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review
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Key Lab of Statistical Modelling and Data Analysis of Yunnan Province, Yunnan University, Kunming, People’s Republic of China

ABSTRACT
Nonignorable missing data are frequently encountered in various settings, such as economics,
sociology and biomedicine. We review statistical inference for nonignorable missing-data prob-
lems, including estimation, influence analysis and model selection. For estimation of mean
functionals, we review semiparametric method and empirical likelihood (EL) approach. For esti-
mation of parameters in exponential family nonlinear structural equation models, we introduce
expectation-maximisation algorithm, Bayesian approach, and Bayesian ELmethod. For influence
analysis, we investigate the case-deletion method and local influence analysis method from
the frequentist and Bayesian viewpoints. For model selection, we present the modified Akaike
information criterion and penalised method.
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1. Introduction

Inmany applications, such as economics, sociology and
biomedicine, some subjects may missing responses or
predictors due to various reasons such as study drop-
out, study subjects’ unwilling to answer some items on
a questionnaire, loss of information caused by uncon-
trollable factors, among others. Statistical inference for
missing-data problems is quite challenging.

Over the past years, various statistical methods
have been developed to handle missing data based
on three different missingness data mechanisms (Lit-
tle & Rubin, 2002): missing completely at random
(MCAR), where missingness does not depend on
any observed or unobserved data; missing at ran-
dom (MAR), where missingness only depends on the
observed data; missing not at random (MNAR), where
missingness is associated with the unobserved data,
perhaps in addition to the observed data, which is
the most difficult to handle. Generally, the MCAR and
MARare called ignorablemissingness, while theMNAR
is termed nonignorable missingness.

The most commonly used method in missing data
analysis is the complete-case analysis (i.e., statisti-
cal inference is performed only on the completely
observed data). However, this method may be biased
or inefficient when missingness data mechanism is not
MCAR. Another popular approach to handle miss-
ing data is the imputation, including single imputa-
tion such as the hot-deck imputation (i.e., a missing
value is imputed from a randomly selected similar

record), the cold-deck imputation, the mean imputa-
tion (i.e., a missing value is imputed with the mean
of that variable for all other observed cases), which
has some attractive properties for univariate analysis
but becomes problematic for multivariate analysis in
that it attenuates correlation between the variable to
be imputed and regression imputation (i.e., a fitted
value from the considered regression model is used to
impute the missing value), multiple imputation (MI)
and expectation-maximisation (EM) method (Demp-
ster, Laird, & Rubin, 1977). In particular, Horvitz
& Thompson’s (1952) inverse probability weighting
(IPW) method is also a popular method, which may be
unstable due to the usage of inverse probabilities when
the probabilities are quite small even if it is unbiased
under MAR, and may also suffer from efficiency loss
due to incomplete data omitted. To incorporate addi-
tional information from incomplete subjects, Robins,
Rotnitzky, and Zhao (1994) proposed the augmented
inverse probability weighted (AIPW) method, which
is also referred to as the propensity score (PS) weight-
ing approach.Most of existing work associated with the
PS method mainly focuses on the MAR assumption.
When the missing data are MNAR, standard PS meth-
ods developed for ignorable missing data may not work
in that missing variables in the PS model are not always
observed. The PS analysis with nonignorable missing
data is quite challenging. To this end, many modified
PSmethods have been proposed to handle missing data
over the past years, for example, see Hansen (1982),
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Chang and Kott (2008), Kim and Shao (2013), Rid-
dles (2013),Wang, Shao, and Kim (2014), Riddles, Kim,
and Im (2016), and Jiang, Zhao, and Tang (2016).

Model-based approaches provide additional tools
for handling missing data including ‘testing’ miss-
ing data types and estimating parameters in the con-
sidered models. The widely used methods include
the maximum likelihood (ML) or quasi-likelihood
method directly maximising the likelihood or quasi-
likelihood of the observed data, and the EM algorithm
for evaluating the ML estimates (MLEs) from the
complete-data likelihood when the likelihood func-
tion or quasi-likelihood function is available, which
has extended to various statistical models, for instance,
see Laird and Ware (1982), Ibrahim (1990), Ibrahim,
Chen, and Lipsitz (2001), Lee and Zhu (2002), Zhao
and Tang (2015), and Tang and Tang (2018).

Also, the empirical likelihood (EL) method, which
is proposed by Owen (1988), is widely applied to
missing data analysis due to its attractive proper-
ties. For example, it has sampling properties simi-
lar to the bootstrap, but instead of resampling. There
are considerable literature on missing data analysis,
including estimations of mean functionals and model
parameters using the EL method. For instance, see
Cheng (1994), Wang and Rao (2002), Liang, Wang,
and Carroll (2007), Stute, Xue, and Zhu (2007),
Xue (2009), Qin, Zhang, and Leung (2009), Wang
and Chen (2009), Tang and Zhao (2013), Wang
and Qin (2010), Chen and Kim (2017), Zhao, Tang,
and Tang (2013), Zhao, Zhao, and Tang (2013), and
Tang, Zhao, and Zhu (2014).

Bayesian parameter estimation method is also often
used to handle the estimation problem of the para-
metric models with missing data due to the following
facts. First, the posterior distributions of parameters
and nonparametric function and missing data can be
estimated using the well-known Markov chain Monte
Carlo (MCMC) methods in statistical computations,
such as the Gibbs sampler (Geman & Geman, 1984)
and the Metropolis-Hastings (MH) algorithm (Hast-
ings, 1970; Metropolis, Rosenbluth, Rosenbluth, Teller,
& Teller, 1953). Second, Bayesian method with miss-
ing data only requires an additional step in the Gibbs
sampler compared with nomissing-data settings. Thus,
Bayesian method can easily accommodate missing data
without requiring new techniques for statistical infer-
ence (Ibrahim, Chen, Lipsitz, & Herring, 2005). Third,
some prior information can be directly incorporated
into the analysis, which yields more precise estimates
of parameters in settings with good prior assump-
tion. Fourth, the sampling-based Bayesian methods
do not depend on asymptotic theory, and may give
more reliable statistical inference even with small
sample sizes (Lee & Tang, 2006a). There are a lot
of discussions on Bayesian analysis for missing data
problems. For example, see Ibrahim et al. (2005), Lee

and Tang (2006b), Lee and Tang (2006c), Daniels,
Wang, and Marcus (2014), Linero and Daniels (2015),
Tang, Chow, Ibrahim, and Zhu (2017), Zhang and
Tang (2017).

The aforementioned model-based methods heavily
depend on the missingness data mechanism and mod-
elling assumptions, thus the resulting estimatorsmay be
sensitive to these assumptions. Hence, sensitivity analy-
sis for the missing data problems, which is usually used
to investigate the effect of the data and model assump-
tions on estimation outputs, has received considerable
attention over the past years. To address the issue,
there are two major approaches: case-deletion method
(Cook, 1977) and local influence analysis (Cook, 1986),
which have been extended to various statistical mod-
els in the absence of missing data (e.g., see Cook
&Weisberg, 1982;Wei, 1998). Also, the two approaches
have been extended to the missing data problems.
For example, see Lavine (1991), Berger (1994), Dey,
Ghosh, and Lou (1996), Gustafson (1996a,1996b), Zhu
and Lee (2001), Verbeke, Molenberghs, Thijs, Lesaf-
fre, and Kenward (2001), Jansen, Molenberghs, Aerts,
Thijs, and Van Steen (2003), Troxel, Ma, and Heit-
jan (2004), Millar and Stewart (2007), Daniels and
Hogan (2008), Shi, Zhu, and Ibrahim (2009), Zhu,
Ibrahim, Cho, and Tang (2012), Zhu, Ibrahim, and
Chen (2015). In particular, Zhu, Ibrahim, and Tang
(2011) developed a unified approach of Bayesian
influence analysis for simultaneously assessing the
effect of various perturbations to the data, the prior
and the sampling distribution for a class of statisti-
cal models. Several extensions of Zhu, Ibrahim, and
Tang (2011) have been considered in recent years,
for example, see Kaciroti and Raghunathan (2014),
Zhu, Ibrahim, and Tang (2014), and Zhang and Tang
(2017).

However, in practical applications, the assumed
missing data mechanism models are not testable
from the data due to the missing value involved.
To this end, various approaches have been devel-
oped to select an appropriate model, which fits the
data best among the candidate models. This is a
growing, active and open research field. The com-
monly used approaches to select the best fitting
model include the stepwise regression and best sub-
set selection associated with the Akaike’s information
criterion (AIC) (Akaike, 1973) and Bayesian infor-
mation criterion (BIC) (Schwarz, 1978) in the fre-
quentist framework, which heavily depend on the
observed data likelihood. In the presence of miss-
ing data, it is rather difficult to obtain the observed
data likelihood due to the intractable multiple inte-
gration involved. In this case, many model selec-
tion methods have been developed for missing data
based on the EM algorithm or imputation tech-
nique. For example, see Hens, Aerts, and Molen-
berghs (2006), Ibrahim, Zhu, and Tang (2008), Shen



STATISTICAL THEORY AND RELATED FIELDS 107

and Chen (2012,2013), Long and Johnson (2015), and
Jiang, Nguyen, and Rao (2015).

When the number of predictors is large, the afore-
mentioned model selection strategies often suffer from
instability and heavily computational problem in the
presence of missing data. To overcome the difficulties,
various regularisation methods have been proposed to
simultaneously estimate parameters and select impor-
tant predictors over the past years. For example, see
Fang and Shao (2016), and Tang and Tang (2018).

The rest of this paper is organised as follows.
Section 2 introducesmissing datamechanisms. Section 3
reviews two approaches to estimate the mean function-
als in the presence of nonignorably missing response
data. Section 4 investigates the parameter estimation
problem in exponential family nonlinear structural
equation models (EFNSEMs) with nonignorable miss-
ing data including EM algorithm, Bayesianmethod and
Bayesian EL approach. Section 5 introduces influence
analysis methods in the presence of missing response
not at random. Section 6 discusses the variable selection
problem in the presence of missing response not at ran-
dom. Some concluding remarks are given in Section 7.

2. Missing datamechanism

In incomplete data analysis, the first problem being
faced is how to deal with missing data. Most works
in early missing studies suggest using the complete
and available cases, i.e., omitting/deleting these incom-
pletely observed subjects, to make statistical inference.
This opinion essentially thinks that subjects with miss-
ing values are just a random subset of the complete
sample of subjects. However, it is unreasonable when
the data present the dependent structure. This issue has
not been attracted researchers’ attention until Rubin’s
pioneering work Rubin (1976). Rubin (1976) suggested
that each incomplete data has its own probability gen-
erating mechanism and each observation according
to some particular probability given the incomplete
data is missing or observed. This opinion naturally
admits that the ‘true’ values of complete data exist, but
some values are observed while the others are miss-
ing with some uncertain reasons. Thus, modelling such
uncertainty is a key work in missing data analysis. To
efficiently quantify such uncertainty of missing value,
Rubin (1976) first defined three missing data mecha-
nisms:missing completely at random (MCAR),missing
at random (MAR) andmissing not at random (MNAR).
In accordance with Little and Rubin (2002), missing
data are ‘MCAR’ if the failure to observe a value does
not depend on any observed or missing values; miss-
ing data are ‘MAR’ if the failure to observe a value only
depends on the observed values rather than any unob-
served values; missing data are ‘MNAR’ if the failure
to observe a value depends on the value that would
have been observed. This modelling strategy does not

intend to explore the reasons leading to missingness
(in fact, accurately describing all the potential causes
or reasons for missingness is not realistic). Instead,
it adopts a mathematical device to describe the rates
and patterns of missing values and to roughly capture
possible relationships between the missingness and the
values of missing variables themselves. In this sense, it
is consistent to statistical sayings ‘learning from what
the data speak’. To comprehensively understand the
definition of missing data mechanism, a formal math-
ematical form of missing data mechanism is given as
follows.

Let X be a p × 1 vector of explanatory variables and
Y be a response variable, and {(xi, yi) : i = 1, . . . , n} be
n independent realisations of continuous random vari-
ables (X,Y) from a joint distribution F(x, y). Here, we
assume that xi is always observed but yi is subject to
missingness. Let δi be the missing data indicator for
yi, that is, δi = 0 if yi is missing, and δi = 1 otherwise.
Throughout this paper, we assume that δi is a Bernoulli
random variable with the respondent probability πi,
where πi = π(xi, yi) = Pr(δi = 1 | xi, yi) is referred to
as the propensity score of missing response, and δi is
independent of δj for any i �= j. Thus, we assume that
the missing data mechanism for yi is given by

δi | (xi, yi) ∼ Bernoulli(πi).

When πi’s are unrelated with the data {(xi, yi) :
i = 1, . . . , n}, the missing data mechanism is called
‘MCAR’, which is the simplest missing data mecha-
nism. For the MCAR mechanism, subjects who have
missing data are just a random subset of the com-
plete sample of subjects, and the widely used tech-
nique for handling missing data is the complete-case
analysis yielding unbiased conclusions. When πi’s only
depend on xi rather than yi (i.e., πi = π(xi)), the
missing data mechanism is termed ‘MAR’, which is
a commonly used assumption in missing data litera-
ture. Under the MAR assumption, the complete-case
analysis yields biased results. Thus, some new meth-
ods have been developed to handle missing data, for
example, see Cheng (1994) and Wang and Rao (2002).
When πi’s depend on yi perhaps in addition to xi,
the missing data mechanism is referred to as MNAR,
which is also called nonignorable. MNAR data analy-
sis is rather challenging due to missing value involved.
Using MAR data analysis method to make inference
on MNAR data may lead to biased results. To address
the issue, some new methods for handling MNAR data
have been proposed in recent years, for example, see
Qin, Leung, and Shao (2002), Kim and Yu (2011) and
Tang et al. (2014).

Under some mild conditions, Rubin (1976) showed
that statistical inferences based on the observed data
and missing information specified by MCAR and/or
MAR are the same as those based on the observed data,
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and hence the MCAR and MAR missing data mecha-
nisms are called ignorable. Under MNAR missing data
mechanism, efficient inferences usually require cor-
rectly specifying either missing data mechanismmodel
or distribution of yi, or both. Thus, resulting conclu-
sions may be sensitive to these assumptions. Therefore,
correctly specifying missing data mechanism is rather
important in MNAR data analysis but is quite difficult
in practical applications because of the missing data
mechanism is not testable.

3. Estimation of mean functionals with MNAR

In this section, our main interest is to estimate θ =
E(Y) in the presence of missing response not at ran-
dom.

3.1. Semiparametric estimation

In the nonignorable missing data literature, the miss-
ing data indicator δi is usually formulated by a fully
parametric model, such as logistic model, probit model
and log-linear model, based on the assumption that
covariates xi has a linear effect on the function of
the respondent probability for unobserved yi. In prac-
tice, this assumption may be inappropriate in some
settings because the true relationship between the
respondent probability for yi and covariate xi is usu-
ally unknown. Moreover, the fully parametric model is
sensitive to the misspecification of the posited model,
and is not testable under nonignorable missingness
(Ibrahim et al., 2001). To solve the aforementioned
problem, Kim and Yu (2011) defined the following
exponential tilting model for the propensity score:

πi = exp{g(xi) + φyi}
1 + exp{g(xi) + φyi} , (1)

where g(x) is some unknown function, and φ is an
unknown titling parameter. Thus, (1) defines a semi-
parametricmodel and is weaker than the fully paramet-
ric model given in Lee and Tang (2006b). To estimate
the propensity πi, Kim and Yu (2011) considered two
cases that φ is known or can be estimated using the
additional data. When φ = 0, model (1) reduces to an
MAR model. Let f1(yi | xi) be the conditional density
of yi given xi and δi = 1, and let f0(yi | xi) be the condi-
tional density of yi given xi and δi = 0. Then, following
the argument of Kim and Yu (2011), we have

f0(yi | xi) = f1(yi | xi) × exp(γ yi)
E{exp(γ yi) | xi, δi = 1} ,

(2)
where the tilting parameter γ = −φ measures the
amount of departure from theMAR assumption.When
γ = 0, (2) reduces to f1(yi | xi) = f0(yi | xi), which
shows that our considered missingness data mecha-
nism is a natural extension of MAR mechanism, and

MAR mechanism is a special case of our considered
missingness data mechanism.

Under the assumption of model (1), g(x) and
γ are unidentifiable when both are unknown Shao
andWang (2016). To address the identifiability with an
unknown tilting parameter φ, Shao and Wang (2016)
show that all unknown parameters can be identified
and consistently estimated if one can find an instrument
(e.g., z) that is not emerged in (1), i.e., if x = (zT , uT)T
and

π = [1 + exp{g(u) + γ y}]−1, (3)

where g(·) is still an unknown function of u.
Following Shao andWang (2016), when γ is known,

we can rewrite (1) as π(y, x, g, γ ) = 1/[1 + exp{g(x) +
γ y}]. Thus, we have

E
{

δ

π(y, x, g, γ )
− 1 | x

}
= 0, (4)

which leads to

exp{g(x)} = E{(1 − δ) | x}
E{δ exp(γ y) | x} .

When γ is the true parameter, it follows from Kim
and Yu (2011) that the kernel regression estimator for
exp{g(x)} can be expressed as

exp{ĝ(x)} =
∑n

i=1(1 − δi)Khn(x − xi)∑n
i=1 δi exp(γ yi)Khn(x − xi)

,

where Khn(x) = h−1
n K(x/hn), and K(x) is a symmetric

kernel function on the real line and hn is a smoothing
bandwidth sequence such that hn → 0 and nhn → ∞
as n → ∞.

When γ is unknown, under model (3), Equation (4)
still holds with x replaced by u. It is assumed that the
instrument variable z takes the finite discrete values
such as l = 1, . . . , L. For each l, we define

Ml(y, u, δ, g, γ ) = I(z = l)
{

δ

π(y, u, g, γ )
− 1

}
,

where I(·) is the indicator function. Denote M(y, u, δ,
g, γ ) = (M1(y, u, δ, g, γ ), . . . ,ML(y, u, δ, g, γ ))T . Then,
we have

E{M(y, u, δ, g, γ ) | u} = 0, (5)

which is called instrumental estimating equations Shao
and Wang (2016). Note that when L=1, there is no
instrumental variable, Equation (5) reduces to (4) and
is not sufficient for estimating g(·) and γ .

