e Taylor & Francis
e Taylor & Francis Group

StatistTiﬁaelory Statistical Theory and Related Fields
o s (@) s

ISSN: 2475-4269 (Print) 2475-4277 (Online) Journal homepage: www.tandfonline.com/journals/tstf20

Tail dependence of bivariate skew normal
triangular array with varying correlation
coe cients

Shuang Hu, Zuoxiang Peng & Qian Xiong

To cite this article: Shuang Hu, Zuoxiang Peng & Qian Xiong (2026) Tail dependence of
bivariate skew normal triangular array with varying correlation coe cients, Statistical Theory
and Related Fields, 10:1, 46-81, DOI: 10.1080/24754269.2025.2555132

To link to this article: https://doi.org/10.1080/24754269.2025.2555132

8 © 2025 The Author(s). Published by Informa
UK Limited, trading as Taylor & Francis
Group.

@ Published online: 03 Oct 2025.

\J
[:l/ Submit your article to this journal &'

||I| Article views: 216

A
& View related articles (£

View Crossmark data &'

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journallnformation?journalCode=tstf20


https://www.tandfonline.com/journals/tstf20?src=pdf
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/24754269.2025.2555132
https://doi.org/10.1080/24754269.2025.2555132
https://www.tandfonline.com/action/authorSubmission?journalCode=tstf20&show=instructions&src=pdf
https://www.tandfonline.com/action/authorSubmission?journalCode=tstf20&show=instructions&src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/24754269.2025.2555132?src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/24754269.2025.2555132?src=pdf
http://crossmark.crossref.org/dialog/?doi=10.1080/24754269.2025.2555132&domain=pdf&date_stamp=03%20Oct%202025
http://crossmark.crossref.org/dialog/?doi=10.1080/24754269.2025.2555132&domain=pdf&date_stamp=03%20Oct%202025
https://www.tandfonline.com/action/journalInformation?journalCode=tstf20

STATISTICAL THEORY AND RELATED FIELDS Tavlor & F .
2026, VOL. 10, NO. 1, 46-81 aylor & Francis

https://doi.org/10.1080/24754269.2025.2555132 Taylor &Francis Group

8 OPEN ACCESS ) Check for updates

Tail dependence of bivariate skew normal triangular array with
varying correlation coefficients

Shuang Hu?*, Zuoxiang PengP and Qian Xiong®

aSchool of Science, Chongging University of Posts and Telecommunications, Chonggqing, People’s Republic of
China; PSchool of Mathematics and Statistics, Southwest University, Chongging, People’s Republic of China;
¢School of Mathematical and Physical Sciences, Chongging University of Science and Technology, Chongging,
People’s Republic of China

ABSTRACT ARTICLE HISTORY
The tail dependence coefficient measures extremal dependence Received 22 March 2025
between two random variables. In this note, we investigate the tail ~ Accepted 22 August 2025

dependence of a bivariate skew normal triangular array with equal

. . . NP KEYWORDS
skewness and varying correlation coefficients {p,, n > 1} satisfying the Sequential tail dependence
Husler-Reiss condition via a redefined sequential tail dependence coef- coefficient; skew normal
ficient. For more detailed insights, the convergence rate to the sequen- distribution; Hiisler-Reiss

tial tail dependence coefficients is also established under a refined condition
Husler-Reiss condition. Numerical experiments are conducted to illus-
trate the theoretical results.

1. Introduction

Quantifying and understanding tail dependence of a model is important in statistic mod-
elling of multivariate extremes and nds signi cant application in risk measurement
(Embrechts et al., 2002). For a bivariate random vector (X, Y), a natural and classical measure
of extremal dependence is the tail dependence coe cient (Hult & Lindskog, 2002, De nition
2.3). Assuming that (X, Y)) has marginal distribution functions F; (x) and F,(y), the upper tail
dependence coe cient yy of (X, Y) isde nedas

ru =lmP (¥ > B ()|X > Ef ()
u

provided the limit exists, where F< (u) ;= inf{s € R| F(x) > u} for all u € (0,1) is the
generalized inverse of F. Similarly,

yu=lmP (Y < Ff @)X < Ff ()
u
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is referred to as the lower tail dependence coe cient. Under the assumption that F; and F,
are continuous, they are equivalent to

1
=limyY =lim=PQ -F(X) <t1l—F(Y) <1, 1
Xu tIH)]Xt t'fo]t( 1(X) < 2(Y) <) 1)

and

o= lim Xl = lim %P (F1(X) < t,F2(Y) < 1)
respectively. The tail dependence coe cient, dating back to Sibuya (1960), is also known as y
dependence measure in Coles et al. (1999). The upper tail dependence coe cient measures
the probability that one variable is extremely large given that another random variable is
large. It captures the ability of distributions to generate joint extremes. Generally, (X, Y) is
said to exhibit asymptotic upper tail dependence if yy > 0. The trivial values yy = 0 and
xu = 1 indicate, respectively, asymptotic independence and full dependence in the upper
tail. Concepts corresponding to the lower tail are de ned analogously.

The derivations and analytic computations of tail dependence coe cients for speci ¢ fam-
ilies of distributions have received much attention in recent years. Sibuya (1960) appears as
an incipient work in this eld which investigated the asymptotic independence property of
bivariate normal distributions with constant correlation coe cients. Following this work, the
closed-form expression of tail dependence coe cients of many classical or constructed dis-
tribution families has been established in the literature, including Aleiyouka et al. (2017),
Banachewicz and van Der Vaart (2008), Engelke et al. (2019), Fung and Seneta (2010),
Hult and Lindskog (2002), Hammerstein (2016), Ling and Peng (2015), Padoan (2011),
Schmidt (2002), and Sepanski (2020). Although the tail dependence coe cient can indi-
cate whether a distribution is asymptotically dependent, practical applications may require
more than just knowing this limit. For more detailed insights, it is often necessary to fur-
ther investigate the convergence rate of x U to its limit yy. This issue was rst addressed by
Ledford and Tawn (1996), where they examined the asymptotic convergence behaviour of
the tails in bivariate extreme value distributions, including Clayton and Morgenstern dis-
tributions. Since this pioneering work, subsequent studies have investigated the decay rate
for various distribution families. For example, see Engelke et al. (2019), He ernan (2000),
Hashorva (2010, 2012), and Lao et al. (2023).

The above studies investigated the tail properties of distributions with static and constant
distribution parameters. However, many previous studies have provided empirical evidence
of time-varying dependence structures among nancial assets, for example, Christo ersen
et al. (2018) and Guegan and Zhang (2010). Data in nance and insurance often cover a
long time period and the tail dependence structure of economic factors may be time-varying.
Using dynamic models whose tail dependence depends on the level of the model’s parameters
can be one e ective mean to capture these characteristics, and become a popular approach
for tail risk modelling in asset investment. For recent work, see Fortin et al. (2023), Ito
and Yoshiba (2025), and Zhang (2021). To study the tail dependence property of models
with varying tail dependence structure is a key prerequisite for correct application of models.
Recently, Hu et al. (2022) considered the asymptotic tail dependence property of a bivariate
Husler-Reiss model with parameter depending on # in terms of a tail dependence function.
Speci cally, for the bivariate normal triangular array {(.i, 74:), 1 < i <,n > 1} with stan-
dard normal marginal distribution functions ® (x) and correlation coe cient {p,,n > 1} of
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(&air mni), 1 < i < nsatisfying the so-called Husler-Reiss condition (Husler & Reiss, 1989)
n=0—=py)logn — 4 €[0,00] asn— oo, 2

they obtained the limit upper tail dependence function of the sequence (&,1, 741), n > 1given
by
oy = lm P (1-0E) < S 1- 00w =2), xy>0 (@
n—0o0 n n
and further established the convergence rates to the limit. The quantity in (3) allows to inves-
tigate the tail dependence properties of random vectors with parameters that depend on #,
whereas x U de ned in (1) is not applicable in this scenario.

