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ABSTRACT

Suppose that we observey | 8, T ~ N, (X9, r‘1Ip),where 0 is an unknown vector with unknown
precision 7. Estimating the regression coefficient  with known 7 has been well studied. How-
ever, statistical properties such as admissibility in estimating # with unknown 7 are not well
studied. Han [(2009). Topics in shrinkage estimation and in causal inference (PhD thesis). Warton
School, University of Pennsylvania] appears to be the first to consider the problem, developing
sufficient conditions for the admissibility of estimating means of multivariate normal distribu-
tions with unknown variance. We generalise the sufficient conditions for admissibility and apply
these results to the normal linear regression model. 2-level and 3-level hierarchical models
with unknown precision t are investigated when a standard class of hierarchical priors leads
to admissible estimators of # under the normalised squared error loss. One reason to con-
sider this problem is the importance of admissibility in the hierarchical prior selection, and we
expect that our study could be helpful in providing some reference for choosing hierarchical
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1. Introduction

Consider a multivariate normal model,
y 16,7~ Ny@, rfllp), independently,
w T~ xm/Ts (1)

where y is a px 1 observation vector, # is a
p-dimensional vector of unknown parameters, and 7 >
0 is the unknown precision. Statistical properties such
as admissibility for estimating 6 can be dated back to
James-Stein (1961) when the error variance is known,
while the admissibility of generalisation of James-Stein
estimator of # with unknown parameter t was stud-
ied in Judge, Yancey, and Bock (1983), Fraisse, Raoult,
Robert, and Roy (1990), Robert (2007) and so on. For
estimating @ with the unknown nuisance parameter
7 in the model (1), some authors, such as Strawder-
man (1973), Maruyama and Strawderman (2005) and
Willing and Zhou (2008) studied the minimaxity of
Bayesian estimators of @ under hierarchical priors. The
admissibility of a generalised Bayesian estimator of 6
under a class of noninformative priors was recently
studied in Han (2009). With additional independent
observation w | T ~ 71 x2, Han (2009) found a set of
sufficient conditions for the joint priors of (8, 7), so that
the generalised Bayesian estimator of @ is admissible
under the squared error loss. In practice, we often need

to consider a normal linear regression model,
y10,7 ~N,(X0,7t7'I,), )

where X is n x p design matrix with full column rank p,
n > p.Itis of great interest to study the admissibility in
estimating the unknown regression coefficients # with
unknown t in the normal linear regression model (2).

Several authors have described admissibility as a
powerful tool for selecting satisfactory hierarchical gen-
eralised Bayesian priors. For example, Berger, Straw-
derman, and Tang (2005) pointed out that the ‘use of
objective improper priors in hierarchical modelling is
of enormous practical importance, yet little is known
about which such priors are good or bad. It is important
that the prior distribution not be too diffuse, and study
of admissibility is the most powerful tool known for
detecting an over-diffuse prior’. For known precision
or error variance, Brown (1971) provided the neces-
sary and sufficient condition of the admissible Bayes
estimators under quadratic loss, based on a Marko-
vian representation of the estimation problem. Recent
papers related to the theoretical studies of the admis-
sibility of estimators of # can be found in Berger
and Strawderman (1996), Berger et al. (2005), Berger,
Sun, and Song (2018), and so on.

However, most of the literature focussed on models
of which variances are given, yet in practical problems,
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the precision or variance is often unknown. For the
admissibility in the model (2), to the best of our knowl-
edge, very few results have been obtained because of the
technical difficulty. The fundamental tool for proving
admissibility for unknown precision is Blyth’s method
(Blyth, 1951), which proposed a sufficient admissi-
bility condition, relating admissibility of an estimator
with the existence of a sequence of prior distribu-
tions approximating this estimator. Based on Blyth’s
results, Han’s (2009) found sufficient conditions for
the joint priors of (#,7) for model (1). Sometimes,
those sufficient conditions are strict and difficult to
satisfy. We will generalise the sufficient conditions for
admissibility and apply these results to the normal lin-
ear regression model (2). Using the generalised con-
ditions, a 2-level and 3-level hierarchical models with
unknown precision 7 are investigated when a stan-
dard class of hierarchical priors leads to admissible
estimators of # under the normalised squared error
loss. One motivation to consider this problem is the
importance of admissibility in the hierarchical prior
selection, and we expect that our study could be help-
ful to provide some reference for choosing hierarchical
priors.

The paper is organised as follows. In Section 2,
we introduce the sufficient conditions for admissibil-
ity of the generalised Bayesian estimators of # for the
model (1), which is studied by Han (2009). In Section 3,
we generalise the sufficient conditions for admissibility
and apply these results to the normal linear regression
model (2). 2-level and a 3-level hierarchical models
with unknown precision t are investigated in Sections 4
and 5, determining when a standard class of hierarchi-
cal priors leads to admissible estimators of @ under the
normalised squared error loss. Finally, some comments
are made in Section 6.

