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Professors Bayarri, Berger, Jang, Ray, Pericchi, and
Visser deserve a special congratulation for their great
work on Bayesian model and variable selection and a
pioneering idea of prior-based Bayesian information
criterion (PBIC). This work opens the door for contem-
porary advances in the difficult problem of model and
variable selection.

There exist three types of commonly used Bayesian
approaches. The first type works on information cri-
terion, such as the well-known BIC. The newly pro-
posed PBIC belongs to this category. The second
type includes the indicator model selection (see, e.g.,
Brown, Vannucci, & Fearn, 1998; Dellaportas, Forster,
& Ntzoufras, 1997; George & McCulloch, 1993; Kuo
& Mallick, 1998; Yuan & Lin, 2005), the stochastic
search method (e.g., O’Hara & Sillanpää, 2009), and
the model space method by Green (1995). The third
type, which is considered in this discussion, is to
apply priors on the regression coefficients that pro-
motes the shrinkage of coefficients towards 0. This last
type of approaches is intrinsically connected with fre-
quentist methods in the sense that, first of all, such
priors play the same role as the assumption that the
coefficients are sparse for the frequentist approach
and secondly, in some sense, the Bayesian solution is
equivalent to the corresponding frequentist counter-
part with a certain penalty parameter. Typical research
papers for this type include Griffin and Brown (2009),
Park and Casella (2008), and Kyung, Gilly, Ghosh,
and Casella (2010).

The shrinkage prior approach may not provide
sparse estimates of regression coefficients in general,
which could not only complicate the interpretation but
also inflate statistical error in analysis. Even without
a well-defined variable selection approach, a Bayesian
analysis based on a subset of covariates with size con-
siderably less than the original dimensionality, which is
referred to as sparse Bayesian analysis, could produce
better results than the Bayesian analysis based on all
covariates. Several attempts have been made to obtain
sparse Bayesian estimates based on shrinkage priors.
For instance, Hoti and Sillanpää (2006) proposed a

method based on thresholding; however, the method
is based on certain approximations, and the choice of
the threshold is ad hoc. Another example is the sparse
Bayesian learning by Tipping (2001), but it involves
complicated nonconvex optimisation and assumes that
the variance of the error term is known.

Under the framework of shrinkage priors, we con-
sider a Bayesian variable selection method via a bench-
mark variable. The benchmark variable serves as a
standard to measure the importance of each variable
based on the posterior distribution of the correspond-
ing coefficient.

As the first attempt, we focus on linear regression
models with normally distributed errors. Let y be an
n-dimensional vector of response and, without loss of
generality, let x1, . . . , xp be p centralised n-dimensional
vectors of predictors or covariates. Conditional on
X = (x1, . . . , xp), y is assumed to be multivariate nor-
mally distributed as N(β01 + Xβ , σ 2I), where β is a
p-dimensional column vector whose jth component is
βj, β0,β1, . . . ,βp are p+1 unknown parameters, σ is an
unknownpositive parameter, 1 is an−dimensional vec-
tor with all components 1 and I is the identity matrix of
order n.

Consider the following prior density on β condi-
tioned on σ 2,

p(β|σ 2) =
p∏

i=1

λ1/δ

21/δ�(1/δ)σ
exp

(
−2λ

∣∣∣∣ βi

2σ

∣∣∣∣
δ
)

(1)

where λ > 0 and 1 ≤ δ ≤ 2 are hyper-parameters.
When δ = 1, this is the Laplace prior which was con-
sidered by Park and Casella (2008) for their Bayesian
Lasso. When δ = 2, the prior in (1) is a multi-
variate normal density and produces the posterior
mode of β equivalent to the ridge regression esti-
mate. As the Laplace prior is ‘sharper’ than the Gaus-
sian one, it is expected to yield more sparse predictive
models with the potentiality of easier interpretation,
which is especially desirable for high-dimensional
data with a considerably large amount of noisy
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variables. However, the posterior inferences associ-
ated with Laplace prior involves relatively intensive
computation.

For β0 and σ 2 that are not involved with variable
selection, we consider noninformative priors so that the
overall prior for all parameters is

p(β0,β , σ 2) ∝ 1
σ 2 p(β|σ 2)

If the posterior distribution of βi is nearly the same as
that from a noise variable centred at 0, then it is natural
to eliminate xi as an unimportant covariate. However,
the question is how to quantify whether a posterior
distribution to be close to that of a noise.

To illustrate our idea, let us first consider an artifi-
cial case where a covariate z exists and is known to have
no effect on y. For example, y is distributed asN(zβz +
1β0 + Xβ , σ 2I) with βz = 0. Although we know z is
redundant, we still put a prior on βz such that βz and
βi are independently identically distributed condition-
ing on σ 2. Under this setting, xi could be treated as an
unimportant variable if the posterior of βi is similar to
the posterior of βz. In other words, the variable z serves
as a benchmark in measuring the importance of xi’s.

A benchmark variable should have a posterior distri-
bution centred at 0 and should not affect the Bayesian
analysis concerning β . The question is, how do we find
a benchmark variable whenwe do not have a redundant
variable at hand?

