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ABSTRACT

Multivariate mixtures are encountered in situations where the data are repeated or clustered
measurements in the presence of heterogeneity among the observations with unknown pro-
portions. In such situations, the main interest may be not only in estimating the component
parameters, but also in obtaining reliable estimates of the mixing proportions. In this paper,
we propose an empirical likelihood approach combined with a novel dimension reduction
procedure for estimating parameters of a two-component multivariate mixture model. The per-
formance of the new method is compared to fully parametric as well as almost nonparametric

methods used in the literature.

1. Introduction

Mixture models provide a flexible way of mod-
elling complex data obtained from a population with
observed or unobserved heterogeneity. Mixture mod-
els have been applied in astronomy, biology, fishery,
human genetics, and other scientific areas of research.
See Titterington, Smith, and Makov (1985), Lind-
say (1995), McLachlan and Peel (2000), and references
therein.

We consider a special multivariate mixture model
where repeated measurements are available for each
subject. Let X;,...,X, be independent and identi-
cally distributed (i.i.d.) d-variate random vectors from
a finite mixture model with m components. If the ele-
ments of the vector X; are independent conditional on
belonging to a subpopulation, then the mixture density
is given by

m d
hx) =Y [ [, (1)
j=1 r=1

where 7js are mixing proportions such that Z;';l
7i=1m>0 for all j, and f(-), with or without sub-
scripts, denotes a univariate density function.

The above data structure is quite common espe-
cially in social sciences where measurements are taken
repeatedly for various reasons. For example, the goal
of research on preschool children’s inclusion task
responses is to study different solution strategies with
which young children solve a given cognitive task. The
solution strategy is often called the latent variable since
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it is hidden and unobservable. A group of preschool
children can be considered as a sample from a mixture
model where the components correspond to the various
solution strategies; see Thomas and Horton (1997).Ina
simplified setting, one could assume that there are two
main solution strategies which lead to a mixture model
with two components.

Many researchers studied the nonparametric iden-
tifiability of the above multivariate mixture model.
Hall and Zhou (2003) showed that the model (1) is
always nonparametrically unidentifiable when d=2
and m = 2. Under some mild regularity conditions, Hall
and Zhou (2003) proved that the two-component mix-
ture model is nonparametrically identifiable for d > 3.
Kasahara and Shimotsu (2014) discussed the identi-
fiability of the number of components in multivari-
ate mixture models in which each component dis-
tribution has independent marginals. Hettmansperger
and Thomas (2000) considered the situation where the
elements of the vector X; are, not only conditionally
independent, but also identically distributed. Under
such an assumption, the mixture density (1) can be
rewritten as

m d
hx) =Y m [ [ e (2)
j=1 r=1

They proposed an almost nonparametric approach to
estimate the mixing proportions. Their key idea is to
categorise data into 0 or 1 by setting an optimal cut
point and then apply the EM algorithm to estimate the
mixing proportion in the resulting binomial mixture
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models. Cruz-Medina, Hettmansperger, and Thomas
(2004) extended the work of Hettmansperger and
Thomas (2000) by transforming the observed vec-
tor into a count vector which leads to a multinomial
mixture model.

To avoid possible loss of efficiency in categorising
continuous data into count data, we propose a nonpara-
metric approach to estimate the mixing proportions
using empirical likelihood (EL). The EL, which was
first introduced by Owen (1988), is a nonparametric
method of inference based on a data-driven likelihood
ratio function. This nonparametric and likelihood-
based approach has become one of the most effective
statistical methods. See Owen (2001) for a compre-
hensive review. As shown in Qin and Lawless (1994),
the EL is a prominent efficient tool in estimating
parameters by incorporating estimating equations into
constrained maximisation of the empirical likelihood
function.

We first develop the proposed methodology for the
3-dimensional mixture models, and later on extend
it to higher dimensions. For the multivariate mixture
model, we propose linking the various moment esti-
mating equations through the EL to provide a more effi-
cient estimation. In the d-dimensional mixture model,
there are 2¢ — 1 moment estimating equations. When
d is large, it is impracticable to search for the optimal
solution. We propose a simple and intuitive bootstrap-
like modification of the method. First we obtain K
sets of three indices chosen randomly and without
replacement from 1,2,...,d, and then multiply the
K nonparametric likelihoods pertinent to the chosen
indices to obtain the profile empirical likelihood ratio
function.

Our simulation results show that, when the paramet-
ric model is correctly specified, our EL estimators per-
form similarly to the parametric estimators. However,
when the parametric model is misspecified, the EL esti-
mators perform uniformly better than the parametric
estimators and the almost nonparametric estimators.

The paper is organised as follows. The proposed
empirical likelihood approach for multivariate mixture
model and its theoretical properties are presented in
Section 2. The extension to d-dimensional (d > 3) mix-
tures is also presented. Simulation studies and real data
analysis are provided in Section 3. Discussions are given
in Section 4.