2. Han’s (2009) results for (1)
Recall the model (1) considered in Han (2009), i.e.

(}’ | 0at) ~ Np(oa t_llp)> (W | T) ~ T_erzn,

where y = (y1,...,)p)" and w are independent of each

other. Let § = é(y, w) denote an estimator of 6 =
(615...,6))". Correspondingly, the squared error loss

function of @ becomes
L0, 7;0) =76 —60) (0 —0). 3)

Han (2009) studied a class of prior density for (0, t)
with assumption

7(0,7) =mo(0 | T)m1 (7). (4)

Consequently, the generalised Bayes estimator for the
normal mean @ is the posterior mean of 6, given
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by
Jre Jo AW 10, Dfa(w | T)
0 W) 700 | T)m1(T) dr dO %)
W) = %) N
o Jre Jo thy 10, 0)fa(w | 1)
7o(0 | T)m(T) dr dO
where

p/2 Ty — o2
Ay 16,70) ot exp (=2 ly = 017).

Hhw]| 1) x wm=2)/2om/2 exp (—%) .

Let m(y, w, 7) be the marginal likelihood function of
(y, w, T) with the form

miy,w,7) = f A 16, 0%w] 1)
IRP

x 1o(0 | T)my(T) do.

From Brown (1971), the generalised Bayes estimator
in (5) can be expressed as

fooo Vym(y, w, 1) dt
[ tmy,w,t)de

Bs(nw) =y + (©)
where V denotes the gradient. Let S denote the ball of
radius 1 at the origin in IRP and S° be the complement of
S,defined a v b = max(a, b). For the hierarchical Bayes
model (1), Han (2009) studied the admissible gener-
alised Bayes estimators ] B(y,w) under the following
sufficient conditions.

Condition 1. f¢ [;°(1/7)(mo(0 | T)/ 101> log(l|0 ]
Vv 2)m(t)dr df < oc;

Condition 2. [ [;° mo(0 | T)m1(7) dr df < o0;
Condition 3. [g [7° Tl10]*m0(0 | T)m1(7) dr d6
< Q5

Condition 4. [o [7°(1/7)(IVemo(8 | T)II? /70
@] t))m(r)dr df < oo

Condition 5. For any positive constant B, f” 012<B
[, gm0 | D)mi(r)dr df < oo;

Condition 6. Define two sequences of functions

1, ifo] < 1;
log(||0
moy= 11— 800D gy <5 and
logj
0, el > j,
1, ift <1;
log(7) )
J(T) IOgJ =T=) ( )
0, 7> ]

Write Hj(0 | ©) = hj(0)mo(# | T)and Li(t) = [i(7)
71(7). There is a constant C > 0, such that

[ Jth@ 16, 0w | ©OHj@ | T)Li(r) dr df
Jse [3Sth 10, 0w | ©H;@ | T)Li(t)dT do

<C, Vyw
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Theorem 2.1 (Han, 2009): Consider the model (1) with
the prior densities (0 | T) and 1 (t) satisfying Condi-
tions 1-6. If mo(0 | T) is decreasing with respect to |||,
the corresponding generalised Bayes estimator (6) for 0 is
admissible under the squared error loss function (3).

3. Main results for (2)

We are primarily interested in the normal linear
regression model (2). For the model (2), we let y =
(X’X)~"!Xy denote the least squared estimators of 6,
and w = y'(I,, — X(X’X)"'X’)y be the usual residual
sum squares errors (SSE). Then

10,1 ~N,(0, 77 '(X’X)""), and
wlt~ t_lxnz_P, (8)
independently. Here we obtain w automatically with

m=n—p. For the model (2), consider the normalised
squared error loss function of @ given by

L6,7;0) =10 —0)X'X(0 — 0). 9)
The corresponding risk function of 0 is

RO,7;0) = Eg.L(#,7;0), 0 <cR’. (10)

An estimator 91 is inadmissible if there exists another
estimator whose risk function is nowhere bigger and
somewhere smaller. If no such better estimator exists,
él is admissible.

For the model (2), to obtain the admissible estima-
tor of @ under the normalised squared error loss (9), we
define

85(y) = () '0B(T'y, w), (11)
where T is a p x p matrix such that T'(X'X) "' T = I,,.

Lemma 3.1: For the model (1), assume the estimator
éB(y, w) in (6) is admissible under the loss function (3).
Then the estimator 8§5(y) in (11) is admissible under the
normalised squared error loss (9) for the model (2).

Proof: Note that the model (2) is equivalent to (8). It
yields that

(T'y 1 6,7) ~ N,(T'0,t7'L,). (12)

It follows from the admissibility of ) s(y, w) under the
model (1) that the estimator @g(T'y, w) for T'@ is
admissible under the loss function

A A /
L(T'8,7:05(T'5,w) = [GB(T’j/, W) — T’e]
x [éB(T’y, W) — T/o]

= [(T/)_I(;’B(T“,w)—o]/(X/X)

x [ ()05 ) — 6]
=1(65—0)X'X(85 — 0).
The proof of this lemma is completed. |

Combining Theorem 1 with Lemma 1, we can reach
the following theorem.

Theorem 3.2: For the model (2) with the prior densities
o(0 | T) and m(t) satisfying Conditions 1-6, suppose
that wy(0 | T) is decreasing with respect to ||6]|, then
dp(y) defined in (11) is the admissible estimator of 0
under the normalised squared error loss (9).

