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ABSTRACT
In Bayesian quantile smoothing spline [Thompson, P., Cai, Y., Moyeed, R., Reeve, D., & Stander, J.
(2010). Bayesian nonparametric quantile regression using splines. Computational Statistics and
Data Analysis, 54, 1138–1150.], a fixed-scale parameter in the asymmetric Laplace likelihood
tends to result in misleading fitted curves. To solve this problem, we propose a new Bayesian
quantile smoothing spline (NBQSS), which considers a random scale parameter. To begin with,
we justify its objective prior options by establishing one sufficient and one necessary condition
of the posterior propriety under two classes of general priors including the invariant prior for the
scale component. We then develop partially collapsed Gibbs sampling to facilitate the compu-
tation. Out of a practical concern, we extend the theoretical results to NBQSS with unobserved
knots. Finally, simulation studies and two real data analyses reveal three main findings. Firstly,
NBQSS usually outperforms other competing curve fitting methods. Secondly, NBQSS consid-
ering unobserved knots behaves better than the NBQSS without unobserved knots in terms of
estimationaccuracy andprecision. Thirdly, NBQSS is robust topossible outliers andcouldprovide
accurate estimation.
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1. Introduction

While mean regression has been widely used in statis-
tics, quantile regression, first proposed by Koenker
and Bassett (1978), is regarded as a powerful sup-
plement of mean regression. It models the condi-
tional quantiles of the dependent variable as a func-
tion of the covariates. There is an extensive literature
on quantile regression in classic statistics from various
fields including the works of Koenker (2004), Cher-
nozhukov (2005),Wang et al. (2007), Li and Zhu (2008)
and Wu and Liu (2009). We recommend Koenker
(2005) for a comprehensive review on quantile regres-
sion. Suppose that we haveN samples (x1, y1), . . . , (xN ,
yN), the linear quantile regression model for the pth
quantile is yi = x′

iβ + ui, where ui are independent
with pth quantile zero. Koenker and Bassett (1978) pro-
posed to obtain the estimators of the coefficient β =
(β1, . . . ,βm)′ by solving the following minimisation

min
β

N∑
i=1

ρp(yi − x′
iβ), (1)

where ρp(x) is called a check function with

ρp(x) =
{
px, if x > 0,
(p − 1)x, if x ≤ 0.

(2)
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From a frequentist view, the consistency and the
asymptotic normality of the estimators have been well
established (Koenker, 2005). However, the Bayesian
approach is preferred when the priority is making
inference with a small sample size or obtaining cred-
ible intervals for all the parameters simultaneously.
Under the Bayesian framework, Yu and Moyeed (2001)
assumed that the distribution of error term ui fol-
lows the asymmetric Laplace distribution (ALD). This
choice has received tremendous attention for its guar-
anteed posterior consistency of Bayesian estimators
(Sriram et al., 2013) and robustness (Yu & Moy-
eed, 2001) even if the randomerrors do not followALD.
The density of ALD with location parameter μ ∈ R,
scale parameter σ > 0 and pth quantile, ALD(μ, σ , p),
is

p(y|μ, σ , p) = p(1 − p)σ exp(−σρp(y − μ)). (3)

With ALD, the likelihood function of β is

p(y|β , σ , p)

= pN(1 − p)NσN exp

(
−σ

N∑
i=1

ρp
(
yi − x′

iβ
))

. (4)

Clearly, with a constant prior on β , the posterior mode
of β given σ is the minimiser of (1).
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Notice that (4) is based on a linear relationship
between the response variable and a set of predictors. In
reality, the underlying relationship between univariate
covariate x and y may be a nonlinear function f (x). In
the discussion of Cole (1988) and Jone (1988) proposed
to estimate quantile smoothing spline by

min
f

{ N∑
i=1

ρp(yi − f (xi)) + η

∫ T

0

(
f ′′(x)

)2 dx
}
, (5)

where η ∈ R+ controls the smoothness of the spline.
Koenker et al. (1994) pointed out that the resulting
quadratic program in (5) poses some serious compu-
tational issues and they estimated f (x) by minimising

min
f

{ N∑
i=1

ρp(yi − f (xi)) + η

∫ 1

0
|f ′′(x)| dx

}
, (6)

where f (x) belongs to the space U2 defined as follows,

U2 =
{
g : g(x) = a0 + a1x

+
∫ 1

0
(x − y)+ dμ(y),V(μ) < +∞

}
. (7)

They showed that the solution is the linear spline
with the knots at xi and the computation enjoys lin-
ear programming virtues. However, the frequentist
approaches cannot easily provide uncertainty evalua-
tions for the estimation of f (·) or a stable estimator of
η. From a Bayesian perspective, Thompson et al. (2010)
proposed original Bayesian quantile smoothing spline
to solve (5). Using ALD in (3) with σ = 1 serv-
ing as the likelihood, they imposed the prior on z =
(f (x1), . . . , f (xn))

p(z|η) ∝ η
N−2
2

(2π)
N−2
2 (μ1 · · · μN−2)1/2

exp
(
−η

2
z′Az

)
,

(8)
where A is a smoothing matrix (See Section 2) and
μ1, . . . ,μN−2 are the inverse of N−2 non-zero eigen-
values of A. However, two undesirable issues exist
in this method. Firstly, as demonstrated by Santos
and Bolfarine (2016), the likelihood with σ fixed is not
flexible enough to capture the variability of the data,
especially when p is away from 0.5, which leads to
inaccurate estimates. Secondly, worse still, our exten-
sive simulation studies and one real data example
(Section 4) show that this method automatically poses
either an extremely large or small value on η, hence the
resulting curve tends to either too flat or overly fitted
and fails to capture the true trend of the underlying
curve.

One natural consideration to alleviate this prob-
lem is employing a random σ instead of a fixed value.
We probe this option for Bayesian quantile smooth-
ing spline using the likelihood (4) and we refer to

this option as the new Bayesian quantile smoothing
spline (NBQSS). In fact, a random σ has been stud-
ied in other Bayesian quantile curve fitting methods.
For instance, Yue and Rue (2011) proposed Bayesian
quantile regression for additive mixed models. Hu
et al. (2015) established semiparametric Bayesian quan-
tile regression for partially linear additivemodels.How-
ever, they all employed the proper conjugate prior on
scale parameter, which is not favourable when little
information is available. In this paper, we explore the
objective prior for the scale parameter σ and investi-
gate the posterior propriety of the joint posterior with
one general type prior including the invariant prior on
σ . We also develop the partially collapsed Gibbs sam-
pling algorithm for the joint posterior. Furthermore, to
deal with the unobserved knots in some intervals, we
extend our framework to the unobserved knots case
seamlessly.

The remainder of paper is organised as follows. In
Section 2, we present NBQSS and establish the cor-
responding conditions of posterior propriety under
two common prior specifications. We also develop
the related ready-to-use partially collapsed Gibbs sam-
pling. In Section 3, we extend our conclusions to the
case with unobserved knots out of practical consider-
ation. In Section 4, to evaluate the performance of our
method, we compare NBQSS with the other four com-
peting curve fitting methods through extensive simula-
tion studies. In addition, in the case of the unobserved
knots, we investigate the behaviour of NBQSS under
two unobservedmechanisms. In Section 5, we conclude
with highlights in this paper, recommendations for the
priors and research priorities in the future.

2. Bayesian quantile smoothing spline

2.1. Prior specification and posterior propriety

We formally address the minimisation (5). To be more
specific, we assume the knots xi are arranged in an
increasing order, 0 ≤ x1 < · · · < xn ≤ T. Suppose that
wi is the number of observations at the knot xi, i =
1, . . . , nwith

∑n
i=1 wi = N and yij is the jth observation

at xi, j = 1, . . . ,wi. Then, (5) can be rewritten as

min
f∈W2

2

⎧⎨
⎩

n∑
i=1

wi∑
j=1

ρp(yij − f (xi)) + η

∫ T

0
(f ′′(x))2dx

⎫⎬
⎭ ,

(9)

where W2
2 = {f : f , f ′ is absolutely continuous,∫ T

0 (f ′′(t))2dt < +∞}. The solution to (9) is the natural
cubic spline and the knots are xi, i = 1, . . . , n (Koenker
et al., 1994; Wahba, 1990). Therefore, solving (9) is
equivalent to solving
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min
θ0,θ1,a

⎧⎨
⎩

n∑
i=1

wi∑
j=1

ρp

(
yij − θ0 − θ1xi

−
n∑

k=1

akR(xk, xi)

)
+ ηa′Ra

}
, (10)

where R is a n × n positive matrix with (i, j) element
R(xi, xj) and R(·, ·) is a reproducing kernel (Gu, 2013)
with the following form,

R(x, y) =
∫ 1

0
(x − u)+(y − u)+du

= 1
6
(x ∧ y)2{3(x ∨ y) − (x ∧ y)}, (11)

where (x − u)+ = max{x − u, 0}, x ∨ y = max(x, y),
x ∧ y = min(x, y), a = (a1, . . . , an)′ and a′Ra is the
penalty term corresponding to

∫ T
0 (f ′′(t))2dt in (9).