2. Methodology

We first discuss the methodology for the three-variate
mixture model, and then extend to multivariate mix-
tures with higher dimensions.

2.1. Three-variate mixture model

Let X = (X}, X2, X3)T be a 3-dimensional random vec-
tor with distribution function H(x) and joint probabil-
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ity density function

3 3
ho =r ][ +0-m]]A&), 3

i=1 i=1

where 0 <7 <1, and the component density func-
tions f; and f; are different but unspecified. This model
is a special case of model (2) with m =2 and d=3.

The parameters of interest are the expectations of
the random variables and the mixing proportion 7.
Suppose o and p; are the expected values of the two
components:

o = / xfilo)dx, w1 = / xf2(x) dx,

and that they satisfy o < p1. We then have the follow-
ing moment estimating equations
E(X1X:X3) = mpug + (1 — )i,
EXi1X;) = EX1X3) = E(X2X3)
=mug+ (1 —m)ui,

EX1) =EX;) =EX3) =mpo + (1 —m)pr.
There are seven estimating equations in total with three
unknown parameters (7, (Lo, [41)-

Let x; = (xi1, X2, xi3) 1, i = 1,...,n, be i.i.d. obser-
vations from the multivariate mixture model (3), and

pi = dH(x;). According to Owen (1988), the EL func-
tion based on the observed data is

[[eHG) = ]p (4)
i=1 i=1

Let @ = (77, ;to, 1) T For the distribution H(x) under
study, feasible p;’s satisfy

n
Zpi =1,
i=1

where

Pi > 0, and Zpig(xi)o) =0, (5)

i=1

g2(x:,0) = (g1(x:,0), 81 (x1,0),21 (x,0)"  (6)

with g1 (x;,0) = xixipxis — Ty — (1 — )3,

xiiXip — Tpug — (1 — m)ut
8,(x,0) = | xixz —mpud— (1 —m)ui| and
xipXi3 — T — (1 — m)ut
xip — o — (1 — )
&3(xi,0) = | xp —mwpo — (1 — )y

X3 — o — (1 — )

Inference on @ is usually made through their profile
likelihood, which is obtained by maximising (4) with
respect to p;’s subject to the constraints in (5). Up to
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a constant not depending on @, the resulting empirical
log-likelihood is

£0) = - log{l +A"g(x;,0)},

i=1

where A is the Lagrange multiplier determined by

1 Z gxi0)
n1+1'gx;,0)
We can show that in a O(n~1/3) neighbourhood of the
true values of 6, A = A(#) is determined uniquely by
an implicit function of §. We denote the maximum
empirical likelihood estimators as 0 = (7, flo, f11)".
Their asymptotic properties are given in the following
theorem by Qin and Lawless (1994). When 6 takes its
true value 0, we write g(x, @) to be g(x) for short.

Theorem 2.1: Under the regularity conditions specified
in Qin and Lawless (1994). As n goes to infinity, \/n( —

00) LN N(0, V1), where

T -1
vi= [E{aga(;‘)} {Eg(X)gT(X»lE{&‘;(;‘)” .
With (1(X; <1),1(X; < t),1(X3 < ¢)) in place of
X, we can estimate the underlying distribution func-
tions F)(t) and F,(t). The asymptotic normality of the
resulting empirical likelihood estimators can be estab-
lished in a similar way to Theorem 2.1.

2.2. Multivariate mixtures with higher dimensions

We now extend the methodology discussed in the pre-
vious section to the case with d > 3. Suppose the d-
variate data w; = (Wip,...,wig)L, i=1,..
from the mixture model with the following mixture
density

., N, arise

d d
hw) =7 [ [itwy) + @ =) [ [ alwip-

j=1 j=1

In principle, we can adopt the same approach as in the
case d =23 in order to make inferences about #. When
d is large, however, the number of estimating equations
we must deal with is

() (%) ) (4) =2

which can be extremely large. Consequently, it is
impractical to find the optimal solution to embrace that
many estimating equations in the empirical likelihood
setup.

We now propose a simple and intuitive solution to
the high-dimensional problem. Let M; = (g), and ;

(i=1,2,...,My) be all the possible samples of size 3
from {1,2,...,d} drawn by simple random sampling
without replacement. We randomly select K sets from
{Q1,...,Q2pm,} by simple random sampling without
replacement. Let Q) = {sk1,sk2,5%3} (k=1,2,...,K)
be the resulting K index sets, and uy; = (xy;, yk,-,zki)T
denote (Wi, Wis;,» w,',sm)T.We assume sy; < Sg2 < Sk3
for each k, and treat the data with different 2} as inde-
pendent samples. The profile empirical likelihood ratio
function of @ based on the selected index sets is

K n
R(6) = max {]_[ [ Joww

k=1 i=1

n
ZPki =1 pki =0,
1

i=

n
Zpk,'g(uk,‘,a) =0, k=1,... ,K} ,
i=1
where the function g is defined in (6).