Theorem 2.1 applies to the case where 79(@ | 7) is
spherically symmetric of @ and decreasesin ||@||. As dis-
cussed in Han (2009), this requirement is not unique
and can be replaced by the following condition.

Condition 7. Denote

u; =f0 /Sﬁ(y |0, T)(w]|T)Ve

x 1wo(@ | t)my(7)de dr, (13)
a=£ A%@WJMWH)
X 1o(0 | T)m(r)de dr, (14)
uyZA Aﬁ@mewwn
x VoH;(0 | t)Li(r) df dr, (15)
@=A Am@mewu>
x Hj(0 | T)Lj(r) d6 dr. (16)
We have
Bl <, (17)
21
M <|yll, foranyj=1,2,.... (18)
sz

As an immediate corollary, we have the following result.

Theorem 3.3: For the model (2), assume that the prior
densities wy(0 | t) and mi(v) satisfy Conditions 1-7.
Then estimator 8g(y) in (11) for @ is admissible under
the normalised squared error loss (9).

It might be difficult to show that the 7¢(f | 7) is a
decreasing function of ||@||. Interestingly, this require-
ment can be relaxed to the requirement that 77¢(6 | 7)
is a decreasing function of its component, 67, for i =

1,...,p.

Lemma 3.4: For the model (1) with given t, mo(0 |
1) is a decreasing function of 67, for i=1,...,p, then
Condition 7 holds.



Proof: Forany given y, there is an orthogonal matrix Q,
such that Qy = (||y||,0,...,0)". Without loss of gener-
ality, we can transform the coordinate system of  such
that y = (||y|l,0,...,0)". Then,

Iyll* + I|0||2)

(v 10,7) = Q) PPPPexp | —1
Ay p 5

x exp (tO1llyll) -

It is easy to verify that the ith coordinate of u; is

vl,-=/ /ﬁ(yw,r)fz(wm
0 S

oo (0

X Myrl(r) de dr. (19)
00;

Since 7mo(@ | T) is a function of (92,...,05), fily |
0,0)r(w| 7)(0m(8 | T)/06;)m1(7) is an odd function
for O; wheni=2,...,p. Ityields vi = - - -
Therefore, [|u1|| = [vi1] and |u1]|/z1 = [v11]/z1-

Let f(y, w, 0, 7) be the joint density of (y, w,0, 7), i.e.

= le = 0

f.w,0,7) =fily | 0,0)a(w | ©)mo(0 | T)m1(T).

Using (19), we get

/C’O/Gf(y,w,O,r)dod
//3f1(yl0r) bw| o)
00,

X 1o(0 | T)my(r)dl dr

+/ fﬁ(y 16, 0)fa0w | )
0 S

dmo(8 | ©)
X —_—
a6q

:/ /S(H)’” _Ql)ff(}’>W>0,f) dé dr + vy;.
0
(20)

m1(tr)dé dr

By the Divergence Theorem (Katz, 2005),
o0
f / af (ys W’o’f)do d
o Js 00,
o0
= / f(y,w,0,7) d@z---depdt, (21)
0 S

where 0S is the boundary of S. Combining (20)
and (21), we get

o0
v11=/ /f(y,w,O,t)dGz-'-dGPdr
o Jas

—/0 ‘/S(IIyH —0Dtf(y,w,0,7)dé dr.
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Then, we have
vit _ Jo Jysf 0w 0,7) by - - d6p de
2 fooo fstf(y,w,0,7)d6) - - - d, dT
I Syl = 60 Tf (5w, 8, 7) d6 dr

< [ tf(y,w,0,7)d0; ---db,dr
Jo [stf&» P
o Jasf @, 0,7)d6, - - d6, de
I (y,w,0,7)d6, ---db, dr
0 JS P

fooo fs O1tf(y,w,0,7)d0 dr

G w6y a8 dr
0o JsTfy )
Clearly,
1 [y f 0o w,0,7)d; - - - d6, dr .
5 Jstfaw.0,7) d6y - dbp dr

Since f(y, w, 0, T) can be written by

2 0 2
lyll* + 1101 r)

f,w,0,7) = 2m)F/2P/? exp (— :

x exp([[yllo1T)f2(w|T)70(8 | T)m1(7),
and 779 (@ | 7) is symmetric about 61, then

fooo fs O1tf(y,w,0,7)d0 dr .
fooo Jstf(,w,0,7)d0 dT —

Therefore,

Vi1
— ==yl

21
Since (@ | ) is an even function for 6; and decreas-
ing in 912, then v;; < 0. Therefore, we have ||u;||/z; =
[vi1l/z1 < |ly|l. With the same argument as above, we
have [luz /225 < Iyl foranyj=1,2,.... [ |

Consequently, we obtain the following result.

Theorem 3.5: For the model (2), assume that the prior
densities (0 | T) and m,(t) satisfy Conditions 1-6. If
for any given T > 0, 7o(0 | T) is decreasing in 67, i =
1,...,p. the estimator 8p(y) in (11) for 0 is admissible
under the normalised squared error loss (9).

Sometimes, m(# | T) is not strictly a decreasing
function of its component, 67, for i = 1,...,p, but it
could be a decreasing function of the components of
some given orthogonal transformation. The following
lemma shows that such cases also work.