To handle the minimisation in (10) under the
Bayesian framework, we assume the likelihood of
(θ0, θ1, σ , a) based on y = (y11, . . . , y1w1 , . . . , ynwn)

′ is

p(y|θ0, θ1, a, σ , p)

∝ σN exp

⎧⎨
⎩−σ

n∑
i=1

wi∑
j=1

ρp

×
(
yij − θ0 − θ1xi −

n∑
k=1

akR(xk, xi)

)⎫⎬
⎭ . (12)

Define θ = (θ0, θ1)′, we assign the prior for (θ , a) to be

π(θ , a|δ) ∝ 1
δn/2

exp
{
− 1
2δ

a′Ra
}
. (13)

Note thatwith the likelihood (12) and the prior (13), the
posterior mode of (θ , a|δ, σ , y) is the solution to (10).

As our primary interest lies in the fitted curves
instead of the estimation of (θ , a), inspired by Speck-
man and Sun (2003), we alternatively unify the prior of
(θ , a) as the prior of the unknown functional value, zi =
θ0 + θ1xi +

∑n
k=1 akR(xk, xi). Here, we denote z =

(z1, . . . , zn)′ = Tθ + Ra, T = (1n, x), x = (x1, . . . ,
xn)′, then the likelihood (12) can be written in the
following way,

p(y|z, p, σ) ∝ σN exp
{−σρp(y − Cz)

}
, (14)

where C = diag(1w1 , . . . , 1wn) and C′C = diag(w1,w2,
. . . ,wn). Notice that the reparameterisation reduces the
number of parameters in the model.

Utilising (13) and the relationship between z and
(θ , a), we can obtain that the prior distribution of z is
a partial information normal prior (PIN) (Speckman
& Sun, 2003) with density,

π(z|δ) ∝ |A|1/2+
δ(n−2)/2 exp

(
− 1
2δ

z′Az
)
, (15)

where A = R−1 − R−1T(T′R−1T)−1T′R−1 is a posi-
tive semi-definite matrix with rank n−2 and |A|+ is the
product of the positive eigenvalues of A. According to
Sun et al. (1999), PIN can be interpreted as two parts,
a constant prior on the null space of A and a proper
multivariate normal prior on the range of A.

For the fully Bayesian analysis, one common prior of
(σ , δ) is the independent conjugate priors as follows,

π(σ , δ) ∝ σ a0−1 exp(−b0σ)
1

δa1+1 exp
(

−b1
δ

)
. (16)

(16) has been widely used in Bayesian P-spline
(Lang & Brezger, 2004) and Bayesian hierarchical lin-
ear mixed models (Hobert & Casella, 1996). Lang
and Brezger (2004) suggested the invariant prior (a0 =
b0 = 0) on σ , a1 = 1 and b1 is a small quantity (such
as 10−2). However, there are two undesirable issues for
introducing this specification in NBQSS. To start with,
the posterior estimates may be sensitive to the choice of
hyperparameter b1 (see Section 4). More importantly,
the joint posterior could be improper in some impor-
tant cases. To demonstrate this point, we allow a0, a1 to
be the real and b0, b1 to be nonnegative so that some
limiting cases of Gamma priors such as the invariant
prior could be included. With the likelihood (14), pri-
ors (15) and (16), the following theorem establishes the
corresponding sufficient and necessary conditions for
posterior propriety.

Theorem 2.1: Define SSE= y′(IN −C(C′C)−1C)y, the
posterior of (z, σ , δ|y) is proper if Conditions A, B and C
hold.

Condition A. One of the following holds:

(A1) b1 > 0,N − 2 + a0 > 0;
(A2) b1 = 0, a1 < 0.

Condition B. One of the following holds:

(B1) SSE + 2b0 > 0, n − 2 + 2a1 > 0;
(B2) SSE + 2b0 = 0,N − n + a0 < 0.

Condition C. N − 2 + a0 + 2a1 > 0.

By Theorem 2.1, the posterior of (z, σ , δ|y) does not
exist for a0 = b0 = 0 and SSE = 0 or equivalently each
xi corresponds to only one observation, since Condi-
tion (B2) in Theorem 2.1 is violated.

To overcome deficiencies in (16), instead of (σ , δ),
we could consider priors on σ and the smoothing
parameter η = 1/(2σδ). To include a slightlymore gen-
eral class of independent priors of (σ , η), we specify

π(σ , η) ∝ 1
σ a+1 h(η), σ > 0, η > 0, (17)

where a ≥ 0 is fixed and h(η) is one general prior for
η. This idea of using prior (σ , η) rather than (σ , δ)
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is actually motivated by the prior in Bayesian additive
smoothing splines (Sun & Speckman, 2008). With the
likelihood (14), the priors (15) and (17), we have the
following theorem.

Theorem 2.2: We have the following two cases,

(a) Under the priors (15) and (17), the joint posterior of
(z, σ , η|y) is proper if h(η) is proper and n>2+ a.

(b) When SSE>0, suppose there exist L>0, b>0 such
that

h(η) ≤ L
η1+b , η > 0, (18)

the joint posterior of (z, σ , η|y) is proper if n>2+
2b and N>2+ a+ b.

Theorem 2.2 establishes the sufficient condition for
the posterior propriety of the joint posterior. Based on
Theorem 2.2(a), when we use the invariant prior for
σ (a = 0), despite of SSE = 0 or > 0, the joint poste-
rior is proper when h(η) is proper and there are at least
three knots. When SSE>0, Theorem 2.2(b) allows an
improper prior on η. With a small quantity on a and b,
for example a = 0 and b = 0.01, the joint posterior is
proper when there are at least three knots and four total
observations. For the necessary condition, we have the
following theorem.

Theorem 2.3 (Necessary condition): When SSE = 0,
the necessary condition for the propriety of joint posterior
(z, σ , η|y) is n>2+ a and there exists a positive ε such
that ∫ ε

0
ηah(η) dη +

∫ +∞

ε

h(η) dη < +∞. (19)

By Theorem 2.2(a) and 2.3, when SSE = 0 and the
invariant prior is imposed on σ (a = 0), a proper h(η)

is sufficient and necessary condition for the propriety of
joint posterior (z, σ , η|y).

Remark 2.1: When SSE = 0 and a = 0, the condition
for the posterior propriety is the same as the case in the
Bayesian smoothing spline (Tong et al., 2018).

Here, we imposed the invariant prior on σ for an
objective purpose. At last, we need to specify a prior for
η to complete the fully Bayesian analysis. In accordance
with Theorem 2.2, when the invariant prior is used for
σ , we need a proper prior for η to ensure a proper joint
posterior. We adopt the scaled Pareto prior for η,

h(η) ∝ c
(c + η)2

, η > 0, c > 0. (20)

In point of fact, (20) has been widely used in Bayesian
smoothing spline (Cheng & Speckman, 2012; Tong
et al., 2018) due to its heavy tail and straightforward

explanation of hyperparameter c, which is the median
of this distribution. Furthermore, (20) is equivalent to
the hierarchical structure below

η|s ∼ exp(s), s ∼ exp(c), (21)

where s is the latent variable. This hierarchical structure
offers computation benefits by the resulting conjugacy
of the full conditional distribution of η. For the choice
of the hyperparameter c, we select c to be the tuned
smoothing parameter ηopt by generalised approximate
cross-validation (GACV) (Yuan, 2006). The sensitivity
test of hyperparameters c suggests the fitted curves are
quite robust to the choice of c (see Section 4).

2.2. Partially collapsed gibbs sampling

To facilitate the Gibbs sampling involving ALD,
we decomposed ALD as a mixture of an expo-
nential and a scaled normal distribution (Kozumi
& Kobayashi, 2011). To be specific, if Y is distributed
as ALD(μ, σ , p),

Y d= ξ1ν + ξ2σ
− 1

2
√

νz + μ, (22)

where

ξ1 = 1 − 2p
p(1 − p)

, ξ2 =
√

2
p(1 − p)

,

ν ∼ Exp(σ ), z ∼ N(0, 1), ν and z are independent. This
representation allows us to express the quantile regres-
sion model as the normal regression with the latent
variable ν distributed as exponential. Incorporating the
latent variables s and ν = (ν1w1 , . . . , νnwn) through (21)
and (22), we can obtain the full conditional distri-
butions of the unknown parameter including latent
variables. We further applied partially collapsed Gibbs
sampling (van Dyk & Park, 2008) by marginalising the
latent variable ν in (σ , ν|z, σ , s, y) to achieve a better
mixing property. The sampling procedure for the joint
distribution of (z, σ , η, s, ν|y) is as follows.

