Taylor & Francis
Taylor &Francis Group

Staiis%iﬁal || statistical Theory and Related Fields
eory|

AMND RELATED FIELDS !

ISSN: 2475-4269 (Print) 2475-4277 (Online) Journal homepage: https://www.tandfonline.com/loi/tstf20

Impact of sufficient dimension reduction in
nonparametric estimation of causal effect

Ying Zhang, Jun Shao, Menggang Yu & Lei Wang

To cite this article: Ying Zhang, Jun Shao, Menggang Yu & Lei Wang (2018) Impact of sufficient
dimension reduction in nonparametric estimation of causal effect, Statistical Theory and Related
Fields, 2:1, 89-95, DOI: 10.1080/24754269.2018.1466100

To link to this article: https://doi.org/10.1080/24754269.2018.1466100

@ Published online: 18 May 2018.

N
CJ/ Submit your article to this journal

||I| Article views: 117

A
& View related articles &'

@ View Crossmark data (&'

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=tstf20


https://www.tandfonline.com/action/journalInformation?journalCode=tstf20
https://www.tandfonline.com/loi/tstf20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/24754269.2018.1466100
https://doi.org/10.1080/24754269.2018.1466100
https://www.tandfonline.com/action/authorSubmission?journalCode=tstf20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=tstf20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/24754269.2018.1466100
https://www.tandfonline.com/doi/mlt/10.1080/24754269.2018.1466100
http://crossmark.crossref.org/dialog/?doi=10.1080/24754269.2018.1466100&domain=pdf&date_stamp=2018-05-18
http://crossmark.crossref.org/dialog/?doi=10.1080/24754269.2018.1466100&domain=pdf&date_stamp=2018-05-18

STATISTICAL THEORY AND RELATED FIELDS
2018,VOL. 2,NO. 1,89-95
https://doi.org/10.1080/24754269.2018.1466100

Taylor & Francis
Taylor &Francis Group

'.) Check for updates

Impact of sufficient dimension reduction in nonparametric estimation of
causal effect

Ying Zhang?, Jun Shao?®, Menggang Yu© and Lei Wang®

aDepartment of Statistics, University of Wisconsin-Madison, Madison, W1, USA; ®School of Statistics, East China Normal University,
Shanghai, People’s Republic of China; “Department of Biostatistics and Medical Informatics, University of Wisconsin-Madison, Madison, WI,
USA; 9 Institute of Statistics and LPMC, Nankai University, Tianjin, People’s Republic of China

ABSTRACT

We consider the estimation of causal treatment effect using nonparametric regression or
inverse propensity weighting together with sufficient dimension reduction for searching low-
dimensional covariate subsets. A special case of this problem is the estimation of a response
effect with data having ignorable missing response values. An issue that is not well addressed
in the literature is whether the estimation of the low-dimensional covariate subsets by suffi-
cient dimension reduction has an impact on the asymptotic variance of the resulting causal
effect estimator. With some incorrect or inaccurate statements, many researchers believe that
the estimation of the low-dimensional covariate subsets by sufficient dimension reduction does
not affect the asymptotic variance. We rigorously establish a result showing that this is not
true unless the low-dimensional covariate subsets include some covariates superfluous for esti-
mation, and including such covariates loses efficiency. Our theory is supplemented by some
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simulation results.

1. Introduction

Consider the estimation of an unknown parameter 6
based on a sample of size n from a given population.
Many estimators are of the form 6, ()p), a function of
A, that is an estimator of another parameter , where
both 6, and 4, are functions of the sample (e.g., Gong
& Samaniego, 1981; Randles, 1982). Under some con-
ditions both nl/z{én(in) — 0} and nl/z{én(k) — 0} are
asymptotically normal with mean zero as » increases
to infinity. A question of both theoretical and prac-
tical interest is whether the estimation efficiency is
affected by the fact that A is estimated, i.e., whether
én ():n) and én (1) have the same asymptotic variance.
Examples with equal asymptotic variance were given in
Raghavachari (1965), Adichie (1974), De Wet, and Van
Wyk (1979) and Randles (1982). Examples in which
én():n) and é,, (1) have different asymptotic variances
can be found in Gong and Samaniego (1981) and Ran-
dles (1982).

