Taylor & Francis
Taylor & Francis Group

Staﬁsfiilcal ||| statistical Theory and Related Fields
eory|

AND RELATED FIELDS §

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/tstf20

Convergence rate of principal component analysis
with local-linear smoother for functional data
under a unified weighing scheme

Xingyu Yan, Xiaolong Pu, Yingchun Zhou & Xiaolei Xun

To cite this article: Xingyu Yan, Xiaolong Pu, Yingchun Zhou & Xiaolei Xun (2020)
Convergence rate of principal component analysis with local-linear smoother for functional
data under a unified weighing scheme, Statistical Theory and Related Fields, 4:1, 55-65, DOI:
10.1080/24754269.2019.1656048

To link to this article: https://doi.org/10.1080/24754269.2019.1656048

% Published online: 20 Aug 2019.

N
G/ Submit your article to this journal &

II|I Article views: 134

A
& View related articles &'

@ View Crossmark data (&'

CrossMark

@ Citing articles: 2 View citing articles &

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=tstf20


https://www.tandfonline.com/action/journalInformation?journalCode=tstf20
https://www.tandfonline.com/loi/tstf20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/24754269.2019.1656048
https://doi.org/10.1080/24754269.2019.1656048
https://www.tandfonline.com/action/authorSubmission?journalCode=tstf20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=tstf20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/24754269.2019.1656048
https://www.tandfonline.com/doi/mlt/10.1080/24754269.2019.1656048
http://crossmark.crossref.org/dialog/?doi=10.1080/24754269.2019.1656048&domain=pdf&date_stamp=2019-08-20
http://crossmark.crossref.org/dialog/?doi=10.1080/24754269.2019.1656048&domain=pdf&date_stamp=2019-08-20
https://www.tandfonline.com/doi/citedby/10.1080/24754269.2019.1656048#tabModule
https://www.tandfonline.com/doi/citedby/10.1080/24754269.2019.1656048#tabModule

STATISTICAL THEORY AND RELATED FIELDS
2020, VOL. 4,NO. 1, 55-65
https://doi.org/10.1080/24754269.2019.1656048

Taylor & Francis
Taylor &Francis Group

'.) Check for updates

Convergence rate of principal component analysis with local-linear smoother
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ABSTRACT

The unified weighing scheme for the local-linear smoother in analysing functional data can deal
with data that are dense, sparse or of neither type. In this paper, we focus on the convergence
rate of functional principal component analysis using this method. Almost sure asymptotic con-
sistency and rates of convergence for the estimators of eigenvalues and eigenfunctions have
been established. We also provide the convergence rate of the variance estimation of the mea-
surement error. Based on the results, the number of observations within each curve can be of
any rate relative to the sample size, which is consistent with the earlier conclusions about the
asymptotic properties of the mean and covariance estimators.

1. Introduction

In this article, we consider the typical functional data
setting, where a sample of n curves are observed over
the time range 7, each at m; discrete points for i =
1,...,n. When analysing such data, sparsity of the
time grid at which the measurements are observed
should be taken into account, and proper estimation
procedures would be adopted accordingly. Conven-
tionally, pre-smoothing the observations from each
subject is viable for dense data before subsequent
analysis, whereas the subjects are pooled to borrow
information for sparse data; furthermore, two types
of estimation procedures present different asymptotic
properties (Zhang & Wang, 2016). For the essen-
tial problem of estimating the mean and covari-
ance functions, we refer to, for example, Ferraty
and Vieu (2006), Ramsay and Silverman (2005), Rice
and Silverman (1991), Staniswalis and Lee (1998),
Zhou, Lin, and Liang (2017) and references therein.
Here we focus on local-linear smoother, which has
high popularity due to its conceptual simplicity, attrac-
tive local features and ability for automatic boundary
correction (Fan & Gijbels, 1996). To ensure that the
effect of each curve on the optimisers is not overly
affected by the denseness of observations, different
weighing schemes have been proposed. A scatter plot
smoother is employed by Yao, Miiller, and Wang (2005),
which assigns the same weight to each observation for
sparse functional data analysis, referred to as the ‘OBS’
scheme. Alternatively, Li and Hsing (2010) suggested
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a unified framework in which the number of obser-
vations within each curve can be of any rate relative
to the sample size, where each subject received the
same weight, referred to as the ‘SUBJ’ scheme. More
recently, Zhang and Wang (2016) proposed a more gen-
eral weighing scheme which includes the previous two
commonly used schemes as special cases, and provided
a comprehensive and unifying analysis of the asymp-
totic properties for estimation.

