o et Taylor & Francis
@ i Taylor & Francis Group

STATISTIEQETHEORY Statistical Theory and Related Fields

RELATED FIELDS

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/tstf20

Rates of convergence of powered order statistics
from general error distribution

Yuhan Zou, Yingyin Lu & Zuoxiang Peng

To cite this article: Yuhan Zou, Yingyin Lu & Zuoxiang Peng (2023) Rates of convergence of
powered order statistics from general error distribution, Statistical Theory and Related Fields,
7:1,1-29, DOI: 10.1080/24754269.2022.2146955

To link to this article: https://doi.org/10.1080/24754269.2022.2146955

© 2022 The Author(s). Published by Informa
UK Limited, trading as Taylor & Francis
Group

ﬁ Published online: 21 Nov 2022.

N\
[:J/ Submit your article to this journal &

||I| Article views: 253

A
& View related articles &'

Py

() view Crossmark data &

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=tstf20


https://www.tandfonline.com/action/journalInformation?journalCode=tstf20
https://www.tandfonline.com/loi/tstf20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/24754269.2022.2146955
https://doi.org/10.1080/24754269.2022.2146955
https://www.tandfonline.com/action/authorSubmission?journalCode=tstf20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=tstf20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/24754269.2022.2146955
https://www.tandfonline.com/doi/mlt/10.1080/24754269.2022.2146955
http://crossmark.crossref.org/dialog/?doi=10.1080/24754269.2022.2146955&domain=pdf&date_stamp=2022-11-21
http://crossmark.crossref.org/dialog/?doi=10.1080/24754269.2022.2146955&domain=pdf&date_stamp=2022-11-21

STATISTICAL THEORY AND RELATED FIELDS .
Y 2023,VOL. 7, NO. 1, 1-29 Taylor & Francis

https:/doi.org/10.1080/24754269.2022.2146955 Taylor &Francis Group

8 OPEN ACCESS W) Check for updates

Rates of convergence of powered order statistics from general error
distribution

Yuhan Zou?, Yingyin LuP and Zuoxiang Peng?

aSchool of Mathematics and Statistics, Southwest University, Chonggqing, People’s Republic of China; bSchool of Science, Southwest
Petroleum University, Chengdu, People’s Republic of China

ABSTRACT ARTICLE HISTORY
Let {X, : n > 1} be a sequence of independent random variables with common general error Received 3 May 2020
distribution GED(v) with shape parameter v > 0, and let My, denote the r-th largest order statis- Revised 24 October 2022

tics of X1, X2, . . ., Xn. With different normalizing constants the distributional expansions and the Accepted 4 November 2022

uniform convergence rates of normalized powered order statistics [Mp, (P are established. An KEYWORDS

alternative method is presented to estimate the probability of the r-th extremes. Numerical Distributional expansion;

analyses are provided to support the main results. uniform convergence rate;
general error distribution;
powered order statistic

1. Introduction

The general error distribution is an extension of the normal distribution. The density of general error distribution,
say g,(x), is given by

vexp(—3151")

A21+%F(l) , eR, (1
14

gv(x) =

where v > 0 is the shape parameter, and A = [272/"T'(1/v)/ T'(3/v)]"/? with T'(-) denoting the Gamma function. It
is known that g (x) = \/#Ee’xz/ 2 is the standard normal density and g; (x) = %e’ﬁm is the density of Laplace
distribution.

For the general error distribution with parameter v (denoted by GED(v)), Nelson (1991) used it in volatility
models since GED(v) can capture the heavy tailedness of high frequency financial time series. Peng et al. (2009)
considered the tail behaviour of GED(v). Peng et al. (2010) established the uniform convergence rates of normal-
ized extremes under optimal normalizing constants. Jia and Li (2014) established the higher-order distributional
expansions of normalized maximum. Aforementioned studies show that the optimal convergence rate is propor-
tional to 1/logn, similar to the results of Hall (1979) and Nair (1981) on normal extremes. In order to improve
the convergence rate of normal extremes, Hall (1980) studied the asymptotics of |M,,,|P, the powered r-th largest
order statistics, and showed that the distribution of normalized M2, converges to its limit at the rate of 1/(log n)*
under optimal normalizing constants, while the convergence rates are still the order of 1/ log  in the case of p # 2.
For more details, see Hall (1980). For more work on higher-order expansions of powered-extremes from normal
samples, see Li and Peng (2018) and Zhou and Ling (2016). For other related work on distributional expansions
of extremes, see Liao and Peng (2012) for lognormal distribution, Liao et al. (2014a, 2014b) for logarithmic gen-
eral error distribution and skew-normal distribution, and Hashorva et al. (2016), Liao and Peng (2014, 2015), Liao
etal. (2016) and Lu and Peng (2017) for bivariate Hiisler-Reiss models.

In extreme value theory and its applications, it is important to know the convergence rate of distribution of nor-
malized maximum to its ultimate distribution, cf. Cao and Zhang (2021), Hall (1979, 1980), Leadbetter et al. (1983)
and Nair (1981). For more advanced topics related to extreme value theory and its applications, see Zhang (2021)
for an excellent review. Motivation of this paper is to consider the higher-order expansions and the uniform
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convergence rate of powered order statistics from GED(v) sample, and an alternative method to estimate the prob-
ability related to powered order statistics, which are the complete extensions the results given by Hall (1980) for
GED(2) case. Let X1, X3, . . . , X, be independent and identically distributed random variables with common distri-
bution function G, following GED(v) with density given by (1). For positive integer r, let M, » denote the r-th largest
order statistics of X1, X, ..., X, and M,, = M,,; = max;<k<,{Xj} for later use. It is known that the distributional
convergence rate of normalized maximum may depend heavily on the normalizing constants, see Hall (1979, 1980),
Leadbetter et al. (1983), Nair (1981) and Resnick (1987) for normal samples. For the GED(v) distribution and
positive power index p, it is necessary to discuss how to find the normalizing constants ¢, > 0 and d,, such that

lim (P{IMarl? < cox + da) = A,(0)) =0, @
n—0o0

where A, (x) = A(x) Z]:g e 7x) jlwith A (x) = exp(— exp(—x)),x € R, and further work on distributional expan-
sions and uniform convergence rates of |M,, |’ with different normalizing constants.
For v > 0 with normalizing constants o, and B, given by

_ 21/vy _ oy, (log n)l/v B 21/vy [((v —1)/v)loglogn + log {2I" (1/v)}] 3)
v(logm)i=1/v> " Y (log n)l—l/v J
Peng et al. (2009) showed that
M —
Mo =Pn 4y, @
Up

where M follows the Gumbel extreme value distribution A (x). With normalizing constants o and g given by

ok =pan B, =4, (5)

we will show that (2) holds by replacing ¢, and d,, by & and B/, respectively, and investigate further its higher-order
expansions and the uniform convergence rates. Similarly, with p # v the optimal convergence rates of |M,, ,|P are
derived under the following normalizing constants

e =2pv" 0", d, =1, (6)

where constant by, is the solution of the equation

_ _ by,

2V (1/v) b exp (2_;V> =n. (7)

Note that for the normal case, it follows from (6) that ¢, = pbﬁ_2 and d, = bﬁ since v = 2 and A = 1, which are
just the normalizing constants given by Hall (1980).

For the normal case, Hall (1980) showed that the optimal convergence rate of Mﬁ’r is the order of 1/(logn)?

if we choose the normalizing constants ¢}, = 2(1 — b, %) and d}} = b?> — 2b,,%. For the powered r-th largest order

statistics |Mp,,|P from the GED(v) sample, it follows from (6) that the convergence rate can be improved if p = v.
By Equation (3.1) of Lemma 1 in Jia and Li (2014), for v € (0, 1) U (1, +00) and large x we have

v

2X
1= G = = {14207 = DA 4407 = DT - 222
v
+80 =D =) =Y O(x_4v)}x1_"gv(x). 8)
Similar to Hall (1980), as p = v we choose the optimal normalizing constants c}; and d;;, as follows.

df =0 + 41 — DAZD,
{ ( ) o)

¢ = b)) = 207 + 40 — DA,

where b, is given by (7). Note that if v = 2 and A = 1, for the normal case, ¢} = 2 — 2b, 2 and d = b? — 2b; 2 are
just the normalizing constants given by Hall (1980).
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The rest of this paper is organized as follows. Section 2 provides the main results and Section 3 presents some
numerical analyses. Auxiliary lemmas are deferred to Section 4. Section 5 gives the proofs of the main results.

2. Main results

In this section, we provide the higher-order distributional expansions and the uniform convergence rates of powered
extremes under different normalizing constants. Furthermore, we showed a method to estimate the probabilities of
the extremes. Throughout this paper, let A,(x) = A(x) ZJ:(} e 7*/j! for positive integer rand A,(x) = 0forr < 0.
Recall that the power index p is positive.

Theorem 2.1: Let{X, : n > 1} be a sequence of independent random variables with common distribution G,(x), v >
0, and M, , denotes the r-th maximal term of {X1, X2, ..., Xu}. Then,

(i) ifv=1andp = 1, with normalizing constants o}, and B;; given by o, = 272 and By = 272 log 5, we have

e—(r-i-l)x[(r _ l)ex _ 1]

nlgrolo n n[P (IMuslf < afix+ B) — A,(x)] — 26— D) A(x)
ef(r+2)x
= m[(—3r3 4107 — 9r + 2)e™ + (977 — 11r + 2)e* + 3™ — 9r + 1]A(x);

(i) if v=1 and p # 1, with normalizing constants o and B, given by o :pZ_%(log 8=l and Bf =

2z log 5), we have

_ 2 ,—1rx
(1 —p)x-e A(x)}

nli)n;o(log n) {(log g) [P(IMuslP < ayx + By) — Ar(0)] — 2(r — 1)!

