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I congratulate and thank the author for providing
a systematic and thorough review of both classical
approaches and modern developments on the mod-
elling of extremal events and tail dependence in the
time series setting. It is an important area of research
due to the massive demand from applications in var-
ious disciplines. For example, Elsner et al. (2008)
examined trends in upper and high quantiles of per-
cyclone maximum wind speeds using satellite-derived
data; Tsai (2012) studied the relationship between the
stock price index and the exchange rate in Asian mar-
kets when the exchange rates are extremely high; T.
Zhang (2020) considered inference about the temper-
ature trend of the 1-in-100 hottest days and compared
with that of the 1-in-20 hottest days. Unlike the usual
concept of dependence that has been commonly quan-
tified through the Pearson correlation coefficient and
modelled by popular time series models such as the
autoregressive andmoving average model, studying the
maxima and tail dependence generally requires devel-
oping a different but more suitable set of methodol-
ogy and theory. In particular, one can easily construct
examples for which the Pearson correlation coefficient
can be arbitrarily close to one while still having zero tail
dependence.

In addition to the influential tail quotient corre-
lation coefficient (TQCC) test of Z. Zhang (2008b)
and Z. Zhang et al. (2017), a distinguishable feature
of the current review is its focus on the time series
setting, which has been much less explored compared
with the multivariate setting with independent obser-
vations. In particular, the author introduces the lag-k
tail dependence measure of Z. Zhang (2005) that nat-
urally generalises the commonly used bivariate mea-
sure of Sibuya (1960) to the time series setting and
covers a number of extreme value time series mod-
els for the maxima and extreme observations. Note
that conventional time series models such as ARMA
and GARCH models are not ideal for describing
extremal clusters and tail dependence in many applica-
tions due to their additive structures. To address this,

the current paper reviews a list of alternative models
that transform the conventional additive model into
maximum-based ones to better model the maxima and
extremal events. These include, but are not limited
to, the moving maximum model of Hall et al. (2002),
the max-autoregressive moving average model of Davis
andResnick (1989), themultivariatemaxima ofmoving
maxima process of Smith and Weissman (1996) and its
sparse extensions given by Z. Zhang (2008a) and Tang
et al. (2013).

I shall here conclude the discussion by mention-
ing a potential research direction in this area. In par-
ticular, besides finding summary statistics and suit-
able models for describing tail dependence, another
important problem is to develop limit theorems for
quantities of interest under serial tail dependence.
Such limit theorems can play critical roles in under-
standing the performance of parameter estimators and
guiding the development of new statistical inference
procedures. Existing results in this direction were
mainly developed using the strong mixing frame-
work of Rosenblatt (1956) and its variants; see for
example Drees (2003), Chernozhukov (2005), Davis
and Mikosch (2009), Drees and Rootzén (2010), Davis
et al. (2018) and Hoga (2018) among others. Therefore,
an interesting research topic is to calculate the strong
mixing coefficient and understandwhat the strongmix-
ing conditionmeans for processes described in the cur-
rent review such as the moving maximum model of
Hall et al. (2002), the max-autoregressive moving aver-
age model of Davis and Resnick (1989), and the sparse
multivariate maxima of moving maxima process of Z.
Zhang (2008a) and Tang et al. (2013). For example,
when the coefficients in the moving maximum pro-
cess of Hall et al. (2002) satisfy a polynomial decay,
then such results will enable us to identify the range of
the polynomial rate with which the associated moving
maximum process is strong mixing.

Recently, T. Zhang (2020) proposed an alternative
framework based on a new concept of tail adversar-
ial stability for asymptotic theory of tail dependent
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time series. Unlike the strong mixing condition, the
framework of T. Zhang (2020) quantifies the degree
of serial tail dependence by measuring the cumulative
tail adversarial effect of coupled innovations and was
shown to coordinate well with a lag-� tail dependent
martingale approximation scheme that can help lead
to the desired limit theorem. In addition to its intu-
itive interpretability and mathematical convenience in
developing limit theorems, the tail adversarial stability
condition of T. Zhang (2020) can also be easily verified
for the moving maximum process of Hall et al. (2002)
and its extensions. To illustrate, we consider themoving
maximum process

Yi = max
0≤l<∞

alZi−l, (1)

where (Zk) is a sequence of independent unit Fréchet
random variables and (al) is a sequence of nonnegative
coefficients satisfying

∑∞
l=0 al < ∞. Then by elemen-

tary calculations, the tail adversarial stability condi-
tion required for an asymptotic theory of high quan-
tile regression estimators as in T. Zhang (2020) will be
satisfied if

∑∞
l=0 a

1/q
l < ∞ holds for some q ≥ 2. Com-

pared to the condition
∑∞

l=0 al < ∞ under which the
moving maximum process (1) is well defined, such a
condition seems to be reasonable and mild. Note that
calculating the strong mixing coefficient for (1) may
not be trivial and can possibly lead to stronger restric-
tions on the coefficients. Therefore, the tail adversar-
ial stability framework of T. Zhang (2020) seems to
complement the existing literature on strong mixing
by providing an alternative mathematical foundation
for asymptotic theory of tail dependent time series,
and it will be interesting to investigate how it can
be used in various problems related to tail dependent
time series to promote our understanding and scientific
discoveries.
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