The bivariate skew normal distributions introduced in Azzalini and Valle (1996) have
received considerable attention both in theoretical studies and applied studies for its abil-
ity to model asymmetry in risk measurement. A random vector (X, Y) follows a bivariate
skew normal distribution SN(a, R) if it has the density

FX) = 242X, R)D(@'x), x=(x,y)" €R?

wherea = (a1, a2)" € R?isthe skewness parameter vector (the symbol T denotes the trans-
pose operator of a vector), and ¢2(x, R) denotes the density function of a bivariate normal
distribution with mean 0 and correlation matrix

1 p
R_(p 1), -1l<p<l

The asymptotic tail dependence properties of bivariate skew normal distributions were
discussed in Bortot (2010). Fung and Seneta (2016) showed that the bivariate skew nor-
mal distribution with equal skewness parameters is tail independent and ! admits a
regularly varying behaviour. Recently, Beranger et al. (2019) proved that the extended
skew normal distribution, which includes the bivariate skew normal distribution as a spe-
cial case, is also asymptotic independent in the upper tail. Moreover, following Husler
and Reiss (1989), they considered an independent bivariate skew normal distributed tri-
angular array {(X,:, Y,;),1 <i < n,n > 1} with correlation coe cients p, and skewness
parameters depending on n. Under the Husler-Reiss condition and an assumption on the
increasing rate of asymmetry, Beranger et al. (2019) established the limit distribution of nor-
malized maxima of {(X,;, Y,;),1 < i < n,n > 1} and formulated the upper tail dependence
coe cient through the limit extremal distribution.

In this paper, we are interested in the sequential tail dependence coe cients of bivariate
skew normal triangular array with correlation coe cients {p,, n > 1} satisfying the Husler-
Reiss condition. Similarly to Beranger et al. (2019) but particularly, for xed », we assume
the joint density function of (X,;, Y,,;), 1 < i < nis given by

X, 0, Ry) = 2¢2 (X, R)@(@TX), X = (x,)" € R? (4)

where a = (a,a) " € R? and
(1 pn
Rn_(pn 1), 1<p, <l

Supposing the correlation coe cient {p,,n > 1} satis es the Husler-Reiss condition (2),
we investigate the asymptotic tail dependence of {(X,;, Y,i),1 < i < n,n > 1} through the
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sequential tail dependence coe cientde ned similarly to (3). Since the index i does not play
a role in the asymptotic analysis of the tail dependence structure, without loss of generality,
we omit the sub-index i in the following and write (X,,, Y,,) to represent a generic pair from
the n-th row of the array. Hence, we de ne the sequential upper tail dependence coe cient
as

n— oo

. . 1 1
qu=lim y V.= lim P (1 — Fo, (Xp) < ;,1 — Fo, (Yy) < ;) : (5)

and the sequential lower tail dependence coe cient by
. I . 1 1
yo= lim y, = lim nP{F,, (X,) > — Fy,(Ys) > — ),
n— o0 n— o0 n n

if the limits exist. Here F,, represents the common marginal distribution function of X,
and Y,,, which follows a univariate skew-normal distribution characterized by the skewness
parameter w, (see (6)). The speci ¢ expressions of yy and yr are derived, and the conver-
gence rates of y to yy are established under the re ned Hiisler-Reiss conditions. Compared
with the asymptotically independent bivariate skew normal distribution with equal skewness
and constant correlation coe cients p, this new model has a wider region of tail dependence
which improves the ability of bivariate skew normal distribution to model tail dependence.
We remark that we only require an assumption on the correlation coe cient {p,,n > 1}
in our model, di erently from the model considered in Beranger et al. (2019), where the
absolute values of skewness parameters are assumed to tend to in nity additionally.

The organization of this paper is as follows. In Section 2 we present the main results.
A numerical study provided in Section 3 illustrates the asymptotic behaviour of »U. All
auxiliary lemmas and proofs are deferred to Section 4.

2. Main results

In the following, let @ (x) = 1 — ®(x) and ¢ (x) denote the survival function and density
function of standard normal distribution, respectively. Recall that for each n > 1, (X,,, Y},)
denotes a typical observation from the »n-th row of a triangular array of bivariate skew normal
random variables with varying correlation p,. Thus, while we use the notation {(X,,, Y,,), n >
1} for simplicity, the underlying structure is a triangular array. We now state the main results
of this paper.

Theorem 2.1: Let {(X,,Y,),n > 1} be a bivariate skew-normal distributed random vec-
tor sequence with density function given by (4), where {pn,n > 1} satisfies the Hiisler-Reiss
condition (2). Assume further that {p,, n > 1} is bounded away from —1 when . = oco. Then

B 20V 1), a >0,
V=120 (,/z(1+4a2)), a < 0.

Remark 2.1: In Theorems 2.1 and 2.5, we require the sequence {p,, n > 1} to be bounded
away from —1 when A = co to ensure that the skewness parameters {w,,n > 1} of the
marginal skew normal distributions of {(X,, Y,,), n > 1} stay bounded away from zero. This
is essential for applying the expansion of the marginal tail distribution {F,, (-),n > 1} from
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Lemma 4.2. The boundedness condition guarantees the correct comparison of convergence
orders in the expansion and underpins the validity of the analysis.

Remark 2.2: Let {(X,;, Yni),1 < i < n,n > 1} bean independent bivariate skew-normal tri-
angular array with the density function given in (4), and it follows from Theorem 2.1 and
the equivalence between the tail dependence function and normalized sample maxima (cf.
Resnick, 2008, Chapter 5) that

1 1

Plmax ——  <nmaX ——— <n) > —2— yu,
1<i<n 1 — Fwn (Xm‘) 1<i<n 1 — Fwn(Yni)

as n — oo. This indicates that, under the Husler-Reiss condition, the extremes in the

triangular array may exhibit asymptotic extremal dependence.

Remark 2.3: Fung and Seneta (2016) show that the tail of bivariate skew-normal distri-
bution with identical skewness coe cients and a constant correlation coe cient p € (0,1)
is asymptotically independent. Theorem 2.1 demonstrates that, by introducing the Husler-
Reiss condition, the bivariate skew normal model with n-varying parameters can capture a
wider range of tail dependence structures. Speci cally, depending on the value of 1, the model
can exhibit either asymptotic dependence or asymptotic independence in the tails.

The lower sequential tail dependence coe cient is determined by the upper sequential tail
dependence coe cient, noting that f,,(x, o, R,) = f,(—X, —a, R,) for the density function of
(X,,, Y,,) given by (4). The corresponding result for the lower tail is formalized in the following
theorem, and its proof, being analogous to that of Theorem 2.1, is omitted.

Theorem 2.2: Assuming the conditions of Theorem 2.1 hold, then

_{ZE(M), a >0,

N 20V 1), a <0,

Remark 2.4: If p, = p € (—1,1), then the Husler-Reiss condition (2) holds with 1 = oo,
and it hence follows from Theorem 2.1 that yy = 0, coinciding with the result provided
by Bortot (2010).

Remark 2.5: The sequential upper tail dependence coe cient of bivariate skew normal dis-
tribution with o > 0 is identical to that of the Husler-Reiss distribution (Hu et al., 2022,
Theorem 2.1), i.e., the bivariate Gaussian distribution with correlation coe cient p,,. It does
not rely on the value of « in this case.

Theorem 2.3: For A € (0, 00), assume the conditions of Theorem 2.1 hold.

(1) Ifa > 0, assuming further that IOI;ILogn(’I” — 1) =y €eRasn— oo, then

logn U Vi y
log |0gn(X” — ) = (T B ﬁ)(ﬁ (ﬁ) '
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(2) Ifa <0, assuming (Iogﬁ%"(’l” —1)—> y € Rasn — oo, then

logn U 1_ .
W(%n - XU) - Z‘D (\/m) — ﬁ\/1+4a2¢ (\/1(14_40(2)) ’

where yu is given by Theorem 2.1.

Theorem 2.4: For A =0, assuming the conditions of Theorem 2.1 hold and further,
Anloglogn — oo asn — oo, then for sufficiently large n,

2/n
1n = v == [L+o)]

1 = - @m +402) 2 [L + ()]

when a < 0, where yy = 1 as given by Theorem 2.1.

when o > 0, and

Theorem 2.5: For A = oo, assuming the conditions of Theorem 2.1 hold and further,
An/loglogn — 0asn — oo, then for sufficiently large n,

v 21
Xn = LSV

exp (—%") [1+4 o(1)]
when o > 0, and
U _ 3; [_GL(XZM”] 1 1
Xn \/;\/mexrl 5 [1+0(1)]

when a < 0.