Applying the method of constrained optimisation,
we have

K n K n
G=_Y lognpk) —n Y _ ¥ prikig(ui0)

k=1 i=1 k=1 i=1
K n

+ Zyk (Zpki - 1) ,
k=1 i=1

where Ay and yi are the Lagrange multipliers. Setting
the first derivative of G with respect to py; to zero, we
have

G 1
— = — — nhjg(ui,0) + v = 0.
pki P BT

Multiplying both sides of the above equation by py; and
summing over i give

", 3G
D phiz—=n+wn=0,

= 0P
which leads to yx = —n. Therefore, the maximum of
]_[szl [T, (npy) is attained at
. 1 1
phi=—-————"— k=1,...,K,

n1+Alg(u,0)’

where the Lagrange multipliers A = Ax(0)’s are the
solutions to

Lyh_ st
n i=1 1 + )‘Eg(uki, 0)
Putting py; back and taking logarithm, we have the
profile empirical log-likelihood ratio function of 6,

K

€(0) = log{R(®)} = — ) > "log{l + A g(u, 0)}.

k=1 i=1

We show that with probability tending to one, there
must be a local maximum point in a very small neigh-
bourhood of the true parameter value of 8. Let Q* =
{Q],..., Q).



Lemma 2.1: Let 6y = (7, (os, [L15) De the true value
of 8. Suppose [ |x|° dFy(x) + [ |x|° dF;(x) < oo, 74 €
(0,1) and pos # 1% and that Fy and F; are non-
degenerate distributions. Conditioning on Q*, as n —
00, £(0) attains its maximum value at somepointé with
probability 1 in the interior of the ball |0 — 0| < n~'/3,
Leth = ():?,. .. ,}:E)T with ):i = X(é). Consequently, 0
and A satisfy

Qu(0,4) =0 fork=1,...,K, and
QOn(éJA») = 0’

where
g(ukl’o)
L(0,3) = —
Qi (0,2) = Z 1+ A g(u,0)
L(0,%) = —
Qon(0,2) = ; 2 1+ XTg(ukz, 0)

<8g(uki’ 0) )
00

Lemma 2.1 implies that the proposed EL estima-
tor @ is consistent. Based on Lemma 2.1, we further
establish the asymptotic normality of 0 in the follow-
ing theorem. This result is an extension of Theorem 1
in Qin and Lawless (1994). It embraces the correlation
structure of the selected elements within the random
vectors.

Theorem 2.2: Assume the conditions of Lemma 2.1. Let
Su =ElgXg" X)), S =5}, = ~E{agX)/98"),
and

1

Toff = 1) E T )1 Q%)
R, 2 s i)

Conditioning on Q*, as n goes to infinity, Jn( —09)
converges in distribution to N(0, V), where

V, = l(521571512)_1
K 11

-1 1o -1 ~1
(821877 S12) 7 (S218;))

2o (871 812) (S2187 S12) ™

K
+

If there are no common elements in QF and
Q]’-“, then E{g(ukl)gT(ujl) | 2*} = 0. Further, if d is
quite large, and there are no common elements
in any pair of Q; and QJ* (k #j), then Xog =0,
and V, = (821Si1812)’1/K. At the other extreme,
if Qz =Qj for k=2,...,K, then ¥, = Si1, and
V) = (82181_11812)_1. Therefore, the second term in V,
stands for the efficiency loss due to the fact that some
data are used more than once.
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3. Simulation studies and data analysis
3.1. Simulation studies

We have carried out simulations to evaluate the finite-
sample performance of the proposed empirical likeli-
hood estimators (EL). For comparison, we have also
considered two of its competitors: the maximum like-
lihood estimators (ML) under the multivariate nor-
mal mixture model, and the almost nonparamet-
ric estimators based on multinomial mixtures (Cruz-
Medina et al. (2004); MN for short). Both the ML
and MN estimators can be calculated by the EM
algorithm.

We generate data from the mixture model (3). Dif-
ferent specifications of component distributions f; and
f> are listed below:

(a) (Normal mixtures) f; and f, are the density func-
tions of N(ut1,1) and N(u2, 1), respectively. Here
w1 =0and u, = 1or2.

(b) (Non-central t mixtures) f; and f, are the density
functions of t(r,a(r)u1) and t(r, a(r)p2), respec-
tively. Here t(r,a(r)p) denotes a t-distribution
with r degrees of freedom, non-centrality param-
eter a(r)u, and mean u, where a(r) = (2/r)
(T'(r/2)/T((r — 1)/2)). Here r=4, u; =0, and
Uy =150r2.

