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ABSTRACT
This review paper discusses advances of statistical inference in modeling extreme observations
frommultiple sources and heterogeneous populations. The paper starts briefly reviewing classi-
cal univariate/multivariate extreme value theory, tail equivalence, and tail (in)dependence. New
extreme value theory for heterogeneous populations is then introduced. Time series models for
maxima and extreme observations are the focus of the review. These models naturally form a
new system with similar structures. They can be used as alternatives to the widely used ARMA
models and GARCHmodels. Applications of these time series models can be in many fields. The
paper discusses two important applications: systematic risks and extreme co-movements/large
scale contagions.
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1. Introduction

Extreme value theory and methods are commonly
applied in many research fields, e.g., finance, insur-
ance, health, climate, and environmental studies. Vast
applications can be found in Mikosch et al. (1997),
Embrechts et al. (1999), McNeil and Frey (2000), S.
Coles et al. (2001), Finkenstädt and Rootzén (2004),
Castillo et al. (2005), Salvadori et al. (2007), Dey
and Yan (2016), amongst many excellent books. On
the theoretical side, Galambos (1987), Leadbetter
et al. (1983), Resnick (1987), de Haan (1993), Beir-
lant et al. (2006) and de Haan and Ferreira (2007)
contain many rigorous and fundamental results. In
the statistical inference of maximum likelihood esti-
mation of parameters from the extreme value distri-
butions, there have been quite many developments,
e.g., Smith (1985), Drees et al. (2004), Zhou (2008),
Bücher and Segers (2017) amongst others. Besides the
maximum likelihood estimation, other inferencemeth-
ods, e.g., probability weighted moments, generalised
method of moments, have also been developed, which
are not detailed here.

In the era of big data, the classical extreme value the-
ory finds its limitations in fitting data generated from
multiple sources with complex structures. To attack
new challenging problems in extreme value studies,
many new methodologies, new models, and new the-
ories have also been developed. Here are some exam-
ples. Zhang and Smith (2010) proposed themultivariate
maxima ofmovingmaxima (M4) processes and applied
the method to model jumps in returns in multivariate

financial time series and predicted the extreme co-
movements in price returns. Meinguet (2012) studied
maxima of moving maxima of continuous functions.
Martins and Ferreira (2014) studied the extremal prop-
erties of M4 models. Ferreira and Ferreira (2018) con-
structed estimators for the extremal index through local
dependence. Reich and Shaby (2019) proposed a spatial
Markov model for climate extremes. Pereira and Fon-
seca (2019) studied statistical methods for assessing
the contagion of spatial extreme events among regions.
Deng and Zhang (2018, 2020) studied haze extremes in
a vast region in China.

There are many other advances in new theory,
methodology, and applications, which are not listed
in this review paper. The focus of this review paper
is on time series models for maxima and extreme
observations and tail dependence modeling. The time
series models include moving maxima models in Sec-
tions 4.1, 4.3, 4.5, 4.6, max-autoregressive models in
Section 4.2, and autoregressive conditional Fréchet
models in Section 4.8. The paper also briefly discusses
the most recently introduced probability foundations
for these advanced statistical models in Section 3.
In studying high dimensional extremes and extreme
clusters in time series, the core is how to measure
tail dependence between random variables. Section 3
is also discussing some of the proposed tail depen-
dence measures in the literature. For completeness,
Section 2 briefly reviews classical extreme value the-
ory. Section 5 presents two data examples. Section 6
concludes.
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2 Z. ZHANG

2. Classical extreme value theory: brief review

In this section, we briefly review some fundamental
properties in classical extreme value theory. There have
beenmany developments in the field.Many results can-
not be discussed in this review section, and readers are
referred to the references included and beyond.

2.1. Univariate extreme value theory

2.1.1. Independent sequence
Suppose {X1,X2, . . . ,Xn} is a sequence of indepen-
dent and identically distributed (i.i.d.) random vari-
ables with the distribution function F(x) and let

Mn = max(X1,X2, . . . ,Xn). (1)

ThenMn has the distribution function

P(Mn ≤ x) = P(X1 ≤ x, . . . ,Xn ≤ x) = Fn(x). (2)

It is clear that the maximum of a sample simply
tends to the right endpoint of the distribution support
almost surely, no matter whether it is finite or infinite.
Throughout the paper, we denote the right endpoint as
xF = sup{x ∈ R : F(x) < 1} for the distribution func-
tion F and similarly for other distribution functions.
What we are interested in is the limit form:

lim
n→∞ Fn(anx + bn) = lim

n→∞ P
(
Mn − bn

an
≤ x

)
= H(x) (3)

for suitable norming constants an > 0 and bn ∈ R.
If (3) holds, we say F (or X) belongs to the (max-

imum) domain of attraction of H and write F ∈
MDA(H) (or X ∈ MDA(H)). H has one of the follow-
ing three parametric forms (which are generally called
extreme value distributions):

Type I: H(x) = exp{− exp(−x)}
(−∞ < x < ∞),

Type II: H(x) =
{
0 if x ≤ 0,
exp(−x−α) if x > 0,

Type III: H(x) =
{
exp(−(−x)α) if x < 0,
1 if x ≥ 0.

In II and III, α is any positive number. The three types
are also often called the Gumbel type, Fréchet type and
Weibull type, respectively.

The following theorems are very useful in finding
the MDA(H) of F and the suitable norming constants.
The proofs of the theorems can be found in Leadbetter
et al. (1983), Resnick (1987), Galambos (1987) etc.

Theorem 2.1: Let 0 ≤ τ ≤ ∞ and suppose that for
suitable norming constants an > 0 and bn ∈ R, un =
un(x) = anx + bn such that

n(1 − F(un)) → τ as n → ∞, (4)

then

P(Mn ≤ un) → e−τ as n → ∞. (5)

Conversely, if (5) holds for some τ , 0 ≤ τ ≤ ∞, then (4)
holds.

Theorem 2.2: Necessary and sufficient conditions for
the distribution F belongs to the MDA of

Type I:
∫ ∞
0 (1 − F(u)) du < ∞,

lim
t↑xF

1 − F(t + xg(t))
1 − F(t)

= e−x

for all real x, where

g(t) =
∫ xF
t (1 − F(u)) du

1 − F(t)

for t < xF.
Type II: xF = ∞ and

lim
t→∞

1 − F(tx)
1 − F(t)

= x−α

α > 0, for each x>0.
Type III: xF < ∞ and

lim
h↓0

1 − F(xF − xh)
1 − F(xF − h)

= xα

α > 0, for each x>0.

For illustrative purpose, let’s consider the Pareto
distribution

F(x) = 1 − κx−α , α > 0, κ > 0, x ≥ κ1/α .

We have

1 − F(tx)
1 − F(t)

= (tx)−α

t−α
= x−α ,

so F belongs toMDA of a Type II extreme value distri-
bution. By setting

n(1 − F(un)) = τ ,

we have

un = (κn/τ)1/α .

By putting τ = x−α for x ≥ 0, we have

P((κn)−1/αMn ≤ x) → exp(−x−α),

so

an = (κn)1/α , bn = 0.

The extreme value distributions are max-stable distri-
butions. We say a non-degenerate distribution H is
max-stable, if Hn(anx + bn) = H(x) holds for some
constants an > 0 and bn ∈ R for each n = 2, 3, . . .. The
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next result (Theorem 1.4.1 in Leadbetter et al., 1983)
shows the relation.

Theorem 2.3: Every max-stable distribution is of
extreme value type, i.e., equal to H(ax + b) for some
a>0 and b ∈ R; Conversely, each distribution of
extreme value type is max-stable.

The three types of extreme value distributions can
be represented by a generalised extreme value (GEV)
distribution form (which is very useful for statistical
purposes):

H(x;μ, σ , ξ) = exp

(
−

[
1 + ξ(x − μ)

σ

]−1/ξ
)
, (6)

where 1 + ξ(x − μ)/σ > 0, σ > 0 and μ, ξ are arbi-
trary. The case ξ = 0 is interpreted as the limit ξ → 0,
that is

H(x;μ, σ , 0) = exp
(

− exp
[
− (x − μ)

σ

])
. (7)

Types II and III correspond to ξ > 0 (ξ = 1
α
) and ξ <

0 (ξ = − 1
α
) respectively. Smith (1990) has a detailed

review of statistical treatments, applications and esti-
mations, of the GEV.

2.1.2. Stationary sequence
Suppose now {Xi, i = 1, 2, . . . , } is a stationary sequence
with a continuous marginal distribution function
F(x) and {X̂i, i = 1, 2, . . . , } is the so-called associ-
ated sequence of i.i.d. random variables with the same
marginal distribution function F. Mn stands for the
maximum as usual, defined by (1), while M̂n denotes
the correspondingmaximumof {X̂1, . . . , X̂n}. The limit
distribution of Mn can be related to the limit distribu-
tion of M̂n via a quantity θ defined below.

If for every τ > 0 there exists a sequence of thresh-
olds {un} such that

P
(
M̂n ≤ un

) → e−τ , (8)

and under quite mild additional conditions,

P
(
Mn ≤ un

) → e−θτ . (9)

Then θ is called the extremal index of the sequence {Xn}.
This concept originated in papers byCartwright (1958),
Newell (1964), Loynes (1965) and O’Brien (1974).
Leadbetter (1983) gave a formal definition.

The index θ can take any values in [0,1] and 1
θ
is

interpreted as the mean cluster size of exceedance over
some high threshold. When θ = 0, it corresponds to
a strong dependence (infinite cluster sizes) but not so
strong that all the values can be the same. While θ =
1 is a form of asymptotic independence of extremes,
but it does not mean that the original sequence is
independent.

If (9) holds for some τ and corresponding {un},
then it holds for all τ ′ (equal or not equal to
τ ) and its corresponding {u′

n}. Estimators of the
extremal index have been proposed by Leadbetter
et al. (1989), Nandagopalan (1990) and Hsing (1993).
Smith and Weissman (1994) gave a review of estimat-
ing the extreme index and proposed two estimating
methods, i.e., blocks method and runs method. Other
references include Chapter 8 in the book by Embrechts
et al. (1997).

2.2. Multivariate extreme value theory

2.2.1. Independent sequence
Suppose {Xi = (Xi1, . . . ,XiD), i = 1, 2, . . .} is a D-
dimensional i.i.d. random process with distribution
F(x) = F(x1, . . . , xD) = P(Xid ≤ xd, d = 1, . . . ,D)
and marginal distributions Fd(x) = P(Xid ≤ xd), d =
1, . . . ,D. Let Mn = (Mn1, . . . ,MnD) denote the vector
of pointwise maxima, where Mnd = max{Xid, 1 ≤ i ≤
n}. If there exist norming constants an > 0 and bn ∈
R
D such that

P
(
Mn ≤ anx + bn

)
= P

(
Mnd ≤ andxd + bnd, d = 1, . . . ,D

)
= Fn(an1x1 + bn1, an2x2 + bn2, . . . , anDxD + bnD)

= Fn(anx + bn) → H(x) (10)

as n → ∞ and for the limit distribution H being
non-degenerate such that eachHi, i = 1, . . . ,D, is non-
degenerate and must be in the GEV family, then the
distribution H is called a D-dimensional multivariate
extreme value distribution, and F is said to belong to
the domain of attraction of H, which we write F ∈
MDA(H).

These distributions received theoretical considera-
tion in works back to 1970s and 1980s by de Haan
and Resnick (1977), de Haan (1985), Pickands (1981)
and Resnick (1987). In the characterisation of the mul-
tivariate extreme value distribution, like the univariate
case, max-stable (or min-stable) distributions play a
central role. We say a distribution H(x) is max-stable
if for every t>0 there exist functions α(t) > 0 and
β(t) ∈ R

D such that

Ht(x) = H(α(t)x + β(t))

= H(α1(t)x1 + β1(t), . . . ,αD(t)xD + βD(t)).
(11)

The following theorem describes the equivalence
between multivariate extreme value distributions and
max-stable distributions.