In addition to the essential estimation problem,
functional principal component analysis (FPCA) has
become a common part in functional data analy-
sis, for example, to achieve dimension reduction of
functional data by summarising the data in a few
functional principal component (FPC) scores, or to
interpret the varying trend of individual trajectories
with the eigenfunctions. For a comprehensive discus-
sion on FPCA, one may refer to Greven, Crainiceanu,
Caffo, and Reich (2010), Hall, Miiller, and Wang (2006),
James, Hastie, and Sugar (2000), Jiang and Wang (2010),
Yao and Lee (2006), and the references therein.
Although there has been a lot of literature on FPCA,
only a few theoretical studies on FPCA have been
made, such as in Hall and Hosseini-Nasab (2006), Hall
et al. (2006) and Li and Hsing (2010), and they are
all based on ‘OBS’ or ‘SUBJ’ scheme. The convergence
rates of the eigenvalues and eigenfunctions for the
FPCA have not been studied under the general weigh-
ing scheme. The theoretical results in the paper not only
provide the upper bounds of the convergence rates of
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eigenvalues and eigenfunctions under a unified weigh-
ing scheme but also provide bases for further theoretical
studies on functional clustering and classification based
on the FPCA method.

The work of Zhang and Wang (2016) established
the asymptotic normality, L? convergence, and uniform
convergence for the mean and covariance estimators,
but not the asymptotic properties of the FPC. Under
the general weighing scheme, we provide in this arti-
cle the almost sure convergence rate for eigenvalues
and eigenfunctions, and further the convergence rate
for the variance estimation of the measurement errors.
The rest of the article is organised as follows. Notations,
model and methodology including FPCA are included
in Section 2. The main results about convergence rate
in eigenvalues, eigenfunctions and the variance estima-
tion of measurement errors are established in Section 3,
with all technical proofs left to the Appendix. Simula-
tion studies to verify the theoretical results are shown
in Section 4. The concluding remarks are given in
Section 5.

2, Model and methodology

Consider a random process X(¢) defined on a fixed
interval 7 = [0, 1] with mean function (t) = E{X(t)}
and covariance function y(s,t) = cov{X(s), X(t)}.
Denote with Yj; the error-prone observations of the
random process at random points Tj;, that is

Yij:Xi(Tij)‘l‘Sij, i:l,...,n,j:l,...,m,-;

where the X;s are realisations of X, &;; = &;(t;;) are
identically distributed measurement errors with mean
zero and variance o2, and all the Xs, Tijs and &;js are
assumed to be independent.

2.1. Local-linear smoother

A local-linear estimator of the mean function i(t) =
Bo is obtained by minimising the weighted least squares

ZwiZKhl(Tij — 0 {Y;— po— AT — D),
j=1

i=1 =

with respect to (Bo, B1), where Kj,(-) = h™'K(-/h) is
a kernel with bandwidth h. It was proposed in Zhang
and Wang (2016) to assign weight w; to each observa-
tion for the ith subject such that ) " | m;w; = 1, which
is the general weighing scheme. Specifically, assignment
w;i =1/Y " mjalong with v; =1/ Y"1, mij(m; — 1)
leads to the OBS scheme; assignment w; = 1/(nm;)
along with v; = 1/nm;(m; — 1) leads to the SUBJ
scheme.

To estimate the covariance function y (s, t), we first
estimate G(s, t) = E{X(s)X (%)}, and then it follows that

P(s,t) = Gls, t) — L)), (1)

Similarly as before, a local-linear estimator G(s,1) = Bo
is obtained by minimising the weighted least squares

Dovi Y Ky (T — $)Kpy (T — 1)

=1 1<jl<m;
2
{YiiYa — Bo — Bui(Tij — s) — Ba(Tu — O},

where weight v; is attached to each Y;;Y; for the ith
subject such that Y 1| m;(m; — 1)v; = 1.

Finally to estimate the variance of measurement
errors, we start by a local-linear estimator /\7(1‘) = ,/3\0 of
V(t) := G(t,t) + o2, obtained by minimising

D @iy Ky (T — H{Y; = Bo — Bi(Ty — DY
i=1 j=1

We then estimate o2 by 62 = fol{’V(t) — G(t, 1))dt.
Throughout this article, we select the bandwidths 4, h,
and h3 by using the leave-one-out cross-validation
method.

