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We congratulate Prof. Zhang for this timely review on
recent advances in extreme value theory for hetero-
geneous populations and on time series models for
extreme observations. This is a substantial effort. Not
only does it give a summary of the state-of-the-art work
in time series modelling of extremes but also suggests
interesting methodological and applied research ques-
tions. Our discussion focuses on extremal dependence
metrics and practical applications for the time series
models.

1. Extremal dependence metrics

Extreme dependence metrics are important in extreme
value modelling. Zhang (2021) promotes tail quotient
correlation coefficient (TQCC). We would like to high-
light several other extremal dependence metrics in the
extreme literature. Although not yet considered for
heterogeneous populations, one may want to further
explore their theoretical properties under the heteroge-
neous population assumption.

When analysing the extremal behaviour for a non-
negative, d-dimensional regularly varying random vec-
tor X = (X1,...,Xy), one canonical way is to apply a
polar transformation (Resnick, 2007, Chapter 6.1), T :
X = (X, X/1XI) =: (R, ©®), with a fixed norm || - ||
on Ri. In general, if X is regularly varying, then it is
equivalent to say: there exists a probability measure S on
the unit sphere, X} = {x € R‘i \ {0} : |Ix]l = 1}, and
a constant ¢ > 0, such that on M4 ((0,00] x R) (the
space of Radon measures on (0, 00] x R),

R v
tP ((%’9) € ) —> (cvg X S)(-), t— oo,

where — denotes the vague convergence of measures
on M4 ((0,00] X R4), vy is the measure on (0, oo] with
Ve ((x, 00]) = ax™%, x>0, and b(t) — oo is a scaling
function. The measure S is referred to as the spectral
or angular measure. Heuristically, the angular measure
S specifies possible directions of extremal events, thus

laying the foundation of defining extremal dependence
metrics.

When d = 2, for a regularly varying random vec-
tor (X1,X>) with index @ > 0 and angular measure S,
the extremal dependence measure (EDM) is defined in
Resnick (2004) as

EDM(X1,X3) = /
Ry

016, dS(0).

In particular, EDM (X, X;) = 0if and only if S concen-
trates on the coordinate axes, referring to asymptotic
independence.

Another dependence metric, the extremogram, has
been introduced by Davis and Mikosch (2009) in the
context of regularly varying time series, i.e., for any h >
1, the lagged vector Y, = vec(Xy, ..., X)) satisfies on
M (R™\ {o}),

Yh v
Pl — - ) — vu("),
(b(t) ) ")
where the limit measure vy, satisfies uj,(tC) =t~ *uy

(C), for any Borel set C C R For A,B C R4, the
extremogram is defined as

Xo Xy
P2 ca e
Qme M0€>
— vpp1(A x }R‘fr(hfl) x B) =: yap(h).

Larsson and Resnick (2012) compare the extremogram
with EDM by rewriting ysg(h) as a function of
the angular measure, Sp,, stemming from v, o T~! =
chVo X Sp. Here ¢ h>0 is a constant which may
depend on h. When applied to max-autoregressive
moving average (MARMA) processes the extremogram
and the EDM may decay at different rates.

In the context of risk contagion, the presence
of asymptotic independence may mask the under-
lying extremal dependence structure, which makes
hidden regular variation (HRV) an important tool.
Asymptotic independence means that the multivariate
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regular variation (MRV) limit measure concentrates
on the coordinate axes. MRV may exist not only on
the cone R‘i \ {0} but also on a smaller cone, e.g.,
(0, 00)%. Then the regular variation on the smaller cone
(0,00) is the HRV. Das and Resnick (2015) and Das
and Resnick (2017) considered several generative mod-
els with both MRV and HRV together with useful
detection mechanisms of HRV. Such generative models
can also be viewed as possible candidates for heteroge-
neous populations, but with different scopes than those
reviewed in Zhang (2021), where most of the discussion
concentrates on the modelling of maxima. Recently, a
grid estimator for the support of the angular measure
has been proposed in Lehtomaa and Resnick (2020),
and it will be intriguing to inspect properties of all these
methods under heterogeneous populations.