(¢) (Chi-square mixtures) f; and f, are the density
functions of Xﬁl and X,bztz‘ Here 1 = 5and u; =
10 or 20.

For each setting, we generate 1000 samples with sample
size n=400,d=3 or 6,and & = 0.2, 0.5, or 0.8. When
d=6, we set K=38 in the proposed EL method. We
calculate the biases and standard deviations of the esti-
mators under comparison, and summarise the results
in Tables 1-3.

Let us first examine Table 1, where the multivari-
ate normal mixture model is correctly specified. As
expected, the ML estimators have the smallest stan-
dard deviations in all cases and the smallest absolute
biases in most cases. The proposed EL estimators per-
form very similarly to the ML estimators and both
of them are uniformly better than the MN estima-
tors. As w, goes further away from u; = 0, all esti-
mators have decreasing standard deviations. This may
be because the two component distributions in the
mixture model also get further away from each other.
When 7 increases from 0.2 to 0.8, the performances
of all the three estimators for p; are getting better,
while those for u, are getting worse. This is proba-
bly because as 7 increases, the multivariate normal
mixture contains increasing information about ; but
decreasing information about p;. All the three esti-
mators for 7 have better performance when 7 lies in
the middle than on the boundaries of its parameter
space.
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Table 1. Biases (%) and standard deviations (%) (in parentheses) of different estimators based on 1,000 simulations with n = 400.
Data were generated from the multivariate mixture model with f; and f, being N(ut1, 1) and N(uy, 1), respectively. Here 1 = 0,
2 =1or2andd=3or6.

d=3 d=6
Method 7 M 2 b4 28 2
7 =02 M2 = 1
EL 3.34(14.96) —4.5(33.33) 2.33(11.54) 0.97(6.52) 0.18(14.11) 0.49(4.95)
MN 16.78(19.18) 13.84(40.78) 10.38(16.05) 2.46(9.62) —20.72(25.32) 5.83(5.96)
ML 2.19(11.32) —1.33(23.21) 1.45(8.56) 0.24(3.89) —0.07(8.73) 0.08(3.28)
T =02u; =2
EL 0.29(3.25) 0.61(13.31) 0.27(4.96) —0.05(2.39) —0.10(7.34) —0.06(2.98)
MN 1.74(5.43) —32.19(28.69) 10.57(7.03) 0.08(2.53) —46.28(13.04) 10.53(3.53)
ML 0.10(2.46) 0.16(9.20) 0.07(3.75) 0.01(2.09) 0.11(5.00) 0.14(2.42)
7 =05 u; =1
EL 0.72(13.16) —1.09(15.10) 2.46(15.25) —0.2(6.37) —0.39(6.81) —0.14(6.89)
MN 0.94(13.75) —6.76(23.29) 8.86(23.67) —0.3(5.50) —13.79(10.83) 13.04(11.17)
ML —0.2(10.45) —1.37(11.76) 0.66(11.46) —0.29(4.35) —0.28(4.70) —0.25(4.81)
T =05 pu =2
EL 0.06(3.68) 0.09(6.54) 0.22(6.49) —0.16(2.87) 0.01(4.06) —0.28(3.98)
MN 0.00(4.15) —16.14(16.52) 16.42(16.16) —0.15(2.78) —19.97(7.75) 19.64(6.88)
ML 0.00(2.94) —0.04(4.94) 0.11(4.96) —0.17(2.63) —0.10(2.94) —0.16(3.08)
T =08 u; =1
EL —3.34(15.06) —2.09(11.78) 4.23(34.49) —0.97(7.08) —0.38(5.06) 0.17(14.21)
MN —17.77(20.32) —10.54(16.36) —14.67(41.56) —2.17(8.89) —5.83(5.81) 21.41(22.80)
ML —3.71(13.25) —2.26(9.88) —0.95(25.60) —0.53(3.90) —0.23(3.28) —0.37(8.70)
7 =038, n2 = 2
EL —0.37(3.36) —0.24(5.07) —0.07(13.19) 0.01(2.36) —0.12(3.09) —0.29(7.01)
MN —1.95(6.22) —10.16(7.70) 32.08(32.32) —0.24(4.00) —10.3(4.17) 45.26(19.93)
ML —0.25(2.37) —0.14(3.81) 0.06(8.70) 0.07(2.09) —0.07(2.42) 0.12(4.61)

Table 2. Biases (%) and standard deviations (%) (in parentheses) of different estimators based on 1,000 simulations with n = 400.
Data were generated from the multivariate mixture model with f; and f, being t(4, 11) and t(4, 12 /{~/2I°(3/2) / T (2)}), respectively.
Here 1 =0, uy = 1.50r2andd=3or6.

