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ABSTRACT ARTICLE HISTORY
Data analysis in modern scientific research and practice has shifted from analysing a single Received 5 December 2022
dataset to coupling several datasets. We propose and study a kernel regression method that Revised 5 April 2023
can handle the challenge of heterogeneous populations. It greatly extends the constrained ker-  Accepted 8 April 2023
nel regression [Dai, C.-S., & Shao, J. (2023). Kernel regression utilizing external information as KEYWORDS
constraints. Statistica Sinica, 33, in press] that requires a homogeneous population of different  conditional expectation;
datasets. The asymptotic normality of proposed estimators is established under some conditions constraints; data coupling
and simulation results are presented to confirm our theory and to quantify the improvements and integration; external
from datasets with heterogeneous populations. data; heterogeneous
populations; kernel
estimation

1. Introduction

With advanced technologies in data collection and storage, in modern statistical analyses we have not only a
primary random sample from a population of interest, which results in a dataset referred to as the internal
dataset, but also some independent external datasets from sources such as past investigations and publicly available
datasets. In this paper, we consider nonparametric kernel regression (Bierens, 1987; Wand & Jones, 1994, December;
Wasserman, 2006) between a univariate response Y and a covariate vector U from a sampled subject, using the
internal dataset with the help from independent external datasets. Specifically, we consider kernel estimation of the
conditional expectation (regression function) of Y given U = u under an internal data population,

pi(w) =EY [U=uD=1), ey

where D = 1 indicates internal population and u is a fixed point in %, the range of U. The indicator D can be
either random or deterministic. The subscript 1 in w1 (#) emphasizes that it is for internal data population (D = 1),
which may be different from p(#) = E(Y | U = u), a mixture of quantities from the internal and external data
populations.

When external datasets also have measurements Y and U, we may simply combine the internal and external
datasets when the populations for internal and external data are identical (homogeneous). However, heterogeneity
typically exists among populations for different datasets, especially when there are multiple external datasets col-
lected in different ways and/or different time periods. In Section 2, we propose a method to handle heterogeneity
among different populations and derive a kernel regression more efficient than the one using internal data alone.
The result is also a crucial building block for the more complicated case in Section 3 where external datasets contain
fewer measured covariates as described next.

In applications, it often occurs that an external dataset has measured Y and X from each subject, where X is a
part of the vector U, i.e., some components of U are not measured due to high measurement cost or the progress
of technology and/or scientific relevance. With some unmeasured components of U, the external dataset cannot
be directly used to estimate 141 () in (1), since conditioning on the entire U is involved. To solve this problem, Dai
and Shao (2023) proposes a two-step kernel regression using external information as a constraint to improve kernel
regression based on internal data alone, following the idea of using constraints in Chatterjee et al. (2016) and H.
Zhang et al. (2020). However, these three cited papers mainly assume that the internal and external datasets share
the same population, which may be unrealistic. The challenge in dealing with the heterogeneity among different
populations is similar to the difficulty in handling nonignorable missing data if unmeasured components of U is
treated as missing data, although in missing data problems we usually want to estimate pu(u) = E(Y | U = u) #

p1(w) in (1).
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In Section 3, we develop a methodology to handle population heterogeneity for internal and external datasets,
which extends the procedure in Dai and Shao (2023) to heterogeneous populations and greatly widens its application
scope.

Under each scenario, we derive asymptotic normality in Section 4 for the proposed kernel estimators and obtain
explicitly the asymptotic variances, which is important for large sample inference. Some simulation results are pre-
sented in Section 5 to compare finite sample performance of several estimators. Discussions on extensions and
handling high dimension covariates are given in Section 6. All technical details are in the Appendix.

Our research fits into a general framework of data integration (Kim et al., 2021; Lohr & Raghunathan, 2017;
Merkouris, 2004; Rao, 2021; Yang & Kim, 2020; Y. Zhang et al., 2017).

2. Efficient kernel estimation by combining datasets

The internal dataset contains observations (Y;, U;),i = 1,. .., n, independent and identically distributed (iid) from
‘P1, the internal population of (Y, U), where Y is the response and U is a p-dimensional covariate vector associated
with Y. We are interested in the estimation of conditional expectation w; (1) in (1). The standard kernel regression
estimator of 1t1(u) based on the internal dataset alone is

) =Y Yigw—U) [ u—U, (2)
i=1 i=1

where k,(a) = b™Pk (a/b), k(-) is a given kernel function on % (the range of u), and b > 0 is a bandwidth depend-
ing on n. We assume that U is standardized so that the same bandwidth b is used for every component of U in
kernel regression. Because of the well-known curse of dimensionality for kernel-type methods, we focus on a low
dimension p not varying with n. A discussion of handling a large dimensional U is given in Section 6.

We consider the case with one external dataset, independent of the internal dataset. Extension to multiple
external datasets is straightforward and discussed in Section 6.

In this section we consider the situation where the external dataset contains iid observations (Y;, U;), i = n +
L,...,N, from Py, the external population of (Y, U).