To estimate g(·), the idea of profiling is here adopted.
For every fixed γ , the sum of L equations in (5) is used
to obtain the kernel estimator of exp{g(u)}, which is
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given by

exp{ĝγ (u)} =
∑n

i=1(1 − δi)Khn(u − ui)∑n
i=1 δi exp(γ yi)Khn(u − ui)

,

where the bandwidth hn depends on l. Note that ĝγ (u)
is not an estimator of g(u) unless γ is the true param-
eter, but it is useful for profiling. More importantly,
estimating exp{g(u)} only uses the sum of L equations,
the left L−1 estimating equations are used to estimate
unknown parameter γ Shao and Wang (2016), which
shows that we require L ≥ 2. After we obtain exp{ĝ(u)},
substituting ĝ(u) for g(u) in (5) leads to the following
profiled L estimating equations:

E{M(y, u, δ, ĝγ , γ ) | u} = 0. (6)

A sample version of the profiled instrumental estimat-
ing Equation (6) is

1
n

n∑
i=1

Ml(yi, ui, δi, ĝγ , γ ) = 0, l = 1, . . . , L. (7)

When L is greater than 1 + Nγ , whereNγ is the dimen-
sion of γ , (7) has no solution due to its over-identifying.
In this case, a two-step generalisedmethod of moments
Hansen (1982) is adopted to estimate γ . To save space,
we omit it. The details see Shao and Wang (2016).

When themissing datamechanism forY is notMAR
but MNAR, the estimator θ̂1n = (1/n)

∑n
i=1{δiyi +

(1 − δi)m̂1
n(xi)} with m̂1

n(x) = ∑n
i=1 δiyiKhn(x − xi)/∑n

i=1 δiKhn(x − xi) Cheng (1994) is biased. In this
case, θ can be estimated by θ̂2n = (1/n)

∑n
i=1{δiyi +

(1 − δi)m̂0
n(xi)}, where m̂0

n(xi) is a consistent estimator
of m0(xi) = E(yi | xi, δi = 0). Under MNAR assump-
tion, estimating m0(xi) is quite challenging in that yi
is not obtained in the set of nonrespondents. When
γ is known, Kim and Yu (2011) proposed a non-
parametric regression estimator for m0(x) = E(Y |
X = x, δ = 0), which is given by m̂0

n(x) := m̂0
n(x; γ ) =∑n

i=1 ωi0(x; γ )yi, where the weight

ωi0(x; γ ) = δi exp(γ yi)Kh(x − xi)∑n
k=1 δk exp(γ yk)Kh(x − xk)

presents the point mass assigned to yi when m0(x) is
approximated by m̂0

n(x). Thus, a nonparametric estima-
tor of θ can be obtained by

θ̂NP = n−1
n∑

i=1
{δiyi + (1 − δi)m̂0

n(xi; γ )}.

When γ = 0, estimator θ̂NP reduces to θ̂1n . Under some
regularity conditions, Kim and Yu (2011) showed

√
n(θ̂NP − θ) → N (0, σ 2

1 ),

where σ 2
1 = σ 2(X) + E[{1/π(X,Y) − 1}{Y

− m0(X)}2]. The increase in variance due to miss-
ing data is var(θ̂NP) − var(θ̂n) = n−1E[{1/π(X,Y) −

1}{Y − m0(X)}2] ≥ 0, where θ̂n = n−1∑n
i=1 yi. The

above equation indicates that the variance increase
depends on the respondent probability π(X,Y) and
the squared error {Y − m0(X)}2. When π(X,Y) = 1,
the variance increase is zero. When π(X,Y) is quite
small, the variance increase can be quite large. When
π(X,Y) does not depend on Y (i.e., π(X,Y) = π(X)),
σ 2
1 reduces to the above defined V(θ). In practical

applications, σ 2
1 is usually unknown. To this end, Kim

and Yu (2011) presented a consistent estimator of σ 2
1 ,

which is given by

σ̂ 2
1 = 1

n

n∑
i=1

η̂2i −
(
1
n

n∑
i=1

η̂i

)2

,

where η̂i = m̂0
n(xi; γ ) + (δi/π̂i){yi − m̂0

n(xi; γ )}, and
π̂i = π̂i(γ ) = 1/{1 + ĝ(xi; γ ) exp(γ yi)} with ĝ(xi; γ )
= ∑n

j=1(1 − δj)Khn(xi − xj)/
∑n

j=1 δj exp(γ yj)Khn
(xi − xj).

When γ is unknown, γ can be estimated from an
independent survey or a validation sample, which is a
subsample of the nonrespondents. Let γ̂ be the corre-
sponding estimator of γ . Thus, a semiparametric esti-
mator of m0(x) is given by m̂0

n(x; γ̂ ), which indicates
that a semiparametric estimator of θ can be expressed
by θ̂SP = n−1∑n

i=1{δiyi + (1 − δi)m̂0
n(xi; γ̂ )}. When γ̂

is obtained from an independent survey, under some
assumptions such that

√
n(γ̂ − γ ) → N (0,Vγ ) and γ̂

is independent of θ̂NP, Kim and Yu (2011) showed
√
n(θ̂SP − θ) → N (0, σ 2

2 ),

where σ 2
2 = σ 2

1 + H2Vγ , and H = E{(1 − δ)(Y
− m0(X))2}. The above equation shows that the
increase in variance is due to estimating γ . A consistent
estimator of σ 2

2 can be expressed as σ̂2 = σ̂ 2
1 + Ĥ2V̂γ ,

where V̂γ is a consistent estimator of nV(γ̂ ), and Ĥ =
n−1∑n

i=1(1 − δi)σ̂
2
0 (xi) with σ̂ 2

0 (xi) = ∑n
j=1 δjKhn(xi

− xj) exp(γ̂ yj)(yj − m̂0
n(xj, γ̂ ))2/

∑n
j=1 δjKhn(xi − xj)

exp(γ̂ yj).When γ̂ is obtained from a validation sample,
under some regularity conditions, Kim and Yu (2011)
proved

√
n(θ̂SP − θ) → N (0, σ 2

3 ),

where σ 2
3 = σ 2(X) + (ν−1 − 1)E[(1 − δ){y − m̃

(x; γ0)}2], ν = E(r | δ = 0) in which r is an indi-
cator function taking 1 if subject belongs to the
follow-up sample and 0 otherwise, and m̃(x; γ ) =
plimn→∞m̂0

n(x; γ ), and γ0 is the probability limit of
γ̂ . It is easily seen from the definition of σ 2

3 that
σ 2
3 = var(Y) when ν = 1, and σ 2

3 is minimised due
to the fact that E[(1 − δ){y − m̃(x; γ0)}2] ≥ E[(1 −
δ){y − m0(x)}2] when the assumed respondent model
(1) is true. Thus, the validity of the proposed estima-
tor does not depend on the assumed respondent model
and the role of the respondent model is to improve the
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efficiency. A consistent estimator of σ 2
3 is given by

σ̂ 2
3 = 1

n

n∑
i=1

η̂22i −
(
1
n

n∑
i=1

η̂2i

)2

,

where η̂2i = m̂0
n(xi; γ̂ ) + {ri(1 − δi)/ν + δi}

{yi − m̂0
n(xi; γ̂ )}.

3.2. EL estimation

Due to some good properties of EL estimation, Qin
et al. (2002) developed a semiparametric EL approach
to estimate mean functions for the data with nonig-
norable nonresponse. It is rather difficult to evaluate
semiparametric EL estimate of θ due to simultaneously
solving multiple equations. To address the issue, Zhao
et al. (2013) developed two EL methods to estimate
θ = E(Y) under MNAR assumption. In what follows,
we only consider the case that γ is known. When γ is
unknown, we can substitute a consistent estimator γ̂

of γ to get a semiparametric estimation. Let ξ̂i(γ ) =
δiyi + (1 − δi)m̂0

n(xi; γ ). The estimated empirical log-
likelihood ratio function for parameter θ is given by

�̂S(θ , γ ) = −2 sup

{ n∑
i=1

log(npi) | pi ≥ 0,

n∑
i=1

pi = 1,
n∑

i=1
piξ̂i(γ ) = θ

}
.

When min1≤i≤n ξ̂i(γ ) < θ < max1≤i≤n ξ̂i(γ ) with
probability tending to one, the optimal value of
pi is p̂i = n−1{1 + λ0n(ξ̂i(γ ) − θ)}−1, where λ0n is
the Lagrange multiplier and satisfies T0

1n(θ , λ
0
n) =

n−1∑n
i=1(ξ̂i(γ ) − θ)/{1 + λ0n(ξ̂i(γ ) − θ)} = 0. Thus,

we have

�̂S(θ , γ ) = 2
n∑

i=1
log

{
1 + λ0n(ξ̂i(γ ) − θ)

}
.

The maximum EL estimator (denoted by θ̂NE) of
θ can be obtained by maximising −�̂S(θ , γ ), which
shows that under some smooth conditions, θ̂NE can
be obtained by simultaneously solving equations:
T0
1n(θ , λ

0
n) = 0 and T0

2n(θ , λ
0
n) = n−1∑n

i=1 λ
0
n/

{1 + λ0n(ξ̂i(γ ) − θ)} = 0. The nested optimisation rou-
tines (Owen, 2001, Ch. 12) can be here adopted to eval-
uate θ̂NE. When γ = 0, θ̂NE reduces to the EL estimator
of Wang and Rao (2002).

Under MNAR assumption, it is easily shown that
E{ξ̂i(γ )} �= θ . Hence, the aforementioned maximum
EL estimator for θ based on ξ̂i(γ ) may be biased.
To address the issue, Zhao et al. (2013) proposed
the augmented IPW imputation procedure. Let ξ ai =
δiyi/π(xi, yi) + {1 − δi/π(xi, yi)}m0(xi). UnderMNAR
assumption (1), we have E(ξai ) = θ , which shows that

the random variable ξai is an unbiased estimator of θ .
In applications, π(xi, yi) is usually unknown because
of a nonparametric function g(x) involved. Similar to
Kim and Yu (2011), we can substitute π̂i = π̂i(γ ) for
π(xi, yi) to get a semiparametric estimator of ξai as
ξ̂ai (γ ) = δiyi/π̂i(γ ) + {1 − δi/π̂i(γ )}m̂0

n(xi; γ ). Then,
the estimated empirical log-likelihood ratio function
for θ is defined as

�̂IP(θ , γ ) = −2max

{ n∑
i=1

log(npi) | pi ≥ 0,

n∑
i=1

pi = 1,
n∑

i=1
piξ̂ai (γ ) = θ

}
.

By using the Lagrange multiplier method, �̂IP(θ , γ ) can
be expressed as �̂IP(θ , γ ) = 2

∑n
i=1 log{1 + λan(ξ̂

a
i (γ )

− θ)}, where λan satisfies n−1∑n
i=1[(ξ̂

a
i (γ ) − θ)/{1 +

λan(ξ̂
a
i (γ ) − θ)}] = 0. Thus, the maximum EL estima-

tor (denoted by θ̂NWE) of θ can be obtained by max-
imising −�̂IP(θ , γ ).

It is assumed that some auxiliary information on
X may be available. For instance, the mean of X is
equal to zero or the distribution of X is symmetric.
In particular, we assume that the auxiliary informa-
tion on X has the form of E{A(X)} = 0, where A(X) =
(A1(X), . . . ,Aq(X))T is a known vector function. In
this case, the estimated empirical log-likelihood ratio
function for θ can be defined as

�̂AU(θ , γ ) = −2max

{ n∑
i=1

log(npi) | pi ≥ 0,

n∑
i=1

pi = 1,
n∑

i=1
piψi(θ , γ ) = 0

}
,

where ψi(θ , γ ) = (AT(Xi), ξ̂ai (γ ) − θ)T . Using the
Lagrange multiplier method, we obtain

�̂AU(θ , γ ) = 2
n∑

i=1
log{1 + τTn ψi(θ , γ )},

where τn is the solution to the following equation:
(1/n)

∑n
i=1 ψi(θ , γ )/{1 + τTn ψi(θ , γ )} = 0. Similarly,

the maximum EL estimator (denoted by θ̂NAE) of θ

based on the auxiliary information E{A(X)} = 0 can be
obtained by maximising−�̂AU(θ , γ ).

Under some regularity conditions, if θ is the true
parameter, Zhao et al. (2013) showed

(i)
√
n(θ̂NE − θ) → N (0,V1),

√
n(θ̂NWE − θ) →

N (0,V1),
√
n(θ̂NAE − θ) → N (0,VA),

(ii) �̂S(θ , γ )
L→ ωa

1χ
2
1 , �̂IP(θ , γ )

L→ χ2
1 , �̂AU(θ , γ )

L→
χ2
q+1,

where ωa
1 = V1/V2, VA = V1 − V3, V2 = E{π(X,Y)

(Y − m0(X))2} + Var(m0(X)) + 2E{π(X,Y)(Y
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− m0(X))(m0(X) − θ)}, and V3 = DT
2D

−1
1 D2 with D1

= E{A(X)AT(X)} and D2 = E{A(X)(m0(X) − θ)}.
The above equations characterise the asymptotic

normality of θ̂NE, θ̂NWE and θ̂NAE, which can be
employed to construct the normal-approximation-
based (NA-based) confidence interval or region for
θ . For instance, an approximate 100(1 − α)% NA-
based confidence region for θ is given by {θ : n(θ̂NE −
θ)TV−1

1 (θ̂NE − θ) ≤ χ2
p,α}. They also indicate that

θ̂NE and θ̂NWE have the same asymptotic variance,
which can be explained by the fact that the non-
parametric kernel estimator π̂(γ ) of the response
probability π(X,Y) is a consistent estimator when
γ is known. Based on the asymptotic normality
of maximum EL estimators, we can approximate
covariance matrices of θ̂NE, θ̂NWE and θ̂NAE. Simi-
larly, a consistent estimator of V2 is given by V̂2 =
n−1∑n

i=1(ξ̂i(γ ) − θ̂NE)
2. The consistent estimators of

D1 and D2 are given by D̂1 = n−1∑n
i=1 A(xi)A

T(xi)
and D̂2 = n−1∑n

i=1 A(xi){m̂0
n(xi; γ ) − θ̂NAE}, respec-

tively. Thus, the consistent estimators of V3 and VA are
V̂3 = D̂T

2 D̂
−1
1 D̂2, and V̂A = V̂1 − V̂3, respectively.

Also, it is easily known from the above equations
that (i) θ̂NAE has smaller asymptotic variance and hence
is asymptotically more efficient than θ̂NWE and θ̂NE;
(ii) when the auxiliary information on X is available
and X is not subject to missingness, the reduction
in asymptotic variance of θ̂NWE and θ̂NE and that of
θ̂NAE does not depend on the respondent probability
function π(X,Y), which is consistent with that under
MAR assumption for Y (Wang & Rao, 2002). When
the missingness data mechanism for Y is MAR, we
have π(X,Y) = π(X) = E(δ | X), which indicates that
V1 and V2 reduce V(θ) and Ṽ(θ), respectively. Thus,
Theorems 2.1 and 3.1 inWang andRao (2002) andThe-
orems 1–3 in Xue (2009) have been extended to our
considered case.

We can use the asymptotic distributions of �̂S(θ , γ ),
�̂IP(θ , γ ) and �̂AU(θ , γ ) to construct the confidence
region of θ . For example, let cα be the 1 − α quantile
of ω1χ

2
1 for 0 < α < 1. Thus, an approximate 100(1 −

α)% EL-based confidence region for θ is defined by
CISα(θ) = {θ : �̂S(θ , γ ) ≤ cα}.

4. Estimation of parameters in EFNSEMs with
MNAR

In educational, behavioural, social and psychological
studies, structural equation models (SEMs) are widely
used to identify relationships among observed and
latent variables (Bentler & Wu, 2002; Jöreskog & Sör-
bom, 1996; Lee & Tang, 2004; Lee & Zhu, 2002).
Many structural equation modelling packages have
been developed to handle the strong demand in var-
ious fields; for example, see LISREL (Jöreskog & Sör-
bom, 1996), EQS6 (Bentler & Wu, 2002), Mplus

(Muthén & Muthén, 2017), WinBUGS (Spieglhalter,
Thomas, Best, & Lunn, 2003). These packages mainly
focus on normal data. In many applications, there are a
large number of non-normal manifest variables. To this
end, it is important to develop statistical inference tools
to analyze NSEMs with manifest variables following
exponential family distribution, which includes many
commonly encountered distributions such as the nor-
mal, exponential, binomial and Poisson distributions as
its special cases.

4.1. MLE

For i = 1, . . . , n, let yi = (y1i, . . . , ypi)T be a p × 1 vec-
tor ofmanifest variablesmeasured on each ofn subjects,
and ωi be a q × 1 vector of latent variables. To mea-
sure the relationship between yi and ωi, it is assumed
that components of yi given ωi are conditionally inde-
pendent, and yki (k = 1, . . . , p) given xi and ωi is dis-
tributed as the following one-parameter exponential
family

fk(yki | xi,ωi) = exp
{
ykiηki − b(ηki)

ψk
+ ck(yki,ψk)

}
(8)

with E(yki | ωi) = μki = ḃ(ηki) and var(yki | ωi) =
ψkb̈(ηki) = Vki, where b(·) and ck(·) are specific dif-
ferentiable functions. Exponential family distribution
includes many distributions as its special cases, such as
the normal, exponential, binomial and Poisson. Simi-
lar to generalised linear models (McCullagh & Nelder,
1989), we measure the relationship between ϑi =
(ϑ1i, . . . ,ϑpi)

T = (g(μ1i), . . . , g(μpi))
T and ωi via the

following measurement model:

ϑi = g(μi) = u + βxi + �ωi, (9)

where u is a p × 1 vector of unknown parameters, xi
is a t1 × 1 vector of explanatory variables, β is a p ×
t1 matrix of regression coefficients, � is a p × q fac-
tor loading matrix. To identify the relationships among
the latent variables, we partition ωi as (ωT

i(1),ω
T
i(2))

T

and assume that ωi(1) and ωi(2) satisfy the following
nonlinear structural equation:

ωi(1) = ϒzi + �ωi(1) + �H(ωi(2)) + εi, (10)

where ωi(1) and ωi(2) are q1 × 1 and q2 × 1 latent sub-
vectors of ωi, respectively, and q1 + q2 = q;ϒ is a q1 ×
t3 matrix of regression coefficients, zi is a t3 × 1 vector
of covariates, H(ωi(2)) = (h1(ωi(2)), . . . , ht2(ωi(2)))

T is
a nonzero vector-valued function with differentiable
functions h1, . . . , ht2 and t2 ≥ q2; � (q1 × q1) and �

(q1 × t2) are matrices of unknown regression coef-
ficients of ωi(1) on ωi(1) and H(ωi(2)). Further, it is
assumed that |Iq1 − �| is a nonzero constant and inde-
pendent of�,ωi(2) and εi are independently distributed
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as N (0,�) and N (0,�ε), respectively; where �ε =
diag(ψε1, . . . ,ψεq1). Let�ω = (ϒ ,�,�) andGz(ωi) =
(zTi ,ω

T
i(1),H(ωi(2))

T)T . Thus, the nonlinear structural
Equation (10) can be rewritten asωi(1) = �ωGz(ωi) +
εi.