d=3 d=6
Method 7 2 2 b4 28 "2
T =02pu;=15
EL 3.45(15.40) —7.18(50.85) 3.84(21.38) —0.49(5.90) —3.91(20.41) —1.44(7.11)
MN 9.79(15.66) —14.9(82.18) 51.68(46.55) 1.08(7.48) —71.86(67.91) 59.47(43.38)
ML 61.85(12.85) 101.00(22.48) 66.01(59.61) 56.13(21.56) 95.17(35.27) 38.41(37.84)
7 =02 M2 = 2
EL 1.13(8.87) —2.98(37.27) 0.92(13.61) —0.46(3.92) —2.47(16.23) —1.53(6.36)
MN 3.42(8.78) —51.51(87.04) 59.89(60.83) 0.67(5.98) —92.36(66.26) 79.47(59.61)
ML 58.3(19.12) 128.91(42.01) 77.41(164.19) 17.33(29.78) 41.3(64.06) 21.8(68.62)
T =05pu; =15
EL —0.56(12.44) —3.27(21.17) 1.19(22.59) —0.93(5.99) —1.50(9.17) —1.98(9.76)
MN —0.42(11.04) —31.21(48.91) 61.71(65.51) 0.01(4.61) —42.77(35.48) 85.2(55.73)
ML 30.44(11.70) 53.29(16.19) 21.03(52.65) 15.15(16.04) 29.22(24.27) 8.13(30.20)
T =05, M2 = 2
EL —0.61(7.80) —1.46(15.47) —0.73(19.03) —0.54(3.86) —0.72(7.20) —2.54(8.42)
MN —0.48(6.31) —38.24(44.4) 82.58(64.56) 0.13(3.78) —51.07(40.48) 109.59(71.1)
ML 19.19(17.25) 46.87(32.11) 29.21(95.27) —0.01(8.46) 5.37(16.65) —3.63(36.38)
=08 u=15
EL —3.74(14.02) —3.58(15.79) 3.55(50.90) —1.00(5.70) —0.74(6.35) —2.41(19.01)
MN —12.42(16.63) —22.01(35.80) 41.44(96.03) —1.57(8.17) —18.67(29.21) 116.35(94.33)
ML —1.71(12.38) 13.9(25.24) —54.54(46.13) —4.63(7.52) 7.89(7.06) —49.65(26.15)
T =08 pu=2
EL —1(6.46) —1.06(9.54) —1.50(31.48) —0.49(3.40) —0.32(4.88) —4.20(14.72)
MN —4.73(10.12) —23.08(33.81) 100.56(104.09) —0.69(5.67) —23.85(28.05) 169.97(103.51)
ML —6.44(9.50) 8.54(10.14) —66.54(40.47) —6.77(5.18) —0.15(30.64) —49.79(24.33)

However, when data are generated from non-normal  have uniformly smaller biases and standard deviations
mixtures, the ML estimators lose their optimality. From  than the other two competitors.

Tables 2-3, we can see that compared with the MN esti- If the mixing proportion is of primary interest,
mators, they have smaller absolute biases in some cases, we see that when the multivariate normal mixture
but larger standard deviations in other cases. The pro-  is correctly specified, the ML estimator again per-

posed EL estimators perform reasonably well as they ~ forms the best and the EL estimator has almost the
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Table 3. Biases (%) and standard deviations (%) (in parentheses) of different estimators based on 1,000 simulations with n = 400.
Data were generated from the multivariate mixture model with f; and f; being Xﬁ1 and X/iz’ respectively. Here ;1 = 5, uy = 10 or
20andd=3or6.