_ (1 _p)x3efrx

24(r—1)! [4(1 —2p) — 3(1 — p)rx + 3(1 — p)xe | A(x);

(iii) ifv € (0,1) U (1, +00), with normalizing constants «; and B} given by (5), we have

. IOg}’l * " (1 _ V*l)_’)efrx
nl;ngo(loglog n) {W[P (IMyrlP < ofx + ﬂn) - Ar(x)] - WA(X)}
R Iy _ e ™ .
=—-1-v ) (1+x logZF(l/v))(r_ l)!A(x),

(iv) ifv e (0,1) U (1,+00) and p # v, with normalizing constants ¢, and d,, given by (6), we have

—(r—1x
nli)ngo b, {bZ[P (|Mn,r|p =X+ dn) - A,(x)] — Ah() (r—1)! }

- [qvm + (1= 1)&@} e(;(:l:A(x),
where

hy(x) = v (v = p)a¥a? —2v7 1A — »alx — 2007 — DAY]e ™, (10)
and

qv(x) = [—%szvz(v — )it v = pa? (2 — gv — gp) x> —2v73(1 — vaPx?

—4 =D =2k —4(v = DT = m“] e (11)
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(v)

ifv e (0,1) U (1,400) and p = v, with normalizing constants c;, and d}, given by (9), we have

—(r—1)x —(r—1)x
nli)ngo b, {biV[P (IM,,,,|V <cx+ d:) — Ay(x)] — AX)S, (%) Y } = A(x)B(x) TR
where
Sy(0) =2(v 1 — DAP[x* —2(v = 2)x — By = 5)]e 7, (12)
and
B(x) = —g(v‘1 - 1)A3V[(4 — v HTt = Dx® —6(v! —2)x?
6By =54 (v 2 —22v ! 4 32)]e—". (13)

Remark 2.1: Theorem 2.1 (i)-(ii) show the difference of the convergence rates for the powered-extremes of the
Laplace distribution as p = 1 and p # 1, respectively. Meanwhile, it follows from (3) and (5)-(7) that ¢, = «}; and
d, = B asv = lsince A = 273/2 50 it is not necessary to consider the case of v = 1 in Theorem 2.1 (iv)-(v).

Remark 2.2: For p # v, with normalizing constants ¢, and d,, given by (6), Theorem 2.1 (iv) shows that the con-
vergence rate of P(|M,|P < c,x + d,) to the extreme value distribution A(x) is proportional to 1/logn since
bY ~ 21" logn by (7), while it can be improved to the order of 1/(logn)? with optimal choice of normalizing
constants ¢}, and d; given by (9) as p = 2, which coincides with the normal case studied by Hall (1980).

Theorem 2.2: Let {X, : n > 1} be a sequence of independent random variables with common distribution G,(x), v >
0, and My, denotes the r-th maximal term of {X1, X2, . . ., Xu}. The following results hold.

(i) Ifv=1 and p = 1, with normalizing constants o and B given by o = 272 and Br = 272 log 5, then
sup,cg | PUIM, 1P < afix + B) — Ar(x)| is the order of 1/n.
(ii) If v=1 and p # 1, with normalizing constants o and P, given by o =p2*§(log g)P_l and B =
(2_% log 5)?, then sup, . | P(\Mu, [P < ajix + B;) — Ar(x)| is the order of 1/log n.
(iii) Ifv € (0,1) U (1,400) and p > 0, with normalizing constants o}, and B;; given by (5), then sup,. . | P(IMy,r|P <
arx+ BF) — Ar(x)| is the order of (loglog n)? /log n.
(iv) Ifv € (0,1) U (1,400) and p # v, with normalizing constants c, and d,, given by (6), then sup .. | P(|My,r|P <
cnx + dy) — Ap(x)| is the order of 1/log n.
(v) Ifv € (0,1) U (1,+00) and p = v, with normalizing constants ¢} and d, given by (9), then sup,. . | P(|1M,,,|P <
cix +dk) — Ay(x)| is the order of 1/ (log n)>.
Theorem 2.3: Let b, > 0 be defined by (7) and
)\'V—l - xV
An(x) = - l)nx Y exp {—m} .
v
Ifv>1andx > by, then
2(v—1 4(v—-—1)Q2v—1 A
Qin(x) = exp{ —Au(x) |1 — —(V )Avx_v + —(V )(2v )szx_zv + n()
v V2 2(n—1)
2v—1
< P(M, < %) < Qan(x) = exp {—An(x) (1 _ )Avx_v>} . (14)
Vv
Ifo<v<l x> }\[2(1_1}—10]% and x > b, then
z? z\~1
Qin(x) = exp {—z -—(1-3) } < P(M, < %) < Quu(®) = exp { — An(®)}, (15)

-1
where z = Ay (x) (l + Z(V—v_l)kvx_") .
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Similarly, for the bounds of the r-th order statistics with r > 1, we have

Qinr(x) <P (Mnr = ) < Qan,r (%), (16)

where

r=1 3 (x) (1 4 20T K ; i
an,r:Z ( . ) exp{—(l—i) )”"(x)_](]—l)}’
, ! n n
j=0 (17)

r—1 .j . ~ .
Qe = 3 29 o {_ (1 - i) () (1 - M) }
j=0 J n v

forv>1, and forv € (0, 1),

r=1,J i _ yo—v\ —1 o
Qunr(x) = Z )‘n.('x) exp {_ (1 - i) An(x) (1 + e ) S } ,
J: n v n

j=0 ‘
=13 () (1 " 2(v—13;vx—V) J ; (18)
Qus@® =Y . exp { - (1 - ;) An(x)} .

Jj=0

3. Numerical analyses

In this section, small numerical analyses are provided to support the main results. We compare the actual values
of probability of powered order statistics with its higher order expansions provided by Theorem 2.1, and with two
bounds based on Theorem 2.3.

First we compare the actual values of P(|M,, [P < oix + B;;) with the following asymptotics.

(i) If v=1 and p =1, the second-order and the third-order asymptotics are respectively given by

—(r+Dx[(y_ X __ —(r+D)x[(_ X _ —(r+2)x
Ar() + AR and A () + T AC) + 55 A3 + 107 — 9+

2)eX + (9r* — 11r +2)e¥ + 3¢~ — 9r + 1.
(i) If v=1 and p # 1, the second-order and the third-order asymptotics are respectively given by

(1—p)xPe™ (1—p)xPe™ (1—pice™
Ar(x) + %A(x) and A, (x) + %A( x) + M%A(x)[ﬂl —2p) — 3(1 — p)rx +

3(1 — p)xe™™].
(iii) Ifv € (0,1) U (1,+00), the second-order and the third-order asymptotics are respectively given by A, (x) +

log1 2 1— —1)3e—rx log 1 2 1— —1\3 ,—rx log1 _
(log °§g;1§)”ggn> 7 A(x)and A, (x) + 18 °§g{§),lggn> <A — (01%);5”) (1= v H2(1 4 x —log2I'(})) x

(iv) Ifv € (0,1) U (1,4o00) and p # v, the second-order and the third-order asymptotics are respectively given by
—(r—1)x (r—1)x —(r—1)x
A + AW (3) i and Ar() + A0 S + e ALy + (1= (r = De) 42,
(v) Ifv e (0,1) U (1,400)and p = v, the second-order and the third-order asymptotics are respectively given by

Ar®) + AGS, () S and A (x) + A@S, () i + ARBC) Sy

b =) by =D

For different parameters v and p, with sample size n = 1 000, Figure 1 shows the relationship between the actual
values and the three asymptotics mentioned above with parameter r = 1 and given interval x € [—5, 10], which
supports our findings. For the case of r > 1, it is difficult to calculate the actual value directly, so we estimate the
actual values by calculating the empirical distribution function. For given x € [—6, 6], Figure 2 shows the difference
between the estimated actual values with the three asymptotics as r = 2, which may be acceptable.

To end this section, we compare the two bounds given by Theorem 2.3 with the actural values of extremes.

For M, calculate Q1,(x), Q2,(x), P(M,, < x) and relative error e, (x) = [Q2,(x) — Q1,(x)]/[1 — Q24(x)], where
Qin(x) and Qa4 (x) are given by (14) and (15), respectively. Tables 1-4 show the results. For the case of 0 <v <1,
Table 1 shows that for given v = 0.2, 0.5, with increasing sample size n, e,(x) decreases; and for given n, with
increasing v, e, (x) decreases. For given n and v, e, (x) is a decreasing function of x. Table 2 shows the fact that for
given x = 5, e,(x) is a decreasing function of n and v. For similar facts for the case of v > 1, see Tables 3 and 4.

For the r-th order statistics M, ,, calculate Qi,,(x), Qun,(x), P(M,, <x) and e, (x) = [Qapr(x) —
Qinr(2)]/[1 — Qapr(x)] with Qypr(x) and Qa4 (x) given by (17) for v> 1, and (18) for 0 <v < 1. Table 5 shows
that ey, ,(x) is an increasing function of n and x for given v = 0.5 and r = 2, and it is irregular for the case of v = 5;
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Figure 1. Actual values and its approximations withn = 1000, r = 1,x € [—5, 10]. The actual values compared with the first-order

asymptotics, the second-order asymptotics and the third-order asymptotics.

the two bounds are closer to the actual values. For given x = 2.8 and n = 30, Table 6 shows that e, ,(x) is an increas-
ing function of r for given v. Tables 2-5 also show the fact that two relative accurate bounds control the range of the
probability of the extremes, and provide an alternative to linear interpolation. It is an effective method to estimate
the probability of the extremes.