In the problem of causal evaluation of treat-
ment (Hahn, 1998, 2004; Hirano, Imbens, & Rid-
der, 2003; Imbens, Newey, & Ridder, 2006; Rosenbaum
& Rubin, 1983; Wang & Chen, 2009; Wang, 2007),
the previously described issue is not well addressed in
the literature, and some incorrect or inaccurate state-
ments are given with incorrect proofs. The problem
can be described as follows. Let T be a binary treat-
ment indicator, X be a p-dimensional vector of pre-
treatment covariates and Yy be the potential outcome

under treatment T'=k. We focus on the causal effect
0 = E(Y1) — E(Yy), other causal effects such as quan-
tile treatment effects can be similarly considered. Since
only one treatment is applied, what we can observe is
Y =TY; 4+ (1 — T)Yy, not both Y; and Y. Based on a
random sample from the distribution of (Y, X, T), we
can estimate 6 under the assumption that T L Yi | X
(Rosenbaum & Rubin, 1983), i.e., T and Y} are inde-
pendent conditional on X, k=0,1. In the special case
where Y\ = 0, this problem reduces to the well-known
missing data problem where T'=0 indicates a missing
Y1,60 = E(Y1),and T L Y} | X is simply the missing at
random assumption.

Estimators based on nonparametric regression or
nonparametric inverse propensity weighting as
described in Section 2 require almost no model
assumption on (Y,X) but they do not perform well
when the covariate dimension p is not very small. Since
frequently only a few linear combinations of X are actu-
ally related with Yy, it is attractive to first find a lower
dimensional BEX satisfying Yy L X| BEX, where Bj
is a p x dj constant matrix with a small dy, k=0,1,
and then apply nonparametric regression or inverse
propensity weighting with X replaced by BEX. If By
and B; are known, then the resulting estimator of 0
is denoted as é,,()») with A = (By, B1). However, A is
usually unknown and a sufficient dimension reduction
method (e.g., Cook & Weisberg, 1991; Li, 1991; Xia
Tong, Li, & Zhu, 2002) is typically applied to estimate it
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by in = (Bo, 31). Under some conditions, both én ():,1)
and 6,(1) are asymptotically normal with mean zero
and hence the relevant question is whether the esti-
mation of A by A, affects the asymptotic efficiency of
estimating 6. There is no precise conclusion in the liter-
ature regarding this issue, but some researchers implic-
itly assume that using n!/2-consistent estimators of A
is asymptotically the same as using the true . For
instance, Hu, Follmann, and Wang (2014) and Deng
& Wang (2017) claimed that 9 (An) and 6 (A have
the same asymptotic variance if By is n'/2-consistent,
which is an incorrect conclusion in general. In a very
recent publication, Luo, Zhu, and Ghosh (2017) made
the same wrong conclusion.

We rigorously establish a result showing that
under the additional condition T L X | B;(FX, k=0,1,
nl/ z{én (hn) — Op (M)} = 0p(1). Although this condition
is sufficient but not necessary for the asymptotic equiv-
alence between én ():,,) and én (1), we provide an exam-
ple showing that without T L X | BEX, k=0,1, én ():,1)
and 6, (1) have different asymptotic variances. Our the-
ory is supplemented by simulation results showing that
0, (hp) can be substantially less efficient than B (N).
However, our simulation results also show that finding a
B satisfying the additional condition T L. X | BEX may
not be a good idea, because, although the resulting esti-
mator is not affected by the estimation of By, BEX may
include some covariates superfluous for estimation and
have an unnecessarily high dimension to lose efficiency.

2. Theory

To study the asymptotic behaviour of 6,(%,) and
0,(1), we first described three popular nonparamet-
ric estimators 0,. We adopt the notation in Section 1.
The regression method (Hu et al., 2014; Imbens
et al, 2006) estimates 6 = E{E(Y; |BIX,T=1)—
E(Yy | BEX, T = 0)} through estimating the function
my(s) = E(Y | BEX =s,T =k) by the usual kernel
estimator 7i(s) = ) 1, T(k)YIChk(BTX )/ >,
TO K, (BIX; — ), k=0,1, where T\ = T;, T\ =

1 — T3, KCpy(s) = hy, lek(hk s), K is a di.-dimensional
kernel function and Ay is the bandwidth. The regression
estimator of 6 is

N 1< . )
Orec (1) = — ;{mlw?x,-) — g (BEXi)).
1=

The inverse propensity weighting method (Imai &
Ratkovic, 2014; Imbens, 2004; Kang & Schafer, 2007)
estimates the probability 7y (s) = pr(T = k| BEX =5)
by the kernel estimator 77x(s) = Y -, Ti(k)lChk (B{Xi —