Theorem 2.4: The class of multivariate extreme value
distributions is precisely the class of max-stable distribu-
tion functions with non-degenerate marginals.
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This is Proposition 5.9 in Resnick (1987). After slight
modification of Pickands’ representation of a min-
stablemultivariate exponential into a representation for
a max-stable multivariate Fréchet distribution, we have

Theorem 2.5: Suppose H(x) is a limit distribution sat-
isfying (10), then

H(x) = exp
{
−

∫
SD

c
(
wi

xi

)
dG(w)

}
, (12)

where G is a positive finite measure on the unit simplex

SD =
{
(w1, . . . ,wD):

D∑
i=1

wi = 1, wi ≥ 0,

i = 1, . . . ,D

}
,

and G satisfies∫
SD

wi dG(w) = 1, i = 1, . . . ,D. (13)

Note v(x) = ∫
SD max1≤i≤D(

wi
xi ) dG(w) is called the

exponent measure by de Haan and Resnick (1977).

2.2.2. Stationary sequence
Some of the results for the univariate stationary
sequences can be extended in the multivariate con-
text. Suppose now {Xi = (Xi1, . . . ,XiD), i = 1, 2, . . .} is
a D-dimensional stationary stochastic processes with
distribution function F and marginals Fd. Also let {X̂i}
be the associated sequence of i.i.d. random vectors hav-
ing the same distribution function F. Mn and M̂n are
both pointwise maxima of {Xi} and {X̂i} respectively.
Suppose

lim
n→∞ P

(
Mn1 ≤ un1, . . . ,MnD ≤ unD

) = H(τ ),

lim
n→∞ P

(
M̂n1 ≤ un1, . . . , M̂nD ≤ unD

) = Ĥ(τ )
(14)

both exist and are nonzero, then a quantity that
(Nandagopalan, 1990, 1994) called the multivariate
extremal index can relate the extreme value properties
of a stationary process to those of i.i.d. sequence. The
multivariate extremal index θ(τ ) is defined by

H(τ ) = Ĥ(τ )θ(τ ) (15)

where θ(τ ) satisfies

(i) 0 ≤ θ(τ ) ≤ 1 for all τ ,
(ii) θ(0, . . . , 0, τd, 0, . . . , 0) = θd for τd > 0, where θd

is the extremal index of the dth component pro-
cess.

(iii) θ(cτ ) = θ(τ ) for all c>0 (Theorem 1.1 of
Nandagopalan, 1994).

Smith and Weissman (1996) pointed out that these
properties are not sufficient to characterise the function
θ(τ ). They also argued two reasons why one needs to
obtain a more precise characterisation to cover a much
broader range of processes and to correspond to real
stochastic processes, for instance, multivariate maxima
of moving maxima processes which will be reviewed
next. The first reason is that ‘the number of examples
for which the multivariate extreme index has been cal-
culated is currently very small (Nandagopalan, 1994;
Weissman, 1994) and it is important to be able to extend
this class to cover a much broader range of processes’.
The second reason is that ‘why we need a character-
isation is statistical: crude estimators of θ(τ ) are easy
to construct, but would not correspond to multivariate
extreme index of any real stochastic process’.

2.2.3. The copula representations ofmultivariate
extreme value distributions
In this subsection, we study some basic properties of
multivariate extreme value (MEV) distribution func-
tions. The following two lemmas are very general,
not restricted to MEV, and they are Theorems 5.1.1
and 5.2.1 in Galambos (1987).

Lemma 2.6: Let F(x) be a D-dimensional distribution
function with marginals Fd(x), 1 ≤ d ≤ D. Then, for all
x1, x2, . . . , xD,

max

(
0,

D∑
d=1

Fd(xd)− D + 1

)
≤ F(x1, x2, . . . , xD)

≤ min(F1(x1), F2(x2), . . . , FD(xD)).

Lemma 2.7: Let Fn(x) be a sequence of D-dimensional
distribution functions, Fnd(xd) be the dth univariate
marginal of Fn(x). If Fn(x) converges weakly to a non-
degenerate continuous distribution function F(x), then,
for each d with 1 ≤ d ≤ D, Fnd(xd) converges weakly to
dth marginal Fd(xd) of F(x).

The Copula, or dependence function, is a very use-
ful concept in the investigation of limit distributions for
normalised extremes. It is a multivariate distribution
with all marginals being uniform U(0, 1).

Definition 2.8: Let F(x) be a D-dimensional distri-
bution function, with dth univariate margin Fd. The
copula associated with F, is a distribution function C :
[0, 1]D → [0, 1] that satisfies

F(x1, x2, . . . , xD) = C[F1(x1), F2(x2), . . . , FD(xD)].

Write CF = CF(y) = C(y) over the unit cube 0 ≤ yd ≤
1, 1 ≤ d ≤ D.

Based on the function C(y), we now re-state theo-
rems which connect the univariate marginals and the
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multivariate or dependence structure of the limit dis-
tributions.

Theorem 2.9: If (10) holds, then the dependence func-
tion CH of the limit H(x) satisfies

Ck
H(y

1/k
1 , y1/k2 , . . . , y1/kD ) = CH(y1, y2, . . . , yD)

where k ≥ 1 is an arbitrary integer. (This is Theorem
5.2.1 of Galambos, 1987).

Theorem 2.10: A D-dimensional distribution function
H(x) is a limit of (10) if and only if its univariate
marginals are of the same type as one of three type dis-
tributions and its copula CH satisfies the condition of
Theorem 2.9. (This is Theorem 5.2.4 of Galambos, 1987).

Theorem 2.10 tells in principle that if we want
to determine an and bn we just need to determine
the components from the marginal limit convergence
forms. Let’s look at a simple example to illustrate how
Theorem 2.10 works.

Example 2.1: Let (X,Y) have a bivariate exponen-
tial distribution function F(x, y). If Mn−bn

an converges
weakly to a nondegenerate distribution function
H(x, y), we can choose

bn = (log n, log n) and an = (1, 1).

For finding H(x) functions, there are many copula
dependence theories and examples in Joe (2014); see
also Zhang (2009) for constructing extreme value cop-
ula, and Yang et al. (2011) for a flexible MGB2 copula
family. In Section 4, copulas will be embedded in time
series models for extreme values and tail dependent
observations.

3. Recent advances on tail (in)dependence
and new extreme value theory

From Section 2.2, we can see that the limit multivari-
ate extreme value distribution does not exist in a uni-
fied parametric form. To model a multivariate extreme
value distribution function is in fact to model the mea-
sure function G in (12). de Haan (1985) gave a simple
nonparametric procedure for modeling the measure
function. S. G. Coles and Tawn (1991) argued that
parametric models are preferable when one wants to
simultaneously estimate the exponent measure and the
dependence structure.

In parametric modeling, identifying the dependence
between two random variables in the tails determines
how good is the chosen model. In the next section, we
discuss the tail dependence, its probabilistic properties,
and its statistical developments.

3.1. Tail equivalence and tail (in)dependence

Definition 3.1: Two identically distributed random
variables X and Y with distribution function F are
called tail independent, if

λ = lim
u→xF

P(Y > u | X > u) (16)

is 0. The quantity λ, if exists, is called the bivariate tail
dependence index; it quantifies the amount of depen-
dence of the bivariate upper tails. If λ > 0, X and Y
are called tail dependent, and we say that there are
extreme co-movements between X and Y in time series
modeling and inference.

Besides the definition of tail (in)dependence, in the
literature, the asymptotic (in)dependence, and the
extremal (in)dependence have also been used. The
asymptotic independence is more in mathematics,
while the other two are more in applications. Some-
times, the upper tail dependence may also be regarded
as the tail dependence. In many applications, they are
used interchangeably. Sibuya (1959) introduced the
idea of asymptotic independence between two random
variables with identical marginal distributions, and de
Haan and Resnick (1977) extended it to the multivari-
ate case, see also S. Coles et al. (1999). Examples of tail
dependence indices of bivariate random variables were
presented in Embrechts et al. (2002). For instance, the
tail dependence index of a bivariate normal (Gaussian)
random vector is zero as long as the corresponding cor-
relation coefficient is less than one; the tail dependence
index of a bivariate t random vector with a positive cor-
relation is greater than zero. Many financial analysts,
for example Salmon (2012), blamed a mathematical
formula, the Gaussian copula, as the major cause of
the 2007–2008 financial crisis mainly because Gaussian
random variables are tail independent. This example
indicates that tail (in)dependence modeling is of prac-
tical importance, see also Embrechts et al. (2002) for
properties and pitfalls of correlations and dependence
measures. Zhang (2005, 2008b) extended the definition
of tail dependence between two random variables to
lag-k tail dependence of a sequence of random variables
with identical marginal distribution. The definition of
lag-k tail dependence for a sequence of random vari-
ables is given below.

Definition 3.2: A sequence of sample {X1,X2, . . . ,Xn}
is called lag-k tail dependent if

λk = lim
u→xF

P(X1 > u |Xk+1 > u) > 0,

lim
u→xF

P(X1 > u|Xk+j > u) = 0, j > 1. (17)

Then λk is called lag-k tail dependence index.

When λ = 0, the joint limit distribution of bivariate
maxima is the product of marginal limit distributions.
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The following Proposition 3.3 is from Proposition 5.27
in Resnick (1987).

Proposition 3.3: Suppose {Xi = (Xi1, . . . ,XiD), i =
1, 2, . . .} is a D-dimensional i.i.d. random process with
a common distribution F and a common marginal dis-
tribution Fd(x) = F1(x) for d = 2, . . . ,D. Let Mn =
(Mn1, . . . ,MnD) denote the vector of pointwise maxima,
where Mnd = max{Xid, 1 ≤ i ≤ n}. Suppose F1 is in the
domain of attraction of some univariate extreme value
distribution G1(x), i.e., there exist an > 0, bn ∈ R such
that

Fn1 (anx + bn) → G1(x).

The following are equivalent.

(i) F is in the domain of attraction of a product
measure:

Fn(anx + bn1)

= P(Mn ≤ anx + bn1) →
D∏
i=1

G1(xi).

(ii) For all 1 ≤ i < j ≤ D

P(Mni ≤ anxi + bn, Mnj ≤ anxj + bn)

→ G1(xi)G2(xj).

(iii) For xk such that G1(xk) > 0, 1 ≤ k ≤ D

lim
n→∞ nP(X1i > anxi + bn, X1j > anxj + bn) = 0

for all 1 ≤ i < j ≤ D.
(iv) With any 1 ≤ i < j ≤ D

lim
t→xF

P(Xi > t,Xj > t)/P(X1 > t) = 0.

From this proposition, we can see that identifying
λ = 0 or not is a very important task as it concerns the
final form of the limit distribution. When λ = 0 is con-
firmed, we just need to find the univariate limit, i.e., not
the joint dependence structure.

In practice, dependent randomvariables are not nec-
essarily tail dependent. It is thus of importance to check
or test whether any two sequences of data are tail depen-
dent or tail independent before choosing a certain class
of models for the data. In statistical modeling of tail
dependent variables, a significant step is due to (Led-
ford & Tawn, 1996, 1997). They introduced a class of
models for tail dependence and near tail independence,
and constructed test statistics for the null hypothesis of
tail dependence using the coefficient of tail dependence
(defined as η); see Heffernan (2001) for a directory
of coefficients of tail dependence. Peng (1999) con-
structed a non-parametric estimator for the η and a
test statistic of testing the hypothesis of tail depen-
dence. Contrary to their null hypothesis, Zhang (2008b)

and Zhang et al. (2017) introduced an empirically effi-
cient test statistic for the null hypothesis of tail inde-
pendence based on the tail quotient correlation coeffi-
cient (TQCC), where the underlying threshold can be
a constant and/or a random variable that diverges to
infinity. We note that the null and alternative hypothe-
ses in Ledford and Tawn (1996, 1997) are reversed
in Zhang (2008b), Hüsler and Li (2009) and Zhang
et al. (2017). Next, we introduce the TQCC and its
properties.

In the literature, Pearson’s linear correlation coeffi-
cient ρ can be interpreted in thirteen ways (Rodgers
& Nicewander, 1988). We now consider a new way of
relating ρ to a simple form of variable decomposition.