2. Practical applications

Zhang (2021) suggests several time series model for
extremes as alternatives to the widely used ARMA and
GARCH models. These models are designed to char-
acterise extremes or tail behaviours. To make them as
accessible as ARMA and GARCH models in routine
time series analyses, much methodological and com-
putational developments are needed. We highlight sev-
eral directions that may lead to fruitful and impactful
research.

Threshold selection

Threshold selection, a notorious problem in the
peaks over threshold (POT) method for modelling
extremes, lingers in the time series modelling context.
For instance, consider testing for tail (in)dependence
between two series. The TQCC can be used to con-
struct tests as suggested by Theorem 3.7-3.8. To com-
pute the TQCC from an observed sample, however, a
threshold has to be chosen. It is often selected as the
95th percentile, or the 99th percentile if the sample
size is large. The threshold selection is an old problem
and needs to be solved by striking a balance between
the bias-variance trade-off. Some methods are based
on a sequence of ordered hypothesis tests, in which
case the false discovery rate may be controlled (Bader
etal., 2018).

Parameter estimation

Parameter estimation is challenging for the time series
models for multivariate extremes. Unless for a few spe-
cial cases, the intractability of multivariate extreme
density calls for alternative estimation approaches.
These models, including the MARMA model, mul-
tivariate maxima and moving maxima (M4) model,
and even their sparse versions, have a large number of
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parameters, which bring an extra difficulty. The gen-
eralised method of moments (GMM) applied to the
tail dependence coefficients has been used in many
of the works by Prof. Zhang. Alternative methods
for intractable likelihood such as composite likelihood
(Sang, 2016) and approximate Bayesian computation
(Erhardt & Sisson, 2016) might help with parameter
estimation in certain scenarios.

In the two applications presented in Section 5, the
extreme value analyses started from the residuals of
univariate GARCH models with ¢-distributed innova-
tions. This is basically a two-step inference procedure.
Such procedure is commonly used in copula modelling
where the marginal models are fitted first and then
the copula model is fitted with pseudo-observations
obtained based on the marginal fits (e.g., Joe, 2005).
When making inferences about the parameters in the
second stage, the uncertainty in the estimation of the
first-stage parameters may play a role. The rank-based
bootstrap procedure takes the GARCH residuals as
given, which may underestimate the uncertainty if the
first-stage parameter estimation uncertainty does have
an effect on the second stage.

Model diagnostics

ARMA and GARCH models in time series analyses
have many standard diagnostic tools. Examples are
sample autocorrelation functions, sample partial auto-
correlation functions, residual quantile-quantile plots
and the Ljung-Box test (Ljung & Box, 1978). For
extreme value time series models to be as popular as
ARMA and GARCH models, similar diagnostic tools
need to be developed. The quantile-quantile plot has
been the most used because, often times, the models
have a sequence of hidden Fréchet or Gumbel vari-
ables that can be recovered once the parameters are
estimated. Practitioners need tools to determine the
order of models (e.g., MARMA or M4), to assess the
goodness-of-fit of the hypothesised model and to com-
pare across models (nested or non-nested). The con-
nection from diagnostic tools (Davis & Mikosch, 2009;
Ledford & Tawn, 2003) other than TQCC to the times
series models remains to be established.

Software implementation

Despite the many software packages for extreme value
analysis (e.g. https://cran.r-project.org/web/views/Ext
remeValue.html), none provides implementations for
the models for time series extremes that are meant
to be alternatives to the ARMA and GARCH models.
The situation did not change from the review of Zhang
et al. (2016) to the current review. From this perspec-
tive, it would be of great value to both the methodolog-
ical community and applied community of time series
regressions of extremes to have the models available
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for practical applications, including threshold selection,
parameter estimation, model diagnostics and beyond.
We look forward to the days when people use these
models as competently and conveniently as they do for
ARMA and GARCH models.
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