The above defined models (or their parameters) are
not identifiable, and some identification conditions on
these parameters are required. Following the widely
adopted technique in SEM (Lee & Tang, 2006b), we
fix some components of � and/or �ω to some known
values, for example, 0 or 1.

For simplicity, we assume that the manifest vector yi
is incompletely observed and subject to nonignorable
missingness, and xi and zi are fully observed.We define
a missing indicator δki, which takes 0 if yki is missing,
and 1 if yki is observed. Similar to Lee andTang (2006b),
it is assumed that the conditional distribution of δki and
δji given yi and ωi are independent for k �= j. Under
this assumption, we consider the following model for
nonignorable missingness mechanism:

f (δ | Y ,ω,ϕ) =
n∏

i=1

p∏
k=1

{pr(δki = 1 | yi,ωi,ϕ)}δki

{1 − pr(δki = 1 | yi,ωi,ϕ)}1−δki , (11)

where δ = {δki : k = 1, . . . , p, i = 1, . . . , n}, Y =
{y1, . . . , yn}, and ω = {ω1, . . . ,ωn} and ϕ is a appropri-
ate parameter vector. Since δki is binary, a sequence of
logistic regressions can be adopted to model pr(δki =
1 | yi,ωi,ϕ). Similar to Lee and Tang (2006b), we con-
sider the following logistic regression model for δki:

logit{pr(δki = 1 | yi,ωi,ϕ)}
= ϕ0 + ϕ1y1i + · · · + ϕpypi + ϕp+1ω1i

+ · · · + ϕp+qωqi

�= ϕTDi, (12)

where Di = (1, y1i, . . . , ypi,ω1i, . . . ,ωqi)
T , and ϕ =

(ϕ0,ϕ1, . . . ,ϕp+q)
T and logit(a) = log{a/(1 − a)}. The

missingness data mechanism defined in (12) is called
missing not at random(MNAR). More discussions on
the specification of missingness data mechanism mod-
els can see Lee and Tang (2006b).

Denote δi = (δ1i, . . . , δpi)T , yi = {yobs,i, ymis,i}, Ymis
= {ymis,1, . . . , ymis,n}, Yobs = {yobs,1, . . . , yobs,n}, δ =
{δ1, . . . , δn}, X = {x1, . . . , xn}, Z = {z1, . . . , zn}, and
� = (ψ1, . . . ,ψp)

T . Let θ be a parameter vector con-
taining all unknown distinct parameters in θ1 =
{u,�,β ,�}, θ2 = {ϒ ,�,�,�ε}, �, and ϕ. The joint
probability density function of θ based on the complete
data {(yi, xi, zi,ωi, δi) : i = 1, . . . , n} is given by

f (Y ,ω, δ | X,Z, θ) =
n∏
i=1

[ p∏
k=1

{fk(yki | xi,ωi, u,�,β ,ψk)

× f (δki | yi,ωi,ϕ)}f (ωi | zi, θ2,�)
]

where fk(yki | xi,ωi, u,�,β ,ψk) = fk(yki | xi,ωi), f (δki |
yi,ωi,ϕ) = {pr(δki = 1 | yi,ωi,ϕ)}δki {1 − pr(δki = 1 |
yi,ωi,ϕ)}1−δki is the probability density function of
δki given {yi,ωi,ϕ}, and f (ωi | zi, θ2,�) = f (ωi(1) |
ωi(2), θ2)f (ωi(2) | �) is the probability density function
of ωi given {zi, θ2,�}. Denote A = {δ,X,Z}. Thus, the
log-likelihood function �0(θ | Yobs,A) of θ based on
the observed data {Yobs,A} is given by

�0(θ | Yobs,A)

= log
{∫

f (Y ,ω, δ | X,Z, θ) dYmis dω
}
,

which is rather complicated and has not closed-form.
Hence, it is quite difficult to compute the ML estima-
tion of θ based on �0(θ | Yobs,A). To address this issue,
the well-known EM algorithm is adopted to evaluate
the ML estimation of θ .

Based on the idea of data augmentation, the
observed data {Yobs,A} is augmented with the miss-
ing data Ymis and latent factors ω. Thus, we obtain
the complete data set {Y ,A,ω}. Based on the missing-
ness data mechanism model (12), the complete-data
log-likelihood function for θ is given by

�c(θ | Y ,ω,A) = log{f (Y ,ω, δ | X,Z, θ)}
= �c1(θ1 | Y ,X,ω) + �c2(θ2 | ω,Z)

+ �c3(� | ω) + �c4(ϕ | Y ,ω, δ), (13)

where

�c1(θ1 | Y ,X,ω) =
n∑

i=1

p∑
k=1

log{fk(yki | ωi, xi)}

=
n∑

i=1

p∑
k=1

{
ykiηki − b(ηki)

ψk
+ ck(yki,ψk)

}
(14)

with ϑi = g(μi) = u + βxi + �ωi,

�c2(θ2 | ω,Z) =
n∑

i=1
log{f (ωi(1) | ωi(2),�ω, zi,�ε)}

= C − n
2
log |�ε | − 1

2

n∑
i=1

(ωi(1) − �ωGz(ωi))
T�−1

ε

× (ωi(1) − �ωGz(ωi)), (15)

�c3(� | ω) =
n∑

i=1
log{f (ωi(2) | �)} = C0 − n

2
log |�|

− 1
2

n∑
i=1

ωT
i(2)�

−1ωi(2), (16)

�c4(ϕ | Y ,ω, δ) =
n∑

i=1

p∑
k=1

log{f (δki | yi,ωi,ϕ)}

=
n∑

i=1

{
siϕTDi − p log(1 + eϕ

TDi)
}
, (17)
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where si = ∑p
k=1 δki, C and C0 represent the con-

stant that don’t depend on parameters. Clearly, �c(θ |
Y ,ω,A) is simpler than �0(θ | Yobs,A) in that it does
not involve intractable multiple integrals, and has four
separate terms with separate parameters. Let Q(θ |
θ̂ ) = E{�c(θ | Y ,ω,A) | Yobs,A, θ̂} be the conditional
expectation of �c(θ | Y ,ω,A)with respect to the condi-
tional distribution f (Ymis,ω | Yobs,A, θ̂ ), where θ̂ rep-
resents the MLE of θ . The EM algorithm for evaluating
the MLE θ̂ of θ usually requires repeating the follow-
ing two steps: E-step (i.e., Expectation step) andM-Step
(i.e., Maximum step) until the algorithm converges.
That is, for κ = 1, 2, . . . , at the κth iteration of the
EM algorithm with a current value θ(κ) of θ (e.g., θ(1)

corresponds to the initial value of θ),
E-step: compute Q(θ | θ(κ)) = E{�c(θ | Y ,ω,A) |

Yobs,A, θ(κ))}, where the expectation is taken with
respect to the conditional distribution of {Ymis,ω}
given {Yobs,A, θ(κ)};

M-step: find θ(κ+1) by maximising Q(θ | θ(κ)) with
respect to θ .

It is easily seen from the definition of Q(θ | θ(κ))
that it is still quite difficult to compute Q(θ | θ(κ))
because of the multiple integrals involved. To this
end, the well-known Monte Carlo method is employed
to approximate Q(θ | θ(κ)). Following Wei and Tan-
ner (1990), Monte Carlo approximation to Q(θ | θ(κ))
can be expressed as

Q(θ | θ(κ)) ≈ 1
T

T∑
t=1

�c(θ | Yobs,Y
(t|κ)
mis ,ω(t|κ),A)

=
T∑
t=1

{�c1(θ1 | Yobs,Y
(t|κ)
mis ,X,ω(t|κ))

+ �c2(θ2 | ω(t|κ),Z)

+ �c3(� | ω(t|κ))

+ �c4(ϕ | Yobs,Y
(t|κ)
mis ,ω(t|κ), δ)}

with ϑi = g(μi) = u + βxi + �ω
(t|κ)
i , where {(Y(t|κ)

mis ,
ω(t|κ)) : t = 1, . . . ,T } is a sample drawn from the con-
ditional distribution f (Ymis,ω | Yobs,A, θ(κ)) via the
Metropolis-Hastings (MH) algorithm within the Gibbs
sampler. Here, the Gibbs sampler is implemented as
follows. Given the value θ(κ) of θ , at the tth iteration
of Gibbs sampler with the current values Y(t−1|κ)

mis and
ω(t−1|κ) of Ymis and ω, we first generate Y(t|κ)

mis from the
conditional distribution f (Ymis | Yobs,ω,A, θ(κ)), and
then drawω(t|κ) from the conditional distribution f (ω |
Yobs,Y

(t|κ)
mis ,A, θ(κ)).

In what follows, we derive the conditional distribu-
tions f (Ymis | Yobs,ω,A, θ) and f (ω | Yobs,Ymis,A, θ).
Since yi’s are conditionally independent, and ωi’s are
also conditionally independent and do not depend on

Z,�ω,� and�ε , it follows from (8) and (9) that

f (Ymis | Yobs,ω,A, θ) =
n∏

i=1
f (ymis,i | yobs,i,ωi, di, θ)

=
n∏

i=1

p∏
k=1

{fk(yki | xi,ωi, θ)f (δki | yi,ωi,ϕ)}, (18)

which indicates that the conditional distribution
f (ymis,i | yobs,i,ωi, di, θ) is proportional to

exp

{ p∑
k=1

(
ykiηki − b(ηki)

ψk
+ ck(yki,ψk)

)
+siϕTDi − p log(1 + eϕ

TDi)
}

(19)

with ϑi = g(μi) = u + βxi + �ωi, where di =
{xi, zi, δi}. The MH algorithm for drawing observa-
tions y(t|κ)mis,i from the conditional distribution f (ymis,i |
yobs,i,ω

(t−1|κ)
i , di, θ(κ)) is as follows. At the tth itera-

tion of Gibbs sampler with the current values y(t−1|κ)
mis,i

and ω
(t−1|κ)
i of ymis,i and ωi, a candidate y∗

mis,i is gener-
ated from the normal distribution N (y(t−1|κ)

mis,i , σ 2
y�yi),

where σ 2
y is selected with the average acceptance rate

being roughly 0.25, and

�−1
yi = diag(−c̈mis,i) + p

e�obs,i

(1 + e�obs,i)2
ϕmisϕ

T
mis

with c̈mis,i being the subvector of c̈i = (c̈1(y1i,ψ1), . . . ,
c̈p(ypi,ψp))

T corresponding to missing components of
yi,�obs,i = ϕ0 + ϕT

obsyobs,i + ϕp+1ω1i + · · · + ϕp+qωqi,
ϕmis being the subvector of ϕ corresponding to ymis,i,
ϕobs being the subvector of ϕ corresponding to yobs,i,
and c̈(yki,ψk) = ∂2c(yki,ψk)/∂y2ki.

It follows from the independence of subjects that
f (ω | Y ,A, θ) = ∏n

i=1 f (ωi | yi, di, θ). It follows from
the assumptions given in Equations (8), (9) and (12)
that

f (ωi | yi, di, θ) =
{ p∏
k=1

fk(yki | xi,ωi, θ)

}
× f (ωi(1) | ωi(2), θ)f (ωi(2) | �)f (δi | yi,ωi,ϕ)

∝ exp

{ p∑
k=1

ykiηki − b(ηki)
ψk

−1
2
(ωi(1) − �ωGz(ωi))

T�−1
ε (ωi(1) − �ωGz(ωi))

−1
2
ωT
i(2)�

−1ωi(2) + siϕTDi − p log(1 + eϕ
TDi)

}
(20)

with ϑi = g(μi) = u + βxi + �ωi. Similarly, the MH
algorithm for sampling observations ω(t|κ)

i from f (ωi |
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yi, di, θ) is implemented as follows. At the tth itera-
tion of Gibbs sampler with the current values y(t|κ)mis,i

and ω
(t−1|κ)
i of ymis,i and ωi, a candidate ω∗

i is gener-
ated from the normal distributionN (ω

(t−1|κ)
i , σ 2

ω�ωi),
where σ 2

ω is selected as σ 2
y , and

�ωi = �TA−1
i �

+
(
(I − �)T�−1

ε (I − �) (I − �)T�−1
ε ��i

�T
i �

T�−1
ε (I − �) �T

i �
T�−1

ε ��i + �−1

)

with �i = ∂H(ωi(2))/∂ω
T
i(2) and Ai = diag

(ψ1{ġ(μ1i)}2b̈(η1i), . . . ,ψp{ġ(μpi)}2b̈(ηpi)).
In the M-step, we need maximising Q(θ | θ(κ)) with

respect to θ . However, there is no analytic solution of θ
to Q̇(θ | θ(κ)) = 0. To this end, the widely used ECME
algorithm (Liu & Rubin, 1994) is used to separately
maximise four terms inQ(θ | θ(κ)) at every conditional
maximum (CM) step. Let�ωk be the kth row vector of
matrix �ω, and ωki(1) be the kth component of vector
ωi(1). Thus, the closed forms for�ωk, ψεk and� at the
(κ + 1)th conditionalmaximum likelihood (CML) step
of the EM algorithm with the current values�(κ)

ωk , ψ
(κ)

εk
and�(κ) are given by

�
(κ+1)
ωk =

( T∑
t=1

n∑
i=1

Gz(ω
(t|κ)
i ){Gz(ω

(t|κ)
i )}T

)−1

×
( T∑

t=1

n∑
i=1

Gz(ω
(t|κ)
i )ω

(t|κ)
ki(1)

)
,

ψ
(κ+1)
εk = 1

nT

T∑
t=1

n∑
i=1

×
(
ω
(t|κ)
ki(1) − {�(κ+1)

ωk }TGz(ω
(t|κ))

)2
,

�(κ+1) = 1
nT

T∑
t=1

n∑
i=1

ω
(t|κ)
i(2) {ω(t|κ)

i(2) }T ,

respectively.
But, there are no analytic solutions for u, β̃ = (β ,�),

ψ̃ = (ψ1, . . . ,ψp)
T and ϕ at the κth CML step. To

this end, Newton-Raphson maximisation procedure is
adopted to evaluate the solutions of the intractable CM
step for u, β̃ , ψ and ϕ because of its attractive selection
in the local optimisation. Let β̃j be the jth row subvec-
tor of β̃ . Define ω̃(t|κ)

i = (xTi , {ω(t|κ)
i }T)T , ċψk (yki,ψk) =

∂c(yki,ψk)/∂ψk, and c̈ψk (yki,ψk) = ∂ck(yki,ψk)/∂ψk.
Denote B(θ(κ)) = diag(c01(θ

(κ)), . . . , c0p(θ(κ))), C(θ(κ))
= (c11(θ

(κ)), . . . , c1p(θ(κ)))T , d̃(θ(κ)) = (d̃1(θ(κ)), . . . ,
d̃p(θ(κ)))T , f̃ (θ(κ)) = diag(f̃1(θ(κ)), . . . , f̃p(θ(κ))),

where

c0k(θ
(κ)) =

T∑
t=1

n∑
i=1

1

ψ
(κ)

k b̈(η(t|κ)ki ){ġ(η(t|κ)ki )}2
,

c1k(θ
(κ)) =

T∑
t=1

n∑
i=1

y(t|κ)ki − ḃ(η(t|κ)ki )

ψ
(κ)

k b̈(η(t|κ)ki )ġ(η(t|κ)ki )
,

d̃k(θ(κ)) =
T∑
t=1

n∑
i=1

{
ċψk (y

(t|κ)
ki ,ψ(κ)

k )

−y(t|κ)ki − ḃ(η(t|κ)ki )

{ψ(κ)

k }2

}
,

f̃k(θ(κ)) =
T∑
t=1

n∑
i=1

×
[
2{y(t|κ)ki − ḃ(η(t|κ)ki )}

{ψ(κ)

k }3
+ c̈ψk (y

(t|κ)
ki ,ψ(κ)

k )

]
.

Given the current estimates u(κ), β̃
(κ)
j , ψ̃(κ) and

ϕ(κ) of u, β̃j, ψ̃ and ϕ at the κth iteration of the
EM algorithm, Newton-Raphson iterative formulae for
evaluating u(κ+1), β̃(κ+1)

j , ψ̃(κ+1) and ϕ(κ+1) are given
by

u(κ+1) = u(κ) − {B(θ(κ))}−1C(θ(κ)),

β̃
(κ+1)
j = β̃

(κ)
j −

{ T∑
t=1

n∑
i=1

p∑
k=1

× ω̃
(t|κ)
i {ω̃(t|κ)

i }T
ψ

(κ)

k b̈(η(t|κ)ki ){ġ(η(t|κ)ki )}2

}−1

×
{ T∑

t=1

n∑
i=1

p∑
k=1

ω̃
(t|κ)
i (y(t|κ)ki − ḃ(η(t|κ)ki ))

ψ
(κ)

k b̈(η(t|κ)ki )ġ(η(t|κ)ki )

}
,

ψ̃(κ+1) = ψ̃(κ) − {f̃ (θ(κ))}−1d̃(θ(κ)),

ϕ(κ+1) = ϕ(κ) −
(
p

T∑
t=1

n∑
i=1

ũ(t|κ)i D(t|κ)
i {D(t|κ)

i }T
)−1

×
T∑
t=1

n∑
i=1

r̃(t|κ)i D(t|κ)
i ,

respectively, where ũ(t|κ)i = p̃(t|κ)i /{1 + exp(D(t|κ)
i

T

ϕ(t|κ))}, ḃ(η(t|κ)ki ) = g−1(u(κ)k + β̃T
k ω̃

(t|κ)
i ), r̃(t|κ)i = si −

pp̃(t|κ)i , and p̃(t|κ)i = exp{D(t|κ)
i

T
ϕ(t|κ)}/{1 + exp(D(t|κ)

i
T

ϕ(t|κ))}.
When Newton-Raphson algorithm converges, the

corresponding value of θ(κ+1) is denoted as θ̂ , which
is the desirable ML estimates of θ . The above Newton-
Raphson iterative procedure is repeated until the infi-
nite norm ‖θ(κ+1) − θ(κ)‖∞ is sufficiently small, for
example, 0.001. Convergence of the above presented
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ECME algorithm is monitored by using the log-
likelihood ratio statistic via the bridge samplingmethod
(Meng & Schilling, 1996).