2.2. Functional principal component analysis

We consider a spectral decomposition of y(s,t) and
its approximation. According to Mercer’s theorem, the
covariance function has the spectral decomposition

y(s,0) =) Aidi(s)d;(0),

j=1

where A1 > A, > -+ > 0 are the eigenvalues of y (-, -),
and the ¢Jf s are the corresponding eigenfunctions, i.e.,
the principal components, which form an orthonormal
system on the space of square-integrable functions on
[0,1]. Following the Karhunen-Loéve expansion, X;(t)
is represented as X;(t) = u(t) + Zj’il &ij¢;(t), where
&ij = fol Xi()j(t)dt is referred to as the jth FPC score
of the ith subject. For each i, the &j s are uncorrelated
random variables with E(§;) = 0 and E(S;) = Aj.

With the local-linear estimate ¥ (s, t), we can approx-
imate it with

K
V(s =Y Mdi()$i),

j=1

where ’):1 > ’}:2 > ... >0 are the estimated eigenval-
ues, the q’;js are the corresponding estimated eigen-
functions, and K is the number of principal compo-
nents selected. We refer to Hall et al. (2006) and Yao
et al. (2005) for comprehensive discussions about com-
putation of the eigenvalues and eigenfunctions of an
integral operator with a symmetric kernel. We refer to
Li, Wang, and Carroll (2013) for intensive discussions
about the choice of K and the underlying theory of the
functional principal component analysis.



3. Main results about convergence rates

A few more notations are introduced first. Given a
positive integer k,_we denote Mg =Y 1, mﬁlﬂ =
Yo, mi/n, Mgy = Mgi/n and Mpyx =
(n 10 m7¥)~1, where the subscript ‘H’ in My sug-
gests a harmonic mean. The asymptotic behaviour of
estimated eigenvalues and eigenfunctions is given in
Theorem 3.1.

Theorem 3.1: Suppose that the regularity conditions
(A1)-(A2), (B1)-(B4), (C1)-(C2) and (D1)-(D2) in the
Appendix hold. For any fixed j, we have the following
results :

(a) convergence rate of estimated eigenvalue

PECE O((log(n)/n)“2 +hi + b3 + log(n)

[Zz 1m1a) +Zm (mi — l)wl;:|

i i(m; — 1)v?
T log(n)[Z’:1 e — L
hy
n Y mi(mi — 1) (m; — 2)v}
ha

i=1

a.s.
(b) convergence rate of estimated eigenfunction

sup [¢i(t) — ¢j(t)]

te[0,1]

"
- o(h% + :log(n) [—Zl:;l i
1

n 1/2
+ Z mi(m; — l)a)izi| } + 13
i=1

s 1/2
+{10g(n)[ i=1 " Zm(ml—l)w ]}
Z?: m;(m; — 1)1),-2
+ log(n)[ 1 h%
N Yo mi(m; — 1)(m; — 2)v?
hy

+ Z mi(m; — 1)(m; — 2)(m; — 3)1)3]) as.
i=1

In the following, we state in Corollary 3.2 and
Corollary 3.3 the specialised results for the OBS and
SUBJ schemes, respectively. For either the OBS or SUBJ
scheme, convergence rate depends on the order of Mg
and My relative to n and the order of bandwidth.

+ Y mi(m; — 1) (m; — 2)(m; — 3>v,-2]>
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Corollary 3.2: Suppose that the conditions in Theorem
3.1 hold, along with two additional assumptions (C3) and
(D3). Then under the OBS scheme, for any fixed j,

(a)
— = O((log(n) /Y 4+ b+ 13
< M32 >log(n)
(M)2 n
< Mg3
Mgh? (Msz)2h2
Mg, )log(n)) s
Mg)?) n o
(b)
sup [;(t) — ¢j(1)]
te[0,1]

1 Mg, \ log(n)
=0 K — — W2
(1+/<Mh1+(M)2) no

1 Mg \1
N (_ L Ms2 ) og(n)
Mhy — (M)? n
1 Mss
+ | = + =
(Mszf% (Ms2)%h;
L Mss 2) log(n)>
(Ms2) n
Corollary 3.3: Suppose that the conditions in Theorem
3.1 hold. Then under the SUBJ scheme, for any fixed j,

(a)
A= A

= O(aog(n)/n)l/2 +hi+h

n (_1 n 1)log(n)
Mth n

1 1 log(n)
+l=—5+=—"+1
MH2h2 MHh2 n

sup [¢;(t) — ;(#)]

te[0,1]

1 1
_ o(h% + / <_ + 1) g | 12
Mth n
] 1
+ \/<_ n 1> 08(n)
MHh2 n

1 1 log(n)
tl=—731t= +1
MH2h2 Mth n

(b)
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In addition, we provide below the convergence rate
of the estimated variance of the measurement error
under the general weighing scheme, as well as the spe-
cial cases of the OBS and SUBJ schemes.