(a) Sample σ from

Gamma
(
N + n

2
− 1, ρp(y − Cz) + ηz′Az

)
.

(b) Sample z from

N(μ,�),

where

� = (� + 2σηA)−1, μ = �B,

and

B = (B1, . . . ,Bn), Bi =
wi∑
j=1

yij − ξ1νij

ξ 22 νij
,
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� = diag(C1, . . . ,Cn),Ci =
wi∑
i=1

1
ξ 22 νij

.

(c) Sample η from

Gamma
(n
2
, s + σ z′Az

)
.

(d) Sample s from

Gamma(2, η + c).

(e). The density of νij ∈ ν is proportional to

1√
νij

exp

{
−
(

ξ 21
2ξ 22

+ σ

)
νij −

(yij − zi)2

2ξ 22 νij

}
,

i = 1, . . . , n, j = 1, . . . ,wi.

If we set ν∗
ij = 1/νij, ν∗

ij follows the inverse Gaus-
sian (IG) distribution, IG(σξ1ξ

−2
2 + 2σ , |yij −

zi|−1
√

ξ1 + 2σξ 22 ), where a randomvariableX fol-
lows IG distribution (Jørgensen, 1982), IG(ν, λ), if
the density is√

λ

2πx3
exp
(

−1
2

λ(x − ν)2

2ν2x

)
.

3. Smoothing spline with unobserved knots

In practice, it is crucial to consider situations where
knotsmay be unobserved in several intervals but we are
interested in the fitted values at some given knots. Here,
the unobserved knots refer to the case where there is no
observation at the knots. This situation is common. For
instance, in the bond transaction data, the trading data
for the short term is more abundant due to its good flu-
idity than the long term.However, we still need to know
some fitted values at key knots without observations in
the long term. Notice that a regular NBQSS could pro-
vide the whole fitted curve based on the observed knots
and hence obtain an estimate for any given knot, includ-
ing the unobserved. In contrast, in this section, we
directly incorporate the functional values at the unob-
served knots as unknown parameters into the model.
Therefore, it is feasible to borrow the information from
observed knots. It is within our expectation thatNBQSS
with unobserved knots exhibits less uncertainty com-
pared with a regular NBQSS and give a better predic-
tion at unobserved knots. We prespecified position and
the number of the unobserved knots. Admittedly, the
choice for optimal locations or the number of added
knots remains a challenging problem but it is beyond
the scope of our paper.

Consider {x1, x2, . . . , xn} as the complete knots,
assume that there are m unobserved knots, say {x̃1,
x̃2, . . . , x̃m}, in {x1, x2, . . . , xn} and the rest observed
knots are marked as {x1, x2, . . . , xn−m}. We still assume

that there exist wi observations at xi, i = 1, . . . , n − m
and

∑n−m
i=1 wi = N.

Notice that one nice aspect of the priors associated
with smoothing spline is that they extend naturally to
f (x) for arbitrary unobserved knots (Nychka, 2000).
Therefore, we introduce the incidence matrix, denoted
as C, to the likelihood of (z, σ) with kernel

σN exp
(−σρp

(
y − Cz

))
,

z = (z1, . . . , zn−m, z̃1, . . . , z̃m), (23)

where (z1, . . . , zn−m) is the unknown functional value
at the knots (x1, . . . , xn−m) and (z̃1, . . . , z̃m) corre-
sponds to the knots (x̃1, . . . , x̃m). C′C = diag(w1, . . . ,
wn) and wi is positive when zi corresponds to the
observed knot, zero otherwise. C is utilised to indi-
cate the corresponding response variable for zi, i =
1, . . . , n − m. For an intuitive understanding, we pro-
vide an illustration for C. Suppose there are three knots
x1 < x̃1 < x2, there are 2 observations at x1, 2 observa-
tions at x2, and no observation at x̃1. Then, C is⎛

⎜⎜⎝
1 0 0
1 0 0
0 0 1
0 0 1

⎞
⎟⎟⎠

and C′C = diag(2, 0, 2).
The following theorem establishes the posterior pro-

priety for NBQSS with unobserved knots.

Theorem 3.1: Under the likelihood (23) and PIN
prior (15) on z, the conditional posterior of (z|σ , δ, y)
or (z|σ , η, y) after integrating (z̃1, . . . , z̃m) has the same
structure as the case where there is no additional knot.

By Theorem 3.1, it follows immediately that, if we
specify the prior for (σ , δ) or (σ , η), the conditions
for posterior propriety of the joint posterior of all the
parameters is the same as the regular NBQSS.

4. Numerical analysis

4.1. Sensitivity analyses of the hyperparameters

In this section, we perform the sensitivity analyses in
NBQSS with respect to its two candidate prior spec-
ifications including the Gamma prior (16) for δ and
the scaled Pareto prior (20) for η. Assume the data are
generated from

yi = f (xi) + εi, εi
i.i.d.∼ N(0, 0.062), (24)

with

f (x) =
(
1 + e−4(x−0.3)

)−1 +
(
1 + e3(x−0.2)

)−1

+
(
1 + e−4(x−0.7)

)−1 +
(
1 + e5(x−0.8)

)−1
.

(25)
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Figure 1. The curves are fitted when p = 0.5 and the true curves are the solid lines. Graph (a): Gamma prior, Ga(a1, b1), for δ with
a1 = 1 and b1 = 0.01 (dash-dotted), b1 = 0.1 (dotted), b1 = 0.5 (dashed); Graph (b): Scaled Pareto prior for η with c = 0.05 (dash-
dotted), c = 0.1 (dashed) and c = 0.5 (dotted).

Table 1. ISEs for Gammaprior on δ and scaled Pareto prior onη.

(a1, b1) (1,0.01) (1,0.1) (1,0.5)
Gamma(a1, b1) ISE 4.204×10−3 2.189×10−3 1.875×10−3

Scaled Pareto(c) c 0.05 0.1 0.5
ISE 1.989×10−3 2.142×10−3 2.453×10−3

We equally divide x ∈ [−2, 2] into 50 pieces and the
knots are {x1, . . . , x50}. For the knots {x1, . . . , x24, x26,
. . . , x50}, we generate one observation. For the knot
x25, we generate 2 observations to ensure the exis-
tence of the posterior of (z, σ , δ|y). The function (25)
is also utilised by Jullion and Lambert (2007) to check
the sensitivity of the hyperparameter for Gamma prior
in Bayesian P-spline. In Figure 1, we may find that
the fitted curves fluctuate a lot to the choice of the
hyperparameter b1 in Gamma prior (16) while they
are quite robust to the choice of c in the scaled Pareto
prior (20). Additionally, we compare the estimation
performances using Gamma prior for δ with the scaled
Pareto prior for η by integrated square error (ISE)
defined as,

ISE =
∫ 2

−2

(
f̂ (x) − f (x)

)2
dx. (26)

A smaller ISE indicates a better estimation for f (x). The
results are summarised in Table 1. From Table 1, we
may find using scaled Pareto prior for η outperforms
Gamma prior for δ, especially when the hyperparame-
ter is chosen small.

4.2. Comparsion studies

Our comparison studies are conducted from two per-
spectives. For one thing, we evaluate the performance
of our method by comparing with other four popular
competing methods. For another, we investigate how
the proposedmethodworkswhen there are unobserved
knots. We generate the data by,

yi = f (xi) + ap + εi, i = 1, . . . , n, (27)

where f (·) is a prespecified function and ap is the tuning
number to ensure the pth quantile zero.We consider the
following three distributions for the error term:

• Normal distribution, N(0, 0.12);
• ALD(0, 0.05, p), where p is the chosen quantile;
• Cauchy distribution with the location parameter 0

and the scale parameter 0.013, C(0, 0.013).

