonal and 0’s elsewhere. Under (C1)-(C3),
MSE(Y) — Y/ ) =a®% A + bOA + ¥ forK =0,
MSE(Y, =V ) =aPA> + bPA + P for 0 <

K< 1,

where

aco =207y (I — pL)yy:
beo = 40%y! (Is — p1L)y;
ceo =20y{ Iy — pL)y:
a1 = {0’y vy — (1 — K)’a,}/K;
by = {207yl y, — 20 Koyl L8 — (1 — K)?b,}/K;
Cel = {azleyl + o2K28Ts — ZazKplleLS
— (1-K)%*,}/K.

If we consider the estimation of the total and change
together, then we may minimise a compromised loss
function AMSE(Y;") + (1 — A)MSE(Y;” — ¥/ ,) with a
fixed A, 0 < A < 1, to determine the optimal A and K.
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Appendix

Proof of Theorem 3.1: We only prove the results for
a;’s and 62 under (C1)-(C4). We first deal with a;’.
LetU;; = ﬁy,’ — Z?zl ﬁ’]/S Then {U])i, . Ur }isa
stationary 16-dependent sequence. By Theorem 9.1 in
DasGupta (2008), we have

T
VT@G; — a;) = % ;{Ut,i — E(U;,)} — N(0, 7});

as T goes to infinity, where 17 = Var(U;;)+
232, Cov(Upi, Up)andi=1,..., 8.

Now we deal with 62. Let S, = ij{(ff,j — Y )% -
(a; — a;)*}/56. Then §; is also a stationary 16-
dependent sequence. Again by Theorem 9.1 in Das-
gupta (2008), we can see that

T
D 18 — E(S)} — N0, 19);

t=1

-

as T goes to infinity, where t¢ = Var($;)+
16 ) A2 2 —1/2y &

2 ijz Cov(S1, Sj). Then 6° — o = Op(T~"/?) since

d; —a; = Op(T~'/?). The proof is completed. O

Proof of Theorem 5.1: Recall that y = Ay, + y,. By
Theorem 2 in Cantwell (1990), we know that for
K=0,
Var(¥; = ¥'))
=207y (I — pL)y
= 20%y{ (Is — L)y, A* +40°p] (Is — piL)y,A
+ 207y, (I — ;L) y,
= ﬂc,oAZ + beoA + cco,
andfor0 < K <1,
Var(¥; — ¥
=o?(yTy + K2678 — 2Kp,y"L8) /K
— (1 —K)*Var(¥/)/K
= (Vg VoA’ + 27 A+ ¥y, + K878
— 2Kp1yg L8A — 2K pyy{ L8)/K
— 1-K)*(a,A* + b,A+¢c)/K
=a. 1A 4+ b A +c..

Then proof is completed by noting that (Y,” — Y/ ) is
an unbiased estimator for A;. O
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