Theorem 3.4: Assume that the conditions in Theorem
3.1, and conditions (C1’) and (C2’) hold. Then under the
general weighing framework,

52 —o?

" m?
- o(h% + {log(n) [—Z’Z;l e
1

n 1/2
+ Z mi(m; — 1)w1<2]}
i=1

i mi(m; — v}
-H%W{Z;”“T &
hy
4 Y mi(m; — 1)(m; — 2)v?

hy

+2me—m%—mwﬁaﬁ}

i=1

€
@

5, (OBS)
[ )

50 75 100 125 150 175 200
n

| 1 ‘(t) |

3, ( (0BS)
- O

50 75 100 125 150 175 200
n

n . 2
D im1 Mi®;
hs

+ Z mi(m; — l)wiz:|) a.s.
i=1

+ h% + log(n)[

Corollary 3.5: Suppose that the conditions in Theorem
3.4 hold.

(a) OBS: With an additional assumption (C3),

5t —o?
= O<h§+ <_1 + Ms2 >log(")
Mhz (1\/1)2 n
< 1 N Mg Mgy )log(n)
Mghs  (Mg)*hy,  (Msp)?) n

) 1 Mg, >log(n))
+ h3 + (th + (]W)Z "

~

A2

15

@ )
S o WO HON N
UO(<

-10+

-15 e e
50 75 100 125 150 175 200
n

| 2 ‘(t) |

2.5¢

i i
@ i

a%m(OBS)

50 75 100 125 150 175 200
n

Figure 1. This is for the ‘OBS’ case. The top two panels present the values of §,, and §,, for 200 replications as n increases,
respectively. The bottom two panels present the values of 4, ) and 8, ) for 200 replications as n increases, respectively.



(b) SUBJ:

52 —o?

=o<h§+ <_1 +1)log(”)
Mth n

1 1 1
+(_ = +1> g | 132
MHzl’lz MH]’ZZ n

+ <_1 + 1>l°g(")>.
MHh3 n

4, Simulation

To illustrate the theoretical results in Section 2, we now
turn to the numerical performance of the estimators as
sample size increases. Choices on w; and v; that satisfy
the conditions in the general weighing scheme must be
made. Since the ‘OBS’ and ‘SUBJ’ cases are the two most
commonly used choices, and our corollaries showed
the specific results regarding these two cases, we use
these two cases as examples to illustrate the theoreti-
cal results. The data are generated from the following
model:

Yij = Xi(Ty) + €ij

~

Al
15 ‘
10}
—~~
S 5}
% a A a B8 & a
of AN
2 1l
!
_10,
-15 N ——
50 75 100 125 150 175 200
n
¢1(t)
5 o —

-
-
-
()
[ )

50 75 100 125 150 175 200
n
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where Xi(t) = p(t) + Yy Ewi(®), &k ~ N(O, )
fork = 1,2and g;; ~ N(0,02).Let u(t) = t + sin(t) +
cos(t), ¢1(t) = —/2 cos(rt), (1) = V2 sin(t), set
(A1, A2,02) = (0.6,0.3,0.2).

The observation times are generated in the following
way. Each individual has a set of ‘scheduled’ time points,
{1,2,...,20}, and each scheduled time has a 20% prob-
ability of being skipped. The actual observation time is
a random perturbation of a scheduled time: a uniform
[0,1] random variable is added to a nonskipped sched-
uled time. This results in different observed time points
Tj; per subject.

To illustrate that the convergence rates of the esti-
mated ’):k, ak and &2 have the orders of magnitude
shown in Section 2, let §;, = (Xk — Ak)/ayn, where a,
is the derived convergence rate (e.g., under the OBS

scheme, a, = (log(n)/m)'/2 + h} + h3 + (M;hl t (MM%)

o t(mlmé + i T ) S, ifthe st
mated Ay is actually consistent with A, by this order of
magnitude, the range of the term 8, should decrease or
remain constant as » increases. Here we set n = 50, 75,
100, 125, 150, 175, 200 for both ‘OBS’ and ‘SUB]J’ cases,

and 200 replications were done for each sample size.

~

A2
15 ‘
10}
—~~
S 5t
m
)
N 0 00 0606 0 06
o
(<C\l
o T
_10,
-15 .
50 75 100 125 150 175 200
n
ba(t)
5 o
)
o
25} °
) o]
5
D 0 00 60 o5 00
-
iw
w5
-5

50 75 100 125 150 175 200
n

Figure 2. This is for the ‘SUBJ’ case. The top two panels present the values of §;, and &, for 200 replications as n increases,
respectively. The bottom two panels present the values of 84, ) and 8, ) for 200 replications as n increases, respectively.
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Figure 3. Plots of 5,2 for ‘OBS’ (the left panel) and ‘SUBJ’ (the right panel), respectively.