Given a quantile p and an error distribution above,
we simulate 200 datasets. Within each dataset, we split
it into one training dataset and one validation dataset.
For the training dataset, we equally divide (0,1) into
20 spaces and simulate 5 observations at each knot.
For the validation dataset, we equally divide (0,1) into
30 spaces and generate one observation at each knot.
The validation dataset is employed to obtain the opti-
mal regularisation parameter. We compare the differ-
ent procedures by median of integrated absolute error
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(MIAE) and median of integrated square error (MISE),

MIAE = median
(∫ 1

0

∣∣∣f̂ (x) − f (x)
∣∣∣ dx) ,

MISE = median
(∫ 1

0

(
f̂ (x) − f (x)

)2
dx
)
,

where median is taken over 200 simulation studies.

4.2.1. Comparisonwith candidate approaches
The Monte Carlo method is used to compare our
method with other approaches including,

(a) NewBayesian quantile smoothing spline (NBQSS);
(b) Original Bayesian quantile smoothing spline

(OBQSS) (Thompson et al., 2010);
(c) Quantile smoothing spline (QSS) (Koenker et al.,

1994);
(d) Bayesian smoothing spline (BSS) (Tong et al.,

2018);
(e) Smoothing spline (SS) (Wahba, 1990).

We generate the data by (27) with the following two
underlying curves

Curve I : f (x) = 2 + 0.25 sin(0.25πx)

+ 0.25 ln(x), 0 < x < 1, (28)

Curve II : f (x) = 2 + 0.2 sin(5πx)

+ 0.25 ln(x), 0 < x < 1. (29)

The underlying Curve I is monotone and Curve II is
a little bit twisted. For the smoothing parameter η in
NBQSS, we adopt the scaled Pareto prior (20) and the
hyperparameter is chosen byGACV. For the smoothing
parameter η in OBQSS, a Gamma(α,β) prior is utilised
and its hyperparamters are selected in accordance with
Thompson et al. (2010)’s suggestion. Specifically, β =
0.1/GCV(mean spline) andα = GCV(mean spline)/β ,
whereGCV(mean spline) is the value of η chosen by the
generalised cross-validation (Craven & Wahba, 1978).
The numerical results for Curves I and II are listed in
Tables 2 and 3, respectively.

Table 2. MIAEs and MISEs for Curve I with p = 0.1, 0.3 and 0.5.

Error Distribution

Normal ALD Cauchy

Method MIAE MISE MIAE MISE MIAE MISE

p = 0.1 NBQSS 4.105×10−2 2.607×10−3 4.305×10−2 3.495×10−3 2.818×10−2 1.355×10−3

OBQSS 1.796×10−1 3.879×10−2 1.328×10−1 2.165×10−2 2.403×10−1 6.761×10−2

QSS 4.286×10−2 2.998×10−3 6.034×10−2 5.916×10−3 2.926×10−2 1.383×10−3

BSS 2.774×10−2 1.297×10−3 9.654×10−2 1.336×10−2 3.512×10−2 3.241×10−3

SS 2.557×10−2 1.165×10−3 1.038×10−1 1.544×10−2 4.543×10−2 6.357×10−3

p = 0.3 NBQSS 2.774×10−2 1.476×10−3 2.857×10−2 1.609×10−3 1.481×10−2 8.329×10−4

OBQSS 5.697×10−2 5.359×10−3 5.622×10−2 5.174×10−3 6.593×10−2 6.161×10−3

QSS 3.291×10−2 1.733×10−3 3.614×10−2 2.309×10−3 1.366×10−2 5.372×10−4

BSS 2.417×10−2 1.081×10−3 4.143×10−2 2.601×10−3 3.239×10−2 2.392×10−3

SS 2.522×10−2 1.189×10−3 3.981×10−2 2.551×10−3 3.231×10−2 2.427×10−3

p = 0.5 NBQSS 2.692×10−2 1.152×10−3 2.645×10−2 1.284×10−3 9.743×10−3 3.461×10−4

OBQSS 4.373×10−2 5.081×10−3 4.296×10−2 4.964×10−3 3.718×10−2 4.819×10−3

QSS 3.386×10−2 1.906×10−3 2.692×10−2 1.308×10−3 9.957×10−3 3.538×10−4

BSS 2.667×10−2 1.196×10−3 3.318×10−2 1.732×10−3 2.677×10−2 1.511×10−3

SS 2.559×10−2 1.105×10−3 3.341×10−2 1.711×10−3 2.756×10−2 1.634×10−3

Note: The bold numbers correspond to the smallest MIAE and MISE in each comparison.

Table 3. MIAEs and MISEs for Curve II with p = 0.1, 0.3 and 0.5.

Error Distribution

Normal ALD Cauchy

Method MIAE MISE MIAE MISE MIAE MISE

p = 0.1 NBQSS 4.666×10−2 3.269×10−3 6.745×10−2 6.844×10−3 3.122×10−2 2.118×10−3

OBQSS 2.351×10−1 7.551×10−2 1.764×10−1 4.558×10−2 3.017×10−1 1.154×10−1

QSS 4.669×10−2 3.282×10−3 6.337×10−2 6.351×10−3 3.583×10−2 2.379×10−3

BSS 2.832×10−2 1.232×10−3 1.144×10−1 1.836×10−2 5.098×10−2 7.049×10−3

SS 3.051×10−2 1.625×10−3 1.105×10−1 1.629×10−2 5.198×10−2 7.999×10−3

p = 0.3 NBQSS 3.133×10−2 1.501×10−3 3.437×10−2 1.951×10−3 1.461×10−2 5.264×10−4

OBQSS 1.309×10−1 2.448×10−2 1.261×10−1 2.241×10−2 1.444×10−1 3.087×10−2

QSS 3.583×10−2 1.984×10−3 4.096×10−2 2.555×10−3 1.622×10−2 6.108×10−4

BSS 2.761×10−2 1.133×10−3 4.799×10−2 3.451×10−3 3.353×10−2 2.452×10−3

SS 2.925×10−2 1.436×10−3 4.889×10−2 3.079×10−3 3.721×10−2 2.281×10−3

p = 0.5 NBQSS 3.322×10−2 1.775×10−3 3.131×10−2 1.588×10−3 1.041×10−2 2.712×10−4

OBQSS 1.169×10−1 1.891×10−2 1.175×10−1 1.908×10−2 1.165×10−1 1.871×10−2

QSS 3.768×10−2 2.364×10−3 3.814×10−2 2.369×10−3 1.539×10−2 5.329×10−4

BSS 2.795×10−2 1.313×10−3 3.587×10−2 2.212×10−3 3.189×10−2 1.971×10−3

SS 3.006×10−2 1.589×10−3 3.612×10−2 2.028×10−3 3.847×10−2 2.329×10−3

Note: The bold numbers correspond to the smallest MIAE and MISE in each comparison.
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FromTables 2 and 3, NBQSS uniformly outperforms
OBQSS, which indicates our method serves as an effi-
cient improvement over the original method. Among
three quantile methods (NBQSS, OBQSS and QSS),
NBQSS performs best with the lowest MIAE andMISE
in 8 out of 9 comparisons. However, when the error
is the normal distribution, two mean regression meth-
ods (BSS and SS) perform better than three quantile
regression methods with lower MIAE and MISE. In
contrast, when the error is the ALD or the Cauchy, two

quantile approaches (NBQSS andQSS) have better per-
formances for all the selected quantiles. In addition,
OBQSS has the worst performance among the five can-
didate methods no matter which quantiles or random
errors are used. Also, OBQSS tends to perform worse
as p is away from 0.5, which echoes the findings in
Santos and Bolfarine (2016). Although a similar trend
appears in all quantile methods, compared with other
candidate models, our method still shows considerable
advantages.

Figure 2. The curves are fitted for Curve I under p = 0.3 and ALD error. Graph (a) NBQSS method; Graph (b) OBQSS method; Graph
(c) QSSmethod; Graph (d) BSSmethod; Graph (e) SSmethod. The solid lines are the true curve and the fitted curve. Two dashed lines
are 2.5% and 97.5% pointwise empirical quantiles.
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Figure 3. The curves are fitted for Curve II under p = 0.3 and ALD error. Graph (a) NBQSS method; Graph (b) OBQSS method; Graph
(c) QSSmethod; Graph (d) BSSmethod; Graph (e) SSmethod. The solid lines are the true curve and the fitted curve. Two dashed lines
are 2.5% and 97.5% pointwise empirical quantiles.

We also demonstrate the behaviours of fitted curves
for Curves I and II with ALD error and p = 0.3. In the
200 simulation studies, we can obtain the fitted value
for any point x ∈ (0, 1). We treated the median of the
200 simulation studies at the point x as the estima-
tion and draw the fitted curves in Figures 2 and 3. We
also plot the pointwise empirical 2.5% and 97.5% quan-
tiles of the 200 estimates to display the variability in
estimation.