)/ >y Ky (B;{XZ- — ), k=0,1, and obtains the fol-
lowing estimator of € by inverse propensity weighting,

n (k) -1
A k1 Z o
Orpw (A) = (=1
kXO:I 7k (BLXi)
(k)
— 7 (By Xi)

However, this estimator often does not have good
empirical performance and can be improved by the esti-
mator combining the regression and inverse propensity
weighting, the so-called augmented inverse propensity
weighting estimator,

Oarpw ()
1 n
=12 T
i=1 k=0,1
™y, T® — A (BIX)) | s
#k(BEX)) #k(BEX)) ’

In what follows, we use én (1) to denote one of é}pw ),
éREG (A) and éAIpW (). Under the conditions T L
Yl X, Y L X| BZX, k=0,1, and some regularity con-
ditions, it has been shown that n!/ z{én (L) — 6} is
asymptotically normal with mean 0 and variance

o2(A) = var{E(Y; | BIX) — E(Yo|B}X)}
var(Y; | BIX)

pr(T = 1| BIX)

var(Yy |BOTX)
pr(T = 0| B} X)
(1)

(e.g, Hu et al, 2014; Luo et al,
Chen, 2009; Wang, 2007).

Our main result is about the asymptotic behaviour
of én():n) with a n!/?-consistent estimator in of A =
(Bg, B1), which leads to a sufficient condition under
which 6, ():n) and 0, () are asymptotically equivalent.
In the following, vec(B) denotes a column vector whose
components are elements of a matrix B and o,(1)
denotes a term converging to 0 in probability. A proof
of the following theorem is given in the appendix.

2017; Wang &

Theorem 2.1: Assume T' L Y| X, Y L X| BEX, k=
0,1, and the regularity conditions in the appendix.

(i) Iff%k is a n'/2-consistent estimator of B, k=0,1,
then,

120, (hn) — 0,(0))

= Z n'/? Tvec(Bk — Br) +0p(1),  (2)
k=0,1



where
cov(T, X | BEX) amy(s)
¢k = —vec |E T T .
i (By X) 9s s=BIX
(3)
(ii) If

nl/zvec(fik — By)
n
=02 (X3, Vi T +op(1) (4)
i=1

for some functions . with E{y(X,Y,T)} =0,
k=0,1, then, n'/2{6,(1,) — 0} is asymptotically
normal with mean 0 and variance

o?() +var{ > Yn(X, Y, T)
k=0,1

+2cov ] Y GUk(X, Y, T),S(X, Y, T) ¢,
k=0,1

(5)
where o%()) is given by Equation (1) and

T{Y, — mi(BIX)}

SX,Y,T) = BT
_ (1=D){Yo — mo(B;X)}
70(B§ X)

+ my(BIX) — mo(BLX).

Condition (4) is satisfied for some sufficient dimen-
sion reduction methods (Hsing & Carroll, 1992; Zhu &
Ng, 1995).

Theorem 2.1 shows that the asymptotic difference
between 6, (5»,,) and 0, (1) is related to the magnitude
of By — By, k=0,1, through Equation (2). From the
sufficient dimension reduction literature, By — By is at
most of the order n~!/2. Hence, a sufficient condition
under which 6,,(1,,) and 8, (1) are asymptotically equiv-
alent is that both ¢y and ¢; in Equation (3) are equal
to 0. By formula (3), the only realistic situation where
cx = 0 is when cov(T, X | BEX) = 0, which is implied
by T L X|B}X.

Hence, if we choose By, satisfying both Y; L X | BEX
and T L X| BEX, then 6, (in) and 6, (A) are asymp-
totically equivalent, provided that Equation (4) holds.
However, we may pay a price for doing so, because
BEX satisfying the additional requirement T L X | BgX
may include some covariates superfluous for estima-
tion and, thus, have an unnecessarily high dimension
and lose efficiency. Let L = (By, B1) with By satisfying
Yi L X|B;X, and let A" = (By,By’) with By satisfy-
ing both Yy L X| B;{TX and T L X| B;{TX. Although
0, (i;) and 0,())) are asymptotically equivalent, their
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asymptotic variance is o)) given by Equation (1)
with By replaced by B, which is larger than o2(\)
when dim(B'y) is larger than dim(By) due to the extra
requirement of T L X | B;(TX . Furthermore, even when
én ():,1) is less efficient than én (X) due to the estima-
tion of A, it may still be more efficient than é,, (1). The
following is an example for illustration.