Remark 2.6: When p, = p, the random vector (X, Y;,) satis es the Husler-Reiss condi-
tion (2) for 2 = co. However, the assumption of Theorem 2.5 does not hold in this case, and
therefore the expansions of x Y for p,, = p can not be obtained from Theorem 2.5. Instead,
the convergence rate for x U can be derived from Fung and Seneta (2016), as given in the
following.

(1) Ifa > 0, we have thatas n — oo,

_lml4p, [14p —. o
U o 1+pn - rtrAm gzt en Ttlo I+pn |
1~ [ g )

(2) Ifa < 0, we have thatas n — oo,

v (-2 =
& NS oA
where
SIS B / A-pli+2220+p0] o
T+ a2a=p) " 1+ pa '
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Remark 2.7: Theorems 2.3-2.5 and Remark 2.6 show that the positive skewness parameter
a > 0 has little impact on the convergence rate, while under otherwise identical conditions,
the convergence of U to yy is faster when o < 0.

Remark 2.8: The parameter / in the Husler-Reiss condition characterizes the rate at which
the correlation coe cients {p,, n > 1} converge to 1, and this convergence rate determines
the form of the tail dependence. Speci cally, we have the following results.

(1) When 1 € (0, c0), we are in the general Hisler-Reiss regime of intermediate or partial
extremal dependence. The components are neither perfectly dependent nor completely
independent in the tails. Instead, they exhibit a non-trivial probability of joint extremes.

(2) When 1 =0, it means that p, — 1 su ciently fast as n — oo, indicating perfect
sequential tail dependence, that is the sequential tail dependence coe cient equals 0.

(3) When 1 = oo, the sequence of correlations {p,,, n > 1} is either constant or still tends to
1, but does so at a slow rate. In this case, the limiting distribution behaves as if the com-
ponents are asymptotically independent in the extremes, resulting in a tail dependence
coe cientof yy =0.

Moreover, the rate that 4,, converges to A controls the rate at which the scaled joint tail
probability U converges to its limit y, as seen in Theorems 2.3-2.5.

3. Numerical analysis

In this section, we present a numerical study, which is done in R, to illustrate the behaviour of
2V in the framework of bivariate n-varying skew normal distribution de ned in (4), with p,,
satisfying the Husler-Reiss condition. To show the convergence behaviour of U to its limit
xu, we calculate the values of Y and yy of SN(a, R,,) with  nite n under the following three
settings and observe the di erence between x U and yy:

M@ ppo=1-A1/logn, 1, = A with 1 € (0,00);
(b) p,=1—1/logn—1/[2(logn)?], 1, = A + 1/(2log n) with A € (0, c0);
(i) @) p,=1-1/(logn)?, 1, =1/lognwith A = 0;
(b) pp=1—1/(nlogn), A, =1/nwith A = 0;
(©) pn=1-1/(exp(n)logn), 1, = exp(—n) with 1 = 0;
(iii) p, = p € (=1,1) implying A = cc.

For case (i) with 2 = 0.5, 1,2, Figures 1-2 present the values of U and yy for the skew-
normal distribution SN(a, R;,), where the skewness parameter o takes the value 0.8, 0.5, 0.25
and —0.8, —0.5,—0.25. The gures show that smaller 1 leads to stronger tail dependence.
When o > 0 and other parameters are xed, despite the skewness parameter di ers, the
model’s xU converges to the same limit. In contrast, when a < 0, the parameter o has a
signi cant impact on the value of x V. This is consistent with the conclusion in Theorem 2.1:
when a > 0, yy is independent of «, whereas when a < 0, yy is a function of a and it
decreases when o decreases. Given o > 0, the faster 4, converges to 4, the faster x Y con-
verges to yy. As illustrated in the gure, the convergence is faster when 1, =1 — 1/ log n.
On the contrary, when & < 0, the convergence rate of x U is insensitive to the changes in 1,
in Figure 2. In addition, for a < 0, the convergence rate of xV is faster when a is smaller,
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Figure 1. The values of . for SN(a, Rn) with o = 0.5, 1,3 are plotted against n on a logarithmic scale
for n =10,11,...,10° (left panel) and n = 10,11, .. ., 10° (right panel). Different rows display results
for varying values of A. The left and right panels respectively illustrate the results for p, =1 —1/logn
and pn = 1 — 1/logn — 1/[2(log n)?]. The horizontal lines represent the true limiting values of yy =
Zi(ﬂ), which are, from the top row to the bottom row, 0.4795, 0.3173, and 0.1573, respectively.

supporting the conclusion in Theorem 2.3. Moreover, it is observed that when o < 0 and
n is large, xV oscillates as it converges to the limit. This occurs because ! is a sequence,
and when n is su ciently large, the quantiles of the univariate skew-normal distribution at
1 — 1/n behave as a step function.
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Figure 2. The values of y\ for SN(a, Ry) with & = —0.5, —1, —3 are plotted against n on a logarithmic
scaleforn = 10,11, ..., 10° (left panel)andn = 10,11, .. ., 10° (right panel). Different rows display results
for varying values of A. The left and right panels respectively illustrate the results for p, =1 — 1/logn
and pn = 1 — 1/logn — 1/[2(log n)?]. The horizontal lines represent the true limiting values of yy =
20 (y/A(1 + 4a:2)), which are, from the top row to the bottom row, (0.3173,0.1138, 0), (0.1573, 0.0253, 0),
(0.0455,0.0016, 0) for & = (—0.5, —1, —3), respectively.
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For case (ii), Figure 3 presents the values of yV and yy with di erent p,,, which converge
to one with various rates. Clearly, the convergence rate of x U relies on the convergence rate of
pn, Where faster convergence rate of p,, results in faster convergence rate of . In addition,
when 1 = 0, the convergence speed of y decreases as a decreases, which is consistent with
the statement in Theorem 2.4.

For case (iii), we take p, = p = £0.8, £0.5, +0.25. The simulation results for the skew-
normal distribution SN(a, R,,) with positive skewness parameter a = 0.8, 0.5, 0.25 and nega-
tive skewness parameter o = —0.8, —0.5, —0.25 are shown in Figures 4 and 5. With p,, xed
to be a constant, the model coincides with the bivariate skew normal distribution consid-
ered in Fung and Seneta (2016). Figures 4-5 indicate that the decay rate of y U increases for
decreasing value of p, in line with the results given in Fung and Seneta (2016). Furthermore,
compared with the models having positive p,, the value of x U for models possessing negative
pn converges more quickly.

Let 7V be the second-order approximation of V. Speci cally,

(1) for A € (0,00),whena > 0,

_ loglogn (V2
Tn = aut logn (7_ﬁ)¢(ﬂ)

and when a < 0,

2 2
7U =y + 0081007 [Ea( i+ 4a) +4a2)) _rvitde, (m)] ;

logn 4 VA
(2) for i =0,
244
U _ X\ a > 0,
n
2
XU — \/;\/ 1 +40)2,, o <0
(3) for A = o0,

(1+4a2)/1n:|
—— 27" a<O.

1
— €X
T./(1+40?), p[ 2

To validate the convergence rates of y — y to zero in Theorems 2.3-2.5, we calculate
the value of U, 7V and yy at n = 10,11, ..., 10° under the following setting:

(iv) @ A=1,p,=1—-21/logn—loglogn/(logn)?, A, = 1+ loglogn/logn;
(b) pn =1—1/[(logn)(loglogn)°*®], 1, = 1/(log log n)®8, implying 1 = O;
(€) pn=1— (loglogn)®8/logn, implying 4 = co.