Example 3.1: Suppose a bivariate random vector
(X,Y) can be expressed as

X = a1Z1 + a2Z2, Y = b1Z1 + b2Z2,

where a21 + a22 = 1, b21 + b22 = 1, Z1 and Z2 are inde-
pendent standard normal random variables. Then

ρ = a1b1 + a2b2.

Analog to Example 3.1 of stable law of random vari-
ables, we construct an extreme value type example of
max-stable law of random variables.

Example 3.2: Suppose a bivariate random vector
(X,Y) can be expressed as

X = max(a1Z1, a2Z2), Y = max(b1Z1, b2Z2),

where a1, b1, a2, b2 are nonnegative satisfying a1 +
a2 = 1, b1 + b2 = 1, Z1 and Z2 are independent unit
Fréchet random variables with the distribution func-
tion F(x) = exp(−1/x) for x>0. Then

λ = min(a1 + b2, a2 + b1).

The sample based correlation coefficient rn of
a sequence of bivariate observations (X1,Y1), . . . ,
(Xn,Yn) with both Xi and Yi having finite second
moment (not necessarily normally distributed) can be
expressed as an inner product of two normalised ran-
dom vectors:

rn =
〈

X − X̄1n
‖X − X̄1n‖2

,
Y − Ȳ1n

‖Y − Ȳ1n‖2

〉
, rn

P→ ρ, (18)

where X = (X1, . . . ,Xn), Y = (Y1, . . . ,Yn), X̄ and Ȳ
are the sample means of Xi’s and Yi’s respectively. 1n
is a vector with all elements being 1.

Continue Example 3.2 and assume that a sequence
of independent bivariate random variables (Xi,Yi) can
be decomposed as

Xi = max(a1Zi1, a2Zi2), Yi = max(b1Zi1, b2Zi2),

where (Zi1,Zi2), i = 1, 2, . . . , n, are an independent
array of unit Fréchet random variables. Then a quotient



STATISTICAL THEORY AND RELATED FIELDS 7

correlation coefficient is defined

qn = maxi≤n{Yi/Xi − 1} + maxi≤n{Xi/Yi − 1}
maxi≤n{Yi/Xi} × maxi≤n{Xi/Yi} − 1

,

qn
P→ λ. (19)

The quantities maxi≤n{Yi/Xi − 1} and maxi≤n{Xi/

Yi − 1} in qn are asymptotically positive and are inter-
preted as themaximum relative errors ofXi’s toYi’s and
Yi’s to Xi’s, respectively.

Looking at (18), we can see that |rn| is associated
to the absolute errors of Xi’s to the center of Xi’s and
Yi’s to the center of Yi’s. Clearly rn and qn measure
different variable dependencies. Zhang et al. (2011)
proved that rn and qn are asymptotically independent
and demonstrated that a combination of them outper-
forms many popular test statistics of testing hypothesis
of independence.

We note that the definition of qn requires Xi and Yi
are identically distributed as unit Fréchet. In fact, the
definition can be extended to any positive random vari-
ables. In terms of the definition λ in (16), Heffernan
et al. (2007) showed that X and Y do not have to be
identically distributed as long as they are tail equiva-
lent in the sense of the following Lemma 3.4 which is
Lemma 14 in Heffernan et al. (2007).

Lemma 3.4: Suppose X and Y satisfy P(X > x)/
P(Y > x) → 1 as x tends to infinity. Y ′ is the marginally
transformed random variable of Y, i.e., Y ′ = G(Y) for
some increasing monotone function G; and Y ′ has the
same distribution as X has. Then

lim
x→∞ P(Y > x |X > x) = lim

x→∞ P(Y ′ > x |X > x)

(20)

as long as one of the above two limits exists.

Using the tail equivalence, the qn can be extended
to tail quotient correlation coefficient (TQCC) (Zhang
et al., 2017) defined next.

Definition 3.5: If {(Xi, Yi)}ni=1 is a random sample of
random variables being tail equivalent to unit Fréchet
random variables (X, Y),

qun =

max1≤i≤n{max(Xi,un)
max(Yi,un) − 1}

+max1≤i≤n{max(Yi,un)
max(Xi,un) − 1}

max1≤i≤n{max(Xi,un)
max(Yi,un) }

×max1≤i≤n{max(Yi,un)
max(Xi,un) } − 1

(21)

is the tail quotient correlation coefficient (TQCC)
where un is varying thresholds that tend to infinity.

We present some theoretical results from Zhang
et al. (2017) related to the limit distribution of qun in
cases of two random thresholds un: un = Tn,t

P→ ∞

in Theorem 3.7; un = u∗
nan with u∗

n
P→ u∗ ∈ (0,∞),

an → ∞ and an/n → 0 as n → ∞ in Theorem 3.8.
The following assumption is needed.

Assumption T1: For 1 < t < 1 + δ, δ > 0, paired tail
independent random variables (Xi,Yi) satisfy

max
1≤i≤n

max(Xi,Tn,t)

max(Yi,Tn,t)

/
max
1≤i≤n

max(Xi,Tn,t)

Tn,t
= 1 + op(1),

max
1≤i≤n

max(Yi,Tn,t)

max(Xi,Tn,t)

/
max
1≤i≤n

max(Yi,Tn,t)

Tn,t
= 1 + op(1).

Remark 3.1: Assumption 3.1 is natural since the
tail independence of (Xi,Yi) (also (max(Xi,Tn,t),
max(Yi,Tn,t))) implies max(Xi,Tn,t), i = 1, . . . , n and
max(Yi,Tn,t), i = 1, . . . , n, will hug Tn,t in each axis
direction when the threshold value Tn,t is sufficiently
large.

The following proposition is Proposition 2 in Zhang
et al. (2017).

Proposition 3.6: If P(Xi > u)/P(Xi > u, Yi > u) ∼
L(u)u−1+1/η, η ∈ (0, 1], where L(u) is a slowly varying
function, as defined in Ledford and Tawn (1997), then
T1 holds for tη < 1 when η < 1, T1 does not hold when
η = 1.

Theorem 3.7: Suppose for given t>1, all random vari-
ables X′

1, . . . ,X
′
n, Y ′

1, . . . , Y
′
n, and Tn,t are independent,

where X′
i and Y

′
i are unit Fréchet random variables, and

Tn,t has the distribution function exp(−n/xt) for x>0.
If An,t = n{1 − exp(−1/Tn,t)}, then

(i) for z>0,

lim
n→∞ P

(
A−1
n,t max

1≤i≤n

max(X′
i ,Tn,t)

max(Y ′
i ,Tn,t)

≤ z
)

= exp(−1/z);

for z1 > 0 and z2 > 0,

lim
n→∞ P

(
A−1
n,t max

1≤i≤n

max(X′
i ,Tn,t)

max(Y ′
i ,Tn,t)

≤ z1,

A−1
n,t max

1≤i≤n

max(Y ′
i ,Tn,t)

max(X′
i ,Tn,t)

≤ z2
)

= exp
(

− 1
z1

)
exp

(
− 1
z2

)
.

(ii) Further,

2n{1 − exp(−1/Tn,t)}q′
Tn,t

L−→ χ2
4 , (22)

whereχ2
4 is a chi-squared randomvariable with four

degrees of freedom; q′
Tn,t

is defined as qun by replac-
ing un by Tn,t , Xi by X′

i , and Yi by Y ′
i , i = 1, . . . , n

respectively.
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Theorem 3.8: Suppose {X′
1, . . . ,X

′
n, Y ′

1, . . . ,Y
′
n} are

independent unit Fréchet random variables and un =
u∗
nan satisfies u∗

n
P→ u∗, an → ∞, and an/n → 0 as

n → ∞, where u∗ ∈ (0,∞) is a constant. Then 2n{1 −
exp(−1/un)}q′

un

L−→ χ2
4 .

Theorems 3.7 and 3.8 are Theorems 3 and 4 in
Zhang et al. (2017). Tn,t in Zhang et al. (2017) is
chosen to be a high threshold of the observed and
transformed sequence. A practical rank transformation
method of transforming Xi’s to unit Fréchet was pro-
posed in Zhang et al. (2011) where the transformation
is based on a simulation idea. We will apply this rank
transformation in our data section.

In dealing with tail dependence, clearly qun and
qTn,t have the simplest explicit formulas compared
with other measures that are implicitly specified. They
hold very simple interpretability. Their computability is
straightforward. They also hold stability as their limits
converge to their corresponding population quantities
in (19). It’s hardly finding any other sample based tail
measures to share all of these properties. TQCC has
been successfully applied to studies in financial risk
contagions, precipitation extremes, haze extremes, and
medical studies. In this paper, we further illustrate its
usages in describing extreme-comovement and market
contagions in Section 5.

3.2. New extreme value theory for heterogeneous
populations

In the era of big data, data generated from multi-
ple sources meet in a common place (cloud). Cer-
tainly, the data from each individual source has its
own data generating process, i.e., a probability dis-
tribution. As such, classical extreme value theory

reviewed in Section 2 cannot meet the need of big data
extremes.

Considering the daily risk of high-frequency trad-
ing in a stock market, one can partition the data into
hourly data (from 9:00am to 4:00pm). Suppose each
hourlymaximaMj,nj of negative returns can be approxi-
matelymodeled by an extreme value distributionHj(x).
It is clear that Mn is better modeled by a function
of Hj(x), ȷ = 1, . . . , 7, i.e., not a single Hj(x). We use
the following simple example with k = 2 to illustrate
the idea.

Example 3.3: The sequence {Xi}ni=1 is generated by

Xi = max(Yi,Zi), where {Yi}ni=1
i.i.d.∼ F1(x), {Zi}ni=1

i.i.d.∼
F2(x), Yi and Zi are independent, and F1(x) and F2(x)
are two corresponding distribution functions. Then

{Xi}ni=1
i.i.d.∼ F(x) = F1(x)F2(x).

Remark 3.2: The form Xi = max(Yi,Zi) is the sim-
plest case in the general mixture models introduced
in Zhao and Zhang (2018). It is also the simplest case
in the copula structured M4 models studied by Zhang
and Zhu (2016).

Figure 1 presents Euro dollar against US dollar
exchange rate negative return hourly maxima boxplots
calculated from 1-minute returns and 5-minute returns
in 24 1-hour intervals (h0 - (12:00 AM- 1:00 AM), h1 -
(1:00 - 2:00 AM), . . . , h23 (11:00 PM - 11:59 PM)) from
01/01/2003 - 12/31/2018. Clearly, the trading behav-
iors in different time intervals are different. The daily
maxima can fall in any of those 24 hourly intervals.
As a result, the daily maxima is a mixture of hourly
maxima.Motivated from this kind of observations, Cao
and Zhang (2020) developed new extreme value theory
for maxima of maxima.

Figure 1. Euro dollar against US dollar exchange rate hourly maxima of 1min (left panel) and 5min (right panel) negative returns.
The x-tickers are (h0 - (12:00 AM- 1:00 AM), h1 - (1:00 - 2:00 AM), . . . , h23 (11:00 PM - 11:59 PM) from left to right, respectively.
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Suppose that the mixed sequence {Xi}ni=1 is com-
posed of k subsequences {Xj,i}nji=1, j = 1, 2, . . . , k, nj →
∞ as n → ∞ and n = n1 + · · · + nk. Denote Mj,nj =
max(Xj,i, i = 1, . . . , nj) as the maximum of each

subsequence, {Xj,i}nji=1
i.i.d.∼ Fj(x), j = 1, 2, . . . , k. Sup-

pose Fj ∈ MDA(Hj), i.e., Mj,nj has the following limit
distribution with some norming constants aj,nj > 0,
bj,nj ∈ R,

lim
n→∞ P(a−1

j,nj(Mj,nj − bj,nj) ≤ x) = Hj(x). (23)

Define Mn = max(M1,n1 ,M2,n2 , . . . ,Mk,nk). Questions
can be asked: (1) whether or not (3) holds with appro-
priately chosen norming constants an > 0, bn ∈ R; (2)
if (1) holds, whether or not an > 0, bn ∈ R are equiv-
alent to any of aj,nj > 0, bj,nj ∈ R; (3) whether or not
H(x) is a function of Hj(x); (4) if all (1)–(3) hold,
which one is the best method to be used in practice. We
include some new results from Cao and Zhang (2020)
in the next.