d=3 d=6
Method 7 7 M2 b4 Iz 2
7 =02pu=10
EL 1.72(9.81) —9.58(106.79) 5.19(37.99) —0.22(4.61) —6.59(45.73) —1.33(18.89)
MN 5.15(11.12) 41.52(125.27) 57.42(40.56) 0.53(4.9) —14.54(52.22) 63.59(23.5)
ML 3.79(12.44) —3.66(134.41) 13.29(52.78) —2.27(4.25) —22.54(57.72) —10.11(21.07)
T =02 pu; =20
EL 0.03(3.06) 1.94(92.73) —1.27(27.15) —0.17(2.10) —0.51(25.73) —1.22(17.57)
MN 0.27(3.41) —1.38(91.57) 63.70(35.50) —0.03(3.37) —10.19(70.36) 75.51(29.02)
ML —1.28(3.28) —25.91(56.89) —17.70(47.12) —0.48(2.79) —5.06(34.02) —5.14(34.02)
T =05 pu =10
EL —0.24(7.99) —2.89(38.92) 1.2(48.92) —0.51(4.19) —2.26(18.18) —3.29(24.06)
MN —0.54(7.31) 7.22(60.73) 71.58(71.78) 0.02(3.33) 0.78(27.14) 96.32(37.29)
ML —10.06(8.06) —56.55(59.13) —48.5(43.21) —8.14(9.39) —36.58(59.29) —45.44(46.36)
T =0.5pu; =20
EL 0.08(2.82) 1.01(51.90) —1.55(34.49) —0.04(2.58) —1.07(11.77) —2.41(22.25)
MN 0.04(3.66) 2.25(68.84) 96.59(83.74) —0.01(2.49) —4.98(28.04) 125.48(47.09)
ML —1.70(4.21) —16.59(31.39) —36.1(59.26) —1.12(7.03) —8.23(44.42) —18.47(101.29)
7 =08 u; =10
EL —0.73(6.76) —1.61(22.24) 2.94(85.03) —0.38(3.52) —0.95(11.57) —7.90(41.22)
MN —5.67(11.64) 9.08(34.32) 71.59(142.80) —0.30(3.78) 20.31(14.44) 164.10(73.63)
ML —20.50(8.55) —67.61(37.71) —153.48(48.88) —15.45(14.64) —43.67(59.79) —138.41(67.07)
T =038 =20
EL —0.14(2.16) 0.03(12.65) —2.88(54.59) —0.06(2.09) 0.00(8.44) —7.86(37.19)
MN —0.83(5.43) 1.64(24.09) 245.75(176.53) —0.22(3.77) 2.40(15.46) 315.56(133.24)
ML —2.40(2.19) —13.19(11.43) —106.07(66.16) —2.47(13.03) —10.13(53.34) —48.96(194.17)

same reasonable performance. Both of them perform
better than the MN estimator. When the model is
misspecified, the EL estimator has the best perfor-
mance followed by the MN estimator. These two
estimators usually win the ML estimator by a large
amount. For example, in Table 2, when w = 0.5,
U2 = 1.5, and d=3, all three estimators for 7w have
similar standard deviations, however, the ML estima-
tor has a much larger absolute bias (0.3044) compared
with the EL estimator (0.0056), and the MN estimator
(0.0042).

When the data dimension d increases from 3 to 6, the
standard deviations of both the EL and MN estimators
are getting smaller but they have different performances
in bias. The absolute biases of the EL estimators are
always getting smaller, while those of the ML and MN
estimators are not the case. For example, in Table 3,
when 7 = 0.2 and p, = 10, the absolute bias of the
MN estimator for u, increases from 0.5742 to 0.6359
and that of the ML estimator for w; increases from
0.0366 to 0.2254. By contrast, that of the EL estima-
tors for both (w1, it2) decreases from (0.0958,0.0519)
to (0.0659, 0.0133).

Overall, the EL method exhibits more robust per-
formance than the MN and ML methods for dif-
ferent model specifications. When the normal mix-
ture is correctly specified, the proposed EL estimators
have comparable performance as the ML estimators.
When the normal mixture is misspecified, the EL esti-
mators perform uniformly better than the other two
competitors.

3.2. Data analysis

Reaction time (RT) task is one of the most common
experimental methods in psychology to study indi-
vidual differences. In this section, we apply our pro-
posed empirical likelihood method to a RT data set
which was analysed by Cruz-Medina et al. (2004). In
this experiment, 197 nine-year-old children were tested
on mental rotation task in which a target figure was
presented on the left and another one on the right.
Children thus had to determine whether the second
figure was identical to the first or simply a mirror image
instead. The RT was recorded in milliseconds. There
were 6 trials, and we considered these trials as d=6
repeated measurements. The time delays between trials
were randomly chosen so that children would unable
to anticipate the length of delays. The subsequent tri-
als were then expected or assumed to be independent.
We display only the histogram of the first measure-
ment of the data in Figure 1; those for the rest are
similar. Cruz-Medina et al. (2004) suggested using a
two-component mixture to fit the heterogeneous RT
distribution.

Since recorded in milliseconds, the RT values range
from around 700 to 7000. For convenience, we re-scale
them in seconds; the resulting numbers are no greater
than 10. Although the mixing proportion 7 is of pri-
mary interest, we calculate the EL, MN and ML esti-
mators for all the three parameters 7, ;t1 and ;. The
results are tabulated in Table 4. Based on these point
estimates, we also provide 95% Wald interval estimates
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Table 4. Point and interval estimates of the EL, MN and ML methods for m, ;1 and ;. ELg: EL with K = (6) = 20; ELy, ELy, ELs:

EL with K =8; MN;: MN with cut points ¢y, . .

Medina et al. (2004) for general use; MN,: MN with cut points (¢, . .

Cruz-Medina et al. (2004) when they analysed this dataset.