4. Auxiliary lemmas

Let C be a positive constant with values varying from place to place. In order to prove the main results, we need
some auxiliary lemmas.

Lemmad4.1: Let G,(x) denote the GED (v) distribution function with parameter v > 0. We have the following results.
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Figure 2. Actual values and its approximations with r = 2, x € [—6, 6]. The actual values (estimated by empirical distribution)
compared with the first-order asymptotics, the second-order asymptotics and the third-order asymptotics.

(i) Ifv = 1andp = 1, with normalizing constants o, and B,; given by o = 272 and By = 272 log 5,

(ii) If v=1 and p # 1, with normalizing constants o, and P, given by o :pzfg(log 2P~ and B

°(

(272 log )P,

1—Gi((ix+ ﬂ;’:)%’) =nle™ {1

1—Gi(ajx+Bf)=n"le ™

_A-px

(1 =p)[3(1 — p)x — 4(1 — 2p)]x°

1

2log 5

24(log 5)?

(log 5)?

(19)

)}

(20)
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Table 1. Comparison of Qq,(x), Q2(x) and P(M,, < x) along with n and x
for givenv = 0.2and v = 0.5, respectively.

n X Qin(x) PMp < x) Qn(x) en(x)
v=202

10 22 0.8983167 0.9043888 0.9358172 0.5842761
24 0.9098966 0.9149719 0.9426480 0.5710592
26 0.9196319 0.9240890 0.9484505 0.5590450
238 0.9278988 0.9317987 0.9534248 0.5480593
3.0 0.9349809 0.9383530 0.9577238 0.5379611

50 22 0.5849886 0.6050284 0.7177201 0.4702123
24 0.6236778 0.6412669 0.7442996 0.4717309
26 0.6577642 0.6738590 0.7674909 0.4719245
28 0.6878648 0.7024419 0.7878294 0.4711521
3.0 0.7145187 0.7274972 0.8057521 0.4696747

1000 22 0.0000220 0.0000432 0.0013155 0.0012952
24 0.0000793 0.0001383 0.0027224 0.0026504
26 0.0002298 0.0003727 0.0050288 0.0048232
238 0.0005624 0.0008555 0.0084848 0.0079902
3.0 0.0012030 0.0017244 0.0133054 0.0122656

v=205

10 22 0.7944583 0.8021804 0.8343381 0.2407301
24 0.8263512 0.8324911 0.8589261 0.2309067
26 0.8527809 0.8576013 0.8795175 0.2219126
28 0.8747526 0.8786060 0.8968032 0.2136752
3.0 0.8930810 0.8961783 0.9113530 0.2061209

50 22 0.3164867 0.3321699 0.4043062 0.1474238
24 0.3853216 0.3998509 0.4674973 0.1543197
26 04510112 0.4639029 0.5262867 0.1589052
28 0.5121842 0.5235652 0.5800771 0.1616794
3.0 0.5681386 0.5780590 0.6286851 0.1630597

1000 22 0.0000000 0.0000000 0.0000000 0.0000000
24 0.0000000 0.0000000 0.0000002 0.0000002
26 0.0000001 0.0000002 0.0000027 0.0000025
238 0.0000015 0.0000024 0.0000186 0.0000171
3.0 0.0000123 0.0000174 0.0000930 0.0000808

Table 2. Comparison of Q1,(x), Q2,(x) and P(M, < x) along with n and
0<v<1forgivenx = 5.

n v Qi () P(Mn < X) Q20 (%) en(x)
10 0.1 0.9913561 0.9917302 0.9949114 0.6986797
0.2 0.9718511 0.9730040 0.9808212 0.4677135
0.4 0.9685581 0.9693446 0.9743350 0.2250904
0.6 0.9802534 0.9804977 0.9821276 0.1048652
0.9 0.9933760 0.9933885 0.9934844 0.0166275
50 0.1 0.9575212 0.9593293 0.9748146 0.6866442
0.2 0.8669590 0.8721136 0.9077145 0.4416245
0.4 0.8523703 0.8558368 0.8780950 0.2110231
0.6 0.9050900 0.9062187 0.9137756 0.1007322
0.9 0.9673159 0.9673766 0.9678435 0.0164072
1000 0.1 0.4197284 0.4358670 0.6004002 0.4521316
0.2 0.0575402 0.0647830 0.1442068 0.1012705
0.4 0.0409794 0.0444446 0.0742729 0.0359647
0.6 0.1360928 0.1395276 0.1647368 0.0342934
0.9 0.5144780 0.5151241 0.5201194 0.0117558

(iii) Ifv € (0,1) U (1, 400), with normalizing constants o}, and B, given by (5),

1
1-Gy((afx+BHr)=n"le*{1—

1- v_1)3(loglog n)?

2logn

N (1—vH2(1+x—log{2r (%,)}) loglogn N

loglogn

logn

!(

logn

)

1)
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Table 3. Comparison of Qq,(x), Q2(x) and P(M,, < x) along with n and x
for givenv = 2and v = 5, respectively.

n X Qin(x) PMp < x) Qn(x) en(x)
v=2

10 2.2 0.8606846 0.8693495 0.8799128 0.1601191
24 0.9175650 0.9209835 0.9257873 0.1107936
26 0.9530429 0.9543538 0.9564622 0.0785345
2.8 0.9742495 0.9747405 0.9756380 0.0569938
3.0 0.9864026 0.9865827 0.9869544 0.0422991

50 2.2 0.4725810 0.4965603 0.5274706 0.1161614
2.4 0.6505338 0.6626118 0.6800738 0.0923336
26 0.7863017 0.7916750 0.8004588 0.0709481
2.8 0.8777258 0.8799238 0.8839822 0.0539265
3.0 0.9338416 0.9346899 0.9364520 0.0410768

1000 2.2 0.0000003 0.0000008 0.0000028 0.0000025
2.4 0.0001844 0.0002662 0.0004478 0.0002636
2.6 0.0081639 0.0093527 0.0116622 0.0035395
2.8 0.0736564 0.0774285 0.0848927 0.0122787
3.0 0.2543747 0.2590304 0.2689741 0.0199710

v=>5

10 2.2 0.9821805 0.9834947 0.9851923 0.2033925
2.4 0.9976378 0.9976947 0.9978047 0.0760575
26 0.9998323 0.9998337 0.9998375 0.0320048
2.8 0.9999948 0.9999948 0.9999948 0.0146745
3.0 0.9999999 0.9999999 0.9999999 0.0071845

50 22 0.9140302 0.9201532 0.9281218 0.1960497
24 0.9882446 0.9885267 0.9890717 0.0756840
2.6 0.9991618 0.9991689 0.9991877 0.0319932
2.8 0.9999739 0.9999741 0.9999742 0.0146743
3.0 0.9999997 0.9999997 0.9999997 0.0071845

1000 22 0.1656638 0.1893227 0.2249572 0.0765034
2.4 0.7893864 0.7939048 0.8027048 0.0675045
2.6 0.9833679 0.9835085 0.9838796 0.0317388
2.8 0.9994775 0.9994824 0.9994851 0.0146707
3.0 0.9999942 0.9999942 0.9999943 0.0071845

Table 4. Comparison of Q1,(x), Q2,(x) and P(M, < x) along with n and
v > 1forgiven x = 3.5.

n v Qin () PMn < X) Q20 (%) en(x)
10 15 0.9890469 0.9891272 0.9892410 0.0180354
2 0.9976627 0.9976761 0.9977128 0.0218939
3 0.9999782 0.9999817 0.9999784 0.0124723
33 0.9999970 0.9999982 0.9999971 0.0095311
50 15 0.9464242 0.9468053 0.9473501 0.0175860
2 0.9883682 0.9884346 0.9886161 0.0217793
3 0.9998909 0.9999086 0.9998922 0.0124717
33 0.9999851 0.9999909 0.9999853 0.0095310
1000 15 0.3324471 0.3351304 0.3390082 0.0099262
2 0.7913621 0.7924260 0.7953414 0.0194435
3 0.9978200 0.9981739 0.9978469 0.0124587
33 0.9997023 0.9998177 0.9997051 0.0095297

(iv) Ifv € (0,1) U (1,400) and p # v, with normalizing constants ¢, and d,, given by (6),

1-G, ((cnx + dn)}))

= ple ™ {1 - [v_l(v R — 2w i — A — 2 — m”]b;v
L.y 2 2.4 -2 2y 4 4 3 -2 2v 2
+|:§A V(v —=p)xT—v (v—pA (2—5v—§p)x +2v°(1 —v)Ax

+ 40 =D =20 x 4T - D - z)w] b, * + o(bn”)} . (22)
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Table 5. Comparison of Q1pr(X), Qanr(x) and P(M,, < x) along with nand x
forgivenr = 2,andv = 0.5and v = 5, respectively.

n X Qinr () PMpr < X) Qan,r (%) enr(X)
v=205

10 2.2 0.9441538 0.9809615 1.0275749 —3.0252524
24 0.9561505 0.9865216 1.0236780 —2.8519126
2.6 0.9652290 0.9903596 1.0202631 —2.7159771
2.8 0.9721745 0.9930530 1.0173107 —2.6074151
3.0 0.9775434 0.9949541 1.0147799 —2.5193993