Theorem 3.9: If M1,n1 and M2,n2 satisfy (23) for j = 1,
2, the limit distribution of Mn as n → ∞ can be deter-
mined in the following cases:

Case 1. If a2,n1
a1,n2

→ a > 0, a−1
1,n1(b2,n2 − b1,n1) → b <

+∞, for some constants a and b, then

P(a−1
2,n2(Mn − b2,n2) ≤ x) → H1(ax + b)H2(x).

(24)

Case 2. If a2,n1
a1,n2

→ 0, a−1
1,n1(b2,n2 − b1,n1) → +∞ then

P(a−1
2,n2(Mn − b2,n2) ≤ x) → H2(x). (25)

Definition3.10: For the independent sequence {Xi}ni=1
with two subsequences {X1,i}n1i=1 and {X2,i}n2i=2 defined
as above, suppose (23) is satisfied with j = 1, 2 and
norming constants aj,nj > 0, bj,nj ∈ R, i.e.,

lim
n→∞ P(a−1

j,nj(Mj,nj − bj,n) ≤ x) = Hj(x), j = 1, 2,

(26)

and

P(a−1
1,n1(M1,n1 − b1,n1) ≤ x, a−1

2,n2(M2,n2 − b2,n2) ≤ x)

→ H(x) = H1(x)H2(x). (27)

Then we callH(x) = H1(x)H2(x) the accelerated max-
stable distribution, which is the product of two max-
stable distributions.

Since H1(x) and H2(x) are max-stable distribu-
tions, for any n1 = 2, 3, . . . and n2 = 2, 3, . . ., there
are constants a1,n1 > 0, b1,n1 ∈ R, a2,n2 > 0, b2,n2
∈ R such that H1(x)H2(x) = Hn1

1 (a1,nx + b1,n)Hn2
2

(a2,nx + b2,n).

In equation (27), we considered the convergence of

P(max(a−1
1,n1(M1,n1 − b1,n1), a

−1
2,n2(M2,n2 − b2,n2)) ≤ x),

instead of the traditional P(a−1
n (Mn − bn) ≤ x). If

n1 and n2 are sufficiently large, by (26) we have
P(a−1

1,n1(M1,n1 − b1,n1) ≤ x) ≈ G1(x) and P(a−1
2,n2

(M2,n2 − b2,n2) ≤ x) ≈ G2(x), then

P(Mn ≤ x) = P(max(M1,n1 ,M2,n2) ≤ x)

= P(M1,n1 ≤ x)P(M2,n2 ≤ x)

≈ G1
(
a1,n1x + b1,n1

)
G2

(
a2,n2x + b2,n2

)
= G∗

1(x)G
∗
2(x) (28)

where G∗
j is of the same type as Gj, j = 1, 2.

Theorem 3.11: Suppose {Xi}ni=1 is an independent
sequence which is mixed with two subsequences {X1,i}n1i=1
and {X2,i}n2i=1 with underlying distributions F1(x) and
F2(x), n1 → ∞ and n2 → ∞ as n → ∞. Let 0 ≤ τ <

∞ and {u1,i}n1i=1 and {u2,i}n2i=1 are two sequences of real
numbers such that

n1(1 − F1(u1,n1))+ n2(1 − F2(u2,n2)) → τ

as n → ∞. (29)

Then

P(M1,n1 ≤ u1,n1 ,M2,n2 ≤ u2,n2) → e−τ as n → ∞.
(30)

Conversely, if (30) holds for some 0 ≤ τ < ∞, then so
does (29).

Remark 3.3: Since 1 − F(uj,nj) is the probability that
Xj,i exceeds level uj,nj , equation (29) means that the
expected number of exceedances of u1,n1 by {X1,i}n1i=1
and u2,n2 by {X2,i}n2i=1 in total converges to τ . When
the sequence is generated from one distribution F(x),
Theorem 3.11 can be reduced to the classical result by
choosing u1,n1 = u2,n2 = un. That is

n(1 − F(un)) → τ , (31)

if and only if

P(Mn ≤ un) → e−τ . (32)

as n → ∞.

These new developments together with those in Cao
and Zhang (2020) shed the light of new researches in
extreme values from heterogeneous populations. They
provide the probability foundation to models intro-
duced in the next section.
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4. Transforming ARMAmodels tomodels for
extreme value observations

The additive structures in traditional time series mod-
els, e.g., ARMA models, and their extensions, e.g.,
GARCH models, cannot describe the extremal clusters
and tail dependence satisfactorily inmany applications.
To solve this issue, alternative models have been pro-
posed in the extreme value literature. These models
transform the additive structures in ARMA models to
the competing structures in extreme observations (hid-
den and/or observable). Several such transformations
are discussed in the following subsections.

4.1. Movingminimum corresponding process

Deheuvels (1983) defined what he called the moving
minimum (MM) corresponding process as

Ti = min{δkZi−k,−∞ < k < ∞}, −∞ < i < ∞,

where δk > 0, and {Zk} are i.i.d. standard exponen-
tial random variables. The main theorem of Deheuvels
(1983) is exactly stated as the following theorem.

Theorem 4.1: If (T0, . . . ,Tm) follows a joint multivari-
ate extreme value distribution for minima with stan-
dard exponentially distributed marginal random vari-
ables, then there exist m+ 1 sequences {aik(n), −∞ <

k < ∞} depending on n = 1, 2, . . . , of positive num-
bers, such that, if Ti(n) = min{aik(n)Z−k, −∞ < k <
∞}, i = 0, . . . ,m, then (T0(n), . . . ,Tm(n)) converges in
distribution to (T0, . . . ,Tm) as n → ∞.

The results of Deheuvels (1983) are very strong, but
the model itself is still not easily tractable for the esti-
mation of parameters. Notice that the reciprocal of Ti
gives the moving maximum processes as

1
Ti

= max
{
1
δk
Z′
i−k, −∞ < k < ∞

}
,

− ∞ < i < ∞

where {Z′
k} are i.i.d. unit Fréchet random variables.

4.2. Max-autoregressivemoving average process

Davis and Resnick (1989) studied what they called the
max-autoregressive moving average (MARMA(p, q))
process of a stationary process {Xn} which satisfies the
MARMA recursion,

Xn = (φ1Xn−1) ∨ · · · ∨ (φpXn−p) ∨ (Zn)
∨ (θ1Zn−1) ∨ · · · ∨ (θqZn−q)

for all n, where ∨ is a maximum operator, i.e.,
a ∨ b = max(a, b), φi, θj ≥ 0, 1 ≤ i ≤ p, 1 ≤ j ≤ q and
{Zn} is i.i.d. with common distribution function F(x) =

exp{−σx−1}. For any given {φi}, {θj}, the correspond-
ing process is a max-stable process. They have argued
“it is unlikely that another subclass of the max-stable
processes can be found which is as broad and tractable
as the MARMA class”. Some basic properties of the
MARMA processes have been shown and the predic-
tion of a max-stable process has been studied relatively
completely. However, much less is known about esti-
mation of MARMA process. For prediction, see also
Davis and Resnick (1993). A naive estimation proce-
dure for φi, θj’s when the order q = 1 is given in Davis
and Resnick (1989).

4.3. Multivariatemaxima ofmovingmaxima
process

Smith and Weissman (1996) extended Deheuvels’ MM
process to a more general framework which is called
multivariate maxima of moving maxima (henceforth
M4) process. The definition is

Yid = max
l

max
k

al,k,dZl,i−k, d = 1, . . . ,D, (33)

where {Zli, l ≥ 1,−∞ < i < ∞} are an array of inde-
pendent unit Fréchet random variables. The constants
{al,k,d, l ≥ 1,−∞ < k < ∞, 1 ≤ d ≤ D} are nonnega-
tive constants satisfying

∞∑
l=1

∞∑
k=−∞

al,k,d = 1 for d = 1, . . . ,D. (34)

As we see that M4 processes deal with D dimensional
random processes whereas MM processes deal with
univariate processes (D = 1). Under the model (33),
Smith and Weissman (1996) have shown very attrac-
tive results. Some are parallel to the results of
Deheuvels (1983). Although MM processes are only
specified over one index there are possibilities to
easily extend to over two indexes. The extension
of MM processes to M4 processes results in hopes
to estimate model parameters easily. Following de
Haan (1984), (33) definesmax-stable processes because
for any finite number r and positive constants {yid} we
have

P
(
Yid ≤ yid, 1 ≤ i ≤ r, 1 ≤ d ≤ D

)
= P

(
Zl,i−k ≤ yid

al,k,d
for l ≥ 1, −∞ < k < ∞,

1 ≤ i ≤ r, 1 ≤ d ≤ D
)

= P
(
Zl,m ≤ min

1−m≤k≤r−m
min

1≤d≤D

ym+k,d

al,k,d
, l ≥ 1,

− ∞ < m < ∞
)
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= exp

(
−

∞∑
l=1

∞∑
m=−∞

max
1−m≤k≤r−m

max
1≤d≤D

al,k,d
ym+k,d

)
.

(35)
This is (2.5) of Smith andWeissman (1996) andwe have

Pn
(
Yid ≤ nyid, 1 ≤ i ≤ r, 1 ≤ d ≤ D

)
= P

(
Yid ≤ yid, 1 ≤ i ≤ r, 1 ≤ d ≤ D

)
which tells that {Yi} are max-stable. They have argued
that the extreme values of a multivariate stationary
process may be characterised in terms of a limit max-
stable process under quite general conditions. They
also showed that a very large class of max-stable pro-
cesses may be approximated by the M4 processes
mainly because those processes have the same multi-
variate extremal index (Theorem 2.3 in Smith &Weiss-
man, 1996). The theorem and conditions appear below.

Now fix τ = (τ1, . . . , τD)′ with 0 ≤ τd < ∞, d =
1, . . . ,D. Let {und, n ≥ 1} be a sequence of thresh-
olds such that n{1 − Fd(und)} → τd under the model
assumption. Since Zlk is unit Fréchet we can take und =
n
τd
. Denote un = (un1, . . . , und) and Bk

j (un) the σ -field
generated by the events {Xid ≤ und, j ≤ i ≤ k, 1 ≤ d ≤
D} for 1 ≤ j ≤ k ≤ n. Define

αnt = sup{|P(A ∩ B)− P(A)P(B)| : A ∈ Bk
1(un),

B ∈ Bn
k+t(un)} (36)

where the supremum is taken over 1 ≤ k ≤ n − t and
two respective σ -fields. If there exists a sequence
{tn, n ≥ 1} such that

tn → ∞, tn/n → 0, αn,tn → 0 as n → ∞,
(37)

the mixing condition �(un) is said to hold
(Nandagopalan, 1994; Smith & Weissman, 1996). Fur-
ther assuming there exists a sequence {kn, n ≥ 1} such
that

kn → ∞, kntn/n → 0, knαn,tn → 0 as n → ∞.
(38)

Let rn = [n/kn] be the integer part of n/kn. We now
exactly state a lemma and a theorem (Lemma 2.2 and
their main theorem Theorem 2.3 of Smith & Weiss-
man, 1996.)

Lemma 4.2: Suppose (36)–(38) hold. Then

θ(τ ) = lim
n→∞ P

(
Yid ≤ und, 2 ≤ i ≤ rn,

1 ≤ d ≤ D
∣∣∣∣max

d

(
Y1d

und

)
> 1

)
. (39)

Alternatively, if we assume

lim
r→∞ lim

n→∞

rn∑
i=r

D∑
d=1

P
(
Yid > und

∣∣∣∣max
d

(
Y1d

und

)
> 1

)
= 0, (40)

then (39) is equivalent to

θ(τ ) = lim
r→∞ lim

n→∞ P
(
Yid ≤ und, 2 ≤ i ≤ r,

1 ≤ d ≤ D
∣∣∣∣max

d

(
Y1d

und

)
> 1

)
. (41)

This lemma is basically a restatement of results of
O’Brien, for example O’Brien (1987).

Theorem 4.3: Suppose �(un) and (40) hold for {Yi},
so that the multivariate extremal index θY(τ ) is given
by (41). Suppose also the same assumptions hold for
{Xi} (with the same tn, kn sequences). So the multivari-
ate extremal index θX(τ ) is also given by (41) with Xid
replacing Yid everywhere. Then θY(τ ) = θX(τ ).