Lemma 3.6: Consider the model (1). Suppose there
is an orthogonal matrix H, such that u=H@ =
(u1...,up)', and mo(0 | T) is a decreasing function of
ul, fori=1,...,p, then Condition 7 holds.
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Proof: 1t is easy to verify that the Jacobian of the trans-
formationu = HO = (uy,...,upy) is] = |00/du| = 1,
and ||@|| = ||u||. Note that

/ ffl(H’y lu, D r(w | 1)
0 Q

il = ‘

X Vymo(H'u | v)m1 (1) dudr

>

where fi(H'y | u,7) is the normal density function of
H'y with mean u and variance 77 'I,, and Q = {u:
||| < 1}. Similarly, we have

2] 2/ /Qrfl(H’y | u, T)r(w | 7)
0
x wo(H'u | 7)1 (1) dudr.

Since mo(H'u | 7) s a decreasing function of uf, fori =
1,...,p, from Lemma 3.4, for any y and w, we have

M‘/ﬁwwmﬂmmw
0 Q

x Vymo(H'u | T)m(7) dudr

< ||H/}’||/O /fol(H/}’ | u, T)fa(w | 1)
x wo(H'u | T)m1 () dudr,

ie. [[u]l < zllyll. With the same argument as above,
we have [luz /225 < Ilyll, foranyj=1,2,.... [

Accordingly, we get the following result.

Theorem 3.7: For the model (2), assume that the prior
densities o (0 | ) and 71 (t) satisfy Conditions 1-6. If
there is an orthogonal matrix H, such that u = Hf =
(u1s...,up), and (0 | T) is a decreasing function of
uiz,for i=1,...,p, the estimator §p(y) in (11) for 0 is
admissible under the normalised squared error loss (9).

In the next two sections, we will apply the above
results to a 2-level and a 3-level hierarchical model, with
unknown variance and a standard class of hierarchical
priors.

4. Admissibility for a 2-level hierarchical
model

4.1. g-Prior

For the model (2), we consider the following class of
hierarchical prior for (0, 7),

1

0180 ~Np(0.gr ' (XX)™D,  mi(r) o —,
(22)

where k > 0. Zellner (1986) proposed this form of

the conjugate Normal-Gamma family with k=1. Many

authors followed his work, for example, Eaton (1989),
Berger, Pericchi, and Varshavsky (1998), Liang, Paulo,
Molina, Clyde, and Berger (2008) and Bayarri, Berger,
Forte, and Garcla-Donato (2012). From the perspective
of model selection, g acts as a dimensionality penalty
(Liang et al., 2008). For the choice of g, we study two
cases:

Case 1. g is a known positive constant.

Recommendations for g have included the follow-
ing: Kass & Wasserman’s (1995) unit information prior
(g=n), Foster & George’s (1994) risk inflation criterion
(g = p?), Fernindez, Ley, & Steel’s (2001) benchmark
prior (g = max(n, p*)) and so on.

Case 2. g is an unknown parameter, and the prior of
gisma(g).

By integrating out the latent variable g, one can get
the conditional prior of f given T > 0,

00 r \P/?
(0 | T) :/ (2—)
0 0

70'X'X0

2% }ﬂz(g)d& (23)

X exp {—
which can be represented as a mixture of g priors.
For Case 2, some priors m2(g) have been previously
considered. Here are two examples.

Example 4.1: Inv-Gamma(v, ¢), i.e.

CV
— = D—c/g
b5 = . 24
2(9) rm? e (24)
As discussed by Berger and Strawderman (1996), it
results in the multivariate t-prior for 6 given 7 > 0,
namely

700 | ) o TP/ [1 n 210/(X/X)0
C

—(p/2+v)
] . (29

Zellner-Siow (1980) studied the multivariate cauchy
prior for @, which is one special case of (25) with
v=1/2and ¢ = n/2.

Example 4.2: Robust prior (Bayarri et al., 2012):

12(g) = m[hs(hy + p)]P (hy 4+ g)~ D
X Ug>hs(hytp)—ha)

o (hy +g)7(h1+1)1{g>h3(h2+p)—hz}» (26)

where h; > 0, hy > 0, and h3 > hy/(hy 4+ p). The
prior (26) has its origins in the robust prior intro-
duced by Strawderman (1971), Berger (1980) and
Berger (1985). As Bayarri et al. (2012) discussed, the
priors proposed by Liang et al. (2008) are particular
cases with h; = %,hz =1,h3 = 1/(1 + p) (the hyper-
g prior) and h; = %,hz =p,h3 = % (the hyper-g/n
prior). The prior in Cui and George (2008) has h; =
Lh, =1,h3 =1/(1+ p).



For the robust prior (26), it is not straightforward
to obtain the closed form of the marginal conditional
prior for @ given 7. Alternatively, we attempt to get the
boundary of the marginal density of 6 given 7.

Lemma 4.3: Define

o0 1 u
f(u) = /0 m exp (—5)) dV, (27)

where r) > 1,12 > 0 and ¢ > 0, then there are two pos-
itive constants C, and C,, such that

Ci G
o =SS S
un =1 4+ u)n un =1 4+ u)n

for any u> 0.

