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This discussion reviews the paper by Zhengjun Zhang in the context of broader research on
multivariate extreme value theory and max-stable processes.

ARTICLE HISTORY
Received 1 January 2021
Accepted 1 January 2021

KEYWORDS
Brown-Resnick processes;
extreme value theory;
M4 processes; max-stable
processes; maximum
likelihood; multivariate
extremes

It is a pleasure to congratulate Professor Zhang on his
excellent survey of statistical developments in extreme
value theory, with particular reference to extreme value
methods for nonlinear time series and applications in
finance and econometrics. I would like to comment
on this paper from the perspective of how extreme
value theory has developed as a subject over the last
30 years.

In the early 1990s, the future direction of extreme
value theory seemed clear. The early work on the
‘three types theorem’ (Fisher & Tippett, 1928; Gne-
denko, 1943) had led to a well-developed theory for
univariate extremes based on the generalised extreme
value distribution (Prescott & Walden, 1980, 1983;
Smith, 1985), and a parallel theory based on the gen-
eralised Pareto distribution (Pickands, 1975) had led
to a broad set of techniques based on exceedances
over thresholds (Davison & Smith, 1990; Smith, 1987).
Meanwhile, there were a number of conceptually dif-
ferent but mathematically equivalent representations
of multivariate extreme value distributions (Deheuvels,
1978; de Haan & Resnick, 1977; Pickands, 1981, 1989)
and the beginnings of a statistical theory for esti-
mating such distributions both for block maxima
(Tawn, 1988, 1990) and for threshold exceedances
(Coles & Tawn, 1991; Joe et al., 1992). There were
even representation theorems for max-stable (or min-
stable) process (Giné et al., 1990; Haan, 1984; de Haan
& Pickands, 1986; Penrose, 1992; Vatan, 1985) which
suggested a framework for extreme value theory of tem-
poral and/or spatial processes. It seemed just amatter of
time before a well-developed set of statistical method-
ologies existed for all these models.

Things did not quite work out that way. Over the
years, it has become apparent that many new construc-
tions are needed to address statistical problems related
to extremes in multivariate and spatially/temporally
dependent data, and new models and new statistical
techniques have emerged to deal with them.

Onemajor development was the recognition that the
original construction of multivariate extreme value dis-
tributions was not sufficient to model all the kinds of
dependency that arise in practice, in particular, that
whereas traditional multivariate extreme value theory
is good for ‘asymptotically dependent’ classes of multi-
variate extremes, the alternative case of ‘asymptotically
independent’ is at least as important, if notmore so. The
papers of Ledford and Tawn (1996, 1997) started this
trend, and also led to a class of time seriesmodels incor-
porating the same concept (Ledford & Tawn, 2003).
Recent research such as Wadsworth et al. (2017) has
shown how such models may be extended to incor-
porate both asymptotic dependence and asymptotic
independence within a common class of multivariate
distributions.

Quite apart from that, the theory of max-stable (and
more recently (Bopp et al. (2018); Huser et al. (2020)),
max infinitely divisible) processes has developed far
from its original motivation. Schlather (2002) pro-
posed a class of max-stable processes related to Gaus-
sian processes, then a more general construction by
Kabluchko et al. (2009) led to a strong focus on ‘Brown-
Resnick processes’, the original construction of which
was due to Brown and Resnick (1977), but extended
by Kabluchko and others to a construction that allows
essentially any Gaussian process to act as the generator
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for a max-stable process. A few years later, this was fur-
ther generalised to extremal to processes (Opitz, 2013).
Statistical theory for these processes was initially lack-
ing, primarily because they do not have a closed-form
expression for the joint density function in higher than
twodimensions, so direct application ofmaximum like-
lihood is not possible. A major breakthrough was the
paper by Padoan et al. (2010), that proposed an esti-
mation method based on the principle of composite
(or pairwise) likelihood, in effect, a product of pairwise
density functions instead of the full joint density of a
sample. This method is applicable, in principle, to any
of the classes of max-stable processes for which contin-
uous densities exist, and is also extendable to threshold-
exceedance processes (Huser & Davison, 2013, 2014).
Meanwhile, researchers have continued to work on
exact maximum-likelihood approaches, which while
computationally intensive, have increasingly appeared
to be a feasible option for moderate-dimension pro-
cesses (Wadsworth, 2015; Wadsworth & Tawn, 2014)
and even extendable to Bayesian inference (Thibaud
et al., 2016), which is important because it raises the
possibility of hierarchical models built on max-stable
processes. Applications of these models have been, to
my knowledge, nearly all in the environmental/climate
context (Blanchet & Creutin, 2017; Blanchet & Davi-
son, 2011; Oesting et al., 2017; Reich & Shaby, 2019;
Reich et al., 2014) which raises the interesting question
of whether any of these models would be useful in the
financial context which has largelymotivated themeth-
ods in Professor Zhang’s review.More extended reviews
of these methods have appeared elsewhere, for example
Cooley et al. (2012); Davison et al. (2019, 2012).

