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Professors Tang and Ju deserve a warm congratulation
for their great work on a review of statistical inference
for nonignorablemissing data problems. Although they
called their review ‘a selective review’, it actually covers
most of contemporary advances in the difficult problem
of dealing with nonignorable missing data.

In Section 3.1 of Tang and Ju’s review, they discussed
the weighting approach in estimation with nonignor-
able nonresponse, which is one of the most popular
and effective methods of handling nonresponse. The
key in the weighting approach is the estimation of
the unknown propensity, the probability of observing
the value of a response variable conditional on the value
of the response variable and associated covariate values,
regardless of whether the response value is observed
or not. Tang and Ju reviewed the early develop-
ments with parametric models on propensity (e.g., Lee
& Tang, 2006; Qin, Leung, & Shao, 2002; Wang, Shao,
& Kim, 2014) as well as the more recent advances on
semiparametric propensitymodelling (Kim&Yu, 2011;
Shao & Wang, 2016). The purpose of this note is to
add some results and discussions on semiparametric
propensity estimation.

We start with some notation. Let yi be a univari-
ate response variable of interest and xi be the asso-
ciated multivariate covariate for the ith sampled unit,
i = 1, . . . , n, where yi is observed if δi = 1 and is miss-
ing if δi = 0, and xi is always observed. We assume
that (yi, xi, δi), i = 1, . . . , n, are independent and iden-
tically distributed. The propensity is defined to be the
conditional probability P(δi = 1|yi, xi). Since yi may be
missing, this propensity or nonresponse mechanism is
nonignorable, and it is ignorable if and only if P(δi =
1|yi, xi) = P(δi = 1|xi).

A parametric model may be imposed on the propen-
sity, but results derived under parametric models may
be sensitive to the violations of parametric models, and
thus, it is desired to make weaker assumptions. The
following semiparametric model is assumed in Kim

and Yu (2011),

P(δi = 1|yi, xi) = 1
1 + exp{g(xi)+ γ yi} , (1)

where γ is an unknown parameter and g is an
unspecified (nonparametric) function.Note that, under
assumption (1), nonresponse is ignorable if and only
if γ = 0, in which case the ignorable propensity [1 +
exp{g(xi)}]−1 is nonparametric. Thus, assumption (1)
is better than any parametric assumption on propen-
sity because if γ = 0, any parametric assumption on
propensity is unnecessary for handling ignorable miss-
ing data.

An extension to (1) is

P(δi = 1|yi, xi) = 1
1 + exp{g(xi)+ qγ (yi)} , (2)

where qγ is a parametric function and γ is a possibly
multi-dimensional unknown parameter.

As shown in Shao andWang (2016), under either (1)
or (2) the unknown g and γ are not identifiable. Some
additional condition is needed to identify the unknown
g and γ so that valid estimation and inference is possi-
ble. For example, Kim and Yu (2011) assumed that γ is
known or can be estimated externally. A more reason-
able assumption is to assume that some components of
xi can be excluded from the right-hand side of (2). That
is, xi can be decomposed into ui and zi such that

P(δi = 1|yi, xi) = 1
1 + exp{g(ui)+ qγ (yi)} , (3)

while zi, the part of the covariate vector not in the right-
hand side of (3), is still a useful covariate in the sense
that the conditional distribution of yi given xi depends
on zi. This idea was developed in Wang et al. (2014),
Zhao and Shao (2015), and Shao and Wang (2016),
where they named the covariate zi to be a nonresponse
instrument.
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Following Tang and Ju’s review and Shao and
Wang (2016), we can show that assumption (3) implies
that

exp{g(ui)} = E(1 − δi|ui)
E[δi exp{qγ (yi)}|ui] (4)

and

E
[
h(zi)

{
δi[1 + exp{g(ui)+ qγ (yi)}] − 1

}]
= 0, (5)

where h(zi) is a vector function of zi. Under suit-
able conditions on h(zi), asymptotically valid estima-
tors of g and γ can be obtained based on (4) and (5),
using either the method of generalised moments (Shao
& Wang, 2016) or the empirical likelihood method in
Tang and Ju’s review (Section 3.2).

Once g and γ are estimated, the weighting approach
using the inverse of propensity in (3) with g and γ
replaced by their estimators can be applied to estimate
parameters of interest in the distribution of yi or the
conditional distribution of yi givenxi.

Now, consider changing assumption (3) to

P(δi = 1|yi, xi) = g(ui)qγ (yi), (6)

where g is nonparametric, qγ is parametric, and
both are between 0 and 1. Note that (6) is a multi-
plicity model considered by Zhao and Shao (2017).
Under (6),counterparts of (4) and (5) are, respectively,

g(ui) = E
{

δi

qγ (yi)

∣∣∣∣ui
}

(7)

and

E
[
h(zi)

{
δi

g(ui)qγ (yi)
− 1

}]
= 0. (8)

Asymptotically valid estimators of g and γ can be
obtained using (7) and (8) and similar techniques in
Shao and Wang (2016).

Alternatively, we may change (3) to

P(δi = 1|yi, xi) = 1
1 + g(ui)+ qγ (yi)

, (9)

where g is nonparametric, qγ is parametric, and g(ui)+
qγ (yi) is between 0 and 1. Note that the difference
between model (3) and model (9) is that the former
has a multiplicity effect of g(ui) and qγ (yi) on propen-
sity, whereas the latter has an additive effect of g(ui)
and qγ (yi). Under (9), counter parts of (4) and (5) are,
respectively,

g(ui) = 1 − E[δi{1 + qγ (yi)}|ui]
E(δi|ui) (10)

and

E
[
h(zi)

{
δi[1 + g(ui)+ qγ (yi)] − 1

}]
= 0. (11)

Again, asymptotically valid estimators of g and γ can
be obtained using (10) and (11) and similar techniques
in Shao and Wang (2016).

We conclude with the following question. What is
a general assumption for which (3), (6) and (9) are all
special cases and results similar to (4) and (5) can be
derived?

Consider

P(δi = 1|yi, xi) = π{g(ui), qγ (yi)}, (12)

where g is nonparametric, qγ is parametric, and π{·, ·}
is a two-dimensional known function. Note that (3), (6)
and (9) are all special cases of (12). The previous
results (4), (7) and (10) are all derived based on

E
[

δi

π{g(ui), qγ (yi)}
∣∣∣∣ui

]

= E
[
E

{
δi

π{g(ui), qγ (yi)}
∣∣∣∣yi, ui

} ∣∣∣∣ui
]

= 1.

Define

ψ{g(ui), ui} = E
[

δi

π{g(ui), qγ (yi)}
∣∣∣∣ui

]
, (13)

a function of g(ui) and ui. If, for each fixed ui, ψ is a
strictly monotone function of g(ui), then (13) defines
a possibly implicit function of g(ui) and similar results
may be derived.
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