Similar to missing data literature (e.g., see Lee
& Zhu, 2002), we can use the inverse of the observed
information matrix to approximate the asymptotic
covariance matrix of θ̂ . However, it is rather difficult to
obtain the analytic expression of the observed informa-
tion matrix because of the multiple integral involved.
Here, an identity of Louis (1982) is adopted to evalu-
ate standard error estimates of components in θ̂ on the
basis of the generated observations {(Y(t)

mis,ω
(t)) : t =

1, . . . ,T } from the conditional distribution p(Ymis,ω |
Yobs,A, θ̂ ) via the above presented MH algorithm
within the Gibbs sampler. Following Louis (1982),
−∂2θ �o(θ̂ | Yobs,A) can be approximated by

− ∂2θ �o(θ̂ | Yobs,A)

≈ 1
T

T∑
t=1

{
−∂2θ �c(θ | Yobs,Y

(t)
mis,ω

(t),A)

−
(
∂θ�c(θ | Yobs,Y

(t)
mis,ω

(t),A)
)⊗2

}
θ=θ̂

+
{
1
T

T∑
t=1

∂θ�c(θ | Yobs,Y
(t)
mis,ω

(t),A)

}⊗2

θ=θ̂

,

where ∂2θ � = ∂2�/∂θ∂θT , ∂θ� = ∂�/∂θ and a⊗2 = aaT
for any vector a. Expressions of ∂θ lc and ∂2θ lc are given
in the Appendix.

4.2. Bayesian estimation

According to the above argument, it is rather diffi-
cult to make Bayesian inference on θ via the observed
data likelihood function �0(θ | Yobs,A). Inspired by the
idea of data augmentation (Tanner & Wong, 1987),
we regard {Ymis,ω} as hypothetical missing data, and
augment them with the observed data set {Yobs,A}
in the posterior analysis. The posterior distribu-
tion f (θ ,Ymis,ω | Yobs,A), which is proportional to
f (θ)f (Y ,ω, δ | X,Z), is simpler to evaluate than f (θ |
Yobs,A), which is the posterior distribution based on
the observed data, where f (θ) is the prior density
of θ . However, it is rather difficult to make infer-
ence on θ from the posterior distribution f (θ ,Ymis,ω |
Yobs,A) because it is not easy to directly draw observa-
tions from f (θ ,Ymis,ω | Yobs,A). To address the issue,
Bayesian analysis is conducted on the basis of the
complete data density function f (θ ,Ymis,ω | Yobs,A)

through the MCMC methods, such as the Gibbs sam-
pler (Geman & Geman, 1984) and the MH algorihtm.
Here, the Gibbs sampler is adopted to draw a sequence
of random observations from the posterior distribution
f (θ ,Ymis,ω | Yobs,A), which is conducted as follows.
At the (τ + 1)th iteration of the Gibbs sampler with
current values θ(τ),ω(τ), Y(τ )

mis and ϕ(τ), we iteratively

(i) draw observation Y(τ+1)
mis from the conditional dis-

tribution f (Ymis | Yobs,ω(τ),A, θ(τ)),
(ii) draw observation ω(τ+1) from the conditional dis-

tribution f (ω | Yobs,Y
(τ+1)
mis ,A, θ(τ)),

(iii) draw observation θ(τ+1) from the conditional
distribution f (θ | Yobs,Y

(τ+1)
mis ,ω(τ+1),A). Follow-

ing the argument of Geman and Geman (1984),
under some regularity conditions and for a suf-
ficiently large J , observations {Y(J )

mis , θ
(J ),ω(J )}

can be regarded as an observation from the pos-
terior distribution f (θ ,Ymis,ω | Yobs,A). Hence,
the posterior distribution can be approximated
by the empirical distribution of observations
{(Y(t)

mis, θ
(t),ω(t)) : t = J + 1, . . . ,J + T }, where

T is a sufficiently large number. The widely used
‘estimated potential scale reduction’ (EPSR, Gel-
man, 1996) values of the parameters in θ , which are
computed sequentially as the iterations continue
from several different starting values of parame-
ters, is employed tomonitor the convergence of the
Gibbs sampler. When the EPSR values of param-
eters in θ are less than 1.2, we claim that the
algorithm converges.

(1) Prior specifications
For the parameters u, β and� given in the measure-

ment model (9), we consider the following priors:

f (u) D= N (u0,!0
u), f (β̃j)

D= N (β̃0
j ,!

0
βj),

f (ψ−1
k )

D= Gamma(α0ψk,β0ψk), (21)

where u0,!0
u, β̃

0
j ,!

0
βj,α0ψk and β0ψk (k = 1, . . . , p) are

hyperparameters whose values are prespecified, and
Gamma(a, b) represents the Gamma distribution with
parameters a and b. For k �= h, it is assumed that
(ψk, β̃k) is independent of (ψh, β̃h). When !0 and !0

βj
are selected to be large, and β0ψk is taken to be small
(e.g., 0.01), the above given priors reduce to the situa-
tion with little information.

For the parameters �ωk, ψεk and � associated with
the structure equation model (10), we consider the
following prior:

f (�ωk | ψεk)
D= N (�0

ωk,ψεk!
0
�),

× f (ψ−1
εk )

D= Gamma(α0ωk,β0ωk),

× f (�)
D= IW(R0, ρ0, q2), (22)

where �0
ωk, !0

�, α0ωk, β0ωk, R0 and ρ0 are hyper-
parameters whose value is assumed to be pre-given,
and IW(·, ·) denotes the inverted Wishart distribution.
When !0

�

−1 approaches to 0, it reduces to a non-
informative prior.
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For the parameter vector ϕ associated with the miss-
ing mechanism model (12), a normal prior is specified:

f (ϕ) D= N (ϕ0,!0
ϕ), (23)

where ϕ0 and!0
ϕ are hyperparameters. Similarly, when

!0
ϕ

−1 approaches to 0, it reduces to a non-informative
prior.
(2) Conditional distributions

Under the aforementioned assumptions, the joint
distribution of {Ymis,ω, θ} has the following decompo-
sition:

f (Ymis,ω, θ | Yobs,A) = f (θ)f (Y | u, β̃ ,ω,� ,X)

× f (ω | �ω,�ε ,�,Z)f (δ | Y ,ω,ϕ).
It is reasonable to assume from the definition of θ that

f (θ) = f (u)f (β̃)f (�)f (�ω)f (�ε)f (�)f (ϕ),

where f (u), f (β̃), f (�), f (�ω), f (�ε), f (�) and f (ϕ)
are the prior distributions of u, β̃ ,� ,�ω,�ε ,� and ϕ,
respectively. Thus, the joint distribution of {Ymis,ω, θ}
can be written as

f (Ymis,ω, θ | Yobs,A)

= f (Y | θ1,ω,X)f (u)f (β̃)f (�)f (ω | θ2,�,Z)

× f (�ω)f (�ε)f (�)f (δ | Y ,ω,ϕ)f (ϕ), (24)

which is adopted to derive the conditional distribu-
tions requiring in implementing the Gibbs sampler as
follows.

For the conditional distribution f (Ymis | Yobs,ω,
A, θ) given in (18), it follows from independence
of subjects that f (Ymis | Yobs,ω,A, θ) = ∏n

i=1 f (ymis,i |
yobs,i,ωi, di, θ). While the conditional distribution
f (ymis,i | yobs,i,ωi, di, θ) is given in (19).

For the conditional distribution f (ω | Y ,A, θ) given
in (20), sinceωi is independent ofωj for i �= j, it follows
from (24) that f (ω | Y ,A, θ) = ∏n

i=1 f (ωi | yi, di, θ).
While the conditional distribution f (ωi | yi, di, θ) is
given in (20).

Consider the conditional distributions f (u | Y ,ω,X,
β̃ ,�), f (β̃k | Y ,ω,X, u,�) and f (ψk | Y ,ω,X, θ1). It
follows from (8), (9), (24) and (21) that

f (u | Y ,ω,X, β̃ ,�) ∝ exp

{ n∑
i=1

p∑
k=1

ykiηki − b(ηki)
ψk

−1
2
(u − u0)T(!0

u)
−1(u − u0)

}
, (25)

f (β̃k | Y ,ω,X, u,�) ∝ exp

{ n∑
i=1

ykiηki − b(ηki)
ψk

−1
2
(β̃k − β̃0

k )
T(!0

βk)
−1(β̃k − β̃0

k )

}
, (26)

f (ψ−1
k | Y ,ω,X, θ1) ∝ (ψ−1

k )α0ψk−1

exp

{ n∑
i=1

(
ykiηki − b(ηki)

ψk
+ ck(yki,ψk)

)
− β0ψk

ψk

}
,

(27)

for k = 1, . . . , p, where ϑi = g(μi) = u + β̃ω̃i and
μki = ḃ(ηki). Particularly, if c(yki,ψk) = νς(yki)
log(ψ−1

k ) does not depend on ψk, where ς(·) is some
appropriate function, we have f (ψ−1

k | Y ,ω,X, θ1) ∼
Gamma(ν

∑n
i=1 ς(yki) + α0ψk,β0ψk + ∑n

i=1(b(ηki) −
ykiηki)).

Consider the conditional distributions f (�ωk |
�ε ,ω,Z), f (ψεk | ω,Z,�ωk) and f (� | ω). It follows
from (10), (22) and (24) that the joint conditional dis-
tribution f (�ωk,ψεk | ω,Z) is proportional to

|ψεk!
0
�|−1/2(ψ−1

εk )n/2+α0ωk−1

exp

{
−β0ωk

ψεk
− 1

2ψεk

n∑
i=1

(ωki(1) − �T
ωkGz(ωi))

2

− 1
2ψεk

(�ωk − �0
ωk)

T(!0
�)

−1(�ωk − �0
ωk)

}

which leads to

f (�ωk | �ε ,ω,Z) ∼ N (νωk,ψεk��k),

× f (ψεk | ω,Z,�ωk) ∼ Gamma
(n
2

+ α0ωk,βωk

)
,

(28)

where �−1
�k = (!0

�)
−1 + ∑n

i=1 Gz(ωi)Gz(ωi)
T , νωk =

��k{(!0
�)

−1�0
ωk + ∑n

i=1 Gz(ωi)ωki(1)} and βωk =
β0ωk + {∑n

i=1 ω
2
ki(1) − νT

ωk�
−1
�kνωk + (�0

ωk)
T(!0

�)
−1

�0
ωk}/2. Also, it is easily shown from (10), (22) and (24)

that the conditional distribution f (� | ω) is propor-
tional to

|�|−(n+ρ0+q2+1)/2

exp

{
−1
2

n∑
i=1

ωT
i(2)�

−1ωi(2) − 1
2
tr(R0�−1)

}
,

which yields

f (� | ω) ∼ IW

(
R0 +

n∑
i=1

ωi(2)ω
T
i(2), n + ρ0, q2

)
.

(29)
Consider the conditional distribution f (ϕ | Y ,ω, δ). It
follows from (12), (23) and (24) that

f (ϕ | Y ,ω, δ) ∝ exp{ n∑
i=1

(
siϕTDi − p log(1 + eϕ

TDi)
)

−1
2
(ϕ − ϕ0)T(!0

ϕ)
−1(ϕ − ϕ0)

}
. (30)
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Note that the conditional distributions of β̃ and �ω

are given under the situation without fixed parameters.
The method presented in Lee and Tang (2006b) can be
applied to handle the situation with fixed parameters.
(3) Implementation

It is easily seen from (28) and (29) that conditional
distributions f (�ωk | �ε ,ω,Z), f (ψεk | ω,Z,�ωk) and
f (� | ω) are the standard distributions. Thus, it is fast
and easy to sample observations from these conditional
distributions. But, conditional distributions f (ymis,i |
yobs,i,ωi, di, θ), f (ωi | yi, di, θ), f (u | Y ,ω,X, β̃ ,�),
f (β̃k | Y ,ω,X, u,�), f (ψ−1

k | Y ,ω,X, θ1) and f (ϕ |
Y ,ω, δ) given in (19), (20), (25)–(27) and (30), respec-
tively, are non-standard and complicated distributions.
Hence, it is rather difficult to directly draw observations
from these conditional distribution. To address the
issue, the MH algorithm is adopted to generate obser-
vations from these conditional distributions. The MH
algorithms for sampling ymis,i and ωi from their corre-
sponding conditional distributions have been given in
Section 4.1.

To sample observation u from f (u | Y ,ω,X, β̃ ,�)

via the MH algorithm, we take f (u | Y ,ω,X, β̃ ,�) as
the target density, and select N (0, σ 2

uD0
u) as the pro-

posal distribution, where σ 2
u is selected so that the aver-

age acceptance rate is approximately 0.25, and D0
u =

(!0
u)

−1 + diag(σ ∗
c1, . . . , σ

∗
cp) with σck = ∑n

i=1{ψkb̈
(η̃ki)ġ2(μ̃ki)}−1 in which ϑ̃ki = g(μ̃ki) = β̃T

k ω̃i and
μ̃ki = ḃ(η̃ki) for k = 1, . . . , p. The MH algorithm is
implemented as follows. At the tth iteration of theGibbs
sampler with a current value u(t), a new candidate u is
sampled from N (u(t), σ 2

uD0
u) and accepted with prob-

ability

min

{
1,

f (u | Y ,ω,X, β̃ ,�)

f (u(t) | Y ,ω,X, β̃ ,�)

}
.

Similarly, the MH algorithms for sampling observa-
tions from f (β̃k | Y ,ω,X, u,�), f (ψk | Y ,ω,X, u, β̃)
and f (ϕ | Y ,ω, δ) are as follows. At the tth iteration
of the Gibbs sampler with the current values β̃(t)

k , ψ(t)
k

and ϕ(t), new candidate values β̃k, ψk and ϕ are gen-
erated from the proposal distributionsN (β̃

(t)
k , σ 2

β�
∗
β),

N (ψ
(t)
k , σ 2

ψ�
∗
ψ) and N (ϕ(t), σ 2

ϕ�
∗
ϕ), respectively, and

accepted with probabilities

min

{
1,

f (β̃k | Y ,ω,X, u,�)

f (β̃(t)
k | Y ,ω,X, u,�)

}
,

min

{
1,

f (ψk | Y ,ω,X, u, β̃)
f (ψ(t)

k | Y ,ω,X, u, β̃)

}
,

min
{
1,

f (ϕ | Y ,ω, δ)
f (ϕ(t) | Y ,ω, δ)

}
,

respectively, where

�∗
β =

( n∑
i=1

ω̃iω̃
T
i

ψkb̈(η∗
ki)ġ

2(μ∗
ki)

+ !0
βk

)−1

,

�∗
ϕ

−1 = p
4

n∑
i=1

DiDT
i + (!0

ϕ)
−1,

�∗
ψ

−1 = 1 − n
2

− α0ψk −
n∑
i=1

[2{ykiηki − b(ηki)}

+ c̈ψk (yki,ψk)] − 2β0ψk,

and ϑ∗
ki = g(μ∗

ki) = uk, σ 2
β , σ

2
ψ and σ 2

ϕ are chosen so
that the average acceptance rate is approximately 0.25.
(4) Bayesian estimates of parameters and latent vari-
ables

Based on observations sampled from the afore-
mentioned presented MH algorithm together with the
Gibbs sampler procedure, we can obtain the joint
Bayesian estimates of parameters in θ and latent vari-
ables ωi’s and their corresponding standard errors.

Let {(u(t), β̃(t)
k ,ψ(t)

k ,�(t)
ωk,ψ

(t)
εk ,ϕ

(t),�(t),ω(t)
i , y(t)mis,i) :

t = 1, . . . ,T } be the sampled observations of {u, β̃k,ψk,
�ωk,ψεk,ϕ,�,ωi, ymis,i} from their joint conditional
distribution f (u, β̃k,ψk,�ωk,ψεk,ϕ,�,ωi, ymis,i | Yobs,
A) via the aforementionedpresentedMCMCalgorithm.
Thus, Bayesian estimates of u, β̃k,ψk,�ωk,ψεk,ϕ,�,ωi
and ymis,i can be evaluated by

û = 1
T

T∑
t=1

u(t), ˆ̃
βk = 1

T

T∑
t=1

β̃
(t)
k ,

ψ̂k = 1
T

T∑
t=1

ψ
(t)
k ,

�̂ωk = 1
T

T∑
t=1

�
(t)
ωk, ψ̂εk = 1

T

T∑
t=1

ψ
(t)
εk ,

ϕ̂ = 1
T

T∑
t=1

ϕ(t),

�̂ = 1
T

T∑
t=1

�(t), ω̂i = 1
T

T∑
t=1

ω
(t)
i ,

ŷmis,i = 1
T

T∑
t=1

y(t)mis,

respectively. Similarly, the consistent estimate of the
posterior covariance matrix var(θ | Yobs,A) can be
computed by the sample covariance matrix of obser-
vations {θ(t) : t = 1, . . . ,T } drawn using the afore-
mentioned presented MCMC algorithm. For exam-
ple, v̂ar(θ | Yobs,A) = (T − 1)−1∑T

t=1(θ
(t) − θ̂ )(θ(t)

− θ̂ )T . Hence, the estimated standard errors for com-
ponents of θ can be evaluated from the diagonal ele-
ments of the sample covariance matrix.