3

., C10 being the deciles of the empirical distribution, which was suggested by Cruz-

.,C10) = (05,1,1.2,14,1.6,2,25,3,4,5), which was used by

Parameter ELg EL, EL; EL3 MN; MN, ML
Point estimates
b4 0.70 0.72 0.68 0.70 0.52 0.59 0.60
1 1.68 1.70 1.66 1.67 1.58 1.64 1.64
175 2.90 2.95 2.87 291 2.79 2.67 2.64
95% Interval estimates
b4 [0.58,0.82] [0.59, 0.84] [0.55,0.82] [0.57,0.83] [0.34,0.70] [0.39,0.78] [0.42,0.77]
23] [1.57,1.79] [1.59,1.82] [1.53,1.79] [1.56,1.79] [1.39,1.76] [1.47,1.81] [1.49,1.78]
1) [2.58,3.22] [2.61,3.28] [2.53,3.22] [2.57,3.25] [2.46,3.13] [2.35,2.98] [2.35,2.94]
40 T T T T T T

Frequency

Seconds

Figure 1. Histogram of the first measurement of the RT data.

for all the three parameters with variances estimated by
200 bootstrap repetitions.

As mentioned in Section 2.2, the EL estima-
tor depends on the K randomly selected sets €2}
(k=1,2,...,K). Therefore, we shall obtain different
EL estimates in general when applying the EL method
more than one time if K < (‘31) We apply the EL method
with K =8 three times, and denote the results by EL,
EL; and EL3, respectively. In this example, d = 6. When
K = (§) = 20, the results are denoted by ELy. We see
that the EL estimates with K = 8 are very close to those
with K'=20. This confirms that the proposed random
selection strategy works very well. The EL proportion
estimates are all around 0.7, and the EL estimates for
w1 and p; are around 1.6 and 2.9, respectively.

When applying the MN method, we need to deter-
mine the cut points ¢;’s. For general use, Cruz-Medina
et al. (2004) suggested using 10 cut points and choos-
ing c1,...,c10 to be the deciles of the empirical dis-
tribution of the data. The resulting MN method,
denoted by MNj, is also the MN method compared
in our simulation study. When analysing the RT
data, Cruz-Medina et al. (2004) used (ci,...,c10) =
(0.5,1,1.2,1.4,1.6,2,2.5,3,4,5). We denote the result-
ing MN method by MNj. It seems that the MN results
depend to some extent on the choice of cutting points,
because the MN; proportion estimate 0.52 is quite dif-
ferent from that of MN, 0.59. In the meantime, the
MN; point and interval estimates are both nearly equal
to those of the ML method.

According to our simulation studies, the EL method
exhibits more robust performance than the MN and ML
methods. This indicates that the EL analysis results are
more trustworthy than those of the other two methods.

4. Discussions

In this paper, we proposed an empirical likelihood-
based estimation method for the parameters of a
multivariate two-component mixture model. We dis-
cussed three-variate mixtures in detail and extended the
methodology to high-dimensional mixtures by giving
a permutation-like method which reduces the high-
dimensional problem to a three-dimensional situation.
The performance and efficiency of the method are
demonstrated through a real data example as well as
simulation studies. The simulation results show that the
proposed method is quite efficient in comparison to
both completely parametric and almost nonparamet-
ric methods in the literature. Furthermore, the pro-
posed method can accommodate parameter estimation
in high-dimensional mixtures by requiring estimation
only in three dimensions.

The extension of our approach to mixtures with
more than two components is valuable and interesting.
Similar to the two-component mixture situation, one
can use a set of moment conditions implied by the mix-
ture model to identify and estimate mixing proportions
and other component parameters. When the number
of components grows, the number of unknown param-
eters increases. The improvement in the performance
of the proposed approach in terms of better identifi-
cation and higher efficiency may crucially depend on
the choice of the set of moment conditions. We will
consider it in future research.
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Appendix

Since both Lemma 2.1 and Theorem 2.2 are established con-
ditionally on the K selected sets ; (k = 1,2,.. ., K), for con-
venience we regard the K selected sets as fixed sets through-
out the proofs. Note that uy;’s are i.i.d. random vectors for
fixed k and varying i, while they are not independent for fixed
i and varying k.

Proof of Lemma 2.1: We consider 0 c{6]]0—06
= n~1/3}, which can be rewritten as § = 6y + n~'/3v with
lv]] = 1. From Qin and Lawless (1994), we can show that
Akl = O(n~*/?) and

n -1 n
1 1
. Zg(uki,mgT(uki,o)] {n ;g<uki,o>}

i=1

Ar(0) = {

+ o(n71/3) (a.s.)

uniformly about 6 € {00 — o] < n~/3},
k=1,...,K. By Taylor’s expansion, we have

for each

K n
= Z Zlog{l + A Tg(uy, 0))

k=1 i=1
n K 1 n T 1 n -1
=3 > L Zg(”ki>0):| [n Zg(ukbf?)gT(uk;,f))}
k=1 L" =1 P
[ Zg(uki,o)} +o(n'?) (as)
i=1