The proof is given in the Appendix. Applying this
lemma to (23), the resulting prior for 6 given t for
robust prior (26) with h3 = hy/(h, + p) has the bound-

ary
Cl‘L'
(0'X'X0)P/2~1(1 + 10'X'X)m+1 —
- Cz‘[
T (0'X'X0)P/271(1 + 1O/ X' X)L’

<m0 | 1)

(28)

where p > 2.

4.2. Admissibility

We apply the results in Section 3 to determine when the
hierarchical priors (22) result in admissible estimators
of @ under the normalised squared error loss (9).

Theorem 4.4: (Case 1) For the model (2) under the
hierarchical prior (22) with a given g. If 0 < k < 1, the
estimator 8p(y) in (11) for @ is admissible under the
normalised squared error loss (9).

The proof of Theorem 4.4 is similar to the proof of
Theorem 4.5 later, thus it is omitted. As discussed by
George and Foster (2000), the choice of g effectively
controls model selection, with large g typically con-
centrating the prior on parsimonious models with a
few large coeflicients, whereas small g tends to concen-
trate the prior on saturated models with small coeffi-
cients. Herein, we consider Case 1 from the perspec-
tive of admissibility, not the model selection. From
Theorem 4.4, the choice of fix g has no effect on the
admissibility of estimators §g(y) of 9.

Next, we consider Case 2. The prior density of g
satisfies the following conditions:

Condition Al. m,(g) is a continuous function in
(0, 00);

Condition A2. 3a € R, m2(g)
Condition A3. 3b > 0, m,(g)
for some constant C > 0.

= 0(g"),as g — 0;
~ Cgb as g — o0
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Clearly, two examples of my(g) discussed in
Section 4.1 satisfy Condition A1-A3 with appropriate
aand b.

Theorem 4.5: (Case 2) For the model (2) with the
hierarchical prior (22), assume m,(g) satisfies Condi-
tion A1-A3. If0 <k < 1,a>k—1and k+ b > 3, the
estimator §p(y) in (11) for 0 is admissible under the
normalised squared error loss (9).

Proof: 1t is convenient to write X’X = H'DH, where
H is the matrix of eigenvectors corresponding to D =
diag(di,ds, . ..,dy) with di > --- > dp. Define u =
HO = (uy,...,up)". From (23), the conditional prior of
0 givent > 0is

00 T p/2
70 | 7) :f (2—>
0 87
P 5
X exp{ Zj}nz(g) dg,

which is a decreasing function of u?, for i = 1,...,p.
From Theorem 3.7, we just need to verify Condi-
tion 1-6. For Condition 1,

70(8]7)
// B I|0|I210g(||0I| vy drdé

// / mo( | g 1)

T 1012 log(lI0]l v 2)
x m(t)m2(g) dv dgdo

—P/Z
f/ |I0I|210g(||0||\/2) )

d,t|0]?
X / P2l exp _ %0 dr | dgde.
0 28

If k < p/2, there is a positive constant C, such that

/ / w0 | 7)

T ||0||210g(|I0I| V2)

<< aringio
¢ ||0||210g(||0|| V2)

1o12 P>+
2<g>( ) dg df

1
= c/ de
se 1011217~k log(|16]] v 2)
* k
x/ g "m(g) dg.
0

By polar coordinate transformation r = ||@||, the inte-
gration over 6 becomes

m1(t)dr do

1
de
fsc 191122~ log (1161 v 2)

| s stiogrn
N r3=2klog(r v 2) r
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which is finite if 3 — 2k > 1, i.e. k < 1. Since m2(g)
satisfies Condition A1-A3, there are some postive con-

By Cauchy-Schwarz inequality, it yields

stants Ng < N7 < Ny, C; and C, such that

00 No
fo g *mg)dg = /0 g *ma(g) dg

Np ‘
+/ g ‘m(g)dg

No

- f ¢ Fm(g) dg

which is finite if a > k—1, and k+b > 1.
For Condition 2,

[ [ w6 iom@eds < [ [ gt
< Jo se Jo
o0 d,t|0]?
X / P2k exp _ %61 dr [dgde
0 28

_T+p/2—k 1
T (/)R g 0|22k

o0
x / g "9 dg,
0

which is finite if 0 < k < 1, a>k—2 and k+b > 2.
For Condition 3,

/(/“3m0WnM0|ﬂnmrﬁhd0

//Hﬂgmm@
2
x/ e ey i1 L N PRy
0 2g

_ re+p/2—k 1
- (dp/2)2+P/2_k s ||0||2+p—2k

[o,0)
x/ gz_knz(g)dg,
0

which is finite if 0 < k < 1, a > k—3 and k+b > 3.
For Condition 4, note that

o0
Voro(@ | T) = —X'X07P/>H! / Py

0
X exp (—

70'X'X6

) > (g) dg.

o0
uwaquﬁwwﬂngﬁ”
70'X' X0
x exp | — my(g) dg
“ / Y 0242 oy (_ f”/X'X")
0 2g
X 1,(g) dg
< &)01*tP* 2100 | 7)

&0 d,T)|6]?
X/ g~ @24 ey (_ p12|| I )
0 4

x 1, (g) dg.