Example 2.2: Let X = XD, XEHTy, = XD 4 ¢,
Yy = 0, where XV and X®@ are independent and uni-
form on the interval [0, 1], € ~ N(0, 1) and is indepen-
dent of X. Let pr(T = 1|X) = exp(—2 + 3X@) /{1 +
exp(—2 + 3X?)}. Then BIX = X satisfying Y; L
X | BIX, but not T L X | BIX. Let B]'X = X. Then
both Y; L X | BfX and T L X | B{'X hold. However,
dim(B?X) =1<2= dim(B/lTX), and B/ITX contains
X@ that is not useful for estimating @ = E(Y}). In this
case, 02(L) = 1/12 + {pr(T = 1)} ! = 2.612, smaller
thano?(A') = 1/12 + E{1 4+ exp(2 — 3X?)} = 3.424.
The ¢; vector defined by Equation (3) is a two-
dimensional vector whose first component is 0 and
second component = —E{cov(T, X® |X(1))/pr(T =1
Xj)} = —0.136 # 0, so the asymptotic variance of
0, (in) given by Equation (5) differs from o2()). Calcu-
lating the asymptotic variance in Equation (5) requires
further information about B;.

In next section, we provide some numerical results
for the variance in Equation (5).

3. Simulation

To support our theory we investigate the finite-sample
performances of éREG and éAIPW with two choices
of By discussed in Section 2, i.e., By satisfies Yj L
X | B{ X with smallest possible dim(B; X), and B}, satis-
fies Y L X| B;{TX and T 1 X | B;{TX with smallest pos-
sible dim(B;CTX). We consider estimators using the true
By and By as well as estimated B and Bj by apply-
ing the sliced inverse regression method (Li, 1991).
According to Theorem 2.1, estimators using the true By
and estimated By have different asymptotic variances,
whereas estimators using the true B; and estimated
B, are asymptotically equivalent. We try two sample
sizes, n =200 and n=1000. As in Hu et al. (2014), the
nonparametric kernel estimators ﬁk(gk) and m1y, (Sk) are
computed using the rth order Gaussian product kernel
with standardised covariates. The bandwidth we used
here is by = 1.5n~2/ 2+ (Chen, Wan, & Zhou, 2015;
Hu et al., 2014).

We consider the following three simulation models.

(1) X = (X1, X2, X3)T with independent N(0, 10%)
components, Yo = 10X7 + €p, Y1 = 10 + X5 + €5,
where €;’s are independent N(0, 1) and are inde-
pendent of X, and pr(T = 1| X) = exp(3X3) /{1 +
exp(3X3)}. The outcome models are linear in X
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Table 1. Relative bias (RB) and standard deviation (SD) of én based on 1000 simulations.

6n(An) 6n(2) On (A7) On (1)

Method Model n RB SD RB SD RB SD RB SD
REG (1 200 0.06 7.48 0.06 7.23 0.07 7.66 0.06 7.53
1000 0.03 3.39 0.03 3.22 0.04 331 0.03 3.30

(2) 200 0.03 0.37 0.02 0.29 0.06 0.58 0.05 0.41

1000 0.01 0.17 0.01 0.12 0.04 0.22 0.03 0.20

(3) 200 —0.01 0.52 —0.02 0.44 —0.04 0.66 —0.05 0.62

1000 0.01 0.19 —0.01 0.18 —0.01 0.23 —0.03 0.24

AIPW Q)] 200 0.04 7.50 0.04 7.21 0.05 7.65 0.04 7.52
1000 0.02 3.40 0.02 3.23 0.03 3.31 0.02 3.29

(2) 200 0.02 0.34 0.01 0.28 0.05 0.57 0.05 0.41

1000 0.00 0.15 0.00 0.12 0.03 0.20 0.02 0.17

3) 200 0.00 0.48 —0.01 0.43 —0.04 0.61 —0.05 0.60

1000 0.01 0.18 0.00 0.17 0.00 0.22 —0.03 0.22

Notes: A = (Bg, B1), Yk L X | BIX, k=0,1;1" = (B, B}), Yy LX| B;(TX andT L X | B;(TX, k=0,1.%, and i;,: estimates of A and )" by sufficient dimension

reduction.

and the log-conditional treatment odds is linear in
X. Under this model, dim(BOTX) = dim(BlTX) =1,
dim(BJ'X) = 2 and dim(B}X) = 1.