FromFigures 2 and 3, wemay find thatOBQSS tends
to give a relatively flat curve, which fails to capture the
true trend in the curve, especially when the curve is
twisted. Based on our experience, in this case, OBQSS
chooses large values for η, which results in a flat fit-
ted curve. For example, for Curve I with p = 0.3 and
ALD distributed random errors, the posterior median
of η in NBQSS is 0.004 while in OBQSS is 1.135. This
phenomenon requires further investigation.
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Figure 4. One illustration for Mechanisms I and II. Graphs (a)–(c) correspond toMechanism I withα% = 30%, 50% and 70%. Graphs
(d) and (e) correspond to Mechanism II with α% =30%, 50% and 70%.

4.2.2. Comparison of NBQSSwith andwithout
unobserved knots

We investigate how NBQSS performs with unobserved
knots.We generate the data by (27) with the underlying
curve

f (x) = 0.8 sin(πx), 0 < x < 1. (30)

We equally divide (0,1) into 20 spaces and regard it
as the complete knots. Two representative unobserved
knots mechanisms are considered,

• Mechanism I: α%of the complete knots are unob-
served in the middle.

• Mechanism II: two knots around 0.5 have obser-
vations and (α/2)% of the complete knots are unob-
served in each of two intervals, (0,0.47) and (0.52,1).

We take α% = 30%, 50% and 70% to represent
low, medium and high unobserved proportion. For
each observed knot, we randomly generate 5 obser-
vations. We illustrate the above two mechanisms in

Figure 4. We implement the regular NBQSS (without
unobserved knots) and NBQSS with unobserved knots
(we refer it to NBQSSK, ‘K’ is for knot). For Mecha-
nism I, we add 6 uniformly distributed knots in total
for the interval without knots. For Mechanism II, we
add 3 uniformly distributed knots in each of two inter-
vals without knots, hence 6 unobserved knots in total.
We consider p = 0.1, 0.5 and 0.9.MIAEs andMISEs are
recorded in Tables 4 and 5.

In Tables 4 and 5, we may find two similarities for
NBQSS and NBQSSK. Firstly, as α increases, the pre-
diction errors increase for twomethods. Secondly, both
methods perform the best for p = 0.5 compared with
other selected quantiles. In addition, based on Tables 4
and 5, for brevity, Table 6 summarises the percentage
whereNBQSSK outperformsNBQSS in each cell across
different combinations of unobserved proportions and
error distributions. From Table 6, we may find that
NBQSSK defeats NBQSS in all the scenarios, especially
for a large α, which substantiates that NBQSSK can
provide the better prediction compared with regular
NBQSS.
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Table 4. MIAEs and MISEs for Mechanism I with quantiles p = 0.1, 0.5, 0.9 and unobserved proportions α% = 30%, 50%, 70%.

Error Distribution

Normal ALD Cauchy

Method MIAE MISE MIAE MISE MIAE MISE

30% p = 0.1 NBQSS 3.985×10−2 2.288×10−3 4.422×10−2 2.921×10−3 4.147×10−2 3.956×10−3

NBQSSK 3.786×10−2 2.111×10−3 4.463×10−2 3.011×10−3 3.865×10−2 3.180×10−3

p = 0.5 NBQSS 2.759×10−2 1.040×10−3 2.733×10−2 1.157×10−3 7.713×10−3 1.007×10−4

NBQSSK 2.688×10−2 9.876×10−4 2.561×10−2 1.046×10−3 7.566×10−3 9.603×10−5

p = 0.9 NBQSS 4.686×10−2 3.339×10−3 4.647×10−2 3.809×10−3 4.007×10−2 3.478×10−3

NBQSSK 4.482×10−2 2.856×10−3 4.705×10−2 3.642×10−3 4.314×10−2 3.744×10−3

50% p = 0.1 NBQSS 6.968×10−2 6.790×10−3 7.258×10−2 7.435×10−3 5.464×10−2 5.551×10−3

NBQSSK 6.336×10−2 5.231×10−3 7.223×10−2 7.543×10−3 4.878×10−2 4.746×10−3

p = 0.5 NBQSS 4.344×10−2 2.741×10−3 4.526×10−2 2.744×10−3 1.530×10−2 3.619×10−4

NBQSSK 4.235×10−2 2.505×10−3 4.308×10−2 2.532×10−3 1.494×10−2 3.767×10−4

p = 0.9 NBQSS 7.627×10−2 8.700×10−3 6.108×10−2 5.865×10−3 7.548×10−2 9.166×10−3

NBQSSK 6.983×10−2 7.093×10−3 5.440×10−2 4.738×10−3 6.487×10−2 6.920×10−3

70% p = 0.1 NBQSS 1.134×10−1 1.698×10−2 2.174×10−1 2.784×10−2 1.487×10−1 3.685×10−2

NBQSSK 1.008×10−1 1.345×10−2 1.582×10−1 2.043×10−2 1.222×10−1 2.741×10−2

p = 0.5 NBQSS 8.685×10−2 9.997×10−3 7.782×10−2 8.777×10−3 4.316×10−2 3.075×10−3

NBQSSK 8.377×10−2 9.539×10−3 6.850×10−2 6.965×10−3 4.349×10−2 3.098×10−3

p = 0.9 NBQSS 1.156×10−1 2.053×10−2 1.593×10−1 3.805×10−2 1.592×10−1 3.652×10−2

NBQSSK 1.117×10−1 1.772×10−2 1.467×10−1 2.975×10−2 1.416×10−1 2.859×10−2

Notes: The number of observations varies across different observed knots. The bold numbers correspond to the smallest MIAE and MISE in each comparison.

Table 5. MIAEs and MISEs for Mechanism II with quantiles p = 0.1, 0.5, 0.9 and unobserved proportions α% = 30%, 50%, 70%.

Error Distribution

Normal ALD Cauchy

Method MIAE MISE MIAE MISE MIAE MISE

30% p = 0.1 NBQSS 4.196×10−2 2.607×10−3 4.215×10−2 2.575×10−3 4.405×10−2 3.849×10−3

NBQSSK 4.017×10−2 2.299×10−3 4.271×10−2 2.595×10−3 4.187×10−2 3.336×10−3

p = 0.5 NBQSS 2.565×10−2 9.338×10−4 2.673×10−2 1.040×10−3 7.159×10−3 8.339×10−5

NBQSSK 2.458×10−2 9.094×10−4 2.631×10−2 1.037×10−3 7.173×10−3 7.987×10−5

p = 0.9 NBQSS 3.924×10−2 2.235×10−3 4.787×10−2 3.176×10−3 5.495×10−2 5.160×10−3

NBQSSK 3.947×10−2 2.166×10−3 4.715×10−2 3.098×10−3 5.086×10−2 4.271×10−3

50% p = 0.1 NBQSS 4.884×10−2 3.485×10−3 5.422×10−2 4.058×10−3 5.614×10−2 5.494×10−3

NBQSSK 4.666×10−2 3.186×10−3 5.318×10−2 3.658×10−3 5.090×10−2 5.160×10−3

p = 0.5 NBQSS 3.215×10−2 1.548×10−3 3.567×10−2 1.912×10−3 9.201×10−3 1.250×10−4

NBQSSK 3.112×10−2 1.449×10−3 3.532×10−2 1.819×10−3 8.622×10−3 1.147×10−4

p = 0.9 NBQSS 5.653×10−2 4.493×10−3 5.798×10−2 4.931×10−3 6.294×10−2 7.644×10−3

NBQSSK 5.146×10−2 3.487×10−3 5.366×10−2 4.437×10−3 6.565×10−2 8.191×10−3

70% p = 0.1 NBQSS 7.133×10−2 7.174×10−3 3.479×10−2 1.779×10−3 8.868×10−2 1.204×10−2

NBQSSK 6.598×10−2 5.856×10−3 3.173×10−2 1.449×10−3 8.655×10−2 1.096×10−2

p = 0.5 NBQSS 5.498×10−2 4.099×10−3 1.731×10−2 4.062×10−4 1.840×10−2 5.022×10−4

NBQSSK 5.246×10−2 3.654×10−3 1.655×10−2 3.733×10−4 1.841×10−2 5.010×10−4

p = 0.9 NBQSS 9.509×10−2 1.329×10−2 3.730×10−2 2.211×10−3 7.432×10−2 7.884×10−3

NBQSSK 9.040×10−2 1.182×10−2 3.373×10−2 1.787×10−3 7.076×10−2 6.899×10−3

Notes: The number of observations varies across different observed knots. The bold numbers correspond to the smallest MIAE and MISE in each comparison.