50 2.2 0.6178074 0.7023217 0.8725027 1.9976531
24 0.6901408 0.7697601 0.9158538 2.6823909
2.6 0.7498686 0.8229683 0.9473843 3.7539350
2.8 0.7984150 0.8645627 0.9698151 5.6783455
3.0 0.8374802 0.8966240 0.9854238 10.1496531

1000 2.2 0.0000000 0.0000000 0.0000003 0.0000003
24 0.0000001 0.0000002 0.0000050 0.0000049
2.6 0.0000019 0.0000035 0.0000452 0.0000433
2.8 0.0000203 0.0000336 0.0002687 0.0002484
3.0 0.0001359 0.0002086 0.0011489 0.0010141

v=>5

10 2.2 0.9957721 0.9998767 1.0050571 —1.8360237
24 0.9996190 0.9999976 1.0004398 —1.8661697
2.6 0.9999815 1.0000000 1.0000206 —1.9000942
2.8 0.9999996 1.0000000 1.0000004 —1.9280712
3.0 1.0000000 1.0000000 1.0000000 —1.9479278

50 2.2 0.9766794 0.9967876 1.0216924 —2.0750555
24 0.9980460 0.9999352 1.0021319 —1.9165386
26 0.9999072 0.9999997 1.0001025 —1.9056094
2.8 0.9999980 1.0000000 1.0000022 —1.9283273
3.0 1.0000000 1.0000000 1.0000000 —1.9479318

1000 2.2 0.3475245 0.5046753 0.6785480 1.0297758
24 0.9416464 0.9771526 1.0146908 —4.9721211
2.6 0.9980190 0.9998634 1.0018935 —2.0461942
2.8 0.9999597 0.9999999 1.0000432 —1.9344294
3.0 0.9999997 1.0000000 1.0000003 —1.9480282

(v) Ifv e (0,1) U (1,+00) and p = v, with normalizing constants ¢, and d;, given by (9),

1-G, ((c;x + d:)fl’)

=nle™® {1 — 20— AP =20 = 2)x — 3vT 4 5]b, %

By (24) and the values of o and 8 given by Theorem 2.1(i), we get

(ii) If v = 1 and p # 1, note that

1
(opx + B)P =

4
+ =1 |:§(v_l —DE—v Had =8 =22 —8Gv ! — 5)xi| b,
8
+§(V—1 — D2 = 11v 41643 + o(b;3V)} :
Proof: (i) If v = 1 and p = 1, by (1) the Laplace density g; (x) is given by
1
x) = — exp(—+/2|x]).
&1 (x) 7 p(—=v2x])
1-Gilafx+ B = — exp ( — v2x)dx
1( " n) \/z 27%x+27%10g% p( )
=nle ™
log7 (1, _* A=px (A=p1=-2px 1
0 .
V2 log5 ~ 2(log 5)? 6(log 5)* (log 5)*

The claimed result (20) follows from (24) and (25).

(23)

(24)

(25)
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Table 6. Comparison of Q1 (x), Qan,r(X) and P(Mp,, < x) alongwithvand
r > 2forgivenx = 2.8and n = 30.

v r Qinr (%) PMpr < X) Qan,r (%) enr(X)
0.1 2 0.9757843 0.9987123 1.0229409 —2.0555686
3 0.9762135 0.9999790 1.0244196 —1.9740741
4 0.9762174 0.9999998 1.0244468 —1.9728299
0.2 2 0.9148533 0.9810867 1.0614478 —2.3856747
3 0.9226255 0.9987718 1.0833325 —1.9285032
4 0.9229524 0.9999419 1.0849718 —1.9067431
0.5 2 0.8933923 0.9432802 1.0120160 —9.8721219
3 0.9278140 0.9933405 1.0706215 —2.0221525
4 0.9311391 0.9994266 1.0784966 —1.8772465
0.7 2 0.9250118 0.9487153 0.9825676 3.3016461
3 0.9623665 0.9943041 1.0327901 —2.1477084
4 0.9660732 0.9995364 1.0390663 —1.8684416
0.9 2 0.9556584 0.9607125 0.9701595 0.4859510
3 0.9885106 0.9962277 1.0075575 —2.5202665
4 0.9914847 0.9997351 1.0115326 —1.7383721
15 2 0.9759006 0.9889270 1.0028975 —9.3174327
3 0.9857182 0.9994570 1.0155287 —1.9197014
4 0.9861701 0.9999806 1.0162521 —1.8509573
2 2 0.9879828 0.9972920 1.0076344 —2.574089%4
3 0.9904276 0.9999357 1.0109907 —1.8709591
4 0.9904814 0.9999989 1.0110858 —1.8586337
3 2 0.9984374 0.9999367 1.0016303 —1.9584774
3 0.9984965 0.9999998 1.0017115 —1.8785071
4 0.9984967 1.0000000 1.0017118 —1.8782153
5 2 0.9999988 1.0000000 1.0000013 —1.9281993
3 0.9999988 1.0000000 1.0000013 —1.9280120
4 0.9999988 1.0000000 1.0000013 —1.9280120

1
(iii) If v € (0,1) U (1, 400), with normalizing constants «;; and B given by (5), z,,(x) = (ajix + ;)7 and
zyn = = loglog n + log 2I'(1/v), we have

(v ' —=D[x— logZF(%)] + (v~ = 1)%(loglog n)

20 =27 A logm) 11+

logn
-1 _ 13 2 2
v 1)’ (loglog n) . loglogn , (26)
2(log n)? logn
and
gv(zn,p(x))
v v
= + exp | —(logn) <1 _ Lo ) (1 + p—x)P
121+5F(%) vlogn viogn —z,,
_ ve:x o n)V;vl exp | — (172—1)3 (loglogn)? + (1 — v~)? (log 2T’ (%) — x) loglog n ‘o <loglogn>
iy logn logn
_ ve?x togm? [1 - (1—;—1)3 (loglog m)? + (1 — v~1)2 (log 2T" (1) — x) loglog n o (loglogn)
iy logn logn
Further,
1420 = DAY (20p0) " + 407 = D = 227 (2,,(0))
—1 -1 -1 _ 1 21 1 1 1
s Vol Vi ogogn+o(0g<2>gn)_ (27)
logn log™n log™n

Combining (8) and (26)-(27), we derive (21).
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(iv) If v € (0,1) U (1, +00) and p # v, with normalizing constants ¢, and d,,, we have

bV

n

1
1 20v " IAVx\ P
Znp(%) = (cux + du)? = by (1 n u) .

By using arguments similar to (26)-(27), we have

—1 _ v _ . —252v,2
2v (1 v)kx+2(1 V(A —v—pwv Ax+0(1>),

2y () = b, <1 +

b, = =
and by (7),
g(znp() = n*Ie*xz_;vb;*l {1 _ 1’_1(1’;—;))»”962
D2y2(v = p)(v = 2p)x° — 31V 2 (v — p)xct 1
_ o “o(i )}
Further,

14200 = DAY (20p@0) ™ + 407 = D = 227 (2,5 (1))

20 = DAY 4l =D =20 — 4 — DA 1
_1g v - WA ) 2ZV & ) x—l—o(ﬁ).

Combining (8) and (28)-(30), we derive the desired result (22).
(v) Ifv € (0,1) U (1,+00) and p = v, with normalizing constants c}; and d;; given by (9), let

1
1 20 4T = DA (x+ DY
Zny(X) = (sz‘i‘ d:)" = b, (1 + Wx"i' b2 ) .
n n

By arguments similar to (26)-(27), we can get

(Zn,v (x)) =

bz b121v
8(v ! — DAt =20 1 1
4 (v ) (v IAx(x + )+0<_)>,
b3V b3y
and by (7),
ve ™ 20— DA (x+ 1) 200 = D2 (x 4 1)?
gv(zn,v(x)) = n= b, {1 — m + =
4v T = DI (x+1)3 1
- ‘ol = )¢-
3b3 b3
Further,

14200 = DAY (200 0)) ™ 407 = D = 2027 (200 (0))
+80 ! =D =2 =302 (2, (0))
200 = A N 4v I =D = 2)A% —4(v = DAPx

by b2y
8l —DA¥x2 —8(v I = DBy =53
_|_
b3y
8(v I — DAY 2 —6ev 4+ 7) 1
* b3 To\wr )
n n

Combining (8) and (31)-(33), we derive (23).