The extremal index of the process defined by (33) is

θ(τ ) =
∑

l maxkmaxd al,k,dτd∑
l
∑

kmaxd al,k,dτd
. (42)

However, θ(τ ) is not easy to obtain with observed data
as one has to estimate all parameters al,k,d, which is not
straightforward.

We see that Sections 4.1–4.3 deal with proba-
bilistic aspects of time series models for observed
extreme value processes. Although theoretical results
have been obtained, the estimation of parameters in
both MARMA(p, q) and M4 processes are not well
developed and the applications of the two processes are
very limited. In the next four subsections, we discuss
statistical inference and applications.

4.4. Statistical inference ofmovingmaximum
models

Hall et al. (2002) discussed moving maximum models

Yj = sup{aj−iZi, −∞ < i < ∞}
where the distribution ofZi is assumed either F(z | θ) =
exp(−z−θ ) or the generalised Pareto distribution
F(z | θ) = 1 − (1 + z)−θ . Then for a finite number of
parameters, they chose (θ , a(m)) to minimise

Dm(θ , a(m))

=
∫ {

Ĝ(y)−
k∏

i=2−m
F(min{a−1

j−iyj,

max(i, 1) ≤ j ≤ min(i + m, k)}|θ)}2

w(y) dy,

(43)

where the integral is over y = (y1, . . . , yk) ∈ R
k+ and

Ĝ(y) = (n − k)−1
n−k∑
i=1

I(Yi+j−1≤yj for 1≤j≤k), (44)
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and w is a nonnegative weight function. We state their
main theorem as follows.

Theorem 4.4: Under conditions:

• F has support on the positive half-line, and is in the
domain of attraction of a Type II extreme value distri-
bution;

• each ai is nonnegative and, for some ε ∈ (0, r), 0 <∑
i a

r−ε
i < ∞.

Then

sup
−∞<y1,...,yk<∞

|P(Y∗
1 ≤ y1, . . . ,Y∗

k ≤ yk |Y1, . . . ,Yn)

− P(Y1 ≤ y1, . . . ,Yk ≤ yk)| → 0 (45)

where Y∗
j is defined by

Y∗
j = sup{̂aj−iZ∗

i , −∞ < i < ∞},

âj−i and θ̂ are solutions of (4.4), and Z∗
i has distribu-

tion function F(·|θ̂ ). Moreover, if m ≥ C4(log n)2 for
C4 sufficiently large, the rate of convergence in (45) is
Op(n−(1/2)+δ) for all δ > 0.

4.5. Finite representations ofM4 processes

It can be seen that models having too many parameters
to be estimated and/or having a complicated framework
and hence lack of interpretability are hardly applicable
to real data with a finite number of observations. This
section reviews finite representations of M4 processes
and their applications.

A finite dimensional M4 process can be written as
follows:

Yid = max
1≤l≤L

max
−K1≤k≤K2

al,k,dZl,i−k, d = 1, . . . ,D,

(46)

where
∑L

l=1
∑K2

k=−K1
al,k,d = 1 for d = 1, . . . ,D.

Under model (46), it is possible that a big value
of Zlk dominates all other Z values within a certain
period of length K2 + K1 + 1 and creates a moving
pattern, i.e., Yid = al,i−k,dZlk for i close to k. A mov-
ing pattern is known as a signature pattern. Zhang
and Smith (2004) gave a full investigation of probabilis-
tic properties of model (46). Zhang and Smith (2010)
studied the estimation of themodel, and considered the
bivariate joint probabilities. A general joint probability
formula of (46) is

P
(
Yid ≤ yid, 1 ≤ i ≤ r, 1 ≤ d ≤ D

)
= exp

(
−

L∑
l=1

r∑
m=1−K

max
1−m≤k≤r−m

max
1≤d≤D

al,k,d
ym+k,d

)
,

(47)

where al,k,d = 0 when the triple subindex is outside
the range defined in (46). Besides this general formula,
it follows immediately that P(Yid ≤ y) = e−1/y, which
establishes that Yid is itself a unit Fréchet random vari-
able, and the following two special cases are used to
construct estimators:

P
(
Yid ≤ 1,Yi+1,d ≤ x

)
= exp

(
−

L∑
l=1

2∑
m=1−K

max
(
al,1−m,d,

al,2−m,d

x

))
=: e−b0d(x), (48)

and

P
(
Yid ≤ 1,Yid′ ≤ x

)
= exp

(
−

L∑
l=1

1∑
m=1−K

max
(
al,1−m,d,

al,1−m,d′

x

))
=: e−bdd′ (x). (49)

It is clear that for each d, we can define new piece-
wise linear functions: q0d(x) := xb0d(x) and qdd′(x) :=
xbdd′(x), where the notation A: = B means that A
is denoted as B, and the points where these piece-
wise linear functions change slopes are at al,j,d/al,j′,d
or al,k,d/al,k,d′ . This suggests that if we can identify the
functions q0d(x) or qdd′(x), we may be able to identify
all the parameters al,k,d.

Relating (48) and (49) to their empirical distribution
counterparts, Zhang and Smith (2010) solves a system
of piecewise linear functions to construct parameter
estimators. The consistency and asymptotic normality
of the estimators are established. A financial applica-
tion of value at risk (VaR) is conducted. A new extreme
co-movement measure is defined as

λ(t,T) = lim
u↗xF

P
(
ξ(t,T,u) ≥ 2 | ξ(0, t,u) ≥ 1

)
(50)

and

ξ(t,T,u) = max
t≤i≤T

D∑
d=1

I(Yid>ud). (51)

The idea in (50) is to estimate the maximum number
of joint exceedances in the time period t to T given at
least one exceedance in (0, t). The case t = T = 0 and
D = 2 is the usual tail dependence function in the liter-
ature (Embrechts et al., 2003). Zhang and Smith (2010)
demonstrated that (50) is a meaningful market extreme
co-movement measure. The tail dependence index λ,
the coefficient of tail dependence η, the lag-k tail
dependence index λk, the extremal index θ(τ ), and
the extreme co-movement measure λ(t,T) can be very
useful in studying market crisis and contagions.
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4.6. Sparse representations ofM4 processes

To increase the estimation efficiency, a common strat-
egy in statistical inference is to reduce the model
complexity, i.e., to reduce the number of parame-
ters. Examples include the variable selections in linear
regressionmodels, and the sparsity assumption in high-
dimensional covariance matrix estimation. In time
series, the number of parameters in an auto-regressive
model is often less than the number of parameters in
a moving average model when they both are fitted to a
time series. To reduce the number of unknown parame-
ters in (46), Zhang (2008a) considered using geometric
moving patterns to study extreme sea wavemovements.
The number of parameters in Zhang (2008a) is much
smaller than the number of parameters in the model
studied by Zhang and Smith (2010). This section dis-
cusses three scenarios that further simplify model (33)
or (46) to more interpretable and workable models.

4.6.1. Markov chainMMprocess
In this section, we consider univariate time series
model. Under model (33), we have the following lag-k
tail dependence index formula (drop the index d):

λk =
∞∑
l=1

∞∑
m=−∞

min(al,1−m, al,1+k−m). (52)

Obviously, as long as both al0 and alK are non-zero, Yi
and Yi+K are dependent, and of course tail dependent
as can be seen from (52). Zhang (2005) considered the
matrix of weights (alk) to have the following structure:

(alk) =

⎛⎜⎜⎜⎜⎜⎝
a00 0 0 0 · · · 0
a10 a11 0 0 · · · 0
a20 0 a22 0 · · · 0
...

...
...

...
. . . 0

aL0 0 0 0 . . . aLL

⎞⎟⎟⎟⎟⎟⎠ . (53)

Now the number L corresponds to the maximal lag of
tail dependencies within the sequence; the lag-k tail
dependence index is characterised by the coefficients
ak0 and akk. The coefficient a00 represents the propor-
tion of the number of observations which are drawn
from an independent process {Z0i}. In other words, a
very large value at time 0 has no future impact when
the large value is generated from {Z0i}. If both ak0 and
akk are not zero, then a very large value at time 0 has
impact at time k when the large value is generated
from {Zki}. If there is strong lag-k tail dependence for
each k, the value of a00 will be small. Using the struc-
ture of (53), Zhang (2005) proposed three models for
financial times. They are presented next.

Model 4.1: Combining MM (used to model scales)
with aMarkov process (used tomodel signs): twomod-
els for transformed negative (−) returns and positive

(+) returns are
Y±
i = max

0≤l≤L±
max

0≤k≤K±
a±
lkZ

±
l,i−k, −∞ < i < ∞,

where the superscript − means that the model is for
negative returns only, and + means that the model is
for positive returns only. In the following, we only dis-
cuss the model for negative returns, and the model
for positive returns is obtained by simply replacing
− by +. Constants {a−

lk} are nonnegative and satisfy∑L−
l=0

∑K−
k=0 a

−
lk = 1. The matrix of weights is

(a−
lk) =

⎛⎜⎜⎜⎜⎜⎝
a−
00 0 0 0 · · · 0
a−
10 a−

11 0 0 · · · 0
a−
20 0 a−

22 0 · · · 0
...

...
...

...
. . . 0

a−
L−0 0 0 0 . . . a−

L−L−

⎞⎟⎟⎟⎟⎟⎠ .

{Z−
li , l = 1, . . . , L−, −∞ < i < ∞} is an independent

array, where random variables Z−
li are identically unit

Fréchet distributed. Let

R−
i = ξ−

i Y−
i , −∞ < i < ∞, (54)

where the process {ξ−
i } is independent of {Y−

i } and
takes values in a finite set {0, 1} – i.e., {ξ−

i } is a sign
process. Here {Y−

i } is an MM process, {ξ−
i } is a sim-

ple Markov process. {R−
i } is the negative return pro-

cess. For simplicity, Model (54) is regarded as MCMM
processes.

Remark 4.1: If {Y−
i } is an independent process, then

P(R−
i+r > u|R−

i > u) → 0 as u → ∞ for i>0, r>0,
i.e., no tail dependence exists. This phenomenon tells
that if there are tail dependencies in the observed
process, the model with time dependence (through a
Markov chain) only can not model the tail dependence
if the random variables used to model scales are not tail
dependent.

Remark 4.2: Empirical studies show that negative
returns Y−

i and positive returns Y+
i are asymmetric,

and conclude that models for positive returns should
be different from models for negative returns. Notice
that at any time i, one can only observe one of the
Y−
i and Y+

i . The other one is missing. By introduc-
ing the Markov processes ξ−

i and ξ+
i , both R−

i and R+
i

in (54) are observable. We use R−
i and R+

i to construct
parameter estimators.

Model 4.2: An MCMM process model for returns:
with the established notations in (54), let

Ri = sign(ξi) ∗ [Iξi=−1Y−
i + Iξi=1Y+

i ],

− ∞ < i < ∞, (55)

where the process {ξi} is a simpleMarkov process which
is independent of {Y±

i } and takes values in a finite set
{−1, 0, 1}. {Ri} is the return process.
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Remark 4.3: The processes {ξ−
i }, {ξ+

i } may be
Bernoulli processes or Markov processes taking values
in a finite set. The process {ξi} may be considered as an
independent process or a Markov process taking values
in a finite set.

Remark 4.4: In Model (55), as long as Y−
i , Y

+
i , and ξi

are determined, Ri is determined.

Remark 4.5: In many applications, only positive
observed values are concerned. Insurance claims,
annual maxima of precipitations, file sizes, durations
in internet traffic at a certain point are some of those
examples having positive values only. Even in our neg-
ative return model, the values have been converted into
positive values.

4.6.2. Sparse random coefficient M4 processes
One feature inM4 processes is its signature patterns. To
fit the data better, we may need a large number of pat-
terns. One way to get rid of this feature is to set moving
coefficients to be random. Tang et al. (2013) considered
a sparse M4 random coefficient model (SM4R), which
has a parsimonious number of parameters, and it can
potentially capture the major stylised facts exhibited
by devolatised financial time series found in empirical
studies. They demonstrated through real data analy-
sis that the SM4R model can effectively be used to
improve the estimates of the value at risk for portfolios
consisting of multivariate financial returns while ignor-
ing either temporal or cross-sectional tail dependence
could potentially result in a serious underestimate of
market risk.