) X=(Xy,...,X7) T with independent N(0, 1) com-
ponents, Yo = 3X; + 6X, + 3X3 + €, Y1 = 10+
3X1 + 6X, + 3X3 + 3X4 + €1, where €;’s are inde-
pendent N(0,1) and are independent of X, and
pr(T =1|X) = exp(2X4)/{1l + exp(2X4)}. The
outcome models are linear in X and the log-
conditional treatment odds is linear in X. Under
this model, dim(B}X)=dim(BIX)=1 but
dim(BJ'X) = dim(B{'X) = 2.

(3) X=(X},...,X7,)T with independent N(0,1)
components, Yy =3(X; + Xz +2X3 4+ 2Xy) +
15XZ 4+ €0, Y1 =12+43X +Xo +2X3 + X4 +
Xs5) + 1.5X§ + €1, where €;s are independent
N(0,1) and are independent of X, and pr(T =
1|X) = exp(—2Xs5 + 0.7X2 — 0.5X2) /{1 + exp
(—2Xs5 + 0.7X§ — O.SXg)}. The outcome models
are nonlinear in X and the log-conditional treat-
ment odds is also nonlinear in X. Under this model,
dim(B}X) = dim(B]X) =2 but dim(By'X) =
dim(B}!X) = 4.

Table 1 shows the simulated relative bias and stan-
dard deviation in each scenario based on 1000 simula-
tion runs. It can be seen that the simulation results are
in agreement with the asymptotic result (Theorem 2.1),
especially when n=1000, i.e., the SD of én():’n) and
én (") are very close while the SD of én (in) and én (A)
may be quite different. Although én (5»,,) may be worse
than én (1), it may be better than én ():’n); hence, it is not
a good idea to search for a A/, that does not affect the
asymptotic variance. Regarding the two different esti-
mation methods, éREG and éAlpw have very comparable
performances.
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Appendix

The following regularity conditions are assumed for
Theorem 2.1, where conditions (1)-(4) are the same as con-
ditions C1-C5 in Wang & Chen (2009) with X replaced by
Sk =B[X,k=0,1:

(1) 7 (Sk) = pr(T = k| Sk) is bounded away from 0 and 1.

(2) The propensity function . (Sk), the Sk-density function
f(Sk) and my(Sk) all have bounded partial derivatives
with respect to Sk up to order rx with r, > 2, where 7
is the order of the kernel /Cp, .

(3) E(Y}) < oo.

(4) The smoothing bandwidth Ay satisfies nhi" — 00 and
nl/zh;" — 0asn — oo.

(5) Thekernel Ky isbounded up to the second-order deriva-
tive.

(6) The smoothing bandwidth Ay satisfies nhi — 00 as
n— oo.

Proof of Theorem 2.1: For purposes of simplicity, we focus
only on the proof for regression type estimator éREG with
dp = d; = 1 and show the difference of first term in regres-
sion estimator between using true B; and estimated Bj.
Denote hy, Ky, my (), w1 (), By as h, IC, m(-), 7 (-), B, respec-
tively, and define KCy,(-) = h~!C(-/h) in the following proof.
Let Ajj = IC;,(BTXj — B'Xx;) — IC;,(BTXj — BTX;)); it can be
verified that

Y BT - BT}

i=1
Z L T Kn(BX; — BTX))
ZJ 1 T,Ch(BTX] BTXl')
Zj:l T]lech(BTAX] - BTXi)
Y TiKw(BYX; — BIX))

[

B Zj:l Tij’Ch(sj -8
i1 TiKn(S; = $i)

Y YK (S —
L TiCH(S; —

$) + 201 TiYjA
i)+ 2 TiA

= A + Ay + As,
where
1 X":X":{ TiYjAi ij(si)Aff}
"Zl = T(SHf(SH  m(SHF(S)
1 n n
i=1 j=1
TiYiAy TiYjAij
TSHFS)  n 'YL TiKn(S — Si)

+nt Y TiAG
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1 n n
AF;ZZTJ‘A!‘J

=1 =1
ms) m(s)
T(SHFSH  n LY TIKh(S — S)

+n 1Y TiAy
m(S;) — Y1 TiYiKn(S1 — Si)/
Yoy TilCu(S1 — Si)