We now show that there is a universal solution. Since
X is column-wisely centralised, the density of y given
(X, z,β0,β ,βz, σ 2) is

p(y|X, z,β0,β ,βz, σ 2)

∝ 1
σ n exp

(
−
∣∣∣∣y − zβz − 1β0 − Xβ

∣∣∣∣2
2σ 2

)

= 1
σ n exp

×

⎛
⎜⎜⎜⎝−

∣∣∣∣ỹ − Xβ
∣∣∣∣2 + ||z − z̄1||2 β2

z − 2βzz′
(ỹ − Xβ) + n(β0 − ȳ + βz z̄)2

2σ 2

⎞
⎟⎟⎟⎠

where ȳ is the average of components of y, z̄ is the
average of components of z, ỹ = y − ȳ1, ||a||2 = a′a,
and a′ is the transpose of a. Under the previously
described prior, the joint conditional posterior distri-
bution p(β0,β ,βz|X, z, y, σ 2) can be obtained. Since
the intercept β0 is not of interest, we integrate it out
from p(β0,β ,βz|X, z, y, σ 2) and obtain the conditional
posterior density of (β ,βz) given (X, z, y, σ 2) as follows:

p
(
β ,βz|X, z, y, σ 2)
∝ 1

σ n+1

×
[
p
(
β|σ 2) exp

(
−
∣∣∣∣ỹ − Xβ

∣∣∣∣2 + 2βzz′Xβ

2σ 2

)]

×
[
p
(
βz|σ 2) exp(−||z − z̄1||2 β2

z − 2z′ỹβz

2σ 2

)]
(2)

Note that marginalisation over β0 is equivalent to cen-
tralising the response y. After the integration, it could
be regarded that the posterior inferences are drawn
from the centralised response ỹ instead of the origi-
nal y. The reason that we introduce β0 in the model
and then integrate it out, instead of eliminating it at the
very beginning and directly building a linear regression
model as ỹ = zβz + Xβ + ε, is mainly for the mathe-
matical rigorousness, as ỹ is not of full rank and has a
degenerate distribution.

The conditional posterior density in (2) implies that
given (y,X, z, σ 2), β and βz are independent if and only
if z′X = 0. In other words, z does not affect the pos-
terior of β if and only if z is orthogonal to all xi’s,
i = 1, . . . , p. Meanwhile, the posterior of βz is centred
at 0 if and only if z′ỹ = 0. Is there a z orthogonal to
(X, ỹ)? Clearly, z = 1, the column vector of ones, is a
direct solution and could be used as a benchmark to
assess the importance of xi’s. When z = 1, the poste-
rior density of βz remains the same as its prior, and the
posterior density of (β ,βz, σ 2) is simplified to

p
(
β ,βz, σ 2|X, y)
∝ 1

σ n+1 p
(
βz|σ 2) p (β|σ 2) exp

(
−
∣∣∣∣ỹ − Xβ

∣∣∣∣2
2σ 2

)

(3)

The benchmark serves as ameasure to assess the impor-
tance of each covariate, and therefore provide guidance
on variable selection. How to carry out variable selec-
tion using posterior (3) or extend the ideal to more
general settings requires more research. In the rest of
this discussion, we consider a real data example.

The prostate cancer data originally came from a
research conducted by Stamey et al. (1989), and it was
studied byTibshirani (1996) andZou andHastie (2005).
The goal of the research was to explore the relation
between the level of prostate specific antigen and sev-
eral clinical measures in men before their hospitalisa-
tion for radical prostatectomy. The data frame contains
97 observations and 9 variables. The response is the log-
arithm of prostate-specific antigen (lpsa), while the 8
covariates are the logarithm of cancer volume (lcavol),
logarithm of prostate weight (lweight), age, the loga-
rithm of the amount of benign prostatic hyperplasia
(lbph), seminal vesicle invasion (svi), the logarithm of
capsular penetration (lcp), Gleason score (gleason) and
percentage Gleason score 4 or 5 (pgg45).

Figure 1 visualises the posteriors with Laplace prior
(δ = 1). Results with normal prior (δ = 2) are similar
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Figure 1. Posterior plots on the prostate cancer data.

and omitted. In Figure 1, the leftmost boxplot is based
on the posterior samples of the coefficient for the
benchmark z = 1. It is distributed almost symmetri-
cally around 0 as expected. Other box plots represent
the posterior distributions of the coefficients associated
with 8 covariates. It can be seen that the three posteriors
plotted in the far right of Figure 1 are clearly different
from the posterior of the benchmark and, hence, we
conclude that the corresponding three covariates, svi,
lweight, and lcavol, are useful for the response. On the
other hand, the posteriors of three covariates next to
the benchmark in Figure 1 are not different from the
benchmark posterior and, hence, the covariates pgg45,
lcp, and gleason are not useful. The posteriors of lbph
and age are just marginally different from that of the
benchmark, and we still consider them to be not useful
covariates.

Figure 1 also includes Lasso and Bayesian Lasso esti-
mates of each coefficients,marked as circles and squares
in the figure. The Lasso estimates are zero for pgg45,
lcp, and age, nonzero for the other 5 covariates. Thus,
the Lasso approach agreeswith our approach for covari-
ates pgg45, lcp, age, svi, lweight, and lcavol, but does
not agree on gleason and lbph. Since the magnitudes of
Lasso estimates for gleason and lbph are small, another
thresholding added to Lasso will result in the same
conclusion with ours. Meanwhile, the Bayesian Lasso
evaluates all the coefficients to be nonzero as it doesn’t
select variables to promote model sparsity.
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