The SM4R model is defined as

Xtd = max
[
B(t)d · Z(t)d

]
,

d = 1, . . . ,D, −∞ < t < ∞, (56)

B(t)d =

⎛⎜⎜⎜⎜⎜⎜⎝
β
(t)
00d 0 0 · · · 0
β
(t)
10d β

(t)
11d 0 · · · 0

β
(t)
20d 0 β

(t)
22d · · · 0

...
...

...
. . .

...
β
(t)
Ld0d

0 0 · · · β
(t)
LdLdd

⎞⎟⎟⎟⎟⎟⎟⎠ ,

Z(t)d =

⎛⎜⎜⎜⎝
Z0td Z0,t−1,d · · · Z0,t−Ld ,d
Z1td Z1,t−1,d · · · Z1,t−Ld ,d
...

...
. . .

...
ZLdtd ZLd ,t−1,d · · · ZLd ,t−Ld ,d

⎞⎟⎟⎟⎠ ,

where {Z0t = (Z0t1, . . . ,Z0tD)} is a sequence of i.i.d.
D-dimensional random vectors (across t) having a
multivariate extreme value distribution function with
unit Fréchet margins, {Zltd} are i.i.d. unit Fréchet
random variables for l ≥ 1, β(t)00d = b0d, β

(t)
l0d = altdbld

and β
(t)
lld = (1 − altd)bld, l = 1, . . . , Ld, d = 1, . . . ,D,

{altd} are i.i.d. random variables on interval [0, 1], b =
{bld, l = 1, . . . , Ld, d = 1, . . . ,D} are positive constants
with

∑Ld
l=0 bld = 1 for any d, and {Z0t}, {altd}, and {Zltd :

l ≥ 1} are independent with each other.
The cross-sectional tail dependence at time t is char-

acterised by the copula function of Z0t and tuned by
{b0d, d = 1, . . . ,D}. With this setup, all kinds of para-
metric multivariate extreme value distributions can
naturally be incorporated into the SM4R structure so
that a parsimonious model with satisfactory level of
generality can be achieved. This contrasts with the
classical M4 setting where all components depend on
the same set of shock variables Zlt , which inherently
restricts the dependence structure to a given type and
often requires a large number of parameters to achieve
satisfactory performance.

For any t = 1, . . . , r and positive constants x =
{xtd, t = 1, . . . , r, d = 1, . . . ,D}, the joint distribution
function of {Xtd, t = 1, . . . , r, d = 1, . . . ,D} conditional
on the generic random vector a representing all the
alkd’s involved is

P(Xtd ≤ xtd, 1 ≤ t ≤ r, 1 ≤ d ≤ D | a)
= exp{−V(x, a; b)}, (57)

where V(x, a; b) is defined as

V(x, a; b) =
r∑

t=1
V∗

(
xt1
b01

, . . . ,
xtD
b0D

)

+
D∑

d=1

L∑
l=1

bld

⎡⎣min(l,r)∑
j=1

1 − aljd
xjd

+
max(r−l,0)∑

j′=1

max
(alj′d
xj′d

,
1 − al,j′+l,d

xj′+l,d

)

+
r∑

j′′=max(r−l,0)+1

alj′′d
xj′′d

⎤⎦ ,

exp(−V∗(·)) = exp(−V∗(·|θZ0)) is the multivariate
extreme value distribution of Z0t , and V∗(·) is called
the exponent measure of Z0t (e.g., Resnick, 1987). A
proof of (57) can be found in Tang et al. (2013). The
marginal distribution of Xtd is still unit Fréchet and the
multivariate distribution function of (Xt1, . . . ,XtD) is

P(Xtd ≤ xtd, 1 ≤ d ≤ D)

= exp

{
−

D∑
d=1

1
xtd
(1 − b0d)− V∗

(
xt1
b01

, . . . ,
xtD
b0D

)}
,

(58)

a new multivariate extreme value distribution func-
tion whose dependence is characterised by a mixture
of independent and extreme value copulas.

One of the most popular multivariate extreme value
distributions in practice is the logistic distribution
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(Gumbel-Hougaard copula with unit Fréchet margins)
defined as:

Glog(x;α) = exp

{
−

( D∑
d=1

x−1/α
d

)α}
, (59)

where α ∈ (0, 1]. When Z0t ∼ Glog(·;α), the joint dis-
tribution function (58) becomes

P(Xtd ≤ xtd, 1 ≤ d ≤ D)

= exp

{
−

D∑
d=1

1
xtd
(1 − b0d)−

[ D∑
d=1

(
b0d
xtd

) 1
α

]α}
.

(60)

When D = 2, the cross-sectional bivariate distribution
defined by (60) is just the asymmetric logistic distribu-
tion proposed by Tawn (1988). Interestingly, the copula
function of (60) is

C(u1, . . . , uD) = Clog(u
b01
1 , . . . , ub0DD )

× C⊥(u1−b01
1 , . . . , u1−b0D

D ),

where Clog and C⊥ are the Gumbel-Hougaard cop-
ula and independent copula, respectively. In general,
if {Cj, j = 1, . . . ,P} are P D-dimensional copulas and
{bjd} are any positive constants satisfying

∑P
j=1 bjd = 1

for d = 1, . . . ,D, then the function C∗ constructed as
C∗(u1, . . . , uD) = ∏P

j=1 Cj(u
bj1
1 , . . . , ubjDD ) is still a cop-

ula function associated with a D-dimensional distribu-
tion function. To see this, consider the process {Ytd}
defined as Ytd = max1≤j≤P bjdZtjd for d = 1, . . . ,D,
where {(Ztj1, . . . ,ZtjD), j = 1, . . . ,P, t = 1, . . . , } are
i.i.d. D-variate random vectors with copula Cj and unit
Fréchet margins. It can be checked that C∗ is the copula
of (Yt1, . . . ,YtD).

Besides the above discussed properties of model
(56), there are many other related properties and devel-
opments of themodel can be found inTang et al. (2013).
The estimators for the model parameters are con-
structed using GMM approach. We refer the details to
Tang et al. (2013).

4.6.3. Copula structuredM4 processes
Statistical applications of classical parametric max-
stable processes are still sparse mostly due to lack of (1)
efficiency of statistical estimation of many parameters
in the processes, (2) flexibility of concurrently model-
ing asymptotic independence, and asymptotic depen-
dence among variables, and (3) capability of fitting real
data directly. Zhang and Zhu (2016) studied a more
flexible model, i.e., a class of copula structured M4
(multivariate maxima and moving maxima) processes,
and hence CSM4 for short. CSM4 processes are con-
structed by incorporating sparse random coefficients

and structured extreme value copulas in asymptoti-
cally (in)dependent M4 (AIM4) processes. It is shown
that the new model overcomes all of the aforemen-
tioned three constraints. They illustrated new features
and advantages of the CSM4 model using simulated
examples and real data of intra-daily maxima of high-
frequency financial time series. They also studied the
probabilistic properties of the proposed model and its
statistical inference.

In Zhang and Zhu (2016), they first proposed a new
model that is good for marginally transformed obser-
vations. It is defined as:

Ytd = max(W1/βd
td , max

[
Atd · Zt

]
),

d = 1, . . . ,D, −∞ < t < ∞, (61)

where βd > 0, d = 1, . . . ,D; {Wt,∞ < t < ∞} =
{(Wt1, . . . ,WtD), −∞ < t < ∞} is a sequence of
i.i.d. D-dimensional random vectors following logis-
tic distribution defined the same as (59) with x =
(x1, . . . , xD) and γ = 1/α ≥ 1. Atd is a sparse random
loading matrix having the form:

Atd =

⎛⎜⎜⎜⎝
α1dU1td α1d(1 − U1td) 0
α2dU2td 0 α2d(1 − U2td)

...
...

...
αLdULtd 0 0

· · · 0
· · · 0
. . .

...
· · · αLd(1 − ULtd)

⎞⎟⎟⎟⎠
with αld ≥ 0,

∑L
l=1 αld = 1 for each d, and {Ultd, ł =

1, . . . , L,−∞ < t < ∞, d = 1, . . . ,D} being i.i.d. non-
degenerated random variables on [0, 1]. For−∞ < t <
∞, Zt = {(Zl,t−j+1), ł = 1, . . . , L; j = 1, . . . , L + 1} is
an independent array, with Zl,t−j’s being unit Fréchet
random variables; Atd · Zt represents the componen-
twise products between matrices Atd and Zt at time
t, and {maxC} takes the maximum over all elements
of matrix C. {Zlt}, {Ultd} and {Wt} are assumed to be
independent of each other.

In the second step, assuming that {Xt = (Xt1, . . . ,
XtD), t = 1, 2, . . .} is an observable multivariate sta-
tionary time series, they generalised (61) to a directly
applicable model:

Xtd = CdY
1/ψd
td , d = 1, . . . ,D, (62)

where Cd > 0 is a scale parameter, ψd > 0 is a shape
parameter for d = 1, . . . ,D.

Proposition 4.5: For a CSM4 process defined by (61),
the serial1 and cross-sectional asymptotic dependence
index λdd′

r , r = 1, . . . , L, (here, λdd′
r stands for the tail

1 If we let d = d′ , then the first three cases in the second column of Table 1 correspond to the serial asymptotic dependence index λddr .
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Table 1. The asymptotic dependence index λdd′
r
, 1 ≤ r ≤ L, and λdd′ .

λdd′
r

λdd′

min(βd ,βd′ ) > 1 E{min(αrdUr1d ,αrd′ (1 − Ur,1+r,d′ ))} 2 −
L∑

l=1

E{max(αldUl1d ,αld′Ul1d′ )}

−
L∑

l=1

E{max(αld(1 − Ul1d),αld′ (1 − Ul1d′ ))}

βd = βd′ = 1
E{min(αrdUr1d ,αrd′ (1 − Ur,1+r,d′ ))}

2
2 − 21/γ−1 − 1

2

L∑
l=1

E{max(αldUl1d ,αld′Ul1d′ )}

− 1

2

L∑
l=1

E{max(αld(1 − Ul1d),αld′ (1 − Ul1d′ ))}

max(βd ,βd′ ) < 1 0 2 − 21/γ

βd > βd′ = 1
E{min(2αrdUr1d ,αrd′ (1 − Ur,1+r,d′ ))}

2

3

2
− 1

2

L∑
l=1

E{max(2αldUl1d ,αld′Ul1d′ )}

− 1

2

L∑
l=1

E{max(2αld(1 − Ul1d),αld′ (1 − Ul1d′ ))}

βd > 1 > βd′ 0 0

βd = 1 > βd′ 0
3 − (1 + 2γ )1/γ

2

βd′ > βd = 1
E{min(αrdUr1d , 2αrd′ (1 − Ur,1+r,d′ ))}

2

3

2
− 1

2

L∑
l=1

E{max(αldUl1d , 2αld′Ul1d′ )}

− 1

2

L∑
l=1

E{max(αld(1 − Ul1d), 2αld′ (1 − Ul1d′ ))}

βd′ > 1 > βd 0 0

βd′ = 1 > βd 0
3 − (1 + 2γ )1/γ

2

dependence index betweenXtd andXt+r,d′) and the cross-
sectional asymptotic dependence index λdd′ are presented
in Table 1; When r>L, λdd′

r = 0.

Themain differences between SM4Rmodel (56) and
CSM4 model (62) are that model (62) can be directly
applied to real data, and it can handle both asymptotic
independence and asymptotic dependence as shown in
Table 1. Like the inference of SM4Rmodels, the param-
eter estimation is also based on the generalised method
of moments approach; see Zhang and Zhu (2016) for
details.

4.7. Approximating a general process by a finite
representation: theory

Approximating (33) by a finite representation in Sec-
tions 4.5 and 4.6 needs theoretical justifications. This
section provides the necessary theoretical results.
For completeness, proofs of the theoretical results
are provided. More details can be found in Zhang
(2009).