+
n=1 Y0y TiKw(S — S) +n~ 1 Y1, TiAg

Using a Taylor expansion around B'X; — BTX; for A; and
plugging in A}, we have

_ Ly [ YAy
Av=2s 22 {n@-)f(si) -

i=1 j=1

Tim(S) Ajj }
T (S)f (S)
n T {Yt,

(B B)Tzz{ m(Sp} 1

el Ay h

BYX; — B™X;\ X — X;
X[’C/< ]h ) Jh ”Jrop(nm)

n n

B—-B)T
) D) AR}

i=1 j=1

Denote Ay = (1/n*) Y1, Z;‘Zl Qjj and A = (1/n?)
h Z}‘Zl E(Qjj| X;, Y;, T;). Simple calculation entails that

Lo §—Si\ (X —Xi VTN — (s v £
E{ ET]/C ( i ) < A ) ‘ (X3, Y, Ti) = (x1>yz>tz)}
= —E(TX|S = sp)f'(si) — ximw (s)f (s:) — ximw (si)f (s1)

+8{E(TX|S =1}
ot

£(s) + 0p(1),

t=s;
and

Si — X;
e (55°) (5

= —E(TYX|S = s)f'(si) — ximw (s)m(si)f (si)

JE(TYX|S=1)
+ -
at

> ‘ (X, Y3, T)) = (xb)’z:tz)}

fGs)

t=s;

— xit (s)ym(si)f (si) — xim (sp)m’ (si)f (si) + 0p(1).

Therefore,

n

% Z {cov(TX, Y S =s)f (si)

i=1

A =

n JE(TYX|S=1) £
ot t=s;
IE(TX|S=1) N
T m(si)f (si)

- xin(Si)m/(si)f(si)} + 0p(1)

n

= —% Z {cov(TX, Y|S= Si)f/(si)
i=1

dcov(TX, Y |S=1)
at

fG)
t=s;
+ E(TX | S = sjym' (s))f (si)
— xim (spym' (s;)f (Si)} + 0p(1)

= (Cl)pxl + Op(l))

where
o { cov(TX, Y | S)f'(S) 4 8 cov(TX, Y | S)/8Sf(S) }
LT 7(S)f(S)
v {E(TX|S) — X7 (S)}m/(S)
[ (S) ]

—1 ’
_E |:3{7T(S) } cov(TX, Y| S) — cov(T, X | S)m (S)i|
N 7(S)
It can be seen that the first term in ¢; will be equal to 0 if
Y, L X |S, while the second term in ¢; will be equal to 0 if
T L X|S. Thus, it leads to ¢; = 0 when both Y; 1 X|S and
T 1 X|Shold.

Let Ajyj = (1/m) Y1, Qjand Ay = (1/n) 30, E(Qj|
X,‘, Y,‘, T,‘). We have

E(A1 — App)?
1 n
= — D B(Au; — An?
j=1

2
+ n(n — 1)

ZE(AIIJ AnjEAng — Ay

Aj)? =

1
~E(An; — {E(An]) E(A1)

1
< nE(AHJ) = Op(1)~
Thus, A1; = c1 + 0p(1), which leads to
n'2A1 = [ {n"*(B — B)} + 0,(1).

For Aj, we also use a Taylor expansion for A;:

n n
T,Y;A

__ 1 j _
A= ; ; T (S)F(S)

TiYjAij
UYL TR (S — S
+n 1YL TiAy

TY) o BTX; — B'X;
h h

x (B—B)T <¥)

1 1
7 (S)f(Si) n-! Z?:l TiICh(S — S))
+n7 Y0 TiA

1 n n
Al
i=1 j=1

+ op(nfl/z).
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We then decompose A; by conditioning on indexes i, j, that Since
is, we define

1 n
E { - > TICw(S1 — Si) ISi} = (S)f (Si) + 0p(1),

. 1 n n T]Y] ) BTX] _ BTXi I=1

A== 2| K T 1
S E{ =D TiYikn(Si— ) 18§ = m(Sym(SHf () + 0p(D),

I=1
using a similar decomposition method as A;, we can
« (g —B)T (XJ' _Xi> « E 1 also show n!/2A, ﬁ> 0 and n'/2A; ﬁ> 0. Theorem 2.1 is
h 7 (SHf (i) proved. ]

1
Xi, Y, Ti

n UYL T (S — S+
n 'YL TiAg
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