Note that the assumptions of Theorems 2.3—-2.5 are satis ed respectively under this setting.
The performance of the rst-order approximation yy and the second-order approxima-
tion 7V is presented in Figure 6. As seen in the gure, in most cases, the second-order
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Figure 3. The values of y\ for SN(a, Ry) with & = +0.5, 41, 43 are plotted against n on a logarithmic
scale for n = 10,11, ..., 10*. Different rows display results for varying values of pp, which is, from top
to bottom, pn = 1 — 1/(logn)?, pn = 1 — 1/(nlogn) and pn = 1 — 1/(exp(n) log n). The left and right
panels illustrate the result for positive and negative a, respectively. The horizontal lines show the true
limiting values of yy, specifically, yy = 1.

approximation is closer to the value of U thanthe rst-order approximation. However, when
n is relatively small, 7Y may exhibit a larger di erence from U, as shown in the subplot in
the lower right corner of Figure 6. This is because the second-order approximation is derived
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Figure 4. The values of y! for SN(a, Rp) with @ = 0.5,1,3 and py = p = £0.8,£0.5,40.25 (imply-
ing A = co) are plotted against n on a logarithmic scale for n = 10,11,...,200 (left panel) and n =
10,11,...,10° (right panel). The left and right panels illustrate the result for negative and positive pp,
respectively. The horizontal lines show the true limiting values of yy, specifically, yy = 0.

under the condition that » approaches in nity. When the convergence rate of 4,, is slow and
n is small, the error might be signi cant, but as » increases, it tends to converge to the limit.

The simulation results illustrate that the bivariate skew-normal distribution with varying
correlation coe cients exhibits richer tail behaviour. Therefore, in practical applications, it
can more accurately describe the tail characteristics of the data.



58 (&) S.HUETAL

pnEp=-08 pn=p =038
©
Q@ 1 ~
8 | a=-05 RN
e < ~ --- a=-05
$_| --- a:-; o \\\ s g=-1
3 | a o N ~ . . g=--3
\ S ~ S o
© S S e
> © | | S S S <o
g \ g_ \\ )
\ S e
\‘
B - ~ <.
VY ° 7~ -
o D S <
o ~ o == -
T - S
8 T T T T T T T T T
10 20 50 100 200 10 20 50 100 200
n n
pn=p=-05 pPn=p =05
3
S\ \
o [ . o \ --- a=-05
\‘ o or__g.s & 4 N - g=-1
2 a= S N  g=-3
S 1\ --- a=-3 o \
o \ — N
I © N
s 8 ‘\ 25 o | s S
<] i BN S o
\ o N S o
=l N
\ ~
S N 8 ~. ~ ..
S | N S ~ -
\ < S~a
=3 ~ ~ o S - -
S | - - 8 4= - -
o T T T T T © T T T T T
10 20 50 100 200 10 20 50 100 200
n n
pp=Ep =-0.25 ppEp =025
o [V --- a=-05 a4 - a=-05
o1\ _ o \
a \ --- a=-1 \ --- a=-1
. - a=-3 1 - g=-3
- \ 8_ \
\ i N
>c © S N
S— \ > — N
o \ < | N s
\ g— \ e
i \ N ~
\\ N i ~ S
(N S o S o -~ <.
o < - - o ~< . -
S - = - = 8 - o
o T T T T T o T T T T T
10 20 50 100 200 10 20 50 100 200
n n

Figure 5. The values of )(# for SN(a, Ry) with & = —0.5,—1,—3 and pp = p = +0.8,+0.5, £0.25
(implying A = 00) are plotted against n on a logarithmic scale forn = 10, 11, . . ., 200. The left and right
panels illustrate the result for negative and positive pp, respectively. The horizontal lines show the true
limiting values of yy, specifically, yy = 0.

4. Proofs

Let F,, and f,, denote the distribution function and density function of a univariate skew
normal distribution with skewness parameter w (shorted by SN(w)). From (4) we know that

Xu 4 Y, and X, follows univariate skew normal distribution with skewness parameter w,,
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Figure 6. The values of X},’, fﬁ, and yy for the SN(a,Rp) are plotted against n on a logarith-
mic scale for n = 10,11,...,10°. Different rows display results for varying values of p,, which are,
from top to bottom, pn =1 — A/logn — loglogn/(logn)?, pn = 1 — (logn)~"(loglogn)~%8, p, =
1 — (loglog n)°2/log n. The left and right panels illustrate the result for positive and negative o respec-
tively. The horizontal lines show the true limiting values of yy.
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with its density function given by

Jou (%) = 2¢ (x) ®(@nX). (M

To prove Theorem 2.1, we need to utilize the asymptotic expansion of the quantile func-
tion of a univariate skew-normal distribution with a n-varying correlation coe cient p,.
The di culty is that the quantile function of the skew-normal distribution does not have a
closed form. In Sections 3 and 4.2 (Eq. 16) of Fung and Seneta (2018), the authors derived
the asymptotic expansion of the quantile function for a skew-normal distribution with a con-
stant correlation coe cient, using regularly varying functions. In the following, we use the
similar method to prove the asymptotic expansion of the upper quantile of a skew-normal
distribution with a n-varying correlation coe cient.

We emphasize that the distinction in our lemma lies in the fact that our correlation coe -
cient p,, is variable, so as n changes, the distribution function of this univariate skew-normal
distribution also varies with n. Therefore, what we actually obtain is the asymptotic expansion
of the quantile function for a sequence of skew-normal distribution functions. Let {x,,, n > 1}
be a sequence of positive numbers such that x,, — oo as n — oco. Next, we will rst prove
a result similar to Corollary 1 in Fung and Seneta (2018), which gives an asymptotic closed
form expression of the quantile functions.

Lemmad4.1: Consider the sequence {G,(x), n > 1}, where each G, (x) is a positive, continuous,
and strictly increasing distribution function defined on [A, 00), with A> 0. Let {u,, n > 1} be
a sequence of positive numbers such that u, — 1~ asn — oo. Additionally, assume that there
exists a sequence of functions {y,(x),n > 1} for which y,(u,) — oo and

Yn(Gn(xn)) = x4 [1 + O(5(xn))] (8)
holds for large n. Here,
n(x) = x""L(L/x),

with p > 0 being a constant and L(x), x > 0, a function that varies slowly at 0. Consequently,
n(xy) > 0asn — oo.
If Hy(x) is the inverse function of G,(-), then

Hy(un) = yu(un)[1 + O (yn(un)))]

for large n.

Proof: Recall that H, (x) is the inverse function of G,,(-). For any n > 1 we have

Gn(Hy (un)) = Uy,
and thus

Yn(Gu(Hu(un))) = )’n(“n)- )

Moreover, note that u,, — 1~ implying H,,(u,) — oo asn — oo. By (8) and (9) we get

Hy(un)[1 + O(n(Hy(un)))] = yn(un) (10)
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for large . It follows that % — lasn — ooand hence

lim n(Hy(un)) _
=00 11 (yn(1n))
by the uniform convergence theorem of slowly varying function, cf., Proposition 0.5 of

Resnick (2008). Consequently, combining (10) and (11) leads to the desired conclusion. The
proof is complete.

(11)

In the following lemma, we provide the asymptotic expansion of the tail distribution func-
tion for a univariate skew-normal distribution with a n-varying skewness parameter. This
conclusion will be used later in the proof of the quantiles of the univariate skew-normal
distributions with n-varying skewness parameter in Lemma 4.3 and in the subsequent proofs.

Lemmad4.2: Let {a,,n > 1} be a sequence of real numbers and [a, b] be a fixed finite interval
bounded away from zero. For the distribution function F,, (x) of SN(a.,,), we have the following
results:

(1) ifa, > 0anda, € [a,b] C (0, 00), then

2
_ 2e 2 _
Fu,(n) = \/; ol LA CA)
for large n;
(2) ifan, <0anday, € [a,b] C (—00,0), then
_ (4ad)A
e~ 2

Fo, () = [L+0(x?)]