118 N. TANG AND Y. JU

4.3. Bayesian EL estimation

Although the aforementioned given assumptions are
common and reasonable in many cases, it may lead to
biased estimates or even misleading conclusions when
the true distribution of response variable is highly non-
exponential. In these cases, we assume that the dis-
tribution of yki is unknown, but E(yki | xi,ωi) = μki
satisfying g(μki) = uk + β̃T

k ω̃i, and var(yki | xi,ωi) =
V(μki). It is also assumed that yki’s are subject to
non-ignorable missingness, and xi’s are completely
observed. The assumption for ωi is the same as that
given in Section 4.1.

Let ω̃xi = (1, xTi ,ω
T
i )

T . When yki’s are completely
observed, under the above assumption, we can con-
struct the following estimating equations:

ξ
(1)
ki (yki, xi,ωi, θ) = yki − μki

V(μki)ġ(μki)
ω̃xi,

i = 1, . . . , n, k = 1, . . . , p,

which satisfies E{ξ (1)ki (yki, xi,ωi, θ) | xi,ωi} = 0, where
g(μki) = uk + β̃T

k ω̃i. Under the assumption given in
Equation (10), we can construct the following estimat-
ing equations:

ξ
(2)
ki (ωi,�ωk) = {ωki(1) − �T

ωkGz(ωi)}Gz(ωi),

i = 1, . . . , n, k = 1, . . . , q1,

which satisfies E{ξ (2)ki (ωi,�ωk) | ωi} = 0. Under the
assumption ωi(2) ∼ N (0,�), we can construct the fol-
lowing estimating equations:

ξ
(3)
i (ωi,�) = {ωi(2)ω

T
i(2) − �}�−1, i = 1, . . . , n,

which satisfies E{ξ (3)i (ωi,�) | ωi} = 0. According to
the assumption given in Equation (12), we can con-
struct the following estimating equations:

ξ
(4)
i (yi,ωi,ϕ) =

(
si − p

eϕTDi

1 + eϕTDi

)
Di,

i = 1, . . . , n,

which satisfies E{ξ (4)i (yi,ωi,ϕ) | ωi} = 0, where si =∑p
k=1 δki. Also, under the assumption given inEquation

(10), we can construct the following estimating equa-
tions:

ξ
(5)
ki (ωi, θ) = ψεk − (ωki(1) − �T

ωkGz(ωi))
2,

i = 1, . . . , n, k = 1, . . . , q1,

which satisfies E{ξ (5)ki (ωi, θ) | ωi} = 0.
Denote �(yi, di,ωi, θ) = (ξ

(1)
1i (y1i, xi,ωi, θ)T , . . . ,

ξ
(1)
pi (ypi, xi,ωi, θ)T , ξ

(2)
1i (ωi,�ω1)

T , . . ., ξ
(2)
q1i (ωi,�ωq1),

ξ
(5)
1i (ωi, θ), . . . , ξ

(5)
q1i (ωi, θ), ξ

(3)
i (ωi,�), ξ (4)i (yi,ωi,ϕ)T)T .

Following Owen (2001), we define the profile EL ratio
function for θ as

R(θ) = max
{ n∏

i=1
(npi) | pi ≥ 0,

n∑
i=1

pi = 1,

n∑
i=1

pi�(yi, di,ωi, θ) = 0
}
.

It follows from Owen (2001) that the optimal value of
pi can be expressed as

p̂i(θ) = 1
n{1 + λ(θ)T�(yi, di,ωi, θ)} , (31)

where λ(θ) is the root of the following equation:

n∑
i=1

�(yi, di,ωi, θ)
1 + λ(θ)T�(yi, di,ωi, θ)

= 0.

Thus, we have R(θ) = ∏n
i=1{np̂i(θ)}. Hence, the EL

function of θ is given by Ln(θ) = R(θ)/nn = ∏n
i=1

p̂i(θ), which can be regarded as the working likelihood
of θ . Based on the working likelihood of θ and the prior
distribution f (θ) of θ , the posterior probability density
of θ can be expressed as f (θ | D,ω) ∝ p(θ ,ω | D) ∝
f (θ)Ln(θ), where D = {(yi, xi, zi) : i = 1, . . . , n}.

Under our considered situation that yki’s are sub-
ject to missingness and ωi’s are unobserved latent vari-
ables, it is impossible to make Bayesian inference on
θ based on f (θ | D,ω). To address the issue, a hybrid
algorithm is proposed to impute latent variables and
missing responses by combining the Gibbs sampler and
the MH algorithm based on the posterior distribu-
tions f (θ | D,ω, δ), f (ymis,i | yobs,i,ωi, di, θ) and f (ωi |
yi, di, θ). In the Gibbs sampler, the first difficulty is
the selection of the initial values of unobserved latent
variables and missing responses. A simple approach
for solving the issue is to independently generate sev-
eral MCMC observations based on the classical SEM
with the complete-case analysis. The second difficulty is
to estimate the conditional distributions f (ωi | yi, di, θ)
and f (ymis,i | yobs,i,ωi, di, θ). To this end, the approach
proposed by Wei, Ma, and Carroll (2012) is employed
to estimate p(ωi | yi, di, θ) and f (ymis,i | yobs,i,ωi, di, θ)
based on the EL Ln(θ), and then latent variables and
missing responses are drawn by using the linear inter-
polation method. Following Zhang and Tang (2017),
the algorithm for implementing the Gibbs sampler can
be summarised as follows.

Step 1. Let t=0 and take the initial values θ(0) and
ω
(0)
i of θ and ωi, respectively.
Step 2. Sample observations of θ from its poste-

rior distribution. The MH algorithm for sampling θ is
conducted as follows. At the (t + 1)th iteration with a
current value θ(t) of θ , we first draw a candidate value θ∗
of θ from the proposal distribution pprop(θ | θ(t), σ 2

θ ),
where σ 2

θ is chosen such that the average acceptance
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rate is roughly 0.3; and then accept θ∗ as θ(t+1) with
the probability

ϒθ

= min

{
1,

f (θ∗)
∏n

i=1 p̂i(θ
∗)pprop(θ(t) | θ∗, σ 2

θ )

f (θ(t))
∏n

i=1 p̂i(θ(t))pprop(θ∗ | θ(t), σ 2
θ )

}
,

where p̂i(θ)’s are generated by using the modified
Newton-Raphson algorithm (Chen, Sitter, &Wu, 2002).
Note that it is impossible to implement the above pro-
cedure because components of θ have different features.
In this case, we can iteratively implement the above
procedure for u, β̃k,�ωk,�, ϕ and�ε .

Step 3. Sample latent variables ωi from the corre-
sponding conditional distributions. First, we estimate
the conditional density p(ωi | yi, di, θ). To this end,
we take P grid points (e.g., ω∗

i[1], . . . ,ω
∗
i[P]) in some

neighbourhood of ω
(t)
i , and calculate p̂i[j](θ(t+1)) =

p̂(yi, di,ω∗
i[j], θ

(t+1)) for j = 1, . . . ,P based onEquation
(31). The conditional density function of latent variable
ωi is estimated by

p̂(ω∗
i[j] | yi, di, θ(t+1))

= p̂i[j](θ(t+1))∑P−1
k=1 0.5{p̂i[k](θ(t+1)) + p̂i[k+1](θ(t+1))}�i[k]

,

where �i[k] = ∏q
ι=1(ω

∗
ιi[k+1] − ω∗

ιi[k]), ωιi[k] is the ιth
component of ωi[k]. Thus, the cumulative distribution
function of latent variable ωi can be estimated by

F̂(ω∗
i[S] | yi, di, θ(t+1)) =

S∑
j=1

p̂(ω∗
i[j] | yi, di, θ(t+1))�i[j],

S = 1, . . . ,P .

Following the idea of the linear interpolation method
(Wei et al., 2012), we first sample a random variable u
from the uniform distribution U(0, 1), and then take
ω
(t+1)
i = {̂F(u | yi, di, θ(t+1))}−1 as the (t + 1)th itera-

tion value of ωi. Thus, ω
(t+1)
i ∼ p̂(ω | yi, di, θ).

Step 4. Sample missing response ymis,i from the cor-
responding conditional distribution. First, we estimate
the conditional density p(ymis,i | yobs,i,ωi, di, θ). To this
end, we take P grid points (e.g., y∗

mis,i[1], . . . , y
∗
mis,i[P])

in some neighbourhood of y(t)mis,i, and calculate
p̂yi[j](θ

(t+1)) = p̂(y∗
mis,i[j], yobs,i, di,ω

(t+1)
i , θ(t+1)) for j =

1, . . . ,P based on Equation (31). The conditional den-
sity function of ymis,i is estimated by

p̂(y∗
mis,i[j] | yobs,i,ωi, di, θ(t+1))

=
p̂yi[j](θ

(t+1))∑J−1
k=1 0.5{p̂yi[k](θ(t+1)) + p̂yi[k+1](θ

(t+1))}�y
i[k]

,

where �
y
i[k] = ∏q

ι=1(y
∗
mis,ιi[k+1] − y∗

mis,ιi[k]), ymis,ιi[k] is
the ιth component of ymis,i[k]. The cumulative distri-
bution function of missing response ymis,i is estimated

by

F̂(y∗
mis,i[S] | yobs,i,ωi, di, θ(t+1))

=
S∑
j=1

p̂(y∗
mis,i[j] | yobs,i,ωi, di, θ(t+1))�

y
i[j]

for S = 1, . . . ,P . Similarly, we first sample a random
variable u from U(0, 1), and define y(t+1)

mis,i = {̂F(u |
yobs,i,ωi, di, θ(t+1))}−1 as the (t + 1)th iteration value of
ymis,i. Thus, y

(t+1)
mis,i ∼ p̂(ymis,i | yobs,i,ωi, di, θ).

Step 5. Repeat Steps 2–4 until convergence of the
algorithm. Bayesian estimates θ̂ and ω̂i of θ and ωi can
be taken to be their corresponding sample means of the
generated observations.

5. Influence analysis of EFNSEMs withMNAR

5.1. Local influence analysis

Let υ = (υ1, . . . ,υm) be a m × 1 vector of perturba-
tions restricted to some open subspace&, and �c(θ ,υ |
Y ,ω,A) be the complete-data log-likelihood of the
perturbed model. Let θ̂ (υ) be the ML estimate of θ
for the perturbed model. That is, θ̂ (υ) is obtained
by maximising Q(θ | υ, θ̂ ) = EYmis,ω|Yobs,A,θ̂ {�c(θ ,υ |
Y ,ω,A) | Yobs,A, θ̂}. We assume that there is a υ0 ∈
& such that �c(θ ,υ0 | Y ,ω,A) = �c(θ | Y ,ω,A) for all
θ . Thus, we have θ̂ (υ0) = θ̂ . To wit, υ0 represents no
perturbation. Following Zhu and Lee (2001), we con-
sider the following Q-displacement function fQ(υ) =
2{Q(θ̂ | θ̂ ) − Q(θ̂(υ) | θ̂ )}. Similar to Cook (1986),
we define the influence graph of fQ(υ) as γ (υ) =
(υT , fQ(υ))T . Thus, the normal curvature CfQ,h of γ (υ)
in the unit direction h (‖h‖ = 1) at υ0 can be defined
as

CfQ,h = −2hTQ̈υ0h = 2hT�T
υ0{−Q̈θ (θ̂ )}−1�υ0h,

where Q̈0
υ = ∂2Q(θ̂(υ) | θ̂ )/∂υ∂υT |υ=υ0 , Q̈θ (θ̂ ) =

∂2Q(θ | θ̂ )/∂θ∂θT |
θ=θ̂

, and �υ0 = ∂2Q(θ̂ (υ) | θ̂ )/
∂θ∂υT |

θ=θ̂ ,υ=υ0 . It follows fromPoon and Poon (1999)
that the conformal normal curvature BfQ,h in the unit
direction h at υ0 can be expressed as

BfQ,h = −2hTQ̈υ0h
tr{−2Q̈υ0} . (32)

Let B = −2Q̈υ0/tr{−2Q̈υ0}, and λ1 ≥ . . . ≥ λr > 0
be the nonzero eigenvalues of B, and e1, . . . , er be
the corresponding orthogonal eigenvectors. Similar to
Cook (1986), the eigenvector e1 = hmax correspond-
ing to the largest eigenvalue λ1 is important for
assessing local influence. However, as many authors
(e.g., Lesaffre & Verbeke, 1998; Poon & Poon, 1999)
pointed out that it is not enough to assess local influ-
ence by only examining hmax. To address the issue,
Poon and Poon (1999) proposed using statistic U =
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λ1e21 + · · · + λre2r to assess local influence, where e2k =
(e2k1, . . . , e

2
km)

T for k = 1, . . . , r. It is easily seen that
Uj = ∑r

k=1 λke
2
kj = BfQ,vj = bjj for j = 1, . . . ,m, where

Uj is the jth component of U , vj is an m × 1 vector
of perturbations with its jth entry 1 and zeros else-
where, and bjj is the jth diagonal element of matrix B.
Thus, evaluating Uj is rather simple because of with-
out computing eigenvectors or eigenvalues of matrix B.
Let Ū and SM be mean and standard error of {Uj : j =
1, . . . ,m}, respectively. Similar to Lee and Tang (2004),
Ū + c × SM is used as a benchmark, where c is a
selected constant on a problem-by-problem basis. To
wit, the jth observation is identified as influential if
Uj > Ū + c × SM.

As Lee and Tang (2004) pointed out, it is quite dif-
ficult to evaluate �υ0 and Q̈θ (θ̂ ) because of multiple
integrals involved. To this end, Lee and Tang (2004)
employed the well-known Monte Carlo method to
approximate �υ0 and Q̈θ (θ̂ ). Let {(y(l)mis,i,ω

(l)
i ) : i =

1, . . . , n, l = 1, . . . ,M} be a set of observations gen-
erated from the conditional distributions p(ymis,i |
yobs,i,ωi, di, θ) and p(ωi | yi, di, θ) given in Equa-
tions (19) and (20) via the MH algorithm given in
Section 4.2.

Thus,�υ0 and Q̈θ (θ̂ ) can be approximated by

�υ0 ≈ 1
M

M∑
l=1

× ∂2�c(θ ,υ | Yobs,Y
(l)
mis,ω

(l),A)

∂θ∂υT |
θ=θ̂ ,υ=υ0 ,

Q̈θ (θ̂ ) ≈ 1
M

M∑
l=1

∂2�c(θ | Yobs,Y
(l)
mis,ω

(l),A)

∂θ∂θT
|
θ=θ̂

.

According to the above introduced EM algorithm, at
the E-step of the last MCECM iteration, a sample
{Y(l)

mis,ω
(l), l = 1, . . . ,T } has been generated at the ML

estimate θ̂ . If T > M, no additional observations are
required; otherwise the MH algorithm is used again
to sample additionalM − T observations to make up
a sufficient large sample {Y(l)

mis,ω
(l), l = 1, . . . ,T } for

local influence analysis. Generally, M is selected on
a problem-to-problem basis. In some applications, a
few thousand (e.g., 5000) observations are sufficient for
models with moderate sample sizes.

The above presented local influence measures are
mainly defined on the basis of Q(θ | θ̂ ) = E{�c(θ |
Y ,ω,A) | Yobs,A, θ̂} and Q(θ | υ, θ̂ ) = E{�c(θ ,υ |
Y ,ω,A) | Yobs,A, θ̂}, which are closely associated with
�̈c(θ | Y ,ω,A) = ∂2�c(θ | Y ,ω,A)/∂θ∂θT , and
�̈c(θ ,υ | Y ,ω,A) = ∂2�c(θ ,υ | Y ,ω,A)/∂θ∂υT . It fol-
lows from Equation (13) that the complete-data log-
likelihood function �c(θ | Y ,ω,A) is a relatively simple
function of three separate terms with separable param-
eters. Hence, �̈c(θ | Y ,ω,A) is a diagonal block matrix,

and many components of �̈c(θ ,υ | Y ,ω,A) are zero
for many perturbed models. Thus, the computation
of the above defined local influence diagnostic mea-
sures is quite simple. As an illustration, six perturbation
schemes are considered as follows.

(1) Case weights perturbation
We first consider simultaneous changes in the

weights of all subjects. Let υ = (υ1, . . . ,υn)T be an n ×
1 vector of case-weights. In this case, υ0 = (1, . . . , 1)T
represents no perturbation, and the complete-data
log-likelihood function for the perturbed model is
written as

�c(θ ,υ | Y ,ω,A) = �υc1(θ1,υ | Y ,X,ω)
+ �c2(θ2 | ω,Z) + �c3(� | ω) + �υc4(ϕ,υ | Y ,ω, δ),

(33)

where �υc1(θ1,υ | Y ,X,ω) = ∑n
i=1

∑p
k=1 υi[{ykiηki −

b(ηki)}/ψk + ck(yki,ψk)], �υc4(ϕ,υ | Y ,ω, δ) = ∑n
i=1

υi{siϕTDi − p log(1 + eϕTDi)}. In particular, whenυi =
0 and υj = 1 for j �= i, we obtain θ̂ (υ) = θ̂[i], where θ̂[i]
is the ML estimate of θ after deleting the ith data point.
Thus, this perturbation scheme is an extension of the
case-deletion method.

(2) Additive perturbation on components of the
manifest vectors

Here we consider an additive perturbation on
the manifest vector, i.e., yki(υ) = yki + υki, where yki
are the kth component of yi. In this case, υ =
(υ11, . . . ,υp1, . . . ,υ1n, . . . ,υpn)T , andυ0 = (0, . . . , 0)T
corresponds to a case with no perturbation. The
complete-data log-likelihood function �c(θ ,υ | Y ,ω,A)

for the perturbed model is given by (33), but �υc1(θ1,υ |
Y ,X,ω) = ∑n

i=1
∑p

k=1[{(yki + υki)ηki − b(ηki)}/ψk +
ck(yki + υki,ψk)],�υc4(ϕ,υ | Y ,ω, δ) = ∑n

i=1{siϕTDυ
i −

p log(1 + eϕTDυ
i )} with Dυ

i = (1, y1i + υ1i, . . . , ypi +
υpi,ω1i, . . . ,ωqi)

T . In particular, we consider a pertur-
bation on the manifest vector yi, i.e., yi(υ) = yi + υi1p,
where υi is a scalar, and 1p = (1, . . . , 1)T .