Table 6. Summary of cases where NBQSSK outperforms
NBQSS.

Error Distribution

Mechanism I Normal ALD Cauchy

30% 100% 50% 66.7%
50% 100% 83.3% 83.3%
70% 100% 100% 66.7%

Error Distribution

Mechanism II Normal ALD Cauchy

30% 83.3% 66.7% 83.3%
50% 100% 100% 67.6%
70% 100% 100% 83.3%

Note: Each cell is the proportion of the winning cases of NBQSSK out of six
comparisons.

Furthermore, to offer a more intuitive comparison
of NBQSS and NBQSSK, we present the fitted curves
and their empirical 95% credible intervals with quantile

p = 0.1, ALD random error for Mechanisms I and II
setting the unobserved proportion α%=50% and 70%.
From Figure 5, we have several main findings. Firstly,
NBQSSK performs similarly compared with NBQSS
in the interval with observed knots. Secondly, two
methods provide wider empirical credible intervals for
Mechanism I than Mechanism II. It implies that the
uncertainty surges when there is no guided information
in the middle. Thirdly, for Mechanism I, the empirical
95% credible intervals of the NBQSSK are shorter than
the NBQSS, especially in the middle interval. It reveals
that NBQSSK can provide a more efficient uncertainty
evaluation for the unobserved knots. However, the
advantage of NBQSSK is less obvious for Mechanism
II. Besides, for Mechanism I, NBQSSK is more advan-
tageous than NBQSS when the unobserved proportion
α% = 70% compared with α% = 50%, which echoes
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Figure 5. The solid lines are the true curve and fitted curves. The curves are fitted with p = 0.1, ALD random error. Dashed lines
are empirical 95% credible interval corresponding to NBQSSK and dotted lines are empirical 95% credible interval corresponding to
NBQSS. Graph (a):Mechanism I,α% = 50%;Graph (b): corresponds toMechanism II,α% = 50%;Graph (c):Mechanism I,α% = 70%;
Graph (d): Mechanism II, α% = 70%.

our findings in Tables 4 and 5. At last, for Mechanism I
or II, compared with α% = 50%, α% = 70% has wider
empirical 95% credible interval widths.

Remark 4.1: Notice that the above simulation studies
are based on 5 observations at each observed knot. In
fact, we have also conducted simulation studies with
unequal number of observations at each observed knot.
The main findings are similar to Tables 4 and 5. This
implies that the relative performance of NBQSSK and
NBQSS is irrespective of the number of observations at
each observed knot.

4.3. Real dataset

4.3.1. Motorcycle dataset
We analysed the well-known data utilised by Silver-
man (1985) to demonstrate nonparametric regression
curve fitting. It has been frequently used to moti-
vate and demonstrate the spline-based methodology,
since the underlying curve makes polynomial mod-
elling inappropriate. There are 113 observations in the
data including accelerometer readings taken through
time in an experiment on the efficacy of crash helmet.
For NBQSS, we fit the quantile curves with p = 0.1,
0.5 and 0.9. To assess their performances, we fit the
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Figure 6. Graph (a): NBQSSmethodwith p = 0.1, 0.5 and 0.9; Graph (b): OBQSSmethodwith p = 0.5; Graph (c): BSSmethod; Graph
(d): SS method.

median curve with OBQSS and the mean curves with
BSS and SS. Figure 6 shows the fitted curves of these
methods. In Graph (a), with p = 0.5, NBQSS cap-
tures the general trend. With more quantiles, NBQSS
offers an overview of the distribution. Interestingly,
in Graph (b), the curve fitted using OBQSS is jitter-
ing very much, which tends to overfit. Similar results
can be found in OBQSS when p = 0.1 and 0.9 (not
shown here). Compared with NBQSS, the estimation of
smoothing parameter is 8.167 × 10−6 while is 0.068 in
NBQSS. Compared with two mean curve fitting meth-
ods, we record themedian of absolute deviation (MAD)
defined as

MAD = median
(∣∣yi − ŷi

∣∣) , i = 1, . . . , 113. (31)

for each method. The MAD for NBQSS with p = 0.5,
BSS and SS is 8.755, 12.979 and 13.02781, respectively. It
indicates that themedian curve fitted byNBQSS are rel-
atively robust to the points with big deviation compared
with mean curve fitting methods.

4.3.2. China bondmedium term note
The term structure of interest rates is the series of inter-
est rates ordered by time to maturity at a given time.
It is a fundamental concept in economic and financial
theory such as fixed-income securities analysis, pricing
derivatives, performing hedging operations, etc. The
‘term structure of interest rates’ is also known as a
yield curve. In financial markets, there are a limited
number of bonds traded, so an interpolation method
is necessary to estimate the yield cuvre across the whole
maturity spectrum. Tong et al. (2018) employed the BSS
to fit China bond yield curve and the simulation studies
show that BSS outperforms the traditional yield curve

Figure 7. BSS curve (solid) and NBQSS with p =0.1 (dashed),
0.5 (dotted) and 0.9 (dotted-dash) curves on 25 September
2018.

fitting methods such as Nelson-Siegel model (Nelson
& Siegel, 1987) and Svensson extension model (Svens-
son, 1994). However, when fitting the yield curve for
China Bond Medium Term Note (CBMTN), which
is one kind of bond issued by corporation or com-
pany to collect the capital, there always exist some
underlying outliers disturbing the signals. In compar-
ison to BSS, we employ NBQSS to obtain the quan-
tile curves for CBMTN. The data set is downloaded
from Wind (https://www.wind.com.cn/). This analysis
focuses on the yield curve of CBMTN rating ‘CAAA’
on 25 September 2018, which is the highest rating of

https://www.wind.com.cn/
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this bond and associated with lowest yield but lowest
risk. There are 282 transaction data in CBMTN and
there exist some obvious abnormal transactions in the
data. Figure 7 shows us the NBQSS curves for p = 0.1,
0.5 and 0.9 along with BSS curve. The transaction data
are marked as grey points. We may find that the BSS
curve is overall lifted up by the outliers compared with
the NBQSS using p = 0.5, especially when the time to
maturity belongs to [0,5]. The results imply that the
quantile curves using NBQSS are robust to the possible
outliers while BSS is not. In addition, we record MAD
forNBQSSwith p = 0.5 andBSS. TheMAD forNBQSS
with p = 0.5 is 0.451 and for BSS is 0.79, which indi-
cates that NBQSS provides more accurate estimation
compared with BSS.

5. Comments

In this paper, we numerically demonstrate the issue
associated with a fixed σ in OBQSS. To serve as a
solution, we systematically investigate NBQSS with a
random scale parameter. We establish conditions for
the posterior propriety of the NBQSS under two com-
mon prior options, conjugate priors for (σ , δ) and one
general prior 1/σ a+1h(η) on (σ , η). These conditions
are easy for practitioners to verify, hence serve as a
guide to specify priors. We recommend imposing the
prior on (σ , η) rather than (σ , δ) to an ensured proper
joint posterior and a relatively robust hyperparameter
specification. In practice, it is often for researchers to
face unobserved knots when dealing with curve fit-
ting. Therefore, we extend our theoretical results to
NBQSS with unobserved knots. Finally, our simulation
studies imply that our NBQSS performs the best in can-
didate quantile methods and NBQSS with unobserved
knots perform better than regular NBQSS for most
of cases. As with any simulation study, these cannot
cover all possibilities, but we believe that they are suffi-
ciently wide ranging to provide useful insights into the
comparative performance of the different procedures.

Several unsolved issues in our work still worth
investigating. For example, as shown in the simulation
studies, all quantile methods perform relatively worse
near the boundary, such as p = 0.1, and more work
is encouraged to improve their boundary behaviours
under the Bayesian framework. Also, when there are
unobserved knots, how to choose the positions of
added knots and how to decide the number of added
knots to obtain better fitted curves are of interest in
NBQSS. Furthermore, we do not consider the crossing
problem for different quantiles in this article. Without
special restriction, quantile regression functions esti-
mated at different orders can cross each other, which
disobeys the rule of the probability. Therefore, another
concern is to develop the theoretical results for the non-
crossing Bayesian regularised regression quantile (Liu
&Wu, 2011).
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Appendix 1. Proof of Theorem 2.1

Proof: With the likelihood (14) and priors (15), (16), the
posterior of (z, σ , δ|y) is proportional to
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2δ
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)
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1
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2 +1

exp
(

−b1
δ

)
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− 1
2δ
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δ
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.

(A2)
We only prove the sufficiency, the necessity can be proved in
the similar way.