—Tto, (1 + a2)x2
for large n.
Proof: By integration by parts,

20 (x,) @ (0 x) |:1 + an  d(anxy) = x_2j|

F =
o (en) Xn 1+ a;% D (anxn) : "

2 ) o0
——”’ﬁl‘z‘" 2 / 3 (@ns) ds + 6 / sIPOD(@ns)ds. (12)

n

For x,, > 0, we have

0< /oo s_3¢(s)¢(ans) ds <

n

1
1+ a2¢(xn)¢ (anxn)x;4 (13)

and

|

1+ a2 ¢ (xn)p (anxn)x;, % (14)

0< /OO sTAP(5) D (aps) ds < ¢(x,,)(D(anxn)x;5 +
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Recall that
—x 24374~ 15x70 + O(x 78] (15)

for large x, cf. Castro (1987). In the case of a, € [a, b] C (0, 00), we have x,¢ (a,x,) — 0
and @ (a,x,) — lasn — oo. Hence, it follows from (12)—(15) that for large #,

o = 200 o) = 2 o)

Xn Xn "

Similarly, in the case of a;, € [a, b] C (—o0,0), we have a,x, — —oo, and thus ®(a,x,) —
0asn — oo. By (12)—(15) we obtain

= _ 2¢ (xn) @ (0t xn) an  P(anxn) 1 )
Fan (xn) o Xn |:1 + 1 + O(% (D(aan)xn * O(xi’l ):|
e_<1+a2%>x%
= [1+0(57)]

- —To, (14 ad)x?

for large n. The proof is complete.

Lemma 4.3; Let F(;(x) denote the quantile function of SN(ay,), where {a,,n > 1} is a
sequence of real numbers, and [a, b] be a finite interval bounded away from zero for large n. We
have the following results:

(1) ifa, > 0anda, € [a,b] C (0, 00), then for large n

F,. (1_£) =\/W[1_2|°9t+|09ﬂ+IOglogn
n

4logn
(log log n)? log log n
“s2(ogm? ( (logn)? )}

uniformly for t € [¢,1] withe > 0;
(2) ifay, <0anday, € [a,b] C (—00,0), then for large n

Fe 1_1 _ 2logn l_Iogt+|og(—2nan)+loglogn
G n 1+ a2 2logn

(log log n)2 o log log n
~ 8(log n)? ((Iogn)?)}

uniformly for t € [¢,1] withe > 0.

Proof: To show this lemma, we shall use Lemmas 4.1, 4.2 and strategy similar to that used
in Section 3 of Fung and Seneta (2018).
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For a,, > 0, assume a,, is bounded in the nite interval [a, b] c (0, co). Similarly to Fung
and Seneta (2018), we take

() = {—log[-Tt(1 — w?log(1 — w1}?, ue(©1) (16)

for n > 1 to approximate the quantile function. Recall that x, — oo as n — oo, and by
Lemma 4.2 and (16) we have

(o) =, 1+ 0(57) | (17)

n

Letu,(t) =1 —t/n,t € [¢,1] fore > 0. Hence, u,(t) — 1~ uniformly on [¢,1] as n — oc.
By (17) and Lemma 4.1 we have

- AN ot loglog n
i (=) = (=) [ (G

—\/m[l— 2logt+ logmt + loglog n

4logn
(log log n)2 log log n
~ 32(log n)? ( (log n)? )} (19)

uniformly for t € [¢,1] asn — oo.
Similarly, for a,, < 0and a,, € [a, b] C (—o0,0), set

2(1 —u)
1+a2

log

12
)H Cue©1).

Using Lemma 4.2, we can verify that (17) holds for su ciently large n such that F,, (x,) <
(1 + b?)/2,which is feasible since F,, (x,) — 0asn — oco. Consequently, by arguments sim-
ilar to (18) we can show that the expansion of F; (1 — ﬁ) in the lemma for a < 0 holds
uniformly for t € [e, 1] and large ». The proof is complete.

|:— log (—ZHan(l —u)

ynl) = <1+0c2

Proof of Theorem 2.1: Assume rst that A e [0, co0). We will focus on the case where 4 €
(0, 00), while the result for 4 = 0 can be veri ed in a similar manner.

For 4 € (0,00) and a > O, set g, (t) = F,, (1 — ﬁ) and write g, = g,(1) when there is
no ambiguity. Since w, — 2a and 1 — 1/n — 1 in this case, we have g, — oo as n — oo.
Hence, we can nd an integer N > 1 such that g, > 1 for n > N. For sake of simplicity,
assume g, > 1foralln > 1, otherwise we cansetq, = max(q,, 1). Thisis reasonable because
we are more concerned with the limiting behaviour of the joint tail with su ciently large .

Recall that X, 4 Y, ~ SN(w;). From the de nition of X,? we have

XyE] P (Xn > qn, Y, > Qn)

n
00
I’l/ P(YnEinxnzs)den(s)
dn
1

/0 P (Yn > g | Xn = qn (s)) ds. 19
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With the density functions given by (4) and (7), we can write

t — pngn(s) | ©(a(t + qu(s)))
P n Z Yn n—4{Yn dt. 20
(2 anl %o = ) /M(J—Z) g &
Hence,
) @@, + 6(%7"%@)
—f 9n — Pnqn s)\ ©(a n + qn ) 1-pf
P n — n n == n = - -, N
(D( Vi-p; ) D (wngn(s)) =P = 41X = a.(9) < D (wnqn(s))
(21)

Combining (19) and the bounds in (21) yields

6 qn ann(s))
/15 an — pn‘]n(s) CD(Ol(Qn + Qn(s))) ds < er] < /1 ( 1-p? ds
0 V1—p2 @ (wngn(s)) 0 DP(wngn(s)

In the following we show that the upper bound and lower bound converge to the same limit.
Recall that for 1 € (0, c0), we have p, — 1 and w, — 2o > 0 as n — oco. Thus w,, is
bounded away from zero for large n. Hence, it follows from Lemma 4.3 that

— [
qn pn‘]n(s) N 0gs _+_\/_ as 1 — oo
1-p2  2Vi

uniformly on [e, 1] with ¢ > 0. Since w,q,(e) > 0, we have

6 t—pngn(s)
sup 1-p2 - 1
sefe 1] @ (wnqn(s)) ~ P(wngn(e))

1

and applying the Lebesgue dominated convergence theorem gives

) 6 (t Pf‘ir;)(zs)) 1 o
. Vi) g [t (100
lim / D) ds = /g D (Zﬂ + ﬂ) ds

n— o0 e

_2q>(f)—gq><'2°f’f+\/_) (%—ﬂ). 22)

Also, since @ (w,g,(s) > 1/2 holds uniformly for 0 <s <1 when # is su ciently large, it
follows that forany 0 < & < 1, we have

6 (t_pn%!(;)) (

¢ V1-py “— ([t — pngn(s)
— 2 ds<2 | O ———= )ds < 2¢. 23
/0 D(@nga(®) /o (\/1—/3,% ) = )

Combing (19)—(23) and by the arbitrariness of &, we get

limsup xV < 20(+/2).

n—oo
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Analogously, by arguments similar to (22) and (23), it can be shown that
- . U =
liminf , > 20(V/2),
which, combined with the limsup statement, proves the desired result.

Now we consider the case 1 € (0,00) and o < 0. Let V be a half normal distributed
random variable with density function

fr(v) =y2/me 2, v > 0.

For given a and R,, it was demonstrated in Azzalini and Valle (1996) that (X,,, Y,;) can be
represented as

X V)T 25,V +,/1— 622, (24)
with
.
5, = (5 5)7‘: a(l+ pa) a(l+ pn)
’ VI+202(1+ p) 142021+ pn)

where Z,, = (Zu1, Zn2) " is a bivariate normal distributed random vector with mean zero and
correlation matrix

) pn — a?(1— p2)
¥ _ 1+ a2(1—p?)
" pn — (1 — p2) 1
1+ a2 - p2)

Moreover, the random vector Z,, is independent of V. By Theorem 2.3 in Loper do (2002)
we know that min(Z,1, Z,2) ~ SN(8,,) with

5 __\/(1—pn)(1+2a2(1+pn))
n — 1+pn )

and thus it follows from (24) and the de nition of y, in (5) that,

erj =nP (511V+ v 1- 552111 > anénv'i‘ 1- 5%Zn2 > Qn)

n—0nV Qn_gnv

q
—nElPlzy > 7> T
i (”1— Ji- m)}
_ — . Gn — 0,V
=nE _P (mln(an,an) > ﬁ)}

= nE | Fy, (%ﬂ . (25)
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Noting that 8, < 0, with arguments similar to those in the proof of Lemma 4.2, we can show
that for x > 0,

26O (Bx + - f”ﬂzqs(x)qswnx)x—z — 26 (D (B

< Fp,(x) < 20 (x)D(Brx)x L. (26)
Denote z,(v) = % Since z,(v) > Oforall v € (0, co) provided g, > 0, by (25) and (26)
we have

n(In,l + In,2 - In,S) < XnU < nIn,ly (27)

where

Iy =2 / b (20 ()P (Buza ()2 (V)" fy (v) dv,

Inz =7 n /3 / b (Zn () B (Baza()zn(v) "2y (v) dv
and

Inzg =2 /0 ¢ (20 (V)P (Br2a(v))2(v) " fir(v) dv.