207 = DA 4T = DA+ D)+ 2007 = D = 202K
b}[”(1+ S Wx A VAT x4+ 1) 4 2( )( )

(28)

(29)

(30)

(1)

(32)

(33)
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Lemma4.2: Let{X, : n > 1} beasequence of i.i.d. random variables with common distribution G, (x) with parameter
v> 0 and M,,, denotes the r-th maximal term of {X1,Xa,..., Xy} for 1 <r < n. Assume that there exists positive
constant z,,(x) such that when n(1 — G, (z,(x)) — e~ %,

P (M, P < Zh(x)) — As(x)

- gz Cl—e -1
—A(x)[l 2(1 Ony(x)(r—1—e )]( nv(X))(_l),-l-O(ﬂ )» (34)

where 0,,,(x) = ne*(1 — G,(z,(x))).
Proof: By arguments similar to Hall (1980), we have

P (|My P < Zh(x)) — Ar(x)

r

1
(’7) [1—n7'e 00, (0] 7 [n e 00 @] — Ar(x) + O 127"

=0 M
r—1 ) e_]'x
=> [1- n—le—xen,xx)]"eil,v(x)j—, — Ar(x)+ 0™
j=0 ‘
r—1 -e_jx
=A@ Y {exp [ = Ouyene ™} 1 = (0 = 6] f i)
j=0
r—1
— —x (1- Gn,v(x))z —2x
= A(x) ]:ZO [1 + (1= Opy(0)e™ + ————e }
. (;— 1) s .
x [1 — j(1 = Oy () + 2 ——(1 = Oy (%)) } T @+ 0m™h

= A1 - Gn,v(x))(Ar(x) - Ar—l(x))e_x

1
= SA =00, (0) [Ar1(0) = Ar2(0) = (Ar(0) = Ar1 (@) ] €7 + O™

1 —rx
= A [1 70 =0y —1 - e_x)} - nv(x))( DI +0(n™")
since
r—1 je_‘x r—1 ]26_ jx
S — e, Z = e P A,y (x0) + e Ay (). (35)
Pl Ji
The proof is completed. |

Lemma 4.3: Let {X,, : n > 1} satisfy the assumptions of Lemma 4.2 and M, , denotes the r-th largest order statistics
of X1, X2, . . ., Xu. The following results hold.

(i) If v=1 and p # 1, with normalizing constants o and B given by o =1)2_12’7(10g§)1’_1 and B} =
22 log 5)?, let B;, = 2loglog %, and then

sup | P(|Mn,r|p < (x:x + ﬂ:) -

x<-B;

= fogn (36)

(i) Ifv € (0,1) U (1,400), with normalizing constants c: and B, given by (5), let B, = 2log (@%), and
then

logl 2
sup | P(IMy P < afx+ ) — A, ()] = ¢ L2808

(37)
x<—B] logn
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(iii) Ifv € (0,1) U (1,400) and p # v, with normalizing c, and d,, given by (6), let B, = 2 log(a;lbnv_l), and then

C
sup |P(|Mn,r|p <cux+dy) — A (X)) < 1_ (38)
ogn

x<—P;,

(iv) Ifv e (0,1) U (1,400) and p = v, with normalizing ¢, and d; given by (9), let B, = 4log(a;1bnv_l), and then

P(IM,, P <cE+d)— A < ) 39
xi‘i%;' (1M l” = ¢ +dy) — Ar(0)] = (logn)? (39)
Proof: Note that
Ap(x) = |P(IMyrP < cux + dp) — Ar(x)]|
r—1 n . .
=2 (.)G"—f<zn>[1 — G(zn)V — Ar(x) +0(n" 127"
=1
1 n—r
<m! (5) + A (=B, (40)
and
r—1 g/ /
e]/gn 1— erﬂn
A=) = A(=B)) Y — = CA(=B)—
=0 ] 1 —1rPn
< CA(=B)e Vb < ce P (41)

If v=1 and p # v, note that 8, = 2loglog 5 and rn’_l(%)”_’ = o(n~*) for any o > 0. It follows from (40)
and (41) that (36) holds. If v € (0,1) U (1, +00), and 8, = 2log (loi), from (40) and (41) we can get (37).

(loglog n)?
If v e (0,1) U (1,400) and p # v, recall that anbrjlv ~ @ and B, = 210g(a;1b,,v_1), and then (38) follows. If
v e (0,1) U(1l,400),p = v,and B, = 4log(a;1bnv_1), from (40) and (41) we can get (39). |

The following is about the Mills’ type inequalities of GED.

Lemma4.4: (i) ForO<v<1,asx > [&;V)]% we have
207 1—G(kx) 21" 2(v — DAY -1
_xl_v < # < _xl_v <1 + ;x_v> .
% (%) v v

(ii) Forv> I, for all x > 0 we have

-1
27, (1 n 2(v — 1)xvx_v> - 1 —Gy(x) _ 2_)‘Vx1—v'

% % & (x) %

Proof: Note that assertion (ii) is just Lemma 2.2 of Peng et al. (2009). We only show that assertion (i) holds. For
x> [Z(I—V_V)]% as0<v<l,

1 o0 v o 1 v 00 v 1—v
—/ e T dt>/ e T dt= Y f e 7 df — al e
xV Jy . Y 2(1 —v) J, 1—v
00 v -1 yv—1\ —1 v
/ e~ Tdt < (V + i ) exp (_x_) (42)
x X 2 2
00 W va—l -1 XV
f e zdf > ( ) exp (——> . (43)
; 2 2

ol

implies that

and
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It follows from (42) that

2 *
1-G(x) = ———— e zdt
29 () Jaa

v v a1\ 7! x¥ 227 2,
>~ \5 (—) exp | ——— =g, (x)—x "
2 JWF(%) 2 \A 2A v

Similarly, by (43),

217 2(v — DAY -1
1 —Gy(x) < gy()—x'"" (1 + ux”) .
v v

Hence, the assertion follows. [ |

Recall that z,, 5 (x) = (cux + dn)P and for large enough 7, z,, 5 (x) > 0 and z,,p(x) > A[z(l 1')]%.

Lemma4.5: (i) Ifv=1andp#1,leta) = 4l(pg+21) and |x| < a,, and then

C

le™ = n(1 = Gy(znp(x))| < logn’

a;lb, (148,a,b;1)

(i) Ifve (0,1) U (1,+00) and p >0, let o), = o7 o

and |x| < a), and then

|e7x — n(l — Gv(z,,,p(x)))| < C(*+ |x| + 1)5, exp <}1|x| — x),

—b 3 (logll —1)3 log
where 8, = £ o ("vzl) (oglogg;n) JTn = Qy/ay, andr, — 1 ~ ("Vzl) oﬁ)gin.

1

111 S +00) an v, eta = ana |x <a and then

(ifi) Ifv € (0,1) U (1,400) and p # v, let ), = {25 and d th
1
|e (1 -G (z,,p(x)))| < C(* + |x| + 1)a,b,, vexp Z|x| —x).

an’lbn

(iv) Ifve (0,1)U(1,400) andp = v, leta,, = and |x| < «), and then

4(v+2)

le™ = n(1 — Gy(znp()))| < C(Ix| + 1)(anb, 'v)?e™ .

N\X

1
Proof: (i) If v =1and p # 1, then z,,,(x) = f (1 + lpx )p. It follows from Lemma 1 of Hall (1980) and (20)
that

1 2
T —n[l = G(zppx)] <e* — i exp {—log2 <1 + —x + 7 2x2>}
2 2 log 5 (log 3)
2x%e™* C
=< oo Z =< 1 )
g3 ogn

and

nll = Glanp)] — e < Mexpl—tog " (14— — P V| o
i =297 ) 1og§ (log 2)2

2 2
Se_x.pxnexp{px }Se_i".pxng ¢ .
log 5 log logs ~ logn

n
2

Combining the above results, we can get (i).
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1

(ii) In case of v>1, z,,(x) = by (1 —}—panb;l . #)p 1+ Snanbrjl). By Lemma 1 of Hall (1980),

Lemma 4.4 and some tedious calculation, we have
e " —n[l = Glznp(x))] < Ze_xanbzlv(|x| + 1425 +e%5,

and

—3av—1 2 (x
n[1 —G(zppx)] —e * <n- 27vA zl,—v(x) exp (_ n,p( )) -
= [ = Danby x| + panby, x| exp {(v = Danb, ' x] + panby, ' x* — x}

1 1
< vaub, (v|x| + px )exp (Z + Z|x| — x) ,

which implies (ii) for the case v> 1.
If 0 < v <1, it follows from Lemma 1 of Hall (1980) and Lemma 4.4 that

1
2=y vl zy (%)
X _ 41 -G <o X _ . 1—v _np
e n| (zZnp())] < e n F(%) Zyp (%) exp ( o

<e {1 —exp{—2vasb, '’} (1 + (1 = v)duanb, )}

<e * {Zvanb;1x2 +2v(1 — v)8, (anbglx)z}

2v(1 —v)
16

efx

< 2x2anb;1ve7x + e,

and

[l — G(znp(x))] —

1
27wt Zy (%) 20 — DAY _ -t
<n- (% n)P"(x) exp <— 3G (1 + T%)},’(x)) —e*

)
{ [ 1- v)a,,b;lx — anb,:l(v -1 - vanbglx) —f—panb;lxz - 8n] — 1}
(

1 1 1 1
< Capb, v (x| + 1+ x )exp(1+;l|x|—x> + 18,| exp (A_L+Z|x| —x),

which implies (ii) for the case 0 <v < 1.