Sincemin{p, 1 − p}|z|1 ≤ ρp(z) ≤ max{p, 1 − p}|z|1, and
||z||2 ≤ |z|1 ≤ √

n||z||2,∀z ∈ R
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Hence, we just need to consider,
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× exp
(

− 1
2δ

z′Az − b1
δ

)
. (A5)

We consider
1

σ
N+a0

2 +1
1

1

δ
n−2
2

× exp
(

−M1

σ1
(y − Cz)′(y − Cz) − b0

σ1
− 1

2δ
z′Az

)

× 1
δa1+1 exp

(
−b1

δ

)
, (A6)

since the integration with respect to σ1 is proportional
to (A5). Now, set y1 = √

2M1y, z1 = √
2M1z,A1 = 1

2M1
A,

(A6) becomes
1

σ
N+a0

2 +1
1

1

δ
n−2
2

× exp
(
− 1
2σ1

(y1 − Cz1)′(y1 − Cz1) − b0
σ1

− 1
2δ

z′
1A1z1

)

× 1
δa1+1 exp

(
−b1

δ

)
,

which agrees with the case for normal error in Speckman
and Sun (2003), the results follow. �

Appendix 2. Proof of Theorem 2.2

For (a), the following lemma is needed,

Lemma A.1: Assume Z ∼ N(0, σ 2), for any t > 0,μ ∈ R,

(a)

2
√

2
π

σ t
1 + σ 2t2

exp
(

− μ2

2σ 2

)

≤ E
(
exp (−t|Z − μ|))
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1,
√

2
eπ

1
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}
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√

2
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2 μ2t2
, (A7)

(b)
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)
+ exp

(
− μt√

2

)
. (A8)

Proof: For (1), the third inequality is trivial, we focus on the
other two inequalities. For the first one, we have,
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=
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By arithmetic-geometric mean inequality, exp(zμ/σ 2) +
exp(−zμ/σ 2) ≥ 2. Hence,

E
(
exp (−t|Z − μ|)) ≥ 2 exp

(
− μ2

2σ 2

)
E
(
exp (−t|Z|)) .

We can obtain

E(exp (−t|Z|)) =
√

2
π

(1 − �(tσ))

φ(tσ)
,

where �, φ are standard normal c.d.f and p.d.f respectively.
By the inequality (Gordon, 1941)

t
1 + t2

≤ 1 − �(t)
φ(t)

≤ 1
t
, ∀t > 0,

the first inequality holds. For the second inequality, we
need the hierarchical structure of the Laplace distribution.
Andrews and Mallows (1974) proposed that
t
2
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(A9)

Hence, by Fubini’s theorem,
t
2
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(A10)

Since μ|z, y ∼ N(z, y2), z|σ 2 ∼ N(0, σ 2), we have the
marginal distribution of μ|y, σ 2 is N(0, σ 2 + y2). The inner
integral equals

I(μ, y) =
√

1
2π(σ 2 + y2)

exp
(

− μ2

2σ 2 + 2y2

)
. (A11)

Since the function f (w) = 1/w exp(−μ2/(2w)),w = σ 2 +
y2, is unimodal with the maximum value |μ|−1 exp(−1/2),
we have

I(μ, y) ≤ 1√
2πe|μ| .

Hence,

E(exp (−t|Z − μ|)) ≤
√

2
πe

1
|μ|t .

Clearly, E(exp(−t|x − μ|)) ≤ 1, so the second inequality
holds.

For (2), since
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Set x = y/σ ,μ′ = μ/σ , t′ = σ t, we have

(A12) =
√

1
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t′2
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× exp
(

− μ′2

2 + 2x2
− t′2x2

2

)
dx

≤
√

1
2π

t′2

σ

[∫ 1

0
x exp

(
−μ′2

4
− t′2x2

2

)
dx

+
∫ +∞

1
exp
(

−μ′2

4x2
− t′2x2

2

)
dx
]
. (A13)

Since the following identity holds for a, b are positive,∫ +∞

0
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we have
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This implies result. �

Assume SSE= 0. First, we consider a> 0. The joint poste-
rior of (z, σ , η|y) is proportional to
σ

3
2 n−2−aη

n−2
2 exp

(−σρp(y − Cz) − σηz′Az
)
h(η). (A15)

By the spectral decomposition,

A = P�P′, (A16)

where P is the orthogonal matrix and � = diag(0, 0, η3, . . . ,
ηn). Let Dp = min(p, 1 − p)

(A15) ≤ σ
3
2 n−2−aη
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2

× exp
(−Dpσ ||y − z||2 − σηz′Az

)
h(η). (A17)

Set z∗ = P′z, y∗ = P′y,

(A17) = σ
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(A18)

Integrating out z∗
1 , z

∗
2 , (A18) is proportional to

σ
3
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× exp

(
− Dp√

n
σ

n∑
i=3

|y∗
i − z∗i | − ση

n∑
i=3

ηiz∗2i

)
h(η).

(A19)

Moreover,

(A19) ∝ σ n−3−a
n∏

i=3
Ez∗i

(
exp
(
Dp√
n
σ
∣∣y∗

i − z∗i
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zi ∼ N
(
0,

1
2ηiση

)
. (A20)

By Lemma A.1(a), we know (A20) is smaller than or equal to
an expression proportional to

σ n−3−a
n∏
i=3

√√√√ 2

1 + πeD2
p

2n y∗2
i σ 2

h(η), (A21)

When n ≥ 3, we know

σ n−3−a
n∏

i=3

√√√√ 2

1 + πeD2
p

2n y∗2
i σ 2

,

has finite integral with respect to σ when a> 0. Hence, if h(η)

is proper, the posterior of (z, σ , η|y) is proper.
When a = 0, the joint posterior of (z, σ , η|y) is propor-

tional to

σ
3
2 n−2η

n−2
2 exp

(−σρp(y − z) − σηz′Az
)
h(η). (A22)

Following the same procedure as the case a> 0, we only need
to show
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(A23)
has finite integral. By Lemma A.1(b), we know there exist a
constant D1 such that (A23) is smaller than or equal to
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We know there are 2n−2 terms after expansion. For the term
involving both√

4ηiη
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)
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2
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,

we employ the inequality,

y exp
(

−μ2y2

2

)
≤ 1√

e|μ| , for y > 0,

for
√
4ηiη/(πσ) exp(−y∗2

i ηiση/2). Then, the term will not
relate to η and has finite integral with respect to σ . Hence, we
only need to consider the term

σ n−3
( η

σ

)(n−2)/2
exp

(
−ση

n∑
i=3

y∗2
i ηi

2

)
. (A25)

Set σ1 = ση, then (A25) is equal to

σ
(n−4)/2
1 exp

(
−σ1

n∑
i=3

y∗2
i ηi

2

)
,

which is proper when n ≥ 3. Hence, if h(η) is proper, the
posterior of (z, σ , η|y) is proper.

When SSE> 0, the joint posterior of (z, σ , η|y) is propor-
tional to

σN−1−aσ (n−2)/2η(n−2)/2

× exp
(−σρp(y − Cz) − σηz′Az

)
h(η). (A26)

With the same argument in Theorem 2.1, (A26) is smaller
than or equal to

σ (N+ n
2 −2−a)η(n−2)/2

× exp
(
−min

{
p, 1 − p

}
σ
√

(y − Cz)′(y − Cz)

− σηz′Az
)
h(η). (A27)
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LetPy = (C′C)−1C′y and z∗ = z − Py. The integral of (A27)
w.r.t z equals to

σN−1−aσ (n−2)/2η(n−2)/2

× exp
(
−min

{
p, 1 − p

}
σ
√
z∗′Wz∗ + SSE

− ση(z∗′ + Py)A(z∗ + Py)
)
h(η)

≤ σN−1−aσ (n−2)/2η(n−2)/2

× exp

(
−C1σ

[ n∑
i=1

√
wi|z∗

i | +
√
SSE

]

− ση(z∗′ + Py)A(z∗ + Py)

)
h(η). (A28)

Since σN−n exp(−C1σ
√
SSE) is bounded, we only need to

consider

σ (3n−2−a)/2η(n−2)/2

× exp

(
−C1σ

n∑
i=1

√
wi|z∗

i |

− ση(z∗′ + Py)A(z∗ + Py)

)
h(η). (A29)

Similarly, we can find the C2 such that

(A29) ≤ σ (3n−2−a)/2η(n−2)/2

× exp
(−C2σρp(z − Py) − σηz′Az

)
h(η). (30)

Let z1 = C2z, y1 = C2Py,A1 = A/C2
2, (A31) is proportional

to the joint posterior of (z, σ , η|y) when SSE = 0. By
Theorem 2.2(a), the result holds.