Next, we will calculate I,, 1, I, » and I,, 3 separately. Using integration by parts gives

Vaa— g 2 Bt
N ep( 2(1—5,%>) Nz )

© OnqnV 5%1/2 OnV -1
o e (i) oo (o) (- 5) woe] e
where

n 5}’[ -1 n“n
) fv(V)H—( - —1_—V52}<D<ﬁnzn(v)) /j_ézqﬁwnzn(v))]

In,l = -

Considering that

1_1§2<1+40c2, and |(5n|+ﬂ”1"\/€_‘;(5) [\/(1+4a2)/2ﬂ+2]

for large » such that g, > 1, we have that for v € (0, c0),

nM)| < v ) [ @+ 40Py — o [ VA + 40Dy 2m+ 2]}

Thus with the fact that 0 < 0, we obtain

, o Ongn 9212 S\
i oo (725) o (i) (1-50) wore

< Iim/ fv(v) (1+4a2)v—a(\/(1+4a2)/2ﬂ+2)]dv5oo.
n—0o0 0
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It follows from the dominated convergence theorem that

. *© 5 Ondnv. 551/2 OnV B

Recall that w,, — 2o < 0for 1 (0, 00) and thus w,, is bounded away from zero for large .
Hence, using (28), (29), Lemma 4.3 and (1 — 62)(1 + w?) = 1, we have

_2a- 5;%)3/2 Pndn -2 qz
I =— - @ Jia q, exp( 20— 62)> 1+ 0(1))

=21 {cp ( \/1’)3_52) + 0(1)} : (30)

I, = —'Bn
T UM+ B2

_ -1 Bnan
I,3 = (nlogn) |:(D (—\/1__5%) + 0(1)i| . 32)

Since 8, — 2a/+/1+ 402, B, — 0and B.q, — —+/2 as n — oo by Lemma 4.3, combin-
ing (27), (30)—(32) gives the desired result.

Now we consider the case where 1 = co. Supposing « > 0 and p, is bounded away
from —1, then 0 < w, < 2a and w, is bounded away from zero for large n. Hence, for any

¢ > 0, it follows from Lemma 4.3 that 2=224:0) _ 5 uniformly for s e [z, 1] as n — oo.
vV 1_pn

Consequently, by (17) and arguments similar to (22)—(23), we conclude that yV — 0 as
n— oo.
For a < 0, we have 8, < 0, and it was shown in Capitanio (2010) that

N ) e Y2A 435D N\ s
«/ﬁlﬁnl(1+ﬂ,§)¢(x “ﬁ”)x «/ﬁlﬂnl3(l+/>’5)2¢(xvl+ﬂ”)x

_ 2 —
< Fﬂn(x) < m¢ (x 1 +ﬂ%) X (33)

for x > 0. Note that 6, < 0and g, — oo as n — oo, implying z,(v) > 0for v € (0, c0) and
large n. By arguments similar to those used in the proof of the case 4 € (0,00) and a <
0, (19), (33) and Lemma 4.3 we have

Similarly,

n~Y(logn)~Y? exp [ z(f”q"éz)} [1+0(1)] (31)

and

n(n1 — Jn2) < XnU < nJu1, (€Z))]
where
Jn1 = Nl |(1+/>’ )/ (zn(V) 1 +ﬂ5) zu(v) "y (v) dv
Ve -t 1 idh \ -
= Ry AT exp (— 201 5%)) n 1[1 +o(1)] (35)
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and

2(1 + 3p2 o0
V214381 -62%2 1 exp(_ s
- VT + p2)3 (18nlqn)® 21-62)

) n1+01)].  (36)

Note that g, and J,, are bounded and |f,|g, — oo as n — oo. The desired result follows
from (34)—(36). The proof is complete.

The proof of Theorems 2.3-2.5 requires higher-order expansions of the quantile of the
skew-normal distribution SN(a,). The following lemma provides a higher-order expansion
of the quantile function in Lemma 4.3. The proof is similar to that of Lemma 3.1 of Hu
et al. (2022) and is therefore omitted.

Lemma 4.4 Let F; (x) be the quantile function of the univariate skew normal distribution
SN(ay), and {a,, n > 1} be a sequence of real numbers.

(1) If there exists a positive integer N such that o, € [a,b] C (0,00) when n> N, then as
n— oo,

FE (1 _ 1) — J/2logn [1 __ log(tlog n) 4 log(rtlogn) —2  (log(tlog n))2:|
n

4logn 8 (log n)? 32 (logn)°
B log ¢ logt + log(mtlog n) — 2 -3
V2logn [1+ 4logn :|+O((|Ogn) )

holds uniformly on t € [1/logn, 1].
(2) If there exists a positive integer N such that a,, € [a,b] C (—00,0) when n> N, then as
n— oo,

Fe (1 _ f) 2logn |, log(~2maylogn)  log(~2maylogn)
Z 2
n 14 a4 2logn 2 (Iog n)
[log(—2ma,logm)]*  3a2+1 1
_ ' 4 2t :
8 (log n) 402  (logn)
1 log ¢ l L . 10y +2[log(—2ma, logn) — 2] }

- J1+aZ,/2logn 4logn
+o ((Iog n)_%)

holds uniformly on t € [1/log n, 1].
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Proof of Theorem 2.3: Consider the case o > 0. For s € [0, 1], by (20) we have

P (Yn > gn| Xy = Qn(s))

=0 (q,,p—nqn(s)) [‘D(wnqn(S))]_l

N
L 1 = pn‘]n( )
B By a(s))) d
V1= p2 ©(@ngu(s)) Jy, ¢( Ny, )‘D(a(t+q (s))) dt
n1(s) + Kn2(s). -

We will address these two parts separately in the following.
When o > 0, it follows from Lemma 4.4 that

Gn = Pngn(s) _ log s 4 Vi + log log n ( log s _m)

Ny A Vo 4logn \2/7,
N (Iogs)2 + (log Tt — 34, —2) Iogs 7on(2y — log ) N ( 1 )
(o)
8/ 4nlogn 4logn log n
. H Qn_PnQn(S) IOgS

holds uniformly on s € [1/ log s, 1]. Since —M e + /4 as n — oo, expanding
S Qn_ann(s) H logs

d)(—F ) at the point G + /7 using the Taylor series with the Peano remainder, and
by the assumption that lo';?ogn( . — ) = y we have

o222 =5 (3 7)o (3% ) (-9
+Iogs( 1 1) Ioglogn(logs _m)

2 \UL, i 4logn \2J1,
logs logmm — 34, — 2+ logs N n(Ay — log )
2/ 2n 4logn 4logn

+0 (05| (38)

holds uniformly on s € [1/log n, 1].
Since w,g,(s) — oo holds uniformly on s € [0, 1] as n — oo, from (15) we know that

D (ngn(s)) = % exp [402(1 + 2a2) 1,,] n~* (log m)2** ~25* (1 + o(1))

=0 (¢ (.;3 ﬂ) uoén) (39)
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holds uniformly on s € [1/ log n, x]. Thus combining (38) with (39) gives

Kn1(s) = (q”—q@) [1 = D(@©ngn(s)) + 0 (B(@ngn(s))]

Y log s VI logs Ji
- (2f+ )‘¢(m+ )
JCERORE e

logs 1 1 log(mtlogn) — 31, — 2
~ (log9)¢ (m " ﬁ) [(N_ - Zﬂ) T 8 /2 logn }

_ (logs)® log s 1 log s
8mlogn¢ (2f+f) ( ¢(2f ﬁ))
uniformly for s € [1/log n, 1].