For the above twoperturbation schemes, ∂2�υc1(θ1,υ |
Y ,X,ω)/∂θ1∂υT and ∂2�υc4(ϕ, υ | Y ,ω, δ)/∂ϕ∂υT in
�̈c(θ ,υ | Y ,ω,A) are nonzero, while other two terms
are zero. Moreover, Q̈θ (θ̂ ) only involves �υc1(θ1,υ |
Y ,X,ω), and �υc4(ϕ,υ | Y ,ω, δ) and θ̂1 and ϕ̂. Thus, the
computational burden for evaluating diagnostic mea-
sures is not too heavy. Also, the two perturbations give
us more precise and direct insights with clear interpre-
tations.

(3) Perturbation on �ε

Consider perturbation on �ε using a vector υ =
(υ1, . . . ,υn)T such that var(εi) = υ−1

i �ε . In this case,
υ0 = (1, . . . , 1)T represents no perturbation. The per-
turbed complete-data log-likelihood function is given
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by

�c(θ ,υ | Y ,ω,A) = �c1(θ1 | Y ,X,ω)
+ �υc2(θ2,υ | ω,Z) + �c3(� | ω) + �c4(ϕ | Y ,ω, δ),

(34)

where �υc2(θ2,υ | ω,Z) = ∑n
i=1 log{f (ωi(1) | ωi(2),

�ω, zi,υ−1
i �ε)}. It is easily seen from Equation (34)

that ∂2�υc2(θ2,υ | ω,Z)/∂θ2∂υT is the unique nonzero
derivative in �̈c(θ ,υ | Y ,ω,A), and computation of
�̈c(θ ,υ | Y ,ω,A) does not involve �c1(θ1 | Y ,X,ω),
�c3(� | ω) and �c4(ϕ | Y ,ω, δ). Hence, local influence
diagnostics for this perturbation scheme only depend
on �̂ε and �υc2(θ2,υ | ω,Z), and the nonlinear SEM.
(4)Multiplicative perturbationon the latent vectorωi

This perturbation scheme has been considered by
Lee and Tang (2004). Following Lee and Tang (2004),
we consider perturbation on ωi: ωi(υ) = υiωi for i =
1, . . . , n, where υ = (υ1, . . . ,υn)T . This perturbation
scheme includes either the multiplicative perturbation
on the latent subvector ωi(1) or ωi(2) by using ωi(υ) =
υiωi = (υiω

T
i(1),ω

T
i(2))

T or υiωi = (ωT
i(1),υiω

T
i(2))

T ,
respectively. In this case, υ0 = (1, . . . , 1)T represents
no perturbation. The complete-data log-likelihood
function for the perturbed model is given by

�c(θ ,υ | Y ,ω,A) = �υc1(θ1,υ | Y ,X,ω)
+ �υc2(θ2,υ | ω,Z) + �υc3(θ3,υ | ω)
+ �υc4(θ4,υ | Y ,ω, δ),

where

�υc1(θ1,υ | Y ,X,ω) =
n∑
i=1

p∑
k=1

log{fk(yki | υiωi, xi)},

�υc2(θ2,υ | ω,Z) =
n∑
i=1

log{f (υiωi(1)

× | υiωi(2),�ω, zi,�ε)},

�υc3(θ3,υ | ω) =
n∑
i=1

log{f (υiωi(2) | �)},

�υc4(θ4,υ | Y ,ω, δ) =
n∑
i=1

p∑
k=1

log{f (δki | yi,υiωi,ϕ)}.

(5) Additive perturbation on the latent vector ωi
This perturbation scheme has been considered by

Lee and Tang (2004). Following Lee and Tang (2004),
we consider an additive perturbation on the latent vec-
tor ωi by taking ωi(υ) = ωi + υi1q. In this case, υ0 =
(0, . . . , 0)T represents no perturbation. The perturbed
complete-data log-likelihood is given by

�c(θ ,υ | Y ,ω,A) = �υc1(θ1,υ | Y ,X,ω)
+ �υc2(θ2,υ | ω,Z) + �υc3(θ3,υ | ω)
+ �υc4(θ4,υ | Y ,ω, δ),

where

�υc1(θ1,υ | Y ,X,ω) =
n∑

i=1

p∑
k=1

log{fk(yki

| ωi + υi1q, xi)},

�υc2(θ2,υ | ω,Z) =
n∑

i=1
log{f (ωi(1) + υi1q | ωi(2)

+ υi1q,�ω, zi,�ε)},

�υc3(θ3,υ | ω) =
n∑

i=1
log{f (ωi(2) + υi1q | �)},

�υc4(θ4,υ | Y ,ω, δ) =
n∑

i=1

p∑
k=1

log{f (δki

| yi,ωi + υi1q,ϕ)}.
The above three perturbation schemes are closely asso-
ciated with the nonlinear SEM (10) that measures the
relationships among the latent variables. These pertur-
bation schemes can be used to detect the effect of the
latent variables on the manifest observations.
(6) Perturbation on all unknown parameters

Similar to Lee and Tang (2004), we consider per-
turbation on all unknown parameters. In this case,
the perturbed parameter vectors are given by θ1(υ1) =
θ1 + U1υ1, θ2(υ2) = θ2 + U2υ2, �(υ3) = � + U3υ3,
ϕ(υ4) = ϕ + U4υ4, where U1, U2 and U4 are diago-
nal matrices of appropriate orders, and U3 is a q2 × q2
matrix that can be determined by users; and υi is the
perturbed vector corresponding to θi for i=1,2, and υ3
and υ4 are the perturbed vectors corresponding to �

and ϕ, respectively. In this case, υ0
i = (0, . . . , 0)T repre-

sent no perturbation for i=1,2,3,4. The complete-data
log-likelihood function of the perturbed model has the
form of

�c(θ ,υ | Y ,ω,A)

= �υc1(θ1(υ1) | Y ,X,ω) + �υc2(θ2(υ2) | ω,Z)
+ �υc3(�(υ3) | ω) + �υc4(ϕ(υ4) | Y ,ω, δ).

Therefore, we have

Q̈υ0 =
(
∂θ(υ)

∂υT

)T
∂2�c(θ ,υ | Y ,ω,A)

∂θ(υ)∂θ(υ)T
∂θ(υ)

∂υT ,

where ∂θ(υ)/∂υT is a diagonal block matrix with
blocks U1, U2, U3 and U4.

5.2. Case-deletion analysis

In what follows, a quantity with a subscript ‘[i]’
denotes the quantity evaluated from a reduced data
set, which is obtained by deleting the ith observation
{yi, di} from the full sample {Y ,A}. For example, θ̂[i]
denotes the ML estimate of θ with the ith data point
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{yi, xi, zi, δi} deleted. That is, θ̂[i] is obtained by max-
imising the objective function Q[i](θ | θ̂ ) = E{�c(θ |
Y[i],ω[i],A[i]) | Yobs[i],A, θ̂ )}, where Yobs[i] represents
sub-matrix of Yobs with the ith data pointed deleted.

To assess the effect of the ith individual on the ML
estimate θ̂ of θ , we consider the following generalised
Cook’s distance

CDi = (θ̂[i] − θ̂ )T{−Q̈(θ̂ | θ̂ )}(θ̂[i] − θ̂ ),

where Q̈(θ̂ | θ̂ ) = ∂2Q(θ | θ̂ )/∂θ∂θT |
θ=θ̂

. Similar to
the definition of likelihood displacement (Zhu & Lee,
2001), we define Q-function-based displacement as

QDi = 2{Q(θ̂ | θ̂ ) − Q(θ̂[i] | θ̂ )},

which quantifies the change ofQ-function after deleting
the ith observation {yi, di}. Generally, whenCDi orQDi
are large, the ith observation has a relatively large effect
on the ML estimate of θ .

To compute CDi and QDi, we require first evaluat-
ing θ̂[i], which indicates that it is necessary to re-run the
above presented ECME algorithm for each of n obser-
vations. Clearly, it is computationally intensive when
sample size n is large. To address the issue, we consider
the following one-step approximation of θ̂[i]:

θ̂1[i] = θ̂ + {Q̈(θ̂ | θ̂ )}−1Q̇[i](θ̂ | θ̂ ), (35)

where θ̂1[i] is the one-step approximation of θ̂[i], and
Q̇[i](θ̂ | θ̂ ) = ∂Q[i](θ | θ̂ )/∂θ |

θ=θ̂
. Proof of Equation

(35) see Zhu and Lee (2001). Using θ̂1[i] to replace θ̂[i]
in CDi and QDi leads to the following approximations
QD1

i and CD1
i of QDi and CDi:

QD1
i = 2{Q(θ̂ | θ̂ ) − Q(θ̂1[i] | θ̂ )}, (36)

CD1
i = (θ̂1[i] − θ̂ )T{−Q̈(θ̂ | θ̂ )}(θ̂1[i] − θ̂ )

= {Q̇[i](θ̂ | θ̂ )}T{−Q̈(θ̂ | θ̂ )}−1Q̇[i](θ̂ | θ̂ ), (37)

respectively.
To evaluateQD1

i and CD
1
i , it is necessary to calculate

Q(θ̂ | θ̂ ), Q(θ̂1[i] | θ̂ ), Q̇[i](θ̂ | θ̂ ) and Q̈(θ̂ | θ̂ ). But all
the four quantities have no closed forms for our consid-
ered model. To this end, the Monte Carlo approxima-
tion is employed. Let {(Y(h)

mis,ω
(h)) : h = 1, . . . ,H} be

observations of Ymis andω drawn from the joint condi-
tional distribution f (Ymis,ω | Yobs,A, θ̂ ) via the above
presented MH algorithm within the Gibbs sampler.
Thus, Q(θ̂ | θ̂ ) and Q(θ̂1[i] | θ̂ ), Q̇[i](θ̂ | θ̂ ) and Q̈(θ̂ | θ̂ )

can be approximated by

Q(θ̂ | θ̂ ) ≈ 1
H

H∑
h=1

�c(θ̂ | Yobs,Y
(h)
mis,ω

(h),A), (38)

Q(θ̂1[i] | θ̂ ) ≈ 1
H

H∑
h=1

�c(θ̂
1
[i] | Yobs,Y

(h)
mis,ω

(h),A) (39)

Q̇[i](θ̂ | θ̂ ) ≈ 1
H

H∑
h=1

∂θ�c(θ̂ | Yobs[i],Y
(h)
mis[i],ω

(h),A),

(40)

Q̈(θ̂ | θ̂ ) ≈ 1
H

H∑
h=1

∂2θ �c(θ̂ | Yobs,Y
(h)
misω

(h),A), (41)

respectively.
Themain steps in implementing the above proposed

case deletion influence analysis are summarised as fol-
lows.

Step (A). Based on observations {(Y(h)
mis,ω

(h)) : h =
1, . . . ,H} generated from the joint conditional distri-
bution f (Ymis,ω | Yobs,A, θ̂ ) via the above presented
MH algorithm within the Gibbs sampler, calculate
θ̂1[i],Q(θ̂ | θ̂ ),Q(θ̂1[i] | θ̂ ), Q̇[i](θ̂ | θ̂ ) and Q̈(θ̂ | θ̂ ) using
the approximations given in Equations (35), (38)–(41)
fori = 1, . . . , n.

Step (B). Calculate QD1
i and CD1

i via the formu-
lae (36) and (37) for i = 1, . . . , n.

Step (C). Identify influential observations by inspect-
ing index plots of QD1

i and CD1
i based on the corre-

sponding benchmarks, respectively.

5.3. Bayesian local influence analysis

Section 5.1 discusses local influence analysis of
EFNSEMs with MNAR based on the Q function of the
EM algorithm, but it does not consider perturbation
to prior of θ . To this end, we develop a Bayesian local
influence approach to assess the effect of simultane-
ously minor perturbations to the data, the prior and
the sampling distribution on the posterior quantities of
interest in EFNSEMs with MNAR.
(1) Bayesian perturbation model and manifold

Similar to Zhu et al. (2011), we define a class of per-
turbation models for simultaneously perturbing to the
data, the prior and the sampling distribution as

f (Y ,ω, δ, θ | X,Z,υ) = f (θ | υp)
n∏
i=1{

f (yi, δi | xi,ωi, θ1,ϕ,υd,υs)f (ωi | zi, θ2,�,υd,υs)
}
,

and
∫
f (Y ,ω, δ, θ | X,Z,υ) dY dω dδ dθ = 1, where

υ = {υp,υd,υs} in which υp ∈ Rmp , υd ∈ Rmd and
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υs ∈ Rms represent perturbations to the prior, the data
and the sampling distribution, respectively. Denote
mT = mp + md + ms. It is assumed that υ0 = (υ0

p ,
υ0
d ,υ

0
s ) ∈ RmT represents no perturbation.

Following Zhu et al. (2011), the perturbed model
M = {f (Y ,ω, δ, θ | X,Z,υ) : υ ∈ RmT } can be
regarded as a mT-dimentional manifold under some
regularity conditions. The tangent space Tυ of M at
each υ ∈ M is composed of mT functions ∂υk�c(υ),
where ∂υk = ∂/∂υk, �c(υ) = log f (Y ,ω, δ, θ | X,Z,υ),
and υk is the kth component of υ. Thus, under some
regular conditions, them2

T quantities

gjk(υ) = Eυ{∂υj�c(υ)∂υk�c(υ)} = −Eυ{∂2υjυk�c(υ)}
for j, k = 1, . . . ,mT , (42)

form the metric tensor ofM (denoted byG(υ)), where
Eυ denotes the expectation taken with respect to the
joint probability density function f (Y ,ω, δ, θ | X,Z,υ).
The (j, j)th component gjj(υ) of G(υ)) measures the
amount of perturbation characterised byυj, whileρjk =
gjk(υ)/

√
gjj(υ)gkk(υ) reflects the amount of associa-

tion between υj and υk. If G(υ) is a diagonal matrix,
components of υ are orthogonal to each other and
the corresponding perturbation is called an appropri-
ate perturbation. If G(υ0) is not a diagonal matrix,
we take the following new perturbation vector υ̃ =
υ0 + G(υ0)1/2(υ − υ0) such that G(υ̃) computed at
υ0 is equal to cImT , where c is a positive scalar. As an
illustration, we consider the following perturbations.
Experiment 1. Consider perturbation to the priors of u,
β̃k, ψ−1

k , �ωk, ψ−1
εk , � and ϕ by assuming f (u | υu) ∼

N (u0,υ−1
u !0

u), f (β̃k | υβ) ∼ N (β̃0
k ,υ

−1
β !0

βk), f (ψ
−1
k |

υψ) ∼ Gamma(α0ψk,υψβ0ψk), f (�ωk | ψεk,υε1) ∼
N (�0

ωk + υε11t5 ,ψεk!
0
�), f (� | υφ) ∼ IW(υφR0,

ρ0, q2), f (ψ−1
εk | υε2) ∼ Gamma(α0ωk,υε2β0ωk), and

f (ϕ | υϕ) ∼ N (ϕ0,υ−1
ϕ !0

ϕ), where υu, υβ , υψ , υε1,
υε2, υϕ and υφ are positive scalars, and t5 = t3 + q1 +
t2. Thus, υp = (υu,υβ ,υψ ,υε1,υε2,υϕ ,υφ)

T , and υ0
p =

(υ0
u ,υ

0
β ,υ

0
ψ ,υ

0
ε1,υ

0
ε2,υ

0
ϕ ,υ

0
φ)

T = (1, 1, 1, 0, 1, 1, 1)T
indicates no perturbation. The perturbation model
M = {f (Y ,ω, δ, θ | X,Z,υ) : υ ∈ R7} constitutes aRie-
mannian manifold. The tangent space Tυ of M is
consist of

∂υp�c(υp) =
(
1
2

{
p
υu

− (u − u0)T(!0
u)

−1(u − u0)
}
,

1
2

{
t1 + q
υβ

− (β̃k − β̃0
k )

T(!0
βk)

−1(β̃k − β̃0
k )

}
,

−
p∑

k=1

{
β0ψk

ψk
+ pα0ψk

υψ

}
, 1Tt5(!

0
�)

−1

p∑
k=1

�ωk − �0
ωk − υε11t5
ψεk

,

−
p∑

k=1

{
β0ωk

ψεk
+ α0ωkq1

υε2

}
,
ρ0

2υφ

−1
2
tr(R0�−1),

1
2

×
{
p + q + 1

υϕ

− (ϕ − ϕ0)T(!0
ϕ)

−1(ϕ − ϕ0)

})
.

Moreover, it is easily shown that

G(υ0
p) = diag

(
p
2
,
t1 + q
2

, pα0ψk,
p1Tt5(!

0
�)

−11t5α0ωk
β0ωk

,

q1α0ωk,
ρ0

2
,
p + 1 + q

2

)
.

Experiment 2. Consider the perturbation to yki by
assuming yki(υi) = yki + υi. In this case, υd = (υ1, . . . ,
υn)

T , and υ0
d = (0, . . . , 0)T represents no perturbation.

The perturbationmodelM = {f (Y ,ω, δ, θ | X,Z,υd) :
υd ∈ Rn} forms a manifold. Denote c̃ = ϕ1 + · · · +
ϕp, ṽi = ϕ1y1i + · · · + ϕpypi + c̃υi + b̃i in which b̃i =
ϕ0 + ϕp+1ω1i + · · · + ϕp+qωqi for i = 1, . . . , n. The
tangent space Tυd ofM is spanned by n quantities:

∂υi�c(υd) =
p∑

k=1

{ηki/ψk + ċk(yki + υi,ψk)}

+
(
si − p

eṽi

1 + eṽi

)
c̃.