(iii) If p # v, in case of v>1, z,,(x) = b,y(1 + anbglpx)ll’. It follows from Lemma 1 of Hall (1980) and
Lemma 4.4 that

. e 2 ,(%) 20— 1A,
e —n[l =Gy <e™ —n- r Znp (X)€XP ) —— (1—7%@(@)

<e ¥ — (1 —(v— l)anbglx) exp{ —x— Zanbglxz}

8 |:1 3 2(v — DAY
%

b,"(1— anbglvx + xz(anb,:l)z(&/2 +PV))]

- {1 — (1= (v = Danb, %) exp | - 2a,b; 'x*)

X [1 — (v—Dayb,* (1 — anb,  vx + (anb;, 'v)*x? <8 + %))]}
< e {1 — [1— ayb, 'v(Ix| + 2)] exp (—2a,b, ' x*)}
< e {1 —[1 = anb, 'v(x| + 211 — 2a,b, 'x*)}
< 2e aub, 'v(|x| + 1+ x%)
since
(1— (v—1anb, 'x) [1 — (v—Dayb,* (1 — anb, vx + (anb;, 'v)*x? <8 + %))]

> 1 — anby, 'v(|x| +2)
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as |x| < «,. Next,

INEY 20V

v

1
27wt Zp,p (%)
n[l1 —G(zpp(x)] —e* <n- z;;v(x) exp (— L ) —e
<1 +panb_1x)% exp(—x +panb_1x2) —e
< [(v = Dayb, x| + panb, ' x*] exp {(v — Dayb,, ' x| + panb,'x* — x}
1 1
< vaub (lel + px )exp (Z + lel - x) ,

which implies (iii) for the case v > 1.
If p # v, in case of 0 < v < 1, it follows from Lemma 1 of Hall (1980) and Lemma 4.4 that

el — Glanpn] < e —m. vy onp )
—n[l = Gzup(x)] <e > —n- rO Znp ) exp | =3

<e ¥ — [1 + (1 - v)anbglx —(1-— v)(anb,jl)szz] exp ( —x— 2vanb;1x2)
< e_x[l — exp (—2vanb;1x2)] < 2x2anb;1ve_x,

and

n[l — G(znp(x))] —

1
27w Zy (%) 20—DA _, \'
—F(l) Zp (x) exp (— S (1 + — Zn;(x)) —e*

<e {exp [(1 —v)anb, 1_ga b_l(v — (1 — vanb_lx) —I—panb_le] - 1}

< [ =wanb, x| + A = vaub, ' — (1 — v)v(anb, )’ (x| + panb;, 'x*]

X exp {(1 —Vv)ay _1|x| + (1 - v)anb_ — (1 —v)v(a, ;1) |x| +panb;1x2 - x}
< [anby x| + anby ' — vianby D) |x| + panby, 'x’]

x exp {anb, x| + anb, ' — v(anb, )?|x| + panb;, x> — x}

(1 1 . 11
<anb, v |x|—|—;—an |x|—|— x exp Z+Z|x|—x

1 1
< Caub, 'v(|x| + 1+ x%) exp (4_1 + Z|x| — x) ,

which implies (iii) for the case of 0 <v < 1.
(iv) If p = v, the proof is similar to the case of (iii). If v>1 and z,,(x) = by[1 —}—vanb;lx—I—v(l —

v)(anb, ) (1+ x)]¥, we have
e " —n[l — G(znp(x))]
<e™ —[1 = (= Danb, 'x + (v = Danb; H2(x + 1]
x exp{ —x+ (v—D(anb, )1 +0}[1 — (v — Dayb, ']
< efx{l —[1— va,,b;lx — vanb;1 — (vanb;1)3(x+ DI][1 + vanb;1(1 —l—x)]}
< 2(anby, V)2 + x| + 1),
and
nll — Glznp(x))] —
< e exp{(1 —v)anb, 'x + 1 —v)*(anb, H*(L +x) + (v — Daub, ' (1 + %)} — 1}
S[W—D%%'+W—D(%%J(LHMHHPN~4MMJ+OHJ)ww;)U+MD—H
< C(|x| 4+ 1) (anb, 'v)%e™.

/\

Therefore, the result in (iv) for the case of v > 1 can be proved.
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Ifp=vincaseof 0 <v<l,
e —n[l = G(znp(x))] < efx{l — exp [ — (1 —v)aub, Ta+ x)]}
< Ce *a,b; (1 + |x|),
and
n[1 — G(zpp(x))] —
<e® {exp [(1 — V)agb, x|+ (1 = v)*(a,b, ) (1 +x) — (1 = v)apb, ' (1 +x)
FabT (1 — v) (1 — vanblx — v(1 — v)(anb D21 + x))] — 1}

<e exp[(1 = v)*(anb, (1 +x) — v(1 — v)(anb, x4+ v(1 — v)*(anb, )’ (1 + x)] — 1}
< [ =»(@nb, (1 + |x]) — v(1 = v)(anb;, )?|x] +v(1 = v)*(anb, )’ (1 + |x])]

x exp {(1 = )*(anb,)? (1 + [x]) — v(1 — v)(aub, )2 |x| + v(1 — v)*(anb, ) (1 + |x))}
< C(|x| 4 1)(anb, 'v)?e ™™

Hence the result of (iv) can be proved for 0 <v < 1.

Lemma4.6: (i) Ifv=1andp #1,letc, 4l(pg+1) and x > o), and then

€7 = nl1l = Gy(znp)]| = exp [—Clog 2.

a, 1p, 1+8nanb;1
4(p+2v) n

(i) Ifv e (0,1) U (1,+00), let o), and x > o), and then

|e7x —n[l— Gv(z,,,p(x))]| < Cexp { — Ca;lbnvfl}.

4(p+ZV)

(iii) Ifv e (0,1) U (1,400) andp # v, let o}, and x > o, and then

|e_x —n[l — Gv(zn,p(x))]| < Cexp{ - Ca;lbnv_l}.

tflb

4(V+2) and x > «,, and then

(iv) Ifv e (0,1)U(1,4+00) andp = v, let o), =
|e7x —n[l — Gv(zn,p(x))]| <Cexp{— C(a;lbnvfl)z}.

Proof: (i) We can get the assertion of (i) since

/ n n ]' !/ p !/
n[1 = Gylanp(e)] < - exp {—log5 (1 * 1og % ™ og 2)2( )2>}

2
3
< exp{—é—loe;} < exp{—Clogg}.

(ii) In case of v> 1,

1-v

r P
[l — Gy(zupla,)] < [ 1+ “b_lo‘/—n)
[ v(Znp n))]—( banby, "1+ 8,a,by !

b T ’
X exp {2;1/ |:1 — <1 + anbglpa; . 1+5—1;b_1> (1 + 8nanb;1)v:| }
nlnn

< exp{ — Ca;lbnv_l},
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and for thecase 0 <v < 1,

T’l[l - Gv(zn,p(a;/q))]

1—v
T P
<(1+ abla’-—">
( PanOn Cn 1+ 8panb;
b _ o ’ iy
N R blal— ") (14 8pa.b; !
Xexp{ Z’V[ ( PO O(”1+8nanb;1> (14 buaty )“
—y -1
2(v — DAY _ 1 Tn N iy
14 277 vy blal ") (14 Suanbit
X( LT ( B A (14 8

b’ 5p+ 8\ 7
< Cexp{-—= 1_< P+ V>p §Cexp{—Ca;1bnv_1}.
207 4p + 8v

Hence, we can get (ii).
(iii) If p # v, in case of v> 1,

14

n [l — Gv(zn,p(a;))] <(1 +panb;1a;)% exp {% [1 —(1+ anb,jlpa;);]} < exp {—Ca;lbnv_l} ,

and for the case 0 <v <1,

14

n [1 — Gv(zn,p(a;))] < (1 + a,,b;lpoz;)% exp {% [1 -1+ a,,b;lpa;);]}

2(v — 1Y o\
X (1 + uIa;V(l + panby, o) P)
v

b 5p+ 8v\ 7
<Cexp{-—=21 1—<P+ V)P SCexp{—Ca;lbnv_l}.
20 4p + 8v

Therefore, we can get (iii).
(iv)If p =v,incaseof v>1

1-v
v

n[1 = Gy(znp(e,))] < [14 vanby, '), — v(v — D)(anb, H*(1 + a))]

v
X exp {% [1 -1+ vanbrjla;’ +v(1 — v)(anbi;l)Z(l + Ol;,))]}

v
< exp {% [1— A +vaub, o), +v(1 — v)(asb, )1 + a;))]}

14

< exp {% [—vanb,'a), + v(v — D(anb, (1 + a;)]}

bV
< Cexp {_2_):1"(1’/1 + (v — Dayb, ' (1 —|—a;)}
< Cexp {—C(a;lbnv_l)z},
and for the case of 0 < v < 1,

1-v
v

n[1 = Gy(znp(ay))] < [1+vanb;, o), +v(1 — v)(anb, H*(1 + )]
X exp {% [1 —(1+ vanbgla; +v(1l — v)(anb;1)2(1 + a;))]}

8 {1+ 2(v — DAY

-1
b, " [1 4 vanb, ', +v(1 — v)(anb, H*(1 + a&)]l}
1%

14

< Cexp{z—)’jv[

< Cexp {—C(a;lbnv_l)z} .

—vapbtal — v(1 —v)(ab;H*(A + (X;))]}

Then, we complete the proof of (iv). n
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Let

Ay = exp {—f’l (1 - Gv(zn,p(x))) + e—x} » Bu(x) = exp{—R,(x)},

n(1—Gy (2, (x)))?

where R, (x) = —n[1 — Gy(znp(x))] — nlog G(z,) and 0 < R, (x) < 3Gy ()

Lemma4.7: (i) Ifv=1andp #1,leta, Zl(pg+21) and x > —a, and then

11

(1= Gu(znp(x))) < Cn7To, |Bu(x) — 1] < Cn™ 3.

a, 1, 1+8nanh;1

(i) Ifv e (0,1) U(1,+00) and p> 0, let o, = go705 - —

and x > —a, and then

(1 Gy(anp®)) < Cn %, |By(x) — 1] < Cn 1.

71!7

(iii) Ifv e (0,1) U (1,+00) andp # v, let o), = 4(P+2V)

and x > —a,, and then
15 3
(1 - Gv(Zn,p(X))) <Cn"15, |By(x)—1] <Cn" 4.