4.7.1. Convergence in probability for the finitely
discrete time domain processes
Lemma 4.6: Suppose αk(δ) ≥ 0, and∑

−∞<k<∞
αk(δ) = 1,

∑
|k|>K

αk(δ) = δ,

Xδ =
∨

|k|>K
αk(δ)Zk, Yδ =

∨
|k|≤K

αk(δ)Zk,

where {Zk} are i.i.d. unit Fréchet random variables, K is
a fixed number, and δ > 0. Let

Uδ = 1
1 − δ

Yδ ,

then for any ε > 0

lim
δ→0

P(|Uδ − Xδ ∨ Yδ| > ε) = 0. (63)

Proof: First, we have

P(Xδ ≤ x) = P

⎛⎝ ⋂
|k|>K

αk(δ)Zk ≤ x

⎞⎠
=

∏
|k|>K

P(αk(δ)Zk ≤ x)

=
∏

|k|>K
e−

αk(δ)
x = e−

∑
|k|>K αk(δ)

x = e−
δ
x .

It is easy to check that Yδ , Xδ ∨ Yδ , Uδ have the distri-
butions:

Yδ ∼ e−
1−δ
y , Xδ ∨ Yδ ∼ e−

1
x , Uδ ∼ e−

1
z .

Since

P(Xδ > Yδ) =
∫ ∞

0
P(Xδ > y)

1 − δ

y2
e−

1−δ
y dy

=
∫ ∞

0
(1 − e−

δ
y )
1 − δ

y2
e−

1−δ
y dy
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= 1 − (1 − δ)

∫ ∞

0

1
y2
e−

1
y dy

= δ,

P(Uδ − Yδ > ε) = P
((

1
1 − δ

− 1
)
Yδ > ε

)
= P

(
δ

1 − δ
Yδ > ε

)
= P

(
Yδ >

(1 − δ)ε

δ

)
= 1 − e−

(1−δ)δ
(1−δ)ε = 1 − e−

δ
ε .

then

P(|Uδ − Xδ ∨ Yδ| > ε)

= P(Uδ − Xδ ∨ Yδ > ε)+ P(Xδ ∨ Yδ − Uδ > ε)

= P(Uδ − Xδ > ε,Xδ > Yδ)

+ P(Uδ − Yδ > ε,Yδ > Xδ)

+ P(Xδ − Uδ > ε,Xδ > Yδ)

+ P(Yδ − Uδ > ε,Yδ > Xδ)

≤ 2P(Xδ > Yδ)+ P(Uδ − Yδ > ε)+ 0

= 2δ + 1 − e−
δ
ε

which proves the assertion. �

Remark 4.6: (63) means that for sufficiently small δ,
random variables Uδ , Xδ ∨ Yδ satisfy

P(|Uδ − Xδ ∨ Yδ| > ε) < ε. (64)

Lemma 4.7: Suppose αk(δ) ≥ 0, and∑
−∞<k<∞

αk(δ) = 1,
∑

|k|>K
αk(δ) = δ,

Xδi =
∨

|k|>K
αk(δ)Zi−k,

Yδi =
∨

|k|≤K

αk(δ)Zi−k, i = 1, . . . , n

where n is a finite number, {Zk} are i.i.d. unit Fréchet
random variables, and K is a fixed number. Let

Uδi = 1
1 − δ

Yδi ,

then

lim
δ→0

P

( n⋃
i=1

{|Uδi − Xδi ∨ Yδi | > ε}
)

= 0. (65)

Proof: From Lemma 4.6, we have

P(|Uδi − Xδi ∨ Yδi | > ε) ≤ 2δ + 1 − e−
δ
ε

for each i. Since

P

( n⋃
i=1

{|Uδi − Xδi ∨ Yδi | > ε}
)

≤
n∑

i=1
P(|Uδi − Xδi ∨ Yδi | > ε)

≤ n(2δ + 1 − e−
δ
ε )

which proves (65). �

Remark 4.7: (65) implies for a fixed K, if
∑

|k|>K
αk(δ) = δ is sufficiently small, the process

Xδi ∨ Yδi =
∨

−∞<k<∞
αk(δ)Zi−k, i = 1, 2, . . . n

can be closely approximated by the process

Uδi = 1
1 − δ

Yδi = 1
1 − δ

∨
|k|≤K

αk(δ)Zi−k,

i = 1, 2, . . . , n

in the sense of

P

( n⋃
i=1

|Uδi − Xδi ∨ Yδi | > ε

)
< ε. (66)

Lemma 4.8: Suppose αk ≥ 0, and∑
−∞<k<∞

αk = 1,
∑

|k|>K(δ)
αk = δ,

Xδ =
∨

|k|>K(δ)
αkZk, Yδ =

∨
|k|≤K(δ)

αkZk,

where {Zk} are i.i.d. unit Fréchet random variables. Let

Uδ = 1
1 − δ

Yδ ,

then for any ε > 0, there exist δ0(ε) and finite number
K0(δ0(ε)) such that

P(|Uδ0(ε) − Xδ0(ε) ∨ Yδ0(ε)| > ε) < ε. (67)

Proof: Follow the lines in the Proof of Lemma 4.6, we
have

P(|Uδ − Xδ ∨ Yδ| > ε) ≤ 2δ + 1 − e−
δ
ε .

It is easy to check that g(x) = 2x + 1 − e−x/ε is a
strictly monotone increasing function and g(0) = 0, so
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there exists δ∗0 (ε) such that

2δ∗0 (ε)+ 1 − e−
δ∗0 (ε)
ε = ε.

So

P(|Uδ∗0 (ε) − Xδ
∗
0 (ε) ∨ Yδ

∗
0 (ε)| > ε) ≤ ε.

Since
∑

−∞<k<∞ αk = 1, there exists a finite number
K0(δ0(ε)) such that∑

|k|>K(δ0(ε))
αk = δ0(ε)

where δ0(ε) ≤ δ∗0 (ε), so

P(|Uδ0(ε) − Xδ0(ε) ∨ Yδ0(ε)| > ε)

< 2δ0(ε)+ 1 − e−
δ0(ε)
ε < ε

and the proof is then completed. �

The following lemma is immediate.

Lemma 4.9: Suppose αk ≥ 0, and∑
−∞<k<∞

αk = 1,
∑

|k|>K(δ)
αk = δ,

Xδi =
∨

|k|>K(δ)
αkZk,

Yδi =
∨

|k|≤K(δ)

αkZk, i = 1, . . . , n

where n is a finite number and {Zk} are i.i.d. unit Fréchet.
Let Uδi = 1

1−δY
δ
i , then for any ε > 0, there exist δ0(ε)

and a finite number K0(δ0(ε)) such that

P

( n⋃
i=1

|Uδ0(ε)i − Xδ0(ε)i ∨ Yδ0(ε)i | > ε

)
< ε. (68)

Remark 4.8: if
∑

|k|>K(δ) αk = δ is sufficiently small,
the process

Xδi ∨ Yδi =
∨

−∞<k<∞
αkZi−k, i = 1, 2, . . . n

can be closely approximated by the process

Uδi = 1
1 − δ

Yδi = 1
1 − δ

∨
|k|≤K(δ)

αkZi−k,

i = 1, 2, . . . , n

in the sense of

P

( n⋃
i=1

|Uδ(ε)i − Xδ(ε)i ∨ Yδ(ε)i | > ε

)
< ε.

4.7.2. Some results on almost sure convergence and
infinitely discrete time domain
In Section 4.7.1, we considered convergence in prob-
ability as δ → 0. In this section we will consider a
sequence of {δt} which has the property that {δt} → 0
as t → ∞, and convergence for infinitely discrete time
domain and finitely discrete time domain.

Lemma 4.10: For any given ε > 0 and γ > 0, let δt be
small and satisfy

γ 2−t ≥ 2δt + 1 − e−
δt
ε/2 , δt > 0, t = 1, 2, . . . .

For a fixed K, let∑
−∞<k<∞

αk(t) = 1,
∑

|k|>K
αk(t) = δt , αk(t) ≥ 0,

Xt =
∨

|k|>K
αk(t)Zk, Yt =

∨
|k|≤K

αk(t)Zk,

Uδt = 1
1 − δt

Yt .

Then

Uδt − Xt ∨ Yt a.s.−→ 0. (69)

Proof: First we have

P( lim
t→∞ |Uδt − Xt ∨ Yt| > ε)

≤ P({|Uδt − Xt ∨ Yt| > ε/2}, i.o.)

= P

⎛⎝ ∞⋂
t=1

∞⋃
j=t

{|Uδj − Xj ∨ Yj| > ε/2}
⎞⎠

= lim
t→∞ P

⎛⎝ ∞⋃
j=t

{|Uδj − Xj ∨ Yj| > ε/2}
⎞⎠

≤ lim
t→∞

∞∑
j=t

P({|Uδj − Xj ∨ Yj| > ε/2})

≤ lim
t→∞ γ 2−t+1 = 0.

Since ε is arbitrary, we have

P
(
lim
t→∞(U

δt − Xt ∨ Yt) �= 0
)

= 0

which shows (69). �

Lemma 4.11: Suppose δt , αk(t) are defined the same as
in Lemma 4.10, let

Xt
i =

∨
|k|>K

αk(t)Zi−k, Yt
i =

∨
|k|≤K

αk(t)Zi−k,

Uδti = 1
1 − δt

Yt
i , i = 1, 2, . . .
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then for each i, Uδti − Xt
i ∨ Yt

i
a.s.−→ 0 and

Uδti − Xt
i ∨ Yt

i
a.s.−→ 0, all i, as t → ∞ (70)

Proof: By Lemma 4.10, it is obvious for each i, Uδti −
Xt
i ∨ Yt

i
a.s.−→ 0. Since the index set on i is a countable

set (70) is immediate. �

Lemma 4.12: For finitely discrete time domain i =
1, 2, . . . , n and the conditions in Lemma 4.11, we have

P

(
lim
t→∞ sup

i≤n
|Uδti − Xt

i ∨ Yt
i | > ε

)
= 0. (71)

Proof: Since for any finite n

P

(
lim
t→∞ sup

i≤n
|Uδti − Xt

i ∨ Yt
i | > ε

)

≤ P

(
sup
i≤n

|Uδti − Xt
i ∨ Yt

i | > 3ε/4, i.o.

)

≤ P

⎛⎝ ∞⋂
t=1

∞⋃
j=t

{
sup
i≤n

|Uδji − Xj
i ∨ Yj

i | > 3ε/4

}⎞⎠
≤ P

⎛⎝ ∞⋂
t=1

∞⋃
j=t

n⋃
i=1

{|Uδji − Xj
i ∨ Yj

i | > ε/2}
⎞⎠

= lim
t→∞ P

⎛⎝ ∞⋃
j=t

n⋃
i=1

{|Uδji − Xj
i ∨ Yj

i | > ε/2}
⎞⎠

= lim
t→∞ P

⎛⎝ n⋃
i=1

∞⋃
j=t

{|Uδji − Xj
i ∨ Yj

i | > ε/2}
⎞⎠

≤ lim
t→∞

n∑
i=1

P

⎛⎝ ∞⋃
j=t

{|Uδji − Xj
i ∨ Yj

i | > ε/2}
⎞⎠

=
n∑

i=1
lim
t→∞ P

⎛⎝ ∞⋃
j=t

{|Uδji − Xj
i ∨ Yj

i | > ε/2}
⎞⎠

≤ n lim
t→∞ γ 2−t+1 = 0.

�

Lemma 4.13: Suppose δt, αk(t) are defined the same as
in Lemma 4.10, let

Xt
i =

∨
|k|>K

αk(t)Zi−k, Yt
i =

∨
|k|≤K

αk(t)Zi−k,

Uδti = 1
1 − δt

Yt
i , i = 1, 2, . . . , n

then

lim
t→∞ P

( n⋃
i=1

{|Uδti − Xt
i ∨ Yt

i | > ε}
)

= 0. (72)

Proof: From Lemma 4.6 we have

P(|Uδti − Xt
i ∨ Yt

i | > ε) ≤ 2δt + 1 − e−
δt
ε

for each i. Since

P

( n⋃
i=1

{|Uδti − Xt
i ∨ Yt

i | > ε}
)

≤
n∑
i=1

P(|Uδti − Xt
i ∨ Yt

i | > ε)

≤ n(2δt + 1 − e−
δt
ε )

which proves (72). �

Since (70) implies

P

( ∞⋃
i=1

∞⋂
m=1

∞⋃
t=m

{|Uδti − Xt
i ∨ Yt

i | > ε}
)

= 0, (73)

we now generalise (73) to a more general case and
state a theorem which shows how a finite moving range
model arbitrarily closely approximates an infinite range
moving process. The proof is just a generalisation of the
arguments above.