It is easily shown that G(υ0
d) = diag(h11, . . . , hnn),

where hii = E{pc̃2'i −
∑p

k=1 c̈k(yki + υi,ψk)} with 'i

= eṽi/{1 + eṽi}2, and E(·) represents the expecta-
tion taken with respect to the joint distribution of
{yi,ωi,ϕ,�}.
Experiment 3. In this experiment, we consider the
perturbation to the sampling distribution f (Y ,ω, δ, θ |
X,Z) by assuming

f (Y ,ω, δ, θ | X,Z,υs)

= f (Y ,ω, δ, θ | X,Z) exp
{ n∑

i=1
υiρi(Y ,ω, δ, θ | X,Z)

−0.5
n∑
i=1

υ2
i ρi(Y ,ω, δ, θ | X,Z)2 − C(θ ,υs)

}
,

where υs = (υ1, . . . ,υn)T , C(θ ,υs) is a normalised con-
stant, ρi(Y ,ω, δ, θ | X,Z) is a fixed scalar function hav-
ing zeromean under f (Y ,ω, δ, θ | X,Z). This perturba-
tion scheme can be intuitively explained as the pertur-
bation to mean and variance of the normal distribution
for ρi(Y ,ω, δ, θ | X,Z), i.e., ρi(Y ,ω, δ, θ | X,Z,υi) ∼
N(1/υi, 1/υ2

i ). In this case, υ0
s = (υ0

1 , . . . ,υ
0
n)

T =
(0, . . . , 0)T represents no perturbation. The tangent
space Tυs of M = {f (Y ,ω, δ, θ | X,Z,υs) : υs ∈ Rn

is spanned by n quantities: ∂υi�c(υs) = ρi(Y ,ω, δ, θ |
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X,Z) − υiρi(Y ,ω, δ, θ | X,Z)2 − ∂υiC(θ ,υs) for
i = 1, . . . , n. It is easily shown that

G(υ0
s ) = diag(g11, . . . , gnn) + E{∂2C(θ ,υs)/∂υs∂υT

s },

where gii = E{ρi(Y ,ω, δ, θ | X,Z)2} in which E{·} rep-
resents the expectation taken with respect to the joint
distribution f (Y ,ω, δ, θ | X,Z).
Experiment 4. Consider the perturbation to missing
data mechanism model (12) by assuming

logit{pr(δki = 1 | yi,ωi,ϕ,υs)} = υ1ϕ1y1i + · · ·
+ υpϕpypi + b̃i

D= Bi,

where b̃i is defined in Experiment 2, and υs =
(υ1, . . . ,υn)T . Thus, υ0

s = (υ0
1 , . . . ,υ

0
p )

T = (1, . . . , 1)T
represents no perturbation. The tangent space Tυ of
the manifoldM = {f (Y ,ω, δ, θ | X,Z,υs) : υs ∈ Rp is
spanned by ∂υs�c(υs) = ∑n

i=1{si − peBi/(1 + eBi)}yi.
Again, we have

G(υ0
s ) = pEy,ω,δ,ϕ

{ n∑
i=1

eϕTDi

(1 + eϕTDi)2
yiyTi

}
,

which Ey,ω,ϕ represents the expectation taken with
respect to the joint distribution f (Y ,ω, δ,ϕ | X,Z).
(2) Bayesian Local influence measures

Consider the objective function �(υ) : M → Rr,
such as Bayes factor, φ-divergence and posterior
mean distance. Let υ(t) be a geodesic on M with
υ(0) = υ0. Taking the first-order Taylor expansion of
�(υ(t)) at t=0 leads to �(υ(t)) = �(υ(0)) + �̇h(0)t +
O(t2), where �̇h(0) = ∇T

� h, ∇� = ∂υ�(υ(0)), and h =
∂tυ(t)|t=0 ∈ Rm.

Following Zhu et al. (2011), when ∇f �= 0, we define
the first-order influence (FI) measure in the direction
h ∈ Rm as

FI�,h = FI�(υ(0)),h = hT∇�W�∇T
� h

hTG0h
,

where G0 = G(υ0) and W� is a positive semi-definite
matrix. For the appropriate perturbation υ̃(υ), FI�,h in
the unit direction h ∈ Rm at υ0 can be rewritten as

FI�(υ̃),h|υ̃=υ0 = hTG−1/2
0 ∇�W�∇T

� G
−1/2
0 h.

Similar to Poon and Poon (1999), we define the first-
order adjusted influence measure FIC�(υ̃),h in the unit
direction h at υ0 as

FIC�(υ̃),h|υ̃=υ0 = hTB�h,

where B� = Q/tr(Q) withQ = G−1/2
0 ∇�W�∇T

� G
−1/2
0 .

From the above definition, it is easily seen that to evalu-
ate the first-order adjusted local influence measure B�,
we only require calculating ∇� and G0 and selecting an
appropriate matrixW�.

Following the argument given in Section 5.1,
M(0)Fj = bFjj for j = 1, . . . ,m, where bFjj is the jth diag-
onal element ofmatrixB�. Again, M̄F(0) + 2 × SMF(0)
is used as a benchmark, where M̄F(0) and SMF(0) are
the mean and standard error of {M(0)Fj : j = 1, . . . ,m},
respectively.
Experiment 5. Consider the logarithm of Bayes factor
for comparing υ with υ0 on the basis of the observed
data {Yobs, δ,X,Z}: BF(υ) = log f (Yobs | δ,X,Z,υ) −
log f (Yobs | δ,X,Z,υ0), where f (Yobs | δ,X,Z,υ) =∫
f (Y ,ω, δ, θ | X,Z,υ) dYmis dω dθ . If we take f (υ) =

BF(υ), we have

∇B = EYmis,ω,θ |δ,Y ,X,υ0{∂υ log f (Y ,ω, δ, θ | X,Z,υ0)

| Yobs, δ,X,Z} �= 0,

and BB = G−1/2
0 ∇B∇T

B G
−1/2
0 /∇T

B G
−1
0 ∇B when WB =

I. Again, it is rather difficult to calculate ∇B. To address
the issue, the Monte Carlo approximation method is
here adopted. To wit, ∇B can be approximated by

∇B ≈ T −1
T∑
k=1

∂υ log f (Yobs,Y
(k)
mis,ω

(k), δ, θ(k)

| X,Z,υ0),

where observations {(Y(k)
mis,ω

(k), θ(k)) : k = 1, . . . ,T }
are generated from the joint posterior distribution
p(Ymis,ω, θ | X,Z, δ,υ0) via the MH algorithm within
the Gibbs sampler.

If ∇� = 0, it follows from the Taylor’s series expan-
sion that �(υ(t)) = �(υ(0)) + 0.5�̈h(0)t2 + O(t3),
where �̈h(0) = hTH�h and H� = ∂2υ�(υ(0)). Following
Zhu et al. (2011), The second-order influence measure
(SI) in the unit direction h ∈ Rm is defined as

SI�,h = SI�(υ(0)),h = hTH�h
hTG0h

.

In particular, for an appropriate perturbation υ(υ̃),
SI�,h reduces to

SI�(υ̃),h|υ̃=υ0 = hTG−1/2
0 H�G

1/2
0 h.

Thus, the second-order adjusted influence measure at
υ0 in the unit direction h is defined as

SCI�(υ̃0),h = hTBsh,

where Bs = Qs/tr(Qs) in which Qs = G−1/2
0 H�G

1/2
0 .

Similarly, diagonal elements M(0)sj = bsjj of matrix Bs
can be used to identify the potential influential obser-
vations, misspecified or inappropriate sampling distri-
butions, misspecified missingess data mechanism and
misspecified priors. Moreover, M̄s(0) + 2 × SMs(0) is
used as a benchmark, where M̄s(0) and SMs(0) are
the mean and standard error of {M(0)sj : j = 1, . . . ,m},
respectively.
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Experiment 6. We take the objective function �(υ) as
the φ-divergence between two posterior probability
density functions before and after introducing pertur-
bation υ, which is defined by

Dφ(υ) =
∫

φ(R(Ymis,ω, θ | Yobs, δ,X,Z,υ))

× f (Ymis,ω, θ | Yobs, δ,X,Z) dYmis dω dθ ,

where R(Ymis,ω, θ | Yobs, δ,X,Z,υ) = f (Ymis,ω, θ |
Yobs, δ,X,Z,υ)/f (Ymis,ω, θ | Yobs, δ,X, Z), and φ(·) is
a convex function with φ(1) = 0 such as the Kullback-
Leibler divergence. It is easily shown that ∇φ = 0 and

Hφ = φ̈(1)[Eυ0{∂υ log f (Y ,ω, δ, θ | X,Z,υ0)}⊗2

− {Eυ0(∂υ log f (Y ,ω, δ, θ | X,Z,υ0))}⊗2],

where a⊗2 = aaT and Eυ0 is the expectation taken with
respect to the joint posterior distribution p(Ymis,ω, θ |
Yobs, δ,X,Z). In practice, Hφ can be approximated by

Hφ ≈ φ̈(1)

[
1
T

T∑
k=1

{∂υ log f (Y(k)
mis,Yobs,ω(k), δ, θ(k)

− | X,Z,υ0)}⊗2

−
(
1
T

T∑
k=1

∂υ log f (Y
(k)
mis,Yobs,ω(k), δ, θ(k)

× | X,Z,υ0)
)⊗2

]
,

where observations {(Y(k)
mis,ω

(k), θ(k)) : k = 1, . . . ,T }
are generated from the joint posterior distribution
p(Ymis,ω, θ | X,Z, δ,υ0) via the MH algorithm within
the Gibbs sampler.
Experiment 7. Define Md(υ

0) = ∫
d(θ)f (Ymis,ω, θ |

Yobs, δ,X,Z) dYmis dω dθ and Md(υ) = ∫
d(θ)f (Ymis,

ω, θ | Yobs, δ,X,Z,υ) dYmis dω dθ as the posterior
means of d(θ) before and after introducing υ, respec-
tively, where d(θ) is some known function of θ .
We define Cook’s posterior mean distance for char-
acterising the effect of υ on the posterior mean of
d(θ) as

CMd(υ) = {Md(υ) − Md(υ
0)}TWd

× {Md(υ) − Md(υ
0)},

where Wd = [var{d(θ) | Yobs, δ, X, Z}]−1. If we take
�(υ) = CMd(υ), we have ∇d = 0 and Hd = M∗T

d Wd
M∗

d , where M
∗
d = covυ0{d(θ), ∂υ log f (Y ,ω, δ, θ | X,Z,

υ0)}, which can be approximated by

M∗
d ≈ 1

T

T∑
k=1

{
d(θ(k))∂υ log f (Y

(k)
mis,Yobs,ω(k), δ, θ(k)

× | X,Z,υ)}

−
(
1
T

T∑
k=1

d(θ(k))

)

×
(
1
T

T∑
k=1

∂υ log f (Y
(k)
mis,Yobs,ω(t), δ, θ(s) | X,Z,υ)

)
,

where observations {(Y(k)
mis,ω

(k), θ(k)) : k = 1, . . . ,T }
are generated from the joint posterior distribution
p(Ymis,ω, θ | X,Z, δ,υ0) via the MH algorithm within
the Gibbs sampler.

For the above considered perturbation schemes and
objective functions, the following four key steps are
employed to conduct Bayesian influence analysis.

Step 1. Construct a Bayesian perturbation model
p(Y ,ω, δ, θ | X,Z,υ).

Step 2. Take an objective function �(υ), and cal-
culate ∇� = ∂υ�(υ(0)), H� = ∂2υ�(υ(0)) and G0 =
G(υ0).

Step 3. If ∇� �= 0, we calculate the first-order
adjusted influence (FIC) measure M(0)Fj = bFjj. How-
ever, when ∇� = 0, we calculate the second-order
adjusted influence (SIC) measureM(0)sj = bsjj.

Step 4. If M(0)Fj ≥ C̄F (or M(0)sj ≥ C̄s), the jth
observation is detected as influential, where C̄k =
M̄k(0) + 2 × SMk(0) for k=F and s.

5.4. Bayesian case deletionmeasures

In this subsection, we consider the effect of deleting a
set of observations (denoted as S) on posterior infer-
ences on θ from a Bayesian point of view. In fact,
this problem has been investigated in the frequienti-
est framework, for example, see Section 5.2. A sub-
script ‘[S]’ represents the relevant quantity with all
observations in the set S deleted. Let AS and Yobs,S
be subsamples of A and Yobs consisting of all the
observations in the set S, respectively. The posterior
distribution of θ for the observed data set {Yobs,A}
is given byf (θ | Yobs,A) ∝ f (Yobs, δ | X,Z, θ)f (θ) ∝∫ {f (Y ,ω, δ | X,Z, θ) dYmis dω}f (θ) ∝ ∫

f (θ ,Y ,ω, δ |
X,Z) dYmis dω.

Following Zhu et al. (2012), to quantify the effect of
deleting all the observations in the set S on the posterior
distribution of θ , we define the following Bayesian case
influence measure:

Dφ(S) =
∫

φ(R[S](θ))f (θ | Yobs,A) dθ ,

whereR[S](θ) = f (θ | Yobs,[S],A[S])/f (θ | Yobs,A), and
φ(·) is a convex function with φ(1) = 0. Dφ(S) is an
measure of the distance between two posterior distri-
butions f (θ | Yobs[S],A[S]) and f (θ | Yobs,A), and the
observations in the data set S are identified as a set of
influential observations when Dφ(S) is large. Gener-
ally, φ(·) can take various forms, for example, φα(ν) =
4{1 − ν(1+α)/2}/(1 − α2) for α �= ±1, ν log(ν) for α =
1 and − log(ν) for α = −1 corresponding to the
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Kullback-Leibler divergence (K-L divergence), φ1(·) +
φ−1(·) corresponding to the symmetric K-L diver-
gence, φ(ν) = 0.5|u − 1| and (ν − 1)2 corresponding
to theL1-distance and the χ2-divergence, respectively.

Tomeasure the effect of deleting all the observations
in data set S on the posterior mean of θ , we define the
second type of Bayesian case influence measure as

CM(S) = (θ̃[S] − θ̃ )TWθ (θ̃[S] − θ̃ ), (43)

where Wθ is a user-specified positive definite matrix,
θ̃ = ∫

θ f (θ | Yobs,A) dθ and θ̃[S] = ∫
θ f (θ | Yobs,[S],

A[S]) dθ are the posterior means of θ based on the
observed data sets {Yobs,A} and {Yobs,[S],A[S]}, respec-
tively. Generally, we take Wθ as the inverse of the pos-
terior covariance matrix of θ . A large value of CM(S)
indicates that deleting all the observations in data set
S leads to a large effect on the posterior mean of θ .
Thus, the observations in the data set S are identified
as influential.

Although Dφ(S) and CM(S) measure the effect of
the data set S on the posterior quantities, their statis-
tical explanations are not the same. Dφ(S) assesses the
effect of the data set S on the overall posterior distribu-
tion, including shape, mode and mean, and is sensitive
to posterior distribution. But CM(S) only measures the
effect of the data set S on the posterior mean of θ , and
is sensitive to the change of posterior mean.

To compute Dφ(S) and CM(S), we require calcu-
lating the posterior densities f (θ | Yobs,A) and f (θ |
Yobs,[S],A[S]). It is rather difficult to compute them
because of latent variables and missing manifest vari-
ables involved. To this end, it is desirable to develop
an algorithm or a formula computed easily. We define
the ratio of the observed data likelihood of θ with and
without the data set S as

fS(θ) = f (Yobs,A | θ)
f (Yobs,[S],A[S] | θ) .

It is easily shown that

f (θ | Yobs,[S],A[S]) = {fS(θ)}−1f (θ | Yobs,A)∫ {fS(θ)}−1f (θ | Yobs,A) dθ
,

(44)
which indicates that R[S](θ) = {fS(θ)}−1/Eθ |Yobs,A
{fS(θ)}−1. Thus, Dφ(S) can be written as

Dφ(S) = Eθ |Yobs,A
[
φ

( {fS(θ)}−1

Eθ |Yobs,A{fS(θ)}−1

)]
, (45)

where Eθ |Yobs,A is the expectation taken with respect
to the posterior distribution f (θ | Yobs,A). In par-
ticular, for the K-L divergence (i.e., φ(u) = log(u)),
Dφ(S) is expressed as Dφ(S) = logEθ |Yobs,A{fS(θ)}−1 +
Eθ |Yobs,A{log fS(θ)}.

It follows from Equation (44) and the defini-
tions of θ̃ and θ̃[S] that θ̃ = Eθ |Yobs,A(θ) and θ̃[S] =
Eθ |Yobs,A[θ{fS(θ)}−1]/Eθ |Yobs,A{fS(θ)}−1, which

indicates that CM(S) can be evaluated by usingMCMC
samples from the full posterior distribution f (θ |
Yobs,A). In particular, θ̃ can be computed by averaging
the MCMC samples of θ and Wθ can be approximated
by the inverse of the posterior covariance matrix of the
MCMC samples of θ . From the above discussion, it is
easily known that computing Equations (43) and (45)
heavily depend on the computation offS(θ).

According to the definition of fS(θ), we have

fS(θ) =
∫
f (Y ,ω, δ | X,Z, θ) dYmis dω∫

f (Y[S],ω[S], δ[S] | X[S],Z[S], θ) dYmis,[S] dω[S]

=
∫

f (YS,ωS, δS | XS,ZS, θ) dYmis,[S] dωS,

which shows that it is very cumbersome to approximate
fS(θ). Thus, it is rather unfeasible to compute Dφ(S)
and CM(S) because of an intractable multiple integral
involved. Thus, some numerical methods such as the
trapezoidal rule can be adopted to approximatefS(θ).

On the other hand, similar to Zhu et al. (2012),
one can develop a computationally feasible first-
order approximation to Dφ(S) and CM(S). In partic-
ular, under some regularity conditions, Dφ(S) can be
approximated by

Dφ(S) = 0.5φ̈(1){∂θ log fS(θ̃)]}T

× {J(θ̂)}−1{∂θ log fS(θ̂)]}{1 + Op(n−1),

and the one-step approximation for θ̃[S] is given by

θ̃[S] = θ̃ − {J(θ̂)}−1∂θ log fS(θ̂ )]}{1 + Op(n−1)},

where θ̂ = argmaxθ log f (θ | Yobs,A), J(θ) = −∂2θ log
f (θ | Yobs,A) = −∂2θ log f (Yobs | A, θ) − ∂2θ log f (θ) at
θ̂ . It follows from ∂θ log fS(θ) = ∂θ log f (Yobs,A | θ) −
∂θ log f (Yobs,[S],A[S] | θ) that

∂θ log f (Yobs,A | θ)

≈
∫

∂θ log f (Y ,ω, δ | X,Z, θ)f (Ymis,ω

| Yobs,A, θ) dYmis dω,

∂θ log f (Yobs,[S],A[S] | θ)

≈
∫

∂θ log f (Y[S],ω[S], δ[S] | X[S],Z[S], θ)

× f (Ymis,ω | Yobs,A, θ) dYmis dω,

which show that ∂θ log f (Yobs,A | θ) and ∂θ log f
(Yobs,[S],A[S] | θ) can be approximated by

∂θ log f (Yobs,A | θ)

≈ 1
T

T∑
k=1

∂θ log f (Y
(k)
mis,Yobs,ω(k), δ | X,Z, θ),



STATISTICAL THEORY AND RELATED FIELDS 127

∂θ log f (Yobs,[S],A[S] | θ)

≈ 1
T

T∑
k=1

∂θ log f (Y
(k)
mis,[S],Yobs,[S],ω

(k)
[S] , δ[S]

× | X[S],Z[S], θ),

where observations {(Y(k)
mis,[S],ω

(k)) : k = 1, . . . ,T } are
drawn from the conditional distribution f (Ymis,ω |
Yobs,A, θ).