The procedure is visualised in Figures 1-3. The
number of K in each replication was chosen by the 90%
fraction of explained variance. As shown in Figure 1,
the ranges (under ‘OBS’ scheme) for §;, (top two pan-
els) and 64, (1) (bottom two panels) for k = 1, 2 tend to
be stable or go down, as the sample size n increases.
This demonstrates that the derived order of magnitude
of convergence rate in Corollary 3.2 is reasonable.

A similar phenomenon under the ‘SUBJ’ scheme can
be observed in Figure 2, which shows the converg-
ing processes of the estimators /):k and qA5k for k =1,
2. Although there are some abnormal values in the
estimates of eigenfunctions (shown in the left bottom
and right bottom panel), generally the fluctuation range
tends to be stable. And as expected, the abnormal val-
ues disappear as the sample size increases. This shows
that the derived convergence rates in Corollary 3.3 is
reasonable.

Furthermore, the §,2 under the ‘OBS” and ‘SUBJ;
schemes are plotted in Figure 3. Observe that as the
sample size increases, the range of variation of the 200
replications tends to be stable, which demonstrates the
results of Corollary 3.5.

5. Discussion

It is common in functional data analysis literature that
a method focuses on either dense or sparse data, while
discussions about data of neither type are much less.
Due to different behaviours of the two types of meth-
ods, one needs to choose properly the analysis method
when dealing with real data, which is not necessarily as
easy as it looks like. For example, we may face a mix-
ture of densely and sparsely observed curves, or even
it may be difficult to decide a sampling density. In this
sense, methods that can handle any type of data are

appreciated. And the method we consider in this article
belongs to this category. Specifically, we investigate the
almost sure convergence of functional principal com-
ponent analysis following Zhang and Wang (2016) and
complement the unified theoretical framework they set
up. We also note that the special case of Corollary 3.3
under SUBJ scheme is consistent with Theorem 3.6 in Li
and hsing (2010). The convergence rate of Corollary 3.2
under OBS scheme is better than that of Corollary 1 in
Yao et al. (2005), due to different techniques of proofs.
We prove with asymptotic expansions of the eigenval-
ues and eigenfunctions of estimated covariance func-
tion (Hall and Hosseini-Nasab (2006) and Hall et al.
(2006)) and strong uniform convergence rate of (s, t)
by Lemma 5.1 in this article, which lead to a better
convergence rate. It is also of great interest to establish
the asymptotic distribution and optimal convergence
rate of aj(t) under the general weighing framework,
which we left for future work. Furthermore, the general
weighing framework may be used in functional data
regression, classification, clustering, etc., and hence the
theoretical results here could be extended to those cases
as well. This will also be pursued as future work.
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Appendix

The following regularity conditions that are used to estab-
lish the asymptotic properties of the proposed estimators
are imposed mainly for mathematical simplicity and may
be modified as necessary. In the following, hi, hy and h3
are bandwidths used in estimating w(t), y(s,t) and V(¢),
respectively.

A.1 Regularity conditions

Kernel function
(A1) K(-) is a symmetric probability density function on
[=1,1] and

of = / WK (uydu < oo, |K|? = /K(u)zdu < o0.

(A2) K(-) is Lipschitz continuous: There exists 0 < L <
oo such that |[K(u) — K(v)| < Llu — v|, for any u,v € [0, 1].
This implies K(-) < Mk for a constant M.

Time points and true functions

B ({Tj:i=1,...,nj=1,...,Ny}, are iid. copies of a
random variable T defined on [0,1]. The density f(-) of T is
bounded from below and above: 0 < my < mins(o,17f(£) <
maxye(o,1] f(£) < My < oo. Furthermore, f(z)(~), the second
derivative of f(-), is bounded.

(B2) X is independent of T and ¢ is independent of T
and U.

(B3) u®(t), the second derivative of 1(t), is bounded on
[0,1].

(B4) 9%y (s,t)/9s®, 8%y (s,t)/dsdt and 3%y (s, t)/dt> are
bounded on [0, 1]>.

Conditions for mean estimation

(C1) hy — 0, log(n) Y%, miw?/hy — 0, log(n) Y1, m;
(m; — l)a)i2 — 0.

(CI’) h3—0, log(n) Y I mjw?/hs— 0, log(n) Y1, m;
(m; — Dw? — 0.