(iv) Ifve (0,1)U(1,400) andp = v, leta), = and x > —a, and then

b
4(v+2)
(1= Gu(znp()) < Cn3, |Bu(x) — 1] < Cn 7.
Proof: (i) Ifv = 1andp # 1, since x > —«;,, then

1— Gv(zn,p(x)) <1- Gv(zn,p(_a;,))

<lex —log 21— ! o — P (@) )} <ex —ilo L .
=P 3 log5 " (log5)? " SP1T6 8 =

and

n[l — Gv(zn,p(x))]z
2Gy (Zn,p (%))

|Ba(x) — 1] = |exp{—Rn(x)} — 1| < Ru(x) <

Therefore, we can get (i).
(ii) If v > 1, since a;lbn ~ vlogn,

1= Gyl(znp(®)) < 1 — Gylznp(—al))

1-v

1
27w vl e
<n”! 1 b, (1 — panb;, o}, - il —1)
F(T,) 1 + 8na,by,

b, b T ’
X AP Ty TP W

<Cn 8.

11
16

1-v
_1 1 Tn P ( n / )
<n 1—pab o, ———— exp| —————«a, + payb (a))
< P n¥n “n 1+8nanb;1> p 1+8nanb;1 n P n%n n

< Cn lexp (r—nlan + panb, () )
1+ 8,a,b;,

15

-1
< Cnt exp @, b <Cn T,
16v

and

n[l — Gv(zn,p(x))]2

< Cn_%.
2Gy(znp(x))

[Bn(x) — 1] =
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In case of 0 < v < 1, noting that a, b, ~ vlogn, we have

1 = Gy(2np(x)) < 1= Gy(znp(—0ay))

1

1 v
—5v—1
_ 2R

7 E
<n — (1 — pa b la! —n>
rdy ™ T 4 Saanby !

14

v -1,/ r, P
1— ™
by ( panby o, 1+ananb;‘)

X ex —
P 20

(1 + 8uanby ')’

-1

20— DAY . " 5 L
1+——pV(1-— b S 1+ 8,a,b7!
X( R " ( PanOn O b (1+uanbi, )

< Cn™exp (o, + panby; ' (¢;)%) < Cn™"exp {6117} ok,

and

n[l — Gv(zn,p(x))]z
2Gy (Zn,p (%))

[By(x) — 1] < < CrF%.

Therefore, we can get (ii).
(iii) If p # v, in case of v> 1 and noting that a,, ' b, ~ vlog n, we have

1= Gy(znp(x) < 1 — Gy(znp(—atp))

Ly bY(1 — b—l / 1%
by (1 = pasbya) 7 exp [‘ e }

1
—Lav—1
127
r)

1-v
<n~ ' (1 —panb,'a;) 7 exp (o, + panb, ' (a),)?)
< Cnlexp (o, —{—panb;l(a;)z) < Cnlexp {a"—n} <Cn 1

and

n[l— Gv(zn,p(x))]2
<

BnC) =1 = = G ()

_3
< Cn™ 4.

If p # v, in case of 0 < v < 1, noting that a;, 1b, ~ vlog n, we have
1 — Gy(2np(x)) < 1= Gy(znp(—0ay))

1 v
27 vavl 1=y b (1 — pa,b;lal)?
=n b,lfv(l —panbgla;) P exp |:— n(1 = panby o) :|

L) 20
2(v — 1)AY A\t
X (1 + uIo;V(l — panb;, o)) P)
v
< Cnlexp (o, —I—panb;l(a;)z) < Cnlexp {”—} <Cn 16

and

n[l— Gv(zn,p(x))]z
2Gy(znp(x))

|Bu(x) — 1| < <Cn i

Therefore, we can get (iii).
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(iv) If p = v, in case of v > 1, noting that a,, 'b, ~ vlog n, we have

1 — Gy(zpp(x))
<1- Gv(zn,p(_a;))

1-v

<n! [1 —vapbtal, — v(v — 1)(anb;1)2(1 — a;)] " exp {a; + (v — Dapb, (1 — oz;l)}

< Cnlexp{a, + (v — Dayb, (1 —a))} < Cn'exp : a”4 n} < Cni,
v

and
- n[l — Gv(zn,p(x))]z
B ZGV(Zn,p(x))

If p = v, in case of 0 < v < 1, noting that a,, 1 b, ~ vlog n, we have

_1
< Cn™ 1%,

|Bn(x) — 1]

1= Gylznp(®)) < 1 — Gy(znp(—a}))

<n ' [1—vapb, e, + v(1 = v)(anb, (1L —al)]
x exp {a, + (1 — v)anb, (1 — a)}
_ v
" |:1 N 2(v — DA
14

-1
b, " [1 = vanb, o) + v(1 — v)(anb, > (1 — a;)]_l}

b
< CnLexp {a, — (1 — vapb (1 — ay} < Cnlexp {61”4—'1} < Crf%,
v

and
1-G 2
1B, (x) — 1] < al v(zn,p(x))] - Cn_%.
2Gy(znp(x))
The desired result (iv) follows. [ |
5. Proofs

Proof of Theorem 2.1: (i) Let z,,(x) = (ajix + ;) with o and B} given by Theorem 2.1 (i). By using (19)
and (35), and some tedious calculation we have

P (|Mn,r| =< Zn,l(x)) — Ar(x)

(r—1)e* — 1 i e—(r+2)x
— A T et x C T f 3,3 01042 — 9 4 2)e2X
) =Y + T I+ 107 -9+ 2
+ (97 — 11r 4 2)e* + 3¢ — 9r + 1]A(x) +o(n™?). (44)

Hence, the desired results follow from (44).
(ii) Let zyp(x) = (apx + ,B;)I/P with o and B given by Theorem 2.1(ii). By using (20) we have

(1-p  (1=p[30—p)x—401 —2p))°

1 —6,1(x) = logn)~?2). 45
1) Yiog 24(log 1)? +o((logm) ™) (45)
It follows from Lemma 4.3 and (45) that
p (|Mn,r|p =< Ol:;x + ,3:) — A (%)
1 e—rx
= A(x) [1 — (1 =01 (xN(r—1— ex)} (1 =01 (x)—— +0(n™ 1)
2 (r—1)!

—rXx

(r—1!

A-px*  (A—px
2log 3 24(log 5)?

= A(x) { [4(1 —2p) —3(1 —p)rx+3(1 —p)xex]} + 0((log n)fz). (46)

Hence, following (60) we get the desired results.
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(iii) Let z,p(x) = (ajx + ,3;';)1/1’ with o, and B given by (iii) of Theorem 2.1. By using (21) we have

1-— Gn,v(x)
(1 — v H3(oglogm? (1 —v 12 (1+x—log2rl (1))loglogn N loglogn 47)
= - o| —— ).
2logn logn logn
It follows from Lemma 4.3 and (47) that
P (an,rlp < Ole + ﬁ:) —Ar(x)
1 e X
= Ax) [1 — 51Oy (r—1 - e_x)] (11— nv(x))( ! +0(m™)
(1 —v H3(oglogn)> (1 —v H2(1+x—log 2[‘(;)) loglogn | e ™ loglogn
= A(x) - .
2logn logn (r—1! logn
(48)

Therefore, following (61), we get the desired results.
(iv) Let zyp(x) = (cnx + b,)V/? with ¢, and d,, given by (iv) of Theorem 2.1 and h,(x), g, (x) are given by (10)
and (11). By using (22) we have

1 — 0, (x) = hy(x)e*b, " + g, (x)e"b, > + (b, ™). (49)
It follows from Lemma 4.3 and (49) that

P (|Mn,r|p < Ol:;x + ,B;qk) — Ar(x)

= A() [1—%(l—en,v(x))(r—l—e"‘)} (1- M(x))( _ SR
_ ,v 1-(=De 5\, o] e
NG [hv(x)bn +(qv(x)+ — )b ] o™ (50)

implying the desired results.
(v) Let 2, p(x) = (cx + dﬁ)l/ v with ¢}, and d}; given by Theorem 2.1(v) and S, (x) and B(x) be given by (12) and
(13). By using (23) we have

1 — 6,y(x) = S, (x)e*b, 2 + B(x)e*b, > + o(b, ). (51)
It follows from Lemma 4.3 and (51) that

p (|Mn,r|p = a:x + ﬂ:) - Ar(%)
e X

= A(x) [1 - %(1 Ony () (r —1— e_x)] - nv(x))( DI +0(n™")

7(r71)x

=AM [S,0b % + Bk, ] S —

+ o(b,”"). (52)

Hence, by using (52), we derive the desired results. |
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Proof of Theorem 2.2: The lower bounds are from Theorem 2.1. The rest is to derive the upper bounds. By the
arguments similar to Hall (1980) and some tedious calculations, we have

Ap(x) = [P(IMp,r| < Zn,p(x)) = Ar(X)|

— Ar(x) +o(n™")

’i Gy (Zap () [n(1 = Gy (20p(0)))¥

< riécﬁ‘f (anpo) [ (1= G np) | = A | +Con)
=
< J_ZOI 1627 np0) — A [ (1= 67 gt |
+AG) i:j [ (1= G aupen) | — | + cn . (53)
pm

For0<j<r,

G (znp(x)) — A(x)) <

GL 7 np(0)) = Glp()| + [ Glnp () — A
1
< |G} (znp(x) = A + o0 (;) . (54)

Note that

|Gl (znp(x)) — Ax)| < A)[An(x) — 1] + A()|Bu(x) — 1]
< ’e_x —n (l — Gv(zn,p(x)))| exp {—e_x + |e_x —n (l - Gv(zn,p(x)))‘}
+ A(x) |B,(x) — 1]. (55)