6. Model Selection of EFNSEMs withMNAR

6.1. EM-basedmodel selection criterion

By the discussion of Section 4.1, the EM algorithm
includes the E-step and the M-step. At the κth iteration
of the EM algorithm with the current value θ(κ) of θ ,
the E-step requires evaluating the Q-function, which is
defined as

Q(θ | θ(κ)) = E{�c(θ | Y ,ω,A) | Yobs,A, θ(κ)}
= log f (Yobs, δ | X,Z, θ) + H(θ | θ(κ)), (46)

where E{·} represents the expectation taken with
respect to the conditional distribution f (Ymis,ω |
Yobs,A, θ(κ)), and

H(θ | θ(κ))
= E{log f (Ymis,ω | Yobs, δ,X,Z) | Yobs,A, θ(κ)}

(47)

is called the H-function. The M-step is to maximise
Q(θ | θ(κ)) to evaluate θ(κ+1). When the EM algorithm
converges, we can obtain the following three quanti-
ties: θ̂ , Q(θ̂ | θ̂ ), and observations {(Y(k)

mis,ω
(k)) : k =

1, . . . ,T } drawn from the joint conditional distribu-
tion f (Ymis,ω | Yobs, δ,X,Z, θ̂ ). According to the above
discussion, f (Yobs, δ | X,Z, θ) has no closed expression.
Hence, it is impossible to directly evaluate f (Yobs, δ |
X,Z, θ). But, it follows from (46) that log f (Yobs, δ |
X,Z, θ) = Q(θ | θ(κ)) − H(θ | θ(κ)), which shows that
f (Yobs, δ | X,Z, θ̂ ) can be computed from the Q-
function Q(θ̂ | θ̂ ) and the H-function H(θ̂ | θ̂ ) when
theEMalgorithmconverges. Thus, inspired byAIC/BIC
criterion, we consider the following model selection
criterion:

ICH,Q = −2 log f (Yobs, δ | X,Z, θ̂ ) + cn(θ̂)

= −2Q(θ̂ | θ̂ ) + 2H(θ̂ | θ̂ ) + cn(θ̂), (48)

where cn(θ̂ ) is a penalty function of the data and the fit-
tedmodel. Different expressions of cn(θ̂) correspond to
different criteria, for instance, when cn(θ̂) = 2d, where
d is the dimension of θ , we obtain the AIC; when
cn(θ̂ ) = d log(n), the ICH,Q criterion reduces to the
BIC. Generally, cn(θ̂) is selected by users.

It is easily seen from the definition of H(θ̂ | θ̂ )
that H(θ̂ | θ̂ ) is not a direct byproduct of the EM
algorithm, and has no closed form. To address the
issue, a truncated Hermite approximation is adopted to
approximate f (ymis,i,ωi | yobs,i, δi, xi, zi). The details see
Ibrahim et al. (2008).

Since it is rather cumbersome to evaluate the approx-
imation to the integrand of the H-function, it is desir-
able to present a model selection criterion that does
not involve the H-function and only depends on the
byproducts of the EM algorithm. To this end, we con-
sider the following model selection criterion by drop-
ping the H-function from (48):

ICQ = −2Q(θ̂ | θ̂ ) + cn(θ̂),

which can be regarded as a reduced form of ICH,Q.
When cn(θ̂) = 2d, ICQ reduces to the criterionAICQ =
−2Q(θ̂ | θ̂ ) + 2d. When cn(θ̂) = d log(n), reduces to
the criterion BICQ = −2Q(θ̂ | θ̂ ) + d log(n).

As Ibrahim et al. (2008) pointed out, the advantage
of using ICQ is that it is more computationally feasi-
ble than ICH,Q, and the disadvantage of ICQ is that it
results in a criterion with poor model selection proper-
ties in some settings where themissing-data proportion
is high. Generally, we recommend the usage of ICH,Q
overICQ.

6.2. Penalised-EM-basedmodel selection criterion

The above presented EM-based algorithm model
selection criterion often suffer from instability and
computationally infeasible when the number of the
latent variables and covariates is large. To address
the issue, various penalisation-based approaches have
been proposed to simultaneously estimate parameters
and select important latent variables and covariates
over the past years. Recently, Tang and Tang (2018)
extended the penalised-based approaches to gener-
alised partially nonlinear models with nonignorable
missing responses.Here, we extend the penalised-based
approaches to EFNSEMs with nonignorable missing
data.

Similar to Tang and Tang (2018), at the κth iteration
of the EM algorithm with the current value θ(κ) of θ ,
the E-step requires evaluating the following penalised
Q-function:

Qλ(θ | θ(κ)) = Q(θ | θ(κ)) − n
k1∑
j=1

pλ1j(|θ1j|)

− n
k2∑
j=1

pλ2j(|θ2j|) − n
3∑

j=1
pφj(|φj|)

− n
p+q+1∑
j=1

pλϕj(|ϕj|)



128 N. TANG AND Y. JU

= Q1(θ1 | θ(κ)) + Q2(θ2 | θ(κ))
+ Q3(� | θ(κ)) + Q4(ϕ | θ(κ))

− n
k1∑
j=1

pλ1j(|θ1j|) − n
k2∑
j=1

pλ2j(|θ2j|)

− n
3∑

j=1
pφj(|φj|) − n

p+q+1∑
j=1

pλϕj(|ϕj|)

�= Q1λ(θ1 | θ(κ)) + Q2λ(θ2 | θ(κ))
+ Q3λ(� | θ(κ)) + Q4λ(ϕ | θ(κ)),

where k1 and k2 are the numbers of different parame-
ters in θ1 and θ2, respectively, φ1 = φ11, φ2 = φ12 and
φ3 = φ22, φ11,φ12 and φ22 are the (1, 1)th, (1, 2)th and
(2, 2)th components of�, λ = (λ11, . . . , λ1,k1 , λ21, . . . ,
λ2,k2 , λ31, λ32, λ33, λϕ1, . . . , λϕ,p+q+1)

T ,λ1j is the penalty
parameter corresponding to the jth element θ1,j in θ1 for
j = 1, . . . , k1, λ2j is the penalty parameter correspond-
ing to the jth element θ2,j in θ2 forj = 1, . . . , k2,λ3j is the
penalty parameter corresponding to the jth component
φj in � for j=1,2,3, while λϕj is the penalty param-
eter corresponding to the jth element ϕj in ϕ for j =
1, . . . , p + q + 1, and Qλ1(θ1 | θ(κ)) = Q1(θ1 | θ(κ)) −
n
∑k1

j=1 pλ1j(|θ1j|), Qλ2(θ2 | θ(κ)) = Q2(θ2 | θ(κ))
− n

∑k2
j=1 pλ2j(|θ2j|), Qλ3(� | θ(κ)) = Q3(� | θ(κ)) −

n
∑3

j=1 pφj(|φj|), and Qλ4(ϕ | θ(κ)) = Q4(ϕ | θ(κ)) −
n
∑p+q+1

j=1 pλϕj(|ϕj|), where Q1(θ1 | θ(κ)) = E{�c1(θ1 |
Y ,X,ω)}, Q2(θ2 | θ(κ)) = E{�c2(θ1 | Y ,X,ω)}, Q3(� |
θ(κ)) = E{�c3(� | Y ,X,ω)}, and Q4(ϕ | θ(κ)) =
E{�c4(ϕ | Y ,X,ω)}.

The M-step is to maximise Qλ(θ | θ(κ)), which
is a quite difficult task in that Qλ(θ | θ(κ)) is a
non-differentiable and non-concave function of θ . To
address the issue, following Fan and Li (2001), we max-
imise the second-order Taylor expansions of Qλ1(θ1 |
θ(κ)), Qλ2(θ2 | θ(κ)), Qλ3(� | θ(κ)) and Qλ4(ϕ | θ(κ))
at θ

(κ)
1 , θ

(κ)
2 , �(κ) and ϕ(κ), respectively. Thus, the

problem of maximising Qλ1(θ1 | θ(κ)), Qλ2(θ2 | θ(κ)),
Qλ3(� | θ(κ)) and Qλ4(ϕ | θ(κ)) becomes an optimisa-
tion problem of the penalised weighted least squares
regression, which can be conducted via some appropri-
ate optimisation algorithms such as the local quadratic
approximation algorithm (Fan & Li, 2001), local lin-
ear approximation algorithm (Zou & Li, 2008). Note
that the estimators obtained by maximising Qλ1(θ1 |
θ(κ)) with respect to θ1, Qλ2(θ2 | θ(κ)) with respect
ton θ2, Qλ3(� | θ(κ)) with respect to � and Qλ4(ϕ |
θ(κ)) with respect to ϕ, respectively, are not the max-
imiser of Qλ(θ | θ(κ)) with respect to θ . To address the
issue, we here present a hybrid algorithm combining
the local linear approximation algorithmand the expec-
tation conditional maximisation algorithm (Meng
& Rubin, 1993) to find θ(κ+1) such that Qλ(θ

(κ+1) |

θ(κ)) > Qλ(θ
(κ) | θ(κ)). Iterating the above introduced

E-step and the adjusted M-step until the convergence
of the EM algorithm leads to the maximum penalised
likelihood estimation θ̂λ of θ .

To guarantee that the obtained estimator θ̂λ of θ

possesses the well-known oracle property, we require
selecting an appropriate penalty parameter λ. Gener-
ally, the generalised cross-validation (GCV) and BIC
can be employed to select λ. But it is quite difficult to
evaluate these criteria in the presence of missing data
because of intractable multiple integral involved. Here
the above presented ICQ criterion is used to choose
the penalty parameter λ. To wit, the optimal penalty
parameter λ can be evaluated by minimising

ICQ(λ) = −2Q(θ̂λ | θ̂ ) + cn(θ̂λ),

where cn(θ̂λ) is defined in (48).
Without loss of generality, we assume θ =

(θT(1), θ
T
(2))

T , where θ(1) and θ(2) correspond to the
nonzero and zero components of θ , respectively. Let
θ∗ be the true value of θ . Thus, θ∗ = (θ∗

(1)
T , 0T)T . We

write the corresponding decomposition of θ̂λ as θ̂λ =
(θ̂T(1)λ, θ̂

T
(2)λ)

T , where θ̂(1)λ and θ̂(2)λ correspond to the
nonzero and zero components of θ . Similar to Tang
and Tang (2018), under some regularity conditions, we
can show

(i) (Consistency) θ̂λ − θ∗ = Op(n−1/2) as n → ∞;
(ii) (Sparsity) Pr(θ̂(2)λ = 0) → 1.

6.3. Resampling-based variable selection
procedure

Following Long and Johnson (2015), we present a
resampling approach combining bootstrap imputation
and stability selection to select variables in EFNSEMs
with nonignorable missing data.

First, we conduct bootstrap imputation on U =
{Y ,X,Z, } before variable selection, which is given as
follows. We generate B bootstrap data sets {U(k), k =
1, . . . ,B} with the corresponding missing indicator
sets {δ(k), k = 1, . . . ,B} based on the observed data set
{Yobs,A}; and then conduct imputation for each boot-
strap data set U(k) and δ(k) using a selected imputation
method, which leads to the imputed data set {U(k)

I =
(Y(k),X(k),Z(k)), k = 1, . . . ,B}.

Second, given the bootstrap imputed data sets
{U(k)

I , k = 1, . . . ,B}, we consider the following stabil-
ity selection procedure. We evaluate θ̂

(k)
λ by maximis-

ing Q(θ | θ(κ)) for the kth bootstrap imputed data set
U(k)
I ; repeat the above procedure for all k = 1, . . . ,B

bootstrap imputed data sets and obtain {θ̂ (k)λ , k =
1, . . . ,B}. Let Ŝ(k)

λ be the support of θ̂ (k)λ (the set of
non-zero parameter estimates), which is also called
as the estimated active set. The final estimated active
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set is defined as ŜA = {j : maxλ V
j
λ ≥ c0}, where V =

B−1∑B

k=1 I(j ∈ Ŝ(k)
λ ), and c0 is a threshold and is taken

as a value between 0.6 and 0.9. Based on the selected
active set ŜA, we calculate the final parameter estimates
via θ̂ŜA

= B−1∑B

k=1 θ̂
(k)
ŜA

, where θ̂
(k)
ŜA

is computed by

maximising Q(θ | θ(κ)) for the kth bootstrap imputed
data set U(k)

ŜA,I
, which is the partial data-set of U(k)

I

corresponding to ŜA.

7. Conclusions and discussions

This paper reviews statistical inference on mean func-
tionals and EFNSEMs in the presence of missing
response not at random. Two popular approaches
including the EL method, and semiparametric method
have been introduced to estimate the mean functionals
in the presence of missing response not at random. EM
algorithm, Bayesian approach, andBayesian ELmethod
are presented to estimate parameters in EFNSEMs with
nonignorablemissing data. Local influence analysis and
case-deletion method are developed to assess the effect
of minor perturbations on the quantities of interest,
and identify the potential influential observations from
the frequentist and Bayesian viewpoints, respectively.
Also, three model selection approaches, including EM-
based model selection criterion, penalised-EM-based
model selection criterion, and resampling-based vari-
able selection procedure, are proposed to select the best
model among candidate EFNSEMs with nonignorable
missing data. Although we mainly review the devel-
opments in EFNSEMs with MNAR, it is quite easy to
extend these approaches to other models with MNAR.

Recently, Fang and Shao (2016) presented a new
model selection criterion, which is referred to as the
penalised validation criterion, in the presence of nonig-
norable nonresponse with unspecified propensity score
using the information included in an instrument. A
natural idea is to extend the penalised validation cri-
terion of Fang and Shao (2016) to EFNSEMs in the
presence of nonignorable missing data with unspeci-
fied propensity score. To our best of knowledge, there
is little work done on this topic. Also, the aforemen-
tioned four model selection methods mainly focus
on the setting that the number of explanatory vari-
ables is fixed and less than or equal to sample size.
Recently, growing-dimensional data analysis receives
a huge attention in the absence of missing data. For
example, see Fan and Peng (2004) for the noncon-
cave penalised likelihood in linear regression models;
Lam and Fan (2008) for the profile-kernel likelihood
in linear regression models; Zou and Zhang (2009)
for an adaptive elastic-net procedure in linear regres-
sion models; Li, Peng, and Zhu (2011) for a noncon-
cave penalisedM-estimator in linear regressionmodels;
Caner and Zhang (2014) for the least squares based
adaptive elastic net estimator in generalised method

of moments (GMMs); Leng and Tang (2012) for the
penalised EL method in estimating equations when
likelihood function is unavailable, which is sensitive
to model misspecification. To this end, Tang, Yan,
and Zhao (2018) presents a penalised exponentially
tilted (PET) likelihood for growing dimensional uncon-
ditional moment models in the presence of correlation
among variables and model misspecification. Hence,
extension of the aforementioned model selection tech-
niques to growing-dimensional models with missing
data in the presence of model misspecification and
outliers is an interesting topic.

Recently, statistical analysis of high/ultrahigh dimen-
sional data, in which the number of candidate explana-
tory variables increases at an exponential rate of sample
size but only a small number of explanatory variables
have a relatively large effect on the response, is widely
studied. Usually, a two-steps procedure is adopted to
analyze the kind of datasets. To wit, the first step is
to compress the important explanatory variables to a
small number, and the second step is to use the existing
penalised variable selection techniques, such as Lasso,
SCAD and Adaptive Lasso, to identify the subset of
important explanatory variables. To efficiently imple-
ment the first step, many feature screening procedures
in the absence of missing data have been proposed. For
example, see the sure independence screening (SIS) and
iterated sure independence screening (ISIS) method
(Fan & Lv, 2008) for linear regression models, the
sure independent ranking and screening procedure
(Zhu, Li, Li, & Zhu, 2011) for multiple-index models,
the nonparametric independence screening method
(Fan, Feng, & Song, 2011), the robust rank correla-
tion screening procedure (Li, Zhong, & Zhu, 2012) for
semiparametric models, the conditional-correlation-
based feature screening procedure for varying coeffi-
cient models, the GEE-based screening procedure (Xu
& Chen, 2014), the score-test-based screening frame-
work (Zhao & Li, 2014), the Pearson correlation sure
independence screening procedure based on the partial
residual for PLMs Liu, Lee, Zhao (2016). Also, sev-
eral model-free screening procedures in the absence of
missing data have been developed in recent years, for
example, see Li et al. (2012), Cui, Li, and Zhong (2015),
among others. When responses are subject to miss-
ingness, Ding and Wang (2011) presented a Fusion-
Refinement procedure for dimension reduction; Lai,
Liu, Liu, and Wan (2017) presented a model-free
screening procedure combining the IPW method and
the Kolmogorov filter method. But, Lai et al.’s (2017)
method requires estimating unknown propensity score
function, which indicates that it may be subject to
the potential misspecification of the respondent prob-
ability. Also, Wang and Li (2018) proposed a missing
indicator imputation screening procedure for ultra-
high dimensional data in the presence of missing
data, which may suffer from the well-known ‘curse
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of dimensionality’. However, it is a quite challenging
and interesting topic to develop a general model-free
approach to implement the first step in the presence of
nonignorable missing data.

Although we present several approaches to iden-
tify the potential influential observations from the fre-
quentist and Bayesian viewpoints, the aforementioned
approaches have been developed for regression mod-
els with the fixed dimension of explanatory variables.
Hence, it is quite interesting to develop some new
approaches to detect the potential influential obser-
vations in growing-dimensional or high/ultrahigh
dimensional models with nonignorable missing data.
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Appendix. Expressions of ∂θ lc and ∂2θ lc
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b̈(ηki)ġ(μki)ψk

,
∂�c1

∂ψk
=

n∑
i=1

{
−ykiηki − b(ηki)

ψ2
k
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