(C2) For some o > 2, Esup;c1) | X(t)|% < oo, Ele|* < 00
and

n n lOg(}’l) 2/a—1
n|: Z miwizhl + Z mi(m; — l)a)izh%] |: ” ] — 0.
i=1 i=1

(C2’) For some o > 2, Esup;c(o1) | X()]|% < o0, Ele|¥ < o0
and

n n log(n) 2/a—1
n[ Z m,wizhg + Z mi(m; — 1)w%h§] [ ” :| — 0.
i=1 i=1

(C3) sup,,(n max; mjw;) < B < c0.
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Conditions for covariance estimation

(D)hy — 0, log(n) YI ) mi(m; — Dv?/h3 — 0, log(n)
Y mi(mi — 1)(m; — 2)v? /hy — 0, log(n) Y1, mi(m; —
1)(m; — 2)(m; — 3)v? — 0.

(D2) For some 8 > 2, Esup;co 1] IX(H)|* < 00, Ele|*f < o0
and

n n
n[ > mi(mi — DR + Y mi(m; — 1) (m; — 2)v7h3

i=1 i=1

+ Y mi(m; — 1) (m; — 2)(m; — 3)vi2h§]

i=1

2/B—1
X |:log(n)j| — 00

n
(D3) sup,,(n max; m;(m; — 1)v;) < B’ < oco.

The above conditions (A1)-(A2) and (B1)-(B4) are com-
monly used in the literature of the functional data and
longitudinal data (see, e.g.. Fan Zhang (2000); Zhu, Li,
Kong (2012)). Conditions (C1)-(C3) are used to guaran-
tee the consistency of the mean estimators. Conditions
(D1)-(D3) are used to guarantee the consistency of the
covariance estimators. For the SUBJ estimators, (C3) and
(D3) are automatically satisfied, similar versions of (C2) and
(D2) were adopted by Li and Hsing (2010). In addition, (C1’)
and (C2’) are used to guarantee the consistency of measure-
ment error variance estimation.

A.2 Proof

To begin, let us give some notations that will be used in the
sequel. Denote

o Tjj —t\"
sr=Zw,~ZKhl<Tij—t)( o )

=1 j=1

n

i Tij—t r
Ry=Y iy Ky(Tj—1) =) Yo

=1 j=1
n mj T ¢ r
ij
Q=) oy Ky(Tj—1) (T) Y7,
i=1 j:l

wherer = 0, 1, 2, and

n
Spg = Z v; Z K, (Tij — $)Kp, (T — 1)

=1 1<jZl<m
Tij —s\F ( Ty —t\?
X
hy hy

n
Rog=Y vi Y Kn(Tj—s)Kp,(Ti — 1)

i=1 lSj;ﬁlSmi

Tij —s\P (Tu—t\1
) ( hy ) hy v

where for p, ¢ = 0, 1, 2. For any univariate function ¢(-) €
[0,1] and a bivariate function W(,-) € [0,1]?, define the
L? norm by ll¢ll = [f @(1)2dt]'/? and the Hilbert-Schmidt
normby W = [ [ [ W(s,t)>dsdt]'/2. The domains of the inte-
grals [0,1] are omitted unless otherwise specified.

First, we present the convergence rate of 7 obtained in (1).

and

Lemma A.1: Under the conditions in Appendix A.1, we have

sup |)//\(5> t) - )/(S, t)'
s,te0,1]

= O(h% + {log(n) |:Z:':;llmlw’ + Z mi(m; — l)w?]}
i=1

" i(m; — 1)v?
x i+ {1og(n)[z"1 . ;T =
2

Y mi(m; — 1)(m; — 2)v?
hy

n 1/2
+ Z mi(m; — 1)(m; — 2)(m; — 3)v,-2i|} ) a.s.
i=1

+

Proof: From (1), We note that

sup [V(s,8) =y (s, 1)
s,te[0,1]

< [G(s,t) — G(s, )| + (s) up 72(t) — (bl
te[0,1

+A® sup |7 — u)l.
s€[0,1]

By (B3) and Theorem 5.1 in Zhang and Wang (2016),

we have ju(5) sup,c(q 1) I(H) — ()], FE(1) supye o [72(S) —
" i

()| = O(flogm [ ZE 30 mi(m; — D? 1))

a.s.. Thus the result can be derived from Theorem 5.2 in
Zhang and Wang (2016). ||

The following lemma is similar with Lemma 6 of Li
and Hsing (2010) and will be used in our following proof
repeatedly. Let A be the integral operator with kernel 7 — y.