For (b), since the posterior of (z, σ , δ|y) is proportional to

σN−a

δ(n−2)/2 exp
(

−σρp(y − Cz) − 1
2δ

z′Az
)

1
σ 2δ2

h
(

1
2σδ

)

≤ σN−a

δ(n−2)/2 exp
(

−σρp(y − Cz) − 1
2δ

z′Az
)

× 1
σ 2δ2

σ 1+bδ1+b. (A31)

We know that (A31) is the special case in Theorem 2.1.
Hence, it has finite integral with respect to (z, σ , δ) iff n >

2 + 2b,N > 2 + a + b.

Appendix 3. Proof of Theorem 2.3

With the similar argument in Theorem 2.2, there existD4,D5
such that

(A15) ≥ D4σ
3
2 n−2−aη

n−2
2

× exp

(
−D5σ

n∑
i=3

|y∗
i − z∗i | − ση

n∑
i=3

ηiz∗2i

)
h(η).

(A32)

By Lemma A.1(a) and the following inequality,

xy
1 + xy

≥ x
1 + x

y
1 + y

, x > 0, y > 0,

Ignoring the constant of the product, we have the right hand
side of (A32) is larger than or equal to

σ n−3−a σ
n−2
2∏n

i=3

(
1 + σ

2ηi

) η
n−2
2

(1 + η)n−2

× exp

(
−ση

n∑
i=3

ηiy∗2
i

)
h(η), (A33)

Set σ1 = ση, (A33) is larger than or equal to

σ n−3−a
1

σ
n−2
2

1∏n
i=3

(
1 + σ1

2ηi

)

× exp

(
−σ1

n∑
i=3

ηiy∗2
i

)
ηa

(1 + η)2n−4 h(η). (A34)

Since

σ n−3−a
1

σ
n−2
2

1∏n
i=3

(
1 + σ1

2ηi

) exp

(
−σ1

n∑
i=3

ηiy∗2
i

)
,

has finite integral if n ≥ 2 + 2/3a. Hence the necessary con-
dition for the posterior propriety of (z, σ , η|y) is∫ +∞

0

ηa

(1 + η)2n−4 h(η) < +∞.

Combining the fact that 1/(1 + η)2n−4 is bounded and away
from zero in (0, ε) for arbitrary large ε, The condition∫ ε

0
ηah(η) dη < +∞. (A35)

is also necessary. Next, we focus on the integral of η in the
interval (ε,+∞). With loss of generality, assume ε = 1. All
together (A12) with (A19), the integration of (A32) with
respect to z is proportional to∫ +∞

0
· · ·
∫ +∞

0
σ−1−a

×
n∏

i=3

⎛
⎝ σ 2ti√

1
2ηiση

+ t2i
exp

(
− y∗2

i
1

ηiση
+ 2t2i

− D2
pσ

2t2i
2n

)⎞⎠
× dt3 · · · dtn. (A36)

Let ti = si/
√

σ ,

(A36) ∝
∫ +∞

0
· · ·
∫ +∞

0
σ

3
2 n−4−a

× exp

(
−σ

n∑
i=3

(
y∗2
i

1
ηiη

+ 2s2i
+ D2

ps2i
2n

))

×
n∏

i=3

⎛
⎝ si√

1
2ηiη + s2i

⎞
⎠ ds3 · · · dsn. (A37)

After integrating out σ in (A37), the result is proportional to

f (η) =
∫ +∞

0
· · ·
∫ +∞

0

1[∑n
i=3(

y∗2i
1

ηiη
+2s2i

+ D2
ps2i
2n )

] 3
2 n−3−a

×
n∏

i=3

⎛
⎝ si√

1
2ηiη + s2i

⎞
⎠ ds3 · · · dsn, (A38)
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since η ≥ 1, we have

f (η) ≥
∫ +∞

0
· · ·
∫ +∞

0

1[∑n
i=3

(
y∗2i
2s2i

+ D2
ps2i
2n

)] 3
2 n−3−a

×
n∏

i=3

⎛
⎝ si√

1
2ηi + s2i

⎞
⎠ ds3 · · · dsn =: Q. (A39)

We will show right hand side of (A40), Q, is finite under
n> 2+ a. Divide the interval (0,+∞) into (0, 1) ∪ [0,+∞),
Q turns to be the summation of 2n−2 integral. All the inte-
grals can be dealt in the similar way.We take one for example.
Consider s3 ∈ (0, 1) and the others are in (1,+∞).∫ 1

0

∫ +∞

1
· · ·
∫ +∞

1

1[∑n
i=3

(
y∗2i
2s2i

+ D2
ps2i
2n

)] 3
2 n−3−a

×
n∏
i=3

⎛
⎝ si√

1
2ηi + s2i

⎞
⎠ ds3 · · · dsn, (A40)

since y∗2
3 /2s23 +D2

ps23/2n≥Dp|y∗
3 |/

√
n and si/

√
(2ηi)−1 + s2i

≤ 1, i = 4, . . . , n,

(A40) ≤
∫ +∞

1
· · ·

×
∫ +∞

1

1[
Dp|y∗3 |√

n + D2
p
∑n

i=4 s
2
i

2n

] 3
2 n−3−a

ds4 · · · dsn,

(A41)

Using the polar transformation for (s4, . . . , sn)⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

s4 = r cos(φ1),
s5 = r sin(φ1) cos(φ2),

...
sn = r sin(φ1) sin(φ2) · · · sin(φn−4),

(A42)

where r2 ≥ n − 3 and 0 ≤ φi ≤ π/2. The determinant of
Jacobian matrix is rn−4 sinn−5(φ1) · · · sin(φn−4). Hence, the
right hand side of (A41) is proportional to∫ +∞

√
n−3

rn−4[
Dp|y∗3 |√

n + D2
pr2
2n

] 3
2 n−3−a

dr,

which is finite when n > 3/2 + a. Similarly, all the 2n−2 inte-
grals can be handled in this way and the case when all the
si ∈ (1,+∞) will give the most strict constraint for n, which
is n> 2+ a. Hence, we have∫ +∞

ε

h(η) dη < +∞. (A43)

Combing (A35) with (A43), the result holds.

Appendix 4. Proof of Theorem 3.1

The following lemma can be found in de Oliveira (2007),

Lemma A.2: There exists a full rank n × (n − 2) matrix L
satisfying L′T = 0,T = (1, x) and L′L = In−2, for which the
following hold,

(i) A = R−1 − R−1T(T′R−1T)−1T′R−1 = L(L′RL)−1L′,
(ii) L′RL = D, where D is an (n − 2) × (n − 2) diagonal

matrix with positive diagonal elements.

For the special structure of A, we can prove all its n−2
subprincipal matrice are positive definite. Let T∗ be the
orthogonalisation ofT.We know (L,T∗) is an unitarymatrix.
Without loss of generality, we take the left upper subprin-
cipal matrix of A with order n−2 for example and denote
it to be Asub. The determinant is |Lsub|2|D|−1, where Lsub
is the first n−2 rows of L. In addition, since (L,T∗) is
an unitary matrix, by the Theorem 6.3 in Zhang (2011),
we have

|Lsub| = c
∣∣∣∣
(
1 xn−1
1 xn

)∣∣∣∣ ,
where c is a positive number related to x. Hence, we have

|A| = c2
∣∣∣∣
(
1 xn−1
1 xn

)∣∣∣∣
2
|D|−1,

which is positive. Hence, all the n−2 subprincipal
matrice of A are positive definite. Now, we can prove the
theorem.

Here, we only consider the conditional posterior of
(z|σ , σ , y). The similar argument can be applied to (z|σ , η, y).
The conditional posterior of (z|σ , σ , y) is
proportional to

σNδ− n−2
2 exp

(
−σρp(y − Czo) − 1

2δ
z′Az

)
h(η), (A44)

where zo = (z1, . . . , zn−m). Partition the precision matrix A,

A1 =
(
A11 A12
A′
12 A22

)
, (A45)

whereA11 is the (n − m) × (n − m)matrix andA22 ism × m
matrix. In addition, we haveA22 is positive definite. Integrate
out (z̃n−m+1, . . . , z̃n), we have (A44) is proportional to

σNδ
n−m−2

2 exp
(

−σρp(y − Czo) − 1
2δ

z′
oA11.2zo

)
, (A46)

where A11.2 = A11 − A12A−1
22 A

′
12 whose rank is n−m−2.

Then, (A46) has the same form as the case when C′C is full
rank. Hence, the result holds.
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