(i) Ifv = 1and p = 1, by (19) and (53)-(55), we have

r—1
Ap(x) <Y e AW)IBu(x) — 1|+ C(n ")
j=0

and |B,(x) — 1| < e~?*/n. Therefore, combining Theorem 2.1 (i), the assertion of (i) can be proved.
(i) If v = 1 and p # 1, by Lemma 4.5 (i) for |x| < «;, we have

r—1
A® Y |11 (1 = Gylznp(e))V — e
=0

r—1

< Ax) Z 1 (1= Gy(znp()) — e ™| x le™ + (1 (1 — Gy(znp(x))) — e AP 0<6<1)
j:l

< CA(x) |n (1 — Gv(zn,p(x))) — e7x| [ef" + |n (1 — Gv(zn,p(x))) — e7x| + l]r_2

r—2

< CAM) |n (1 = Gylznp(x))) — e [e—“—z)x + (1= Gulznp(x) — e[ + 1]

C

: (56)
logn

=

For x > «, by the arguments similar to those used in (56), it follows from Lemma 4.6(i) that

r—1
A(x) Z [0, () — e < 10%
j=0 &

It follows from (53)—(55) that A, (x) < @ asx > 0.
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Suppose that —8, < x < 0, in view of (54) and Lemma 4.7(i),

|Gl (znp (%)) — A(x)| < c{l ! 7 eXp <_%eIXI) + exp(_elx|)ni} .

0g 3

It follows from (3.19) that

Gy () = A@)| [ (1 = Golampe))} = —— (57)

C
logn’

j=0

Combining with Lemma 4.3(i) and Theorem 2.1(ii), we complete the proof of (ii).
(iii) If v € (0,1) U (1, +00), from Lemma 4.1 (iii), Lemma 4.5 (ii) and the similar arguments used in (56), for

(v—1) (loglog n)?
2

Togn > and we have

|x| < «, recall that 8, ~

r—1

A Y ’[n (1= Gylznp)} — e 7| < Cs,.
=0
Next, from Lemma 4.6(ii), for x > «,,,
r—1 ) )
A Y. ‘[n (1 = Gulznp ()] — 7| < Canby v,
j=0

Therefore for x > 0, it follows from (53)—(55) that A, (x) < C§,,.
Note that for the case —B;, < x < 0, Lemma 4.5 (ii) also implies that

le™ — n(1 — Gy(znp(x)))| < C(x* + |x| + 1) exp (Zm) 8n

3 7
<C*+ x|+ 1) exp (A_LM) < Cexp <§|x|> ,
and in view of (55) and Lemma 4.7(ii), we can get

|Gl (znp(x)) — A()|
<cfer |5 e aion (G) [+ it
< (x" =+ |x| + 1)8, exp i el 4 Cyexp glxl + A)n 1

1
<C {6,, exp <—§e|"|) + exp(—el’d)n_% } .

Now, from (54) and by the similar arguments used in (57), we have

r—1

Y 16" (zn) — A@)|[nW(x)) < Cs,.
j=0

Hence, combining with Lemma 4.3(ii), Theorem 2.1(iii) and (53)-(55), (iii) can be proved.
(iv) If v € (0,1) U (1, +00) and p # v, by Lemma 4.5 (iii) and the similar arguments used in (56), for |x| < «;,,
we have

r—1
A(x) Z ‘[n (1 — Gv(z,,,p(x)))]] —e | < Canbglv.
j=0
Next, from Lemma 4.6 (iii), for x > o,
r—1 )
A |17 (1 = Gulanp)T = 7] < Canby .

j=0

Therefore for x > 0, it follows from (53)-(55) that A,(x) < C- anbglv.
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Note that for the case —B;, < x < 0, Lemma 4.5 (iii) also implies that
—X 2 5 —1
le™ —n (1= Gy(znp(x)) | < C(x* + |x] + 1) exp Z|x| anb, v

3 7
<C*+ x|+ 1) exp <Z|x|) < Cexp <§|x|) ,
and in view of (55) and Lemma 4.7 (iii), we can get

|G (znp(0) — A)]

5 7
<C {(x2 + |x| + l)anbglvexp [% —efl ¢ exp <§|x|>] + A(x)n_i}

1
=C {anbgl"exp <—§e|x|> + eXp(—e"l)n_Z} .

Now, from (54) and by the similar arguments used in (57), we have

r—1
D 16" (z0) = A 1W< Canb),'v.
j=0
Hence, combining with Lemma 4.3 (iii), Theorem 2.1 (iv) and (53)-(55), (iv) can be proved.
(v)Ifv € (0,1) U (1,400) and p = v, for x > 0, it follows from Lemmas 4.5-4.6 (iv) and (53) that

r—1

An(®) = C | D16 T @np®) = AW + (anby W) |,
j=0

and combining (54)-(55), we can get A, (x) < C(anb,jlv)z.
Note that for —f, < x < 0, by Lemma 4.5 (iv) and the similar arguments used in (56),

< C(anb,'v)?,

r—1
A®Y ‘[n (1= Gy(znp )] — e

j=0

and in view of (55) and Lemma 4.7 (iv),
|G (2np(x)) — A()]
< C{(Ix] + 1) (anb; 'v)* expllx| — e + C] + A(x)n 1}
< Cl(anby ') exp (—el) + exp(—el¥yn—1),
Finally, by (54) and the similar arguments used in (57), we have
r—1 ‘ '
D 1G np(0) — A [1(1 = Gy(zap ()] < Clanby, ')
j=0

Combining with Lemma 4.3(iv) and Theorem 2.1(v), we finish the proof of (v). [ |

Proof of Theorem 2.3: For the r-th largest order statistics, we have

—

r—

| . .
P(Mur =) =) =167 00 (= G, (58)

& jin =

and forany0 <z <mn,

exp |:—z - ; (1 - §>_1:| < (1 — Z)n <e?. (59)
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We first consider the bounds of P(M,, < x) as v> 1. It follows from (59) and Lemma 4.4(ii) that

1 n
27w Al v 2(v — 1Y
PM,<x)<|1- ; x1 7V exp (_x_) (1 — ux”)
) 20 Y

< exp {—An(x) (1 — 2(VV_ b Avxv)} .

For the lower bound, note that

—% v—1 v — — —
1—-G,(x) = 2 A x1 7V exp (_x_) |:1 — M)J’x_" + Mkzvx_zvg(x)} (60)

r¢) 20V v V2
with
2(v—1 4(v—-—1)2v—1
1— —(V )kvx_v + —(V )g Y )szx_zvg(x) < 1.
v v

By (59) and (60) we have

)“n(x) [1 _ Z(VV_I))LVX_V + 4(V_11)/§2V_1))\'2Vx—21/g(x)]
PM,<x)=1{1-

n

>exp{—z—§(l—§)_l}, (61)

where z = A, (x) [1 — Z(V—‘/_I)kvx_" + 4("_lzﬁkz"x_z"g(x)].Noting thatforx > b, and 0 < z < A, (x) < 1, we
have
2 2

z z\—1 z 1\ ! z
ﬂ(l_Z) 5%(“2) T 2m—1) (62)

It follows from (61) and (62) that

20Dy AV D@D 1y o M) )} (63)

P (M, < X) > exp {—M(") (1 -, V2 2(n—1

which is the desired lower bound.
For the bounds of the r-th order statistics as v > 1, by (58), (59) and Lemma 4.4(ii), we have

- @ (20— DA N\ (@)Y
P(Mn’ffx)<z-!(n—j)![l_ n (1_ v >] (n)

r—1 .j . Vo—y
A 20— 1A
- ",(x)exp{—(l—i>kn(x)<1— (v —DAYx )}
, 7! n v
For the lower bound, by (63), (59) and Lemma 4.4(ii), we have
= j An (%) 2w—r NP
P(My,<x)>) ————exp {— (1 - —) )»n(x)} <1 + x“’)
—p ji(n — ! n n y

r—1 4Jj 2(v=DAVxV\—Jj . .
| A (1 2R exp{—(l—i>kn(x)—](7—1)}.
! n n

-

j=0

The remainder is to consider the bounds as 0 < v < 1. For the bounds of P(M,, < x) as 0 < v < 1, it follows from (59)
and Lemma 4.4(i) that

2_%)\,1/_1 ) xV
-V
PM,<x)<|1-— X exp(—ﬁ

rd)

14

):| < exp{—A,(x)}
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and

! n
27;)\.1/_1 v 20 —1 —1
p (Mn = X) >|1- —lxl_v exp <_x_> (1 + (V ))\'V —v>
I'(5) 2AY v

> exp{—z—%(l — %)1}>

where z = A,(x)(1 + 2(V—,,_l)kvx_")_1_
For the bounds of the r-th order statistics, it follows from (59) and Lemma 4.4(i) that

ol dn @ (30 [ 20—1), 1Y
P(M <Z'(n—1)'[_ n } n <1+ P )

j=0
i _ Va—V _j
=13 (x) (1 42 131 x ) ;
< Z i exp {— <1 — —> kn(x)}
j=0

By similar arguments used in (63), one can show that

1

- j 20=1_, N\ M\ ()Y
P (M >20:'(n_])' exp (—(1—z>xn(x)<1+—v AVx ) )( . )

J=

r—1 ,j _ yo—v\ —1 o
>zxn;,x>exp{ (- Do 222y 0]

j=0

Thus, the proof is completed. u
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