Lemma A.2: For any bounded measurable function ¢ on

[0.1],
sup |[(Ag)(1)]

te[0,1]

n w?
- o(nt + {mg(n)[z’;l’""”’
1

n 1/2
+ Z mi(m; — 1)60,-2] }

i=1
n 2
Dig Mia;

hy

n 1/2
+ Y mi(m; — 1)60,-2] }
i=1

+h3+ {10g(n)|:

S mi(m; — 1)v?
+log(n)[ =l & :
n Y mi(m; — 1)(m; — 2)v?

h;

=3 mitm; — 1) — 2)(ms — 3)1)3}) o
i=1

Proof: ByA(l), it follows that (A¢)(t) = A1 + Ay, where
A = [(G=G)(s,)¢(s)ds and Apy = [{p(s) () — i(s)



12(t)}¢ (s)ds. With minor derivation, we have
An = [ (AR — ARy — AR B p(s)ds,

where A1 = 520802 — S%l’ .Az = S10802 — So1S11> ./43 = So1
S20 — S10811, B = A1 S0 — A2810 — A3S01 and

G(s,1)Spg — h20G(s,1)/05Sp114
— h0G(s,t)/0tSp g1 for p,qg =0, 1.

Rpq = Rpq =
Further, by Taylor’s expansion,

n P p
=Y ¥ ()

h
=1 1<jzl<m, 2

Ty —t\*
“\ K, (Tij — 9)Kp, (Tig — 1)

x [Y3Yi — G(Ty, Ty + OU). (A1)

Applying the proof of Theorem 5.2 in Zhang and Wang
(2016), we obtain, uniformly in s, ¢,

Ry, = O(h5 +bu/hy)  as. (A2)

With further calculation,

A1 = PO () (02)* + O(hy + by/hy)  as.  (A3)
and

B=F ) )(0g)*+ Ol + by/hy) as,  (A4)
where b, = {log(m)[}_I, mi(m; — 1)v2h3 + > 1 m;(m; —
1)(m; — 2)v2h3 + Y1 mi(m; — 1)(m; — 2)(m; — 3)v?
B2,

We focus on f AlREOB’Iqﬁ(s)ds since the other two
terms can be dealt with similarly. Specifically,

/A1R$06_1¢(s)ds

f(t) Zw’ 2 T

1<j#l<m;

Ti)}Kp, (Ty — 1)

% f Ky (T — 96()f(s) ™ ds

Yoy mi(mi — v}
G
1) (m; — 2)v}

+ O(h% + log(n)[

> iy mi(m; —

+ I

+ ) mi(m; — 1)(m; —2)(m; — 3>v,-2D.
Note that
1
RN s>¢(s>f(s>—‘ds}

< sup (JpOIf () K(u)du~

s€[0,1]
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Similarly to the proof of Lemma 5 in Zhang and Wang (2016),
we can prove the following almost sure uniform rate:

f(t)zw’ 2 y¥i~

1<j#l<m;

z], ll)}Khz(Tll - t)

< f Kiy (Tj — 9 () (5) " ds

n 2
= O({log(n) [Zi:;lzmlwi

n 1/2
+ Z m;(m; — 1)w,2i|} ) a.s.
i=1

Thus

/A1R303_1¢(s)ds

n 2 n 1/2
= O({log(n)[X:i:;lmlwi + Z m;(m; — 1)a)l-2i“
2 i=1

iy mi(m; — 1)v}
h3
1)(m; — 2)v?

+h3+ log(n)[

Doig mi(m; —

+ I

+ Z mi(m; — 1)(m; — 2)(m; — 3)v,-2]> as.

i=1

The term A,;» can be written as

Any = / () — A0 / H(5) (5)ds

LRG0 f (1(s) — R (5)ds.

Following Theorem 5.1 in Zhang and Wang (2016), it is easy
to see that

n w2
Ap = O(h% + {10g(n)|:2’_1 i

hy
n 1/2
+ Z m;(m; — l)a)l-z“ ) a.s.
i=1
Hence, the lemma follows. ]

Proof of Theorem 3.1: Following Hall and Hosseini-Nasab
(2006) and Bessel’s inequality, we have

Ip; — dill < ClAGN + I1A1%),

where | Agjl| = ([ {7 (s, 1) — y (s, j(s)}*dsdt) /2 and || A
= ([ [{¥(s,t) — y(s,t)}*dsdt)!/?. Lemma A.l and Lemma
A.2 lead to

n w2
ligj — il = O(% + {log(n)[z%lm’wl

n 1/2
+ Z m;(m; — 1)60,2] }
i=1

n ol
+ 1+ {log(n)[zljll miw;
2

n 1/2
+ Z m;(m; — 1)60,-2] }

i=1
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" omi(m; — 1)v?
+ log(n)[Z’_l il — v
h3
N Sr mi(m; — 1)(m; — 2)v?
hy

+ Z mi(m; — 1)(m; — 2)(m; — 3)vi2j|> a.s.

i=1
By (4.9) in Hall et al. (2006), we have

75— 4 = Byt + Bz + O A1),

where

By = f / (AiRy — AaRYy — AsR) B~ 151 (0 dsdt
and
B = [l = 29694 [ T 0

+ [ noaed [ - amigoa.