Theorem 4.14: Suppose al,k,d ≥ 0, and

∞∑
l=1

∞∑
k=−∞

al,k,d(δd) = 1,
∑

{lk}�K
al,k,d(δd) = δd > 0,

whereK is a finite index set,

Yδdid = max
l

max
k

al,k,d(δd)Zl,i−k, d = 1, . . . ,D,

(74)

Ỹiδd = max
{lk}�K

bl,k,d(δd)Zl,i−k, d = 1, . . . ,D, (75)

where ∑
{lk}�K

bl,k,d(δd) = 1

for each d = 1, . . . ,D. And

bl,k,d(δd) = 1
1 − δd

al,k,d(δd)

for {lk} � K, then there exist {δmd}, δmd → 0 as m →
∞, such that

P

( D⋃
d=1

∞⋃
i=−∞

∞⋂
t=1

∞⋃
m=t

{|Ỹiδmd − Yid| > ε}
)

= 0.

Therefore, we conclude {Ỹiδd} → {Yid} for all i and d
with probability one.
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4.8. Autoregressivemodels with additive errors
and competing errors

Using the result of logarithm transformation of Fréchet
random variables to Gumbel random variables, Naveau
et al. (2011) proposed the following time series model:

Xt,α = μ+ max
(
γ + α log(St,α)+ αXt−1,α , ξt

)
,
(76)

where μ is a location parameter, and both Xt,α and ξt
are Gumbel distributed, St,α is positive α stable dis-
tributed.We can regard (76) as a time series model with
log of positive α stable noises log(St,α) and hidden max
Gumbel shocks ξt . The idea is as follows. Suppose that
ξt = −∞ for all t. Thenmodel (76) is a pure autoregres-
sive signal process. Alternatively, suppose that P(ξt >
−∞) = 1 in (76) at time t. If the signal value of ξt is
stronger than the signal resulted from the autoregres-
sive signal process, then ξt is the new observed signal
value, i.e., the signal process is altered by a hidden
(max) Gumbel shock. This model may also be regarded
as an autoregressive model with an infinite number
of change points. We note that log(St,α)+ Xt−1,α is a
Gumbel type random variable according to Fougéres
et al. (2009). As a result, Xt,α is Gumbel distributed.
A Gumbel distributed random variable can be used to
model asymmetric heavy tailed observations, e.g., the
deseasonalised weekly maxima of river flow rates in
Naveau et al. (2011).

Considering the simplest autoregressive structure
and the apparent interpretability of (76),model (76) can
serve as an alternative model to models (33) and (46).

5. Systematic risks, extreme co-movements
and risk contagions

Risk analysis and management permeate in our daily
life in almost all aspects. Building a good riskmodel and
a good risk measure reduces the probability of a failure
of a system. There have beenmany developments in this
subject in many application areas. For example, value
at risk (VaR) is a popular risk measure in the banking
industry and the insurance industry. Chen et al. (2019)
compared several popular risk measures and proposed
a new mark to market value at risk (MMVaR) mea-
sures to deal with settlements being taken daily during
the holding period. For details of VaR and other risk
measures, we refer to Chen et al. (2019) and references
therein.

Systematic risk (or systemic risk) is a contempo-
rary research topic. Systematic risk can occur in almost
every area (system), e.g., flooding, forest fire, earth-
quake, market crash, financial crisis, economic crisis,
global disease pandemic (likeCoVID-19), amongmany
others. There are many challenges in modeling system-
atic risks caused by some rare events. Models discussed
in Section 4 for modeling extreme values and rare

events can certainly be suitable for many applications.
In this section, we discuss a recently proposed frame-
work for studying systematic risk in an integrated time
series model. We present some computational results
for studying extreme co-movements and risk conta-
gions inDow Jones stockmarket. Themethodology can
be applied to many other scenarios.

5.1. Autoregressive tail-indexmodels

There are many ways to characterise and describe
systematic risk and risk contagions. Various models
have been developed for modeling systematic risks.
Some recent developments include (Kelly, 2014; Mao &
Zhang, 2018; Massacci, 2016; Zhang & Schwaab, 2017;
Zhao et al., 2018) amongst others. We review one of
these models in this section and point out its connec-
tions to models discussed in Section 4.

Let’s consider a system that contains hundreds or
thousands of subsystems. As long as one subsystem
fails, the whole system fails. As such, the systematic risk
will be the dominating risk fromone sub-system among
all components at any given time. Examples of such
system with systematic risk include those mentioned
earlier in Section 5.

The above arguments can be described as: Suppose a
financial system/portfolio contains p stocks. The stock
return time series are {Xit}pi=1, t = 1, . . . ,T. We con-
sider two types of such multivariate time series (high
dimensional). The first type is that {Xit}pi=1 are a set of
panel time series, and we are interested in modeling
the cross-sectional maxima Qt = max1≤i≤p Xit . Such
problems arise in many applications, including mod-
eling the maximum daily loss across a group of stocks
in a portfolio. The second type is that {Xit}pi=1 denote
the p intra-period observations for a univariate time
series within period t, and we are interested in mod-
eling the intra-period maxima Qt = max1≤i≤p Xit . For
example, one may be interested in the intra-day max-
ima of high-frequency trading losses that occur on the
same day.

With the established theory in Sections 2 and 3, Qt
may be modeled by a GEV distribution or a product of
extreme value distributions. For the rest of the paper,
we consider the following model:

Qt = μ+ σtY
1/αt
t , (77)

log σt = β0 + β1 log σt−1 + β2 exp(−β3Qt−1), (78)

logαt = γ0 + γ1 logαt−1 + γ2 exp(−γ3Qt−1), (79)

where {Yt} is a sequence of i.i.d. unit Fréchet ran-
dom variables, 0 ≤ β1 �= γ1 < 1, β2 < 0, β3 > 0, γ2 >
0, and γ3 > 0.

We note that {Yt}’s are assumed i.i.d. in this section.
They can be tail (in)dependent and modeled using the
models discussed in Section 4, and hence the modeling
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accuracymay be increased.We leave this task for future
researches.

We now present an analysis of Dow Jones’ 30 (DJI30)
stock negative returns. Due to two stocks were just
added less than two years. The actual number of stocks
is 28. The data is downloaded from Yahoo Finance
within the time window 1 January 2000 to 21 March
2020. We first fit a GARCH(1,1) model with t dis-
tributed innovations to each individual return series.
Using the negative return series divided by the fitted
volatilities, we get standardised negative return series
for each stock. Taking the maximum value of the 28
standardised negative returns each day, we obtain a
time series, i.e., Qt . We fit Qt to model (77)–(79). The
fitted parameter values and standard deviations are pre-
sented in Table 2.

From Table 2, we can see that except γ0, all other
coefficients are significant, which is an indication
that (77)–(79) is suitable for the cross-sectionalmaxima
data. Figure 2 plots the recovered tail indexes {̂αt} (left)
and scale parameters {̂σt} (right).

From Figure 2, we can see that {̂αt} and {̂σt} vary all
the time, i.e., they cannot be constant. {̂αt} and {̂σt} are
affected by the observed extreme values from previous
days. Together with Table 2, one can see that (77)–(79)
are good for describing the extrememovements inDow
Jones market. Additional analysis results and inference
can be done using the fittedmodel as discussed in Zhao
et al. (2018).

We will use the recovered value Yt to study extreme
co-movements in the next section.

5.2. Extreme co-movements and risk contagions

Extreme co-movements refer to extreme values co-
occur during a short time period. Risk contagions stand
for that risk variables impact each other at extreme
values. We use TQCC to study stock price extreme co-
movements and risk contagions among Dow Jones’ 30
stocks. In the literature, among many applications, Wu
et al. (2012) illustrated the idea of studying the equity
market index extreme co-movement using TQCC, and
Deng and Zhang (2020) used TQCC to study haze
extreme contagions in a vast region in China. In their
applications, a generalised extreme value (GEV) fit-
ting was implemented. In this section, we adopt a
rank transformation using simulated data advocated
in Zhang et al. (2011). The computation procedure is
shown next.

Consider two stocks A and B among 28 stocks
in Dow Jones 30. Denote their standardised negative
return series derived from GARCH(1,1) fitting as εAt
and εBt , respectively; denote the sorted (from smallest to
largest) series of the recovered Yt series from the fitted
model (77) as Yr

t ; denote YA
t = Yr

rank(εAt )
.

For k = 1:1000,
Simulate a sequence of unit Fréchet random vari-

ables Zts;
Sort {Zt}, and then denote the sorted sequence as

{Ys
t };

Set YB
t = Ys

rank(εBt )
;

Set (Xt ,Yt) = (YA
t ,YB

t );

Table 2. MLE for cross-sectionalmaxima of negative standardised daily log-returns for
DJI30 from 1 January 2000 to 21 March 2020.

DJI30 γ0 γ1 γ2 γ3 β0 β1 β2 β3 μ

Mean 0.122 0.838 0.302 0.200 0.075 0.961 −0.020 2.492 −5.279
S.D. 0.092 0.030 0.102 0.099 0.014 0.007 0.003 0.310 0.453

Figure 2. Estimated tail indexes {̂αt} (left) and scale parameters {̂σt} (right) from 1 January 2000 to 21March 2020 for Dow Jones 30.
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un = min(the 97.5th percentile of {YA
t }, the 97.5th

percentile of {YB
t });

Compute q.975,k using TQCC formula (21);
Set qAB = max1≤k≤1000(q.975,k).
Repeat the above process for all combinations of
all 28 stocks.

For comparison, we also compute linear correlation
coefficients rAB between two standardised time series
εAt and εBt .We use qAB and rAB to generate dendrograms
in Figures 3 and 4.

From Figures 3 and 4, we can immediately see that
the stock clusters based on TQCC and the stock clus-
ters based on correlation coefficients are different. It is

clear correlation coefficients measure the relationship
in the middle parts of the data. However, TQCC can
reveal the relation in the tails. In Figure 3, the left panel
based on TQCC can reveal the highest probability that
given one stock price plungeswithin the left sub-branch
of clustered compounds, one stock price also plunges
within the right sub-branch of clustered compounds. In
Figure 4, the left panel based on TQCC can reveal the
smallest probability that given one stock price plunges
within the left sub-branch of clustered compounds, one
stock price also plunges within the right sub-branch
of clustered compounds. Such information can help
investors make better trading decisions and form better
portfolios during volatile market movements.

Figure 3. Dendrograms based on TQCC (left) and linear correlation coefficients (right) using the complete linkage.

Figure 4. Dendrograms based on TQCC (left) and linear correlation coefficients (right) using the single linkage.
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6. Conclusions

In this review paper, a series of models and tail depen-
dence measures have been discussed. These models
can be applied to many research studies as long as
extreme values and rare events are concerned. They can
be used as alternative models and/or enhanced mod-
els to ARMA and GARCHmodels. They can be further
extended to much more advanced models to meet the
need for more complex data. In the literature, there
are many other models that can be excellent candi-
datemodels for studying extremes, e.g., Brown-Resnick
processes (Brown & Resnick, 1977; Huser & Davi-
son, 2013). The new extreme value theory discussed in
Section 3 can open a broad area of research. The autore-
gressive models with additive errors and competing
errors and the autoregressive tail-index models can be
extended to high order and high-dimensions. As to sta-
tistical inference, Bayesian inference of these models is
also a promising research direction. In the literature of
extreme value and moving maxima models, Kunihama
et al. (2012) applied particle filtermethod to studymov-
ing maxima models. Idowu and Zhang (2017) applied
a hybrid MCMC approach in a class of SM4R mod-
els. It can be expected that more researches using
the discussed models will be rooted in many research
areas.
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