In contrast to that rather rich line of development,
Professor Zhang and his co-authors have pursued an
alternative approach to max-stable processes, moti-
vated more by financial than environmental applica-
tions, but which over the years has also resulted in a
wide class of models and associated statistical meth-
ods. These are based on the M4 process proposed
by Smith and Weissman (1996) (equation (4.1) of the
present paper) but which Professor Zhang has made
his own with his numerous contributions. The original
idea was a multivariate generalisation of a represen-
tation for time-dependent extremal processes due to
Deheuvels (1983) that could, in principle, approximate
any temporally stationary multivariate max-stable pro-
cess. However, there were a number of disadvantages
that frustrated the use of these processes as practi-
cal models for extremes. One major difficulty was the
occurrence of ‘signature patterns’, that is, recurrent pat-
terns in data generated by these models that would be
unlikely to occur in real data (Zhang & Smith, 2004).
One consequence of that is that joint densities for
such processes are not merely hard to compute (as in
Brown–Resnick processes, for instance) but do not exist
at all, so likelihood-based methods of estimation are

impossible. Alternative estimators are possible based
on empirical processes (Zhang & Smith, 2010) but that
always seemed to me a rather artificial construction.
Another problem with M4 processes is that the full
representation involves infinitelymany parameters, and
while in practice these would always be truncated, that
can still leave toomany parameters for practical estima-
tion, suggesting a need for sparse representations.

However, what we have seen over the past decade are
somemajor extensions of these models that make them
much more practical for applications. For me, a partic-
ularly impressive paper is by Tang et al. (2013), who
proposed the SM4R model that extended the original
M4 process in three ways: sparsity –a large number of
the coefficients are predefined to be zero, thus reducing
the dimension of the estimating problem; randomness –
the fixed coefficients in the M4 process are replaced by
random variables, which effectively eliminates the sig-
nature pattern problem; and cross-sectional dependence
– the use of an extreme value copula function to define
a more complex structure of the Z variables compared
with the originalM4 process. Parameter estimation was
by Generalized Method of Moments (GMM), which
is a common method of estimation in complex finan-
cial time series models, and they applied their model
to the estimation of a conditional Value at Risk in 10-
day returns from a portfolio composed of three well-
known US stock indices. Compared with traditional
models such as stochastic volatility or GARCH, their
approach allows improved characterisation of probabil-
ities of extreme co-movements by two or more indices,
and for extreme movements by the same index on
consecutive days.

A further development by Zhang and Zhu (2016)
extended the SM4R model to the copula structured
M4 model, or CSM4, which took an extension of the
M4 process due to Heffernan et al. (2007) and com-
bined it with ideas from Tang et al. (2013) to develop a
model that allowed a combination of asymptotic inde-
pendence and asymptotic dependence, and applied it
to analyse joint movements of three indices based on
exchange rates.

Of the many extensions of the M4 process discussed
in Professor Zhang’s paper, I think these two are some
of the most important, that demonstrate that their real
applicability. Nevertheless, I have some questions:

(1) Has any attempt been made at exact maximum-
likelihood (or Bayesian) estimation for these pro-
cesses? As noted earlier, the parallel methodology
based onBrown–Resnick and similar processes has
moved quite a bit in that direction, which poten-
tially could lead to even more general methodolo-
gies such as hierarchical models.

(2) It seems to me that the models are still rather lim-
ited in dimensionality – the major examples in
both papers (Tang et al., 2013; Zhang & Zhu, 2016)
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involve just three dependent time series, whereas
modern financial applications may involve many
more than that, and other fields such as genet-
ics and environmental science involve datasets
in potentially thousands of dimensions. I won-
der if Professor Zhang has any general thoughts
about that problem. In passing, I might note that
a different approach by Zhao and Zhang (2018)
included an example of up to 28 co-dependent
series extracted from the Dow Jones Industrial
index, but themethodology therewas rather differ-
ent, combining semiparametric models with a new
‘max-copula’ construction.

In summary, much has been achieved, but as more
complex models and applications are developed, it
always seems that there are still more complicated
problems just over the horizon. Nevertheless, I com-
mend this review to anyone looking to start research in
an area of statistical modelling that already has a rich
history and much more potential for the future.
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