For su ciently large », applying Mill’s inequality to K;,»(s) we have ®(x) < ¢ (x)/x for
x> 0. Note that for s € [1/ log n, 1] we have

1

S R e

For t > g, using Lemma 4.4 we get

t— ann(s) ¢(O( (t + Qn(s)))
; < d
fral = ‘anqn(s)) / ¢( N ) @t 4 4n(5) t'
B 1 -1
NN <I>(wnqn(s>) exp[ 2" q"(s)} =)
. _ -1
x / gb(—t _le"_q:)is))exp [—%aztz - azqn(S)t] [1 + qnt(s)] ds
1 1 1
= I D angn) [_5“2 (4.9 + qﬂ] %'
=0 (n‘z"‘z(log n)a2_1/2) (40)

uniformly ons € [1/logn, 1].
In view of the expressions of K, 1 (s) and K, 2(s) we obtain

1 1
/1 P(YWECIﬂXn:qn(S))dS—/l (;ji—i—\/_)ds

log n logn

1 1
=/1[ Ky1(s) — (Izcigi+\/_)i| ds+/lKn,2(s)ds

logn logn

- [(ﬂ_ R } e

4logn
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B [( 1 1 ) + log(mtlogn) — 34, — 2] ra1(h)

2T, 27 8/, logn

1 2 2
e ——) o (n=2" (| at=1/2 ’
8\//1_nlognr’2( )+ (1’1 (OQn) )

where r,, (1), k = 0, 1, 2 are given by

(i)
i (2o )0 (29
— 220 (—ﬁ)

(i)

1) = /11 ] (IZO% + ﬂ) log s ds

—4) [ﬁcb(—ﬁ) VT (_ 'Z?/';g” _ ﬁ)
wo(mn )|

> 42[VI0(=VD) = pVD)];

(iii)

1
r2(A) = /1 ¢ (IZO% + ﬁ) (log s)? ds

— 82322 — 1)®(—v7) — 8224 (ﬁ)
B —loglogn B
43¢ ( P /7 «/I) log log n

2, (—loglogn )_ 5/2 (—Ioglogn_ )
+8/1¢(—2ﬂ Vi) -850 7 NG

= 8%2(1 = 2)®(—/7) — 8424 (ﬂ) .

logn

Since as n — oo,

logn
loglogn

1
Togn
/0 P (¥ 2 401X, = ,9) de < o = 0
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log n /1
loglog n

(IZCBi—i—\/_)ds ]

log [_ 1 6(—|09|09”+ﬂ)_5(m+ﬂ)]

and

~loglogn | logn 2% 27
- 0,
by assumption |0'g°|%§n( — 1) = y,we have
. 1 _1 -1 I
cn(\/i_n—\/z) —cn|:§/1 2(/1n—/1)+0(cn )] — m

and

1 1 1 _3 y
|l—=—-——=)=ca|—24"2(U, =V +o c‘l]e——.
"(\/in ﬁ) ”[2 (b =2 +olar) 212
Hence, with (19) we know that as n — oo,

logn
loglog n

zloggogn{ [, [Ptz i =) (224 ﬁ)}ds}
e [ (o]

+|0|90|%);1n/o

(-5

The proof for o > 0is nished.
Now we consider the case where a < 0. For any v € (0, c0), we have as n — oo,

(2n’ = xv)

ogn

P (Yn > qn | Xn = Qn(s)) ds

%‘51’ dn
J1- 52 ,/1—52

Similarly to Lemma 4.2 it can be shown that
-1
= dn — OnV qn — OnV dn qn — OnV
n_"ny_2 an  7n Y
w() () () (5
-2
20, OnV qn — Onv
n 1 1
= =) =

-3
Qn_énv
- ¢( = 52)¢(ﬁn\/l 52)(ﬂ_55) [L+o(1)]
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holds uniformly on v € (0, co). Hence, by (25) we have

-1
U _ dn 51/ qn_énv
Xn —Zn/o ¢(\/1——5ﬁ) (ﬂn\/l_—éz)(m) fv(v)dv
-2
20, [ qn — Ouv Gn — SV
+1+[>’3/o ¢(~/1—55)¢(ﬁ”Jl_éz)(ﬂ_ég) Sfr 1+ o(D)]

-3
_ oo qn — OnV qn — Onv
Zn/o ¢(\/1_—5’%) (’Bn\/l—éz)(\/l—ég) fr(» dv[1+ o(1)]

= Ln,l + Ln,2 + Ln,3- (41)

We compute each term of L, 1, L,2 and L, 3 in turn. Noting that 5, < 0 and J, < 0, by
applying integration by parts to the rst part, we obtain

B 2n (1—55)3/2 qi o (. Onqnv
bt = o, exp[_za—é%)}q”/o "”(”)d[exp(l—éﬁ)]

_2n(1- 5 o Pndn g2 exp qf,
i On /162 21— 52)
2n (1 —02)%? [ 9 ] > /00 ( Snqnv ) _
P |~ | 4 exp dic, (v)
V2T On 2(1—02) 1-82

= Lp11 + L2, (42)

where

5212 S
k”(”)ﬂxp[_z(l"—vé,%)]q’(ﬂ”ﬁ (sz)f()( q:)

We rstly consider the term L, 11. According to the de nitions of g, in (6) and 4, in (2) we
know that for a < 0,

In(1+ 40?2) 1 a? Y
Pn = V' 2logn ‘H— (Z - l+4a2) log n

3 at 22 23
* [3_2 21+ 4a2)2} (ogny2 + ¢ ((log n)“‘)} ' “
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Substituting the expressions for g,, £, and d, in (43) gives

2

Pran_ _ V(1 + 4a?) [1 + (} - a—) An_

J1—62 4 1+4a?) logn
log (—2mw,logn) [ 3 o 22
2logn 32 2(1+4a?) | (logn)?
1 a? An log (—2mwy,logn)  log (—2mw, log n)
4 14402) logn 2logn 2(log n)2
[log (2w, logn)]?  3w? +1 1
8(log n)? 4e?(log n)? (logn)?2 ) |-
Hence, as n — oo,
Bnan NeTewry
=L = — /A1 + 4a?).
- ( )
Applying the condition |og;?ggn(’1n — 1) = 7y € R and expanding @(%) at the point

—/ (1 + 4a?) by Taylor expansion we have

@ (\/113—5_52) _ (—Jm +402)) + V1 +4a?g (\//1(1 +4a?)) (\//Tn - «/E)

— V(1L +40?)¢ (\//1(1 +4a?)) [(3 S ) Fn

4 1+44a2) logn

I - n
_ log (—2mwy log n) o Y
2logn logn

Therefore,

2
L1 = 20 (_\/m) {1 N [log (—2Tw, logn)] N log (—2Ttw, log n)]

8logn logn
—2V1 + 402 (\/1(1 +4a?)) (\/T - ﬁ)
+ 2/ in (L + dad)g (\//1(1 +403)) log (z2malogm) , (i) L (40

logn logn

Now we consider L, 12. Using integration by parts again implies
o0 nn 1- 2 nYn n%n nYn
/ exp(éq )dxn(v) / 1= | n g Pndn \_ _Bnd s Bnq
0 n‘]n dn \/1—5% \/1—55 \/1—5%
1—02 [ Ondn
- L / exp( 4 )dzk,,(v)
5nQn 0
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2.2
Since d, < 0 and £, < 0, we have that for v € (0, c0), exp(i’%’;}) <1, exp[—z(i—"_vézj] <1

and (1 — 6,v/q,)~t < 1. Direct calculation gives

o0 OndnV '\ -
/o exp (1 — 5}%) d°i,(v)

Due to the fact that g, — oo, B, — 0and 5, — 2a/+/1 — 4aasn — oo,

< O(g,;h).

2n (1 — 62)%/2 72 1
Lol < =— L - n oy <ol—). 45
e ml e CORLI B

Using similar arguments to L, » we have that for su ciently large n,

\/1+ﬂ,%q;1
,/1—53

= VIl 4 (VA D) L+ o) (46)

Bn (1—02)7° 34
1+p2 T, n

L, =—-2n

)[1 +0(1)]

and

Lys—on 3= ag( Butn Yoo [+ Ad,
n o, o\ JI-% 2(1-42)

= 0 (VA + D) [+ o] (47)
ogn

] [1+0(D)]

Hence, by (41) and the expansions of L, 11, L, 12, Ly 2 and L, 3 in (44)—(47), it follows from
logn

the assumption gooretss (vZn — V) = y that

log n U _ logn ~
(log log )2 On = xv) = (loglog )2 (Ln1+Ln2+Ln3 — xv)
L )
- 2® (— AL+ 4a2)) - ﬁ‘/l + a2 (\/,1(1 +402))

as n — oo. The proof is complete.