Therefore,

/ /°° 1 [[Vomo (6 | )1
c IR

S d%/ / / ||0||2Tp/2+1g_(p/2+2)
cJ0 0

dpt 0]
x exp | — m5(g) dgmy(r) dr dé

mi1(r)dr dé

28
o0
=£/f 1017~ > 2 ma(g)
8§ J0

00 0 2
X |:/ P2 H 1k exp (— il ) dt] dgde
0 28

_ r2+p/2—k 1
- (dp/2)2+p/2—k s ||0||2+p—2k

o0
x/ g_knz(g)dg,
0

which is finite if 0 < k < 1,a>k—1,and k+b> 1.
For Condition 5,

/ / 7o(0 | T)m(T) dr dO
16112<B JTt<B
oo prB

< / / g PPk

o Jo

dpt 0]

X / exp | — dé | m2(g) dr dg.
1612 <B 2g

By polar coordinate transformation r = |0 [|%, the inte-
gration over 6 becomes

d, 01>
/ exp _dpTlol” do
16112 <B 2g
B
:/ /2L exp (—E) dr
0 2g

< C-E_P/ng/z.




Therefore,

/ / 7o(0 | T)m(7)dr dO
|10]2<B Jt<B
B o]
< C/ rkdr/ w2 (g) dg,
0 0

which is finiteif 0 <k < 1,a> —1,and b > 1.
Combining these restrictions, we can find that when
0 <k <1,a>k—1and k+b > 3, Conditions 1-5 hold.
As Han (2009) discussed, Condition 6 is very mild. Pro-
ceeding in an analogous way on page 47 of Han (2009),
Condition 6 holds. By Theorem 3.7, the estimator 8z(y)
in (11) for @ is admissible. [ |

We are also interested in admissible estimators under
Inv-Gamma and robust prior for g. Using Theorem 4.5,
we have the following results.

Theorem 4.6: For the model (2) with the hierarchical
prior (22), assume 12(g) is Inv-Gamma(v, ¢). If 0 < k <
1, and v > 2 — k, the estimator §g(y) in (11) for @ is
admissible.

Proof: By Theorem 4.5 with any constant a > k—1 and
b=v-+1, the result holds. |

Theorem 4.7: For the model (2) with the hierarchical
prior (22), assume 1 (g) is robust prior (26). If 0 < k <
1, and hy > 2 — k, the estimator §p(y) in (11) for @ is
admissible.

Proof: From Theorem 4.5 with a=0and b = h; + 1,
the proof is completed. |

5. Admissibility for a 3-level hierarchical
model

We also study a 3-level hierarchical model and deter-
mine which elements of the hierarchical prior class
lead to admissible estimators of the # under normalised
squared error loss.

5.1. The model and priors

Consider the following 3-level hierarchical model

Level1: (y | 0,7) ~ N,(X0,77'1,);
Level2: (0| B,7,9) ~ NP(Z,B,gT_lA);
Level 3: (B | A,T) ~ Ns(0, At 'B), (29)

where Z is a given p X s matrix with full rank s, g is
the s x 1 unknown vector, A and B are a p x p and
s x s known covariate matrix, respectively, and A is
an unknown hyperparameter. To simplify the compu-
tation, without loss of generality, we set A = I, and
B=1I,
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Assume 71(t) o< 77, and the prior of g satisfies
the Condition A1-A3. The prior m3(A) satisfies the
following conditions.

Condition B1. 73(A) is a continuous function in
(0, 00);

Condition B2. 3¢y, m3(A) = O(A1), as L — 0;
Condition B3. 3¢, > 0, 13(A) ~ CA™ 2 as A — 00
for some constant C > 0.

5.2. Admissibility
The following lemma is needed.
Lemma 5.1: For the 3-level hierarchical model (29),

assume 71(7) oc Tk, 7, (g) satisfies Condition A1-A3,
and 13 (1) satisfies Condition B1-B3. Then

1
700 | T) o TP/? // exp [—Etﬂ/(glp + XZZ/)_10:|
x (g + 1) 2g= P92, (@) 3 (1) dg da. (30)
Proof: Note that

7T0(0|T)0</ / /Jro(olﬂmg)
0 0 R’

(B | Mm2(g)ms(r) dB dgda

(o) (o]
o 7092 / / /
o Jo g

)6 —ZB|*  tlIBl?
x exp | — 2% -

x g PPA=2 1, (g)m3(0) dB dg da.

Define B, = g ‘(A" +¢g71Z'Z)"1Z'6, we have

7|0 — ZB|* 2
| Bl _|_T|Iﬂ||
g A

=1(B— ﬂo)/

x W +¢7'77)
x (B — Bo) + 76’
x (g, +1ZZ)7'6.