For By, again it suffices to focus on [ [ A R, B~ ¢;(s)i (1)
dsdt. First, we have

//A1R30871¢j(5)¢j(t)dsdt

= Z Vi Z {Y,JYII - G(Tl]a Til)}

1<j<I<m;

i=1
X//Khl(Tij_S)Khz(le_t)

x ¢i()pi(Of ()f (1)}~ dsdt

iy miGmi — v}
i

1)(m; — 2)v}

+ O(h% + log(n)[

Yo mi(m; —

+ I

+ Z mi(m; — 1)(m; — 2)(m; — 3)Vi2:|> as.

i=1

By Lemma 5 in Li and Hsing (2010), we have

By = O((log(n)/n)1/2 +

21‘;1 m;(m; — I)U,'Z
+ log(n)[ L 7
L iy milmi = 1)(mi = 2)v}

hy

+ Z mi(m; — 1)(m; — 2)(m; — 3)1)3]) as.
i=1

Following Theorem 5.1 in Zhang and Wang (2016), it can be
shown similarly that

> mi‘"i2

By, = O((log(n)/n)”2 +h +log(n)[ .
1

+ Z m;(m; — l)a)l-zi|> a.s.
i=1

This completes the proof for assertion (a). For assertion
(b), we have, for any t € [0, 1],

Ailei(t) — (1)
= [i(1) — i) — (oj — 1)) (D]

< / (7(s1) — y (s D) pi(0)ds

+ f 76 DB1(5) — 356 ds + [}y — 1B 0
< sup [(A®)D)| + O(llp; — ¢ill)

te[0,1]
+ & — Ajl sup (D)1,
te[0,1]

where the last inequality is established by Cauchy-Schwarz
inequality. Based on Lemma 6 and assertion (a), assertion (b)
holds.

Proof of Theorem 3.4: By rearranging the terms, we have
G2 —o?= / (V) — V(p))dt — / {(G(H) — G(t)}dt.

First, we consider V(t) — V(t). Similarly to (C.1) in Zhang
and Wang (2016), we have
Q;S: — QS

V) — V) =
0=V ==

, (A5)
where QZ =Q;—V()S; — hV(l)SqH forq =0,1.By(D.1)
in Zhang and Wang (2016), Q7 has the uniformly rate Oh3 +

an/h3) as. and we can derive that S, =f(t)<71% + O(h; +
an/h3), where a, = {log(n)[Y_1_, miw?hs + Y 1 mi(m; —
Dw?h3]}1/2. One can see that

- 1 o
V-V = > wi Yy Ky (T — H{Y] — V(Ty)}
j=1

+ 01 + (an/h3)?)  as.

i

Thus

1
/ V() — V(pdt
0

mj 1
= Y0 20 = v [ iy ry - of s
i j=1

+O(h; + (an/h3))  as.

Q4S2
S08$2—82°
since the other term is of lower order and can be dealt with
similarly. Note that

We apply (A5) but will focus on the leading term

1
‘/ Ky (T — Of L (tdt| < sup (o),
0 t

and by Lemma 5 in Li and Hsing (2010), we have

1
f V(t) — V(t)dt = O((log(n)/n)"/* 4+ 13 + (an/h3)?).

' ~ (46)
Next, to consider G(t) — G(t) we follow the similar expres-
sion (C.2) in Zhang and Wang (2016). Again we focus on
R}, A1 B~ Applying (A2), we obtain, uniformly in s, f,

RGy = O(h; + bu/hy)
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and Hsing (2010), it can be shown that

AB7! = [f(9)f ]! 4 O(hy + bu/hy), 1 , ,
where b, = {log(n) [Z?zl m;(m; — 1)1)12]1% + Z?:l m;(m; — / {G(t) — G(t)}dt = O(l’lz + an/hZ + (bn/hz) ) a.s.
1) (m; — 20023 + 1| my(mi — 1)(m; — 2)(m; — 3)v? ’ (A7)

h‘é]}l/ 2, Similarly to the proof of Theorem 3.4 in Li and The theorem follows from (A6) and (A7). |
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