—£(0)

|~

n

Lsweo) + Z og (i 00)

T
20 ””m}

:\»—‘

f]

k=

i=1 i=1

—

n -1
[ > g, 0)g" (uk,,())}

i=1

=

Dzt 00)
[ Zg(uk,,oo>+ Z% 1/3}

i=1

+0n'?) (as)
. T
_ nzK |:O(n_1/2(10810g”)1/2)+E<dg(gé00)> lm_1/3:|

x [E(g(u,00)8" (1,00))] "

« [O(nfl/z(loglogn)l/z) +E <8g((;té0o)> vn’1/3:|

+o(n'?)  (as)

> (¢/n'?, (as.),

where c is the smallest eigenvalue of

E(@g(u,ow T

_1 8 ’0
00 ) [E(g(u,Oo)gT(u,f)o))] E(M)

20
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Similarly,

—€(8) = — Z [

k 1

Zg(ukl,ow]

i=1

" -1
1

X |:n ;g(”kiaoo)gT(uki»oo)}

X |:111 Zg(uki»oo):| +o(1) (as.)

i=1
= O(loglogn). (as.)
Since £(@) is a continuous function of # when 6 belongs
to the ball ||@ — 6y < n;l/3, as n is large, £(f) must

have a maximum point @ in the interior of this ball
such that

30(6)
a0

0=0

Z Z (91] (0)/80)g (i, 0) + (3g (i, 0)/30) " A1(0)
1+ A} (0)g (i, 0)

=1 i=1

K n T
98 (uki 0)

Ar(0

;Zuﬂ(mg(ukm( 00 ) “@

=0.

0=0

Proof of Theorem 2.2: Taking derivatives about # and AT, we
have

Q4 (60,0) _
a0

9Qkn (0,0)

1 Z Bg(uk,,o)
oA}

>

=_- Zg(ukn")g (uji, 0)dk,

i=1

0Qp,(0,0) 8Q0n(0 0) 1 0g (uy;, 0)
90 =0 Z( ) ’

fork,j=1,...,K, and &; is the Kronecker delta. Expanding
Qk,,(é,):) and QOn(é, i) at (0, 0), we have
A n 9Qy, (00,0
0= QuuB,A) = Quu (B0, 0) + 22000 3, )
k
9Qx,(09,0) A
+ 2000 G o) 40,06,
a6
A s 9Qo, (60, 0)
0= Qp, (8, %) = Qp,(80,0) + Z e )
=1 oAy
9Qo,,(00,0) -
+ 220D G 9y) 1 0y5),

where 8, = [0 — 0ol + 34y 1Xkl-
It follows from the above equations that

by w1 ( Dy
( 6—00 ) = Sn ( ) +0p(5n) (Al)

an(00) 0)
) S — S1in S12n
S S2n Soon )’

Here

D, = :
Qxn(00,0)

s _( ann(oo,m)
R U YV
j 1<j, k<K

= diag( Zg(ul,,oo)g (m11,00), .
i=1

1 n
D 8luki 00)g" (i, 90)) ,

i=1

s —_ (000 3Qk(60,0)\"
= Y
_ ( Z gy 1 Z ag(uK,,ao))
n i=1 39 i=1

S21n = ST, and 82, = —3Qy,,(09,0)/36 = 0.

Define 8§11 = Ix ® S$11 and $12 = 1k ® Sy, where ® is
the Kronecker product operator. Under the conditions of
Theorem 2.2, as n — 00, it can be verified that

S11n = 811 + 0p(1), 8120 = S12 + 0p(1),
and therefore S, = S + 0,(1), where

_(Su S} _ (k®Su 1k®Sn
So1 S» 1% ® SFIFZ 0 :
In addition, 4/nD, converges in distribution to N(0, X),
where

z = (Elgng" 5)I27))

Therefore, 6, = Op(n_l/z). Since the inverse of § is

sl = (sn +31113123221§215 _Sn 811232211>
Szz 15213f1 ng 1

1<kj<K

where $y,1 = —SZISI1 S12, we further have

[(0 00) \/ﬁDna

which converges in distribution to N(0, V) with

221521311

V) =85,818 28, 81285 . (A2)

With some algebra, it can be seen that S»51 = —KSZISﬁlSlz

and 82181_11 = IE ® (52181_11), which implies
Vy =K (S8 812) 11§ ® (S2187)
Tk ® (S;S12) (2187, S12) ™!

= K™ 2($187,"812) 1 (Sa1S1hH)

K
> Eigu)g" (w278 $12) ($2187,'$12) ™!

kj=1
e “1e 41, K-1 —1¢ -1 —1
=K (S8 S12) + X (821817 S12)7 (S21871)
Zor(S11'$12) (S8, $12) ™!
This finishes the proof of Theorem 2.2. |
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