Then the marginal distribution of 6 given 7,

o0 o0
70(0 | T) zP/2/ / AU+ g 2z 7Y
0 0

1
X exp |:—5r0’(g1p + AZZ’)IG]
x g P02y (g) 3 (M) dg da,

which is proportional to (30). The proof is completed.
[ |

Theorem 5.2: For the 3-level hierarchical model (29),
assume 71(7) o< Tk, 72(g) satisfies Condition A1-A3,
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and m3()) satisfies Condition B1-B3. Then, the estima-
tor 8p(y) in (11) for @ is admissible if 0 <k <1, b >
3—k ca >34 (p—15)/2 —k, and one of the following
conditions holds,

(i) p>s,a>@P—9/24+1cqag>-1
(i) p=sa>—lc >—-1+k
(iii) p=sa>—-1+kc >—1

Proof: It is convenient to write ZZ' = I''DI’, where
I' is the matrix of eigenvectors corresponding to
D = diag(zy, 22, ...,2p) with z; > --- > z,. Herein,
we denote u=TI6 = (uy,.. .,up)’. Therefore, from
Lemma 5.1,

p
70(0 | 7) o TP/? // exp |:—% Z(g+zik)_1ul{|

i=1
x (g4 1)~ 2g= P72, ()73 (1) dg dA,

which is a decreasing function of u?, for i = 1,...,p.
In addition, there are two positive constant C; and C,,
such that

0]
L CARS <Crp/2//e (—C il )
0@ 1) <C Xp 2g+k

x (g + 1) "2g= P9 2y ()73 (1) dg da.

For the technical reasons, we first consider Condition 2.
Note that

o0 [e.e] o0
// 7T0(0|‘L’)7T1(‘L')d‘[d0§C1// /
cJo cJo Jo

00 2
" {/‘ ,pa_kem)(_Cbrnen )df}
0 g+k

X (g4 1)~ 2g= P79 27, (9) 73 (2) d dg d6

I(1+p/2—k) 1
C;er/sz 56 ||0||2+p72k

=C1

" / O 4 ) HO=9/2~kg=(p=5)/2

X 7T2(g)7[3()\) dg dA.

The integration over @ is finite if k < 1. For simplicity,
denotel =1+ (p —s)/2 —kandh = (p —s)/2.1f0 <
k < 1, we have [> 0.

Note that

o0 o
/’./ (A + @) T2 kg~ (=92, (g) 3 (1) dg dA
0 0

1 1 1 o0 o] 1 00 [ee]
UL L)
o Jo o Jo 1 0 1 1
x (A +g)lg7hn2(g)n3()u) dgdx

=hL+L+1;+ 14 (31)

Clearly,

1 1
L < 21/ gihnz(g) dg x / m3(X) dA,
0 0

which is finite if a > h—1 and ¢; > —1. Clearly,

Lo<ol [ gt >
4 < g "ma(g) dg x As(d) da,
1

1

which is finite if b> 1—h+I and ¢; > 1 + [. Similarly,
it is easy to verify that I, + I3 is finite if a>h—1,
b>1—h+l, ¢y > —1 and ¢; > 1 + . Therefore, (31)
is finite if a > (p —s)/2 —1,b>2 —k,¢c; > —1 and
0>2+(@p—s/2—k

Similarly, for Condition 3,

ffrwwmummww
< JO

1
/
Sqﬁwwﬂpﬂw

" / O 4 )2+ P=9/2kg=(0=9)/2

x ()3 (1) dg da, (32)

where C| is a postive constant.
Clearly, 2+ (p—5)/2—k>0if 0 <k < 1. As in
the proof of Condition 2, (32) is finite if 0 < k <

La>({@P—5/2—1,b>3—kc >—landc; >3+
(p—9)/2—k

For Condition 4, from Lemma 5.1, note that
Vo0 | T) = —tP/>t1 / (eI, +12Z')'0

1
X exp [—Efo/(glp + ,\zz/)—lo}
x (g + )\)—S/Zg—(P—S)/an()\)

x 1, (g) dg da.

We will consider two cases, i.e. p>sand p = s, respec-
tively. If p > s, || (gI, + AZZ') 10| < g~ '|10]. It yields

Vorro(8 | T)|1> < [10]*FT2

X (// exp [—%t()/(glp + )»ZZ/)_IO}

2
X (g + 1) "g= =927 1. ()ma(g) dg dx)

< 1017t/ * 200 | 7)

1
X // exp |:—£1'0/(ng + xzz’)—lo]

X (g+k)fs/2g7(pfs)/272
x w3 (M) m2(g) dgda

2_p/242 70
<GlolI°t mo(0 | T) exp | —C
g+ A

X (g + 1) "2g= P92 ) () m3(2) dg da.




In the second step, we apply the Cauchy-Schwartz
inequality. Therefore,

/ /°° 1|[Vomo(8 | DI
¢ R

scI/ // ||0||2{/ titp/2k
Se 0

x exp [ —C rle® d A) 2o (p=9)/2=2
p 2g+k T (gL g

X ﬂz(g)?'@()») dg di de

1
=i [ g < [[ 0+
SC

x g~ =922, ()3 (1) dg dA. (33)

m1(t) dr do

As in the proof of Condition 3, (33) is finite if 0 < k <
La>@p—-s/2+1,b>1-k ¢ >—1land¢c; >3+
(p—9/2—k.