Proof of Theorem 2.4: For a > 0, noting that A, —> 0, A,loglogn — oo as n — oo, it
follows from Lemma 4.4 that

3
Gn — Pnqn(s) _ log s i (log log ) 2 log s I
V1—p? 2/ 2n " 4logn 2\//nloglogn  /loglogn
+,/Ioglogn(Iogs)z-i-(Iogrt—?a/ln—z) IogsJr ( 1 )
0 —
logn 8./4, loglogn V2qlogn
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uniformly ons € [1/log n,1] and tends to in nity uniformly. Thus, similarly to the proof of
Theorem 2.3 in Hu et al. (2022), we know that for su ciently large n

1
/1 o qn — Pnqn(s) ds— @ 1—pnq 1 ® qn_l)n%(m)
lou V1-=p2 V14 pn logn 1= p2
1
%—m%@)
- sdo| —————
/loén ( Vi=pj

[,
Vo

(1+0(1)). (48)
Analogously, by the de nition of w,, in (6), we have

1 A A
pn=2a|1—(Z+a?) = “ 49
“ a[ (2+a)logn+o(logn)} (*9)

as n — oo. Hence, further by Lemma 4.4, we get

I logl I 1
a)nqn(s)=2aw/2logn|:1— ogm + 109109~ 09 +o( )i|

4logn B 2logn logn

Applying (15) yields

— 2_1 4a?
@ (on4a(®) = 5 (mlog '~ (3) 1+ o(w)] (50

uniformly on s € [1/ log n, 1]. Integrating the right end of the above expression from 1/ log n
to 1 implies

1 _ 1 1
/ P (@nan(s)) ds=mn“‘“(nlogm%z—f[1+o<1>]. (51)

logn

From the proof of Theorem 2.3 we know that P(Y, > g, |X, = g.(s)) has the expres-
sion (37). By (48), (50) and (51) we have that for su ciently large n

1 1 _
/1 K, 1(s)ds = /1 5(@) [1- 5(a)nqn(s))]_1 ds

Tog 7 Tog 7 N
-/ l 6(%__‘22@) |1 - ®(©40:(5) + O (@ (@5gu(5))) | 05
Togn n

1 ! Gn — Pnqn(s)
=1- — O ————— |ds
log /ué ( N

- / L B0nan) ds + O ((log m)**~1n =8

1

logn
_1- ,/%m oM.
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It hence follows from (40) that

/1 Ky2(s)ds = O (n_zaz(log n)“z_l/z) =o0 (\//l_n) .

1

logn

Since

/IognP(Yn > QnIXn ZQn(S)) ds <
0

combining (37) with (19) gives

~o(V),

logn

1

1 fogn
XrEJ_XU:/l [Kn,l(s)‘l‘Kn,Z(s)]ds‘l'/O ’ P(Yn 25]n|Xn:q;1(5)) ds — xu
logn

= —,/%[1 +o(D)].

The proof for & > 0is nished.
If o <0, xY has the expression (41). By the expansion of j3,, in (43) and Lemma 4.4,

=ra 2logn log n

Hence, ﬁ”—q“z — 0asn — oo. Applying Taylor’s expansion to @(M) at the point zero

V=% Vi=3;

Bndn __m[l_|09(—2ﬂwn|09ﬂ)+o( 1 )j|

gives

Bnan _}_L 2 3/2
@(m)_z \/E\/(1+4a )An+o(zn )

Similarly to the proof of Theorem 2.3, substituting the above equation and the expression of
qninLemmad4.4in L, 11 gives

2
Loi=1— \/;/(1 t 4021, + 0 (A;”/Z) .

Similarly to the proof of (45)—(47), we can show that under the assumption (45) of the
theorem,

Lyo = —/ (1 + 4a2)dnd (\/(1 + 4a2)/1n) @[1 +o(1)]

and

1+ 4a2)/ln:| 1
|

Lys=——exp|— [1+o0(1)]
ng =5 &P 2 ogn o)}

Thus, with (45) we have

2
V= yu=Lot+Log+ Loz — yu = —\/;\/ (1 +4a?)A,[1+ o(D)].

The proof is complete.
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An

Proof of Theorem 2.5: Consider rst the case where a > 0. By assumption loglogn — Oand
Lemma 4.4 we have that as n — oo,
qn — pnﬂn(s)
V1-p2
3 3
lo log log n) 2 lo p) An)?
2954_\//1—"_’_(99) gs _ Vn n (n)3
2\ 4logn | 2/i,loglogn  /loglogn ~ (loglog n)?

3
N (Iogs)2+(logn—2)logs_3Ji_n|ogs+0 A3
84/ logn 8logn logn

uniformly on s € [1/ log n, 1]. Hence,

1
— [ 9n — Pndn(s) _j2 1 (_Q)
/@(D(—\/l——p,% )ds— nmexp 5 [1+0(1)]

By (49) and Lemma 4.4 we obtain

C()nqn(S):ZO( /2logn|:1_(}+a2) j-n _|Og(T[|09n)_ IOgS +0( 1 ):|

2 logn 4logn 2logn logn

and

D (0ngn(s)) = % exp [4a2(1 + 2a%)2,] (Tt log n)?**~2 (%)4“ [1+0(D)]

uniformly ons € [1/log n, 1]. Thus,

1 _ 1
/ 5(%1/)__'1%5))5(@”%(5)) do< [ B (ona) s

ogn logn

‘ Ll

0 (n—4a2(|og n)2%* =4 exp [402(1 + 20(2)/1,,])

(7o (-3))
o\ — -—)).
I CPAT
And furthermore,

1 1 — —
/1 Kn1(s) ds = / 1 5(‘1"1p—¢_"_‘;"2(5))[1+ O (@ (wngn(s)))] ds

logn logn

1
= qn_pnqn(s))
= O ————= )ds
/.oén ( Vi=p;

1
— [ 9n — pn‘]n(s) =
+ / 0] (—m )(I) (a)nqn(s)) dsO(1)

= E ! exp (—%) [1+ o(1)].
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Since in the same manner to (40) we can show that

1 2 2 1 A
—20 a=1/2\ _ _n
‘/,Oén K, 2(s)ds| < O(n (log n) ) _o(mexp( > )),

/IOénP(Y > g, | X (s)) ds < L ( ! ex ( l”))
n 2 qn | A&n = qn(S S = =0 - .
0 1 1 logn N An P 2

Therefore, with (37) we have

and

1

1 Tog
X;gz/ P(YnEQH|XH=Qn(5))dS+/O|g P(Y" zqn|Xn=qn(S))dS

logn

= \/%\/z_n exp (—%) [1+0(1)].

The desired result for a > 0 is proved.
If @ <0, we have 221 5 _o0 as n — oo. By Lemma 4.4 and the assumption

J1-32
loglagn — O We know that
ﬂnQn An |Og (—ZTIa)n |Og n) 1
=—Vin(1+4a?) |1 —
V1-62 w1+ 40%) +4(1—|—4a2)|0gn 2logn o log n

as n — oo. Thus, it follows from (15) that

(D( bu )J(m) i ()]

- 0]
N EYTEYN A+40,  O\2
Hence, with (42) we get
26 (VA +4a2)7,) 1 1 1
VA +4a?)A, [ (1440 " (1_2)}

In the same way, we can obtain the expression (45) of L, 12. Moreover, using the same
arguments as that of (46)—(47) to L,,» and L,, 3 yields

Lyi =

Lz = V@ 8D (VT 8aD) ol + o]

and
V2n 2 1
Lyg = ————e—¢? (VL + 402) 1) ——[1 + 0(D)].
1= Tt (VA 4dh) o+ o)
Hence,

erj = Ln,l + Ln,2 + Ln,3 =

2¢(,/(1+4a2)1,1) . L o2
JA + 4a?)A, [_(1+4a2)in+ (1_2)]

n

The proof is complete.
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