If p=s, there is a positive constant Cs, such that
Iy +22Z) 710 < C3(g + 1) 101]-
Therefore, using the Cauchy-Schwartz inequality,

IVaro(8 | T))1> < Call0]1> TP/ *ro(8 | 7)

Jfon(o2)

X (g+ 1) P2 27r2(g)7r3 (») dgda,

where C4y = C; C%. Thus,

/ /oo 1[|Vomo (@ | DI )2
c C m@ T
§C4/ // 1012
SC
fe'e) 2
o« {/ 4Pk oy (_CZT||0|| )dr}
0 g+k

x (g4 2) P22y (g)m3(2) dg da do

1
_c / 1 4
* Jse 11022k

x / / O+ Fm@moydgdr,  (34)

m1(r)dr dé

where C} is a positive constant. Note that the integra-
tion over @ is finite if 0 < k < 1.
Ifk >0,

/ / (h + 9 Fmy(g)ms (1) dgda
0 0

< /Oonz(g) dg/oo A k0 da,
0 0
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which is finite ifa > —1,b > 1,¢; > —1 +kand ¢; >
1 — k. Meanwhile,

/0 fo (h + 9 Fmy(g)ms (1) dgda
5/ gknz(g)dg/ w3(}) da,
0 0

which is finite if a > =1 +k,b > 1 —k,c; > —1 and
c > 1.
For Condition 5, note that

/ / o0 | T)m(T) dr dO
16]2<B Jt<B
B
<af [
0
0 2
x{/ exp(—CZT” | )dO}
l612<B g+

x (g + 1) "2~ P9 25, (g) 3 (1) di dg d.

By polar coordinate transformation r = || ||?, the inte-
gration over # becomes

2
f exp (_Czrllﬂll ) de
10]12<B g+A
B Tr
= / P21 exp( (@) >d
0 g+k

< Cst P2 (g 4+ 1P/,

where Cs is a positive constant. Therefore,

/ / 700 | T)m1(T) dr dO
|10]2<B Jt<B

B 00 o0
< CS/ T_k dr x / / ()\' +g)(P—S)/2
0 0 0

x g~ P92, (93 (1) dg di, (35)

which is finite if 0 <k <1, a> (p—3s)/2—1,b>
Leg>—lande > 14 (p—y9)/2.

Combining the above results, Conditions 2-5 hold
if (k,a, b, c1, ¢z) satisfy the conditions as this theorem
states. For Condition 1,

T ||0||210g(|I0|| \ 2)

/c // ||0||210g(||0|| V2)
o r||0||2> }
X ‘./0 T p( ng—{—)» dr

X (g + )\)fs/zgf(pfs)z
x mwa(g)m3 (1) dgdxr dé

(0 | 7)

m1(t) dr dé
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1
< C ——deo
—6AWWW%

o f / O 4 g) 092k g= (092

x m(g)m3 (1) dg da, (36)

where Cg is a positive constant. If p = s, (36) can be pro-
ceeded as (34). If p > s, it is easy to verify that (36) is
finiteif 0 <k <l,a>(p—95/2+1L,b>3—kc >
34+ (p—s)/2—k, c; > —1. Proceeding in an anal-
ogous way on page 47 of Han (2009), Condition 6
also holds. By Theorem 3.7, estimator (11) for @ are
admissible. |

6. Comments

In Section 2, we listed the sufficient conditions for
admissibility of the estimators of # with unknown t,
which was developed by Han (2009). In Section 3,
we generalise the sufficient conditions for admissibility
and apply these results to the normal linear regression
model (2). We have to admit that those sufficient con-
ditions are still not optimal enough. Sometimes, we
can’t obtain satisfactory results utilising the conditions
directly. In our paper, we consider m1(t) o« T~F for
the prior of r. The condition of k for admissibility is
0 < k < 1. Unfortunately, we can't prove the admissi-
bility for the boundary point k = 1, which is of great
interest since it is the natural extension of Steins har-
monic prior (Stein, 1981) to the unknown variance
problem. In follow-up work, we will try to explore the
more powerful sufficient conditions for admissibility
of the estimators of # with unknown 7. One promis-
ing method for this problem may be by Blyth’s method
(Blyth, 1951), discovering an appropriate sequence of
finite measures.
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Appendix
A1

To simplify the computation, without loss of generality, we set
c=1.Letx = u/v, then

Proof of Lemma 4.3

© 1
10 = [ o S

L 00 xu+b—2
=u" —_ —x/2) dx.
u /0 P exp(—x/2) dx
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One just needs to consider

C 00 a+b—2 C
o 5/ X expex/2)dr s — 2
(14 u) o (u+x) (14 u)

(A1)
The integral can be written by
xatb—2
exp(—x/2)dx =1, + L.
{/ /1-}(+)bxp( /2) 1+ D

For the lower bound of I; and I, we have

Iy
112/
0

(u+1)°
(o) xa—2
I, > P —— —x/2)dx = C}
z_fl e/ de = G

a+b—2
ok
exp(—x/2)dx = C} 7(1 pa

1+ wb’

where C} = x‘”b 2exp(—x/2)dx and C} = oox“
exp(—x/2) dx. For the upper bound of I; and Iz, we have
1 atb-2
I < — 2)dx=C—,
I_A (u—i—l)b hexp( X/) X (1 )h
00 ya+b—2
L < ———exp(—x/2)dx=C;——,
2—/1 w1y P2 YTt b

where Cj
exp(—x/2) dx. Therefore, let C; = Cf + C; and C, =
C}. We get (Al). The lemma is proved.

= j;)l x*"2exp(—x/2)dx and Cj = [ x+tt=
Ci +

2

2
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