2.1. Combing data from homogeneous populations

If we assume that the two populations P; and Py are identical, then we can simply combine two datasets to obtain
the kernel estimator

N N
Ayt =Y Yiky(u— Uy /Z «p(u — U, ()
i=1

i=1

which is obviously more efficient than jz; (#) in (2) as the sample size is increased to N > n. The estimator ﬁfl (u)
in (3), however, is not correct (i.e,, it is biased) when populations P; and Py are different, because E(Y | U = u,
D = 0) for external population may be different from ) (#) = E(Y | U = u, D = 1) for internal population.

2.2. Combing data from heterogeneous populations

We now derive a kernel estimator using two datasets and is asymptotically correct regardless of whether P; and
Py are the same or not. Let f(y | u, D) be the conditional density of Y given U = u and D = 1 or 0 (for internal or
external population). Then

_EY|U=up=1 =gl P=D1y_ H_y (4)
@) = EY|U=u,D=1)= {REIBZE —u _}.

The ratio f(Y |u,D = 1)/f(Y | u, D = 0) links internal and external populations so that we can overcome the
difficulty in utilizing the external data under heterogeneous populations.

If we can construct an estimator f(y | #, D) of f(y | u, D) for every y, u, and D = 0 or 1, then we can modify the
estimator in (3) by replacing every Y; with i > n by constructed response Y= Y,’}‘\ (Yi|U;,D=1)/f(Y;i|U;,D = 0).
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The resulting kernel estimator is
n N N
PP = {z Voou— Uy + 3" Tinolu U»} S cutu— U, ®

Note that we use internal data (Y;, U;),i = 1,.. ., n, to obtain estimator?(Yi | U;, D = 1) and external data (Y;, U;),
i=n+1,...,N,to construct estimator f(Y; | U;, D = 0). Applying kernel estimation, we obtain that

fOlU=u=1)=>"Fy-Y,u—Uy [ Y ryu—U),
i=1

i=1

) N N (6)
folU=uD=0= > KGy—You—-U) [ Y kyu—"U),
i=n+1 i=n+1

where ¥ and k are kernels with dimensions p + 1 and p and bandwidths bandb, respectively. The estimator in (5)
is asymptotically valid under some regularity conditions for kernel and bandwidth, summarized in Theorem 4.1 of
Section 4.

2.3. Combing data from heterogeneous populations with additional information

If additional information exists, then the approach in Section 2.2 can be improved. Assume that the internal and
external datasets are formed according to a random binary indicator D such that (Y;, U;,D;),i=1,...,N, are iid
distributed as (Y, U, D), where Y; and U, are observed internal data when D; = 1, Y; and U; are observed external
data when D; = 0, and N is still the known total sample size for internal and external data. In this situation, the
internal and external sample sizes are n = Zil D; and N—n, respectively, both of which are random. In most
applications, the assumption of random D is not substantial. From the identity

f(Y|u,D=1) PMD=1|U=uY)PD=0|U=u)
f(Y|u,D=0) PD=0|U=wu,Y)PD=1|U=u)

()

we just need to estimate P(D = 1|U = u,Y) and P(D = 1| U = u) for every u, constructed using for example the
nonparametric estimators in Fan et al. (1998) for binary response. For each estimator, both internal and external
data on (Y, U) and the indicator D are used.

A further improvement can be made if the following semi-parametric model holds,

PD=0]|U,Y)

PO=1|0.Y) exp{a(U) + y Y}, (8)

where a(+) is an unspecified unknown function and y is an unknown parameter. From (7)-(8),

JANuD=D _ —yvperY | y—up=1) 9)
f(Y|u,D=0)
Ify =0, then f(Y|u,D =1) = f(Y|u,D = 0) and the estimator ﬁfl(u) in (3) is correct. Under (9) with y # 0,
we just need to derive an estimator 7 of y and apply kernel estimation to estimate E(e’Y | U = u,D =1) as a
function of u. Note that we do not need to estimate the unspecified function «(-) in (8), which is a nice feature of
semi-parametric model (8).
We now derive an estimator . Applying (7)-(8) to (4), we obtain that

PD=1|U=uY)
PD=0|U=uY)

PD=0|U=u)

P(D=1|U=uw)

E(POD=0|U=uY)|U=u}
PD=1|U=uw)

Ml(u):E{Y U=u,D=O}

—E (Ye—““‘)—ﬂ |U=uD = 0)
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E{e?@HYPp(D = 1|U = u, Y)|U = u)
PD=1|U=u)
E{e"YED|U =u,Y)|U = u}
PD=1|U=u)
E@YD|U = u)
PD=1|U=u)
=E(Ye " | U=uD=0)E(e"Y |U=uD=1),

= e “™E(Ye " |U=uD=0)

=E(Ye " |U=u,D=0)

E(Ye "' |U=uD=0)

where the second and third equalities follow from (8) and the last equation follows from

E'D|U=u)= E(e"'D|U=u,D=1)PD=1|U=u)
+E(e”"D|U=u,D=0)P(D=0|U=u)
=E(Y|U=uD=1)P(D=1|U = u),

as E(e¥ YD | U =u,D = 0) = 0. For every real number ¢, define
h(u,t) = E(Ye ™ |U=u,D=0)E("™ |U=uD=1).
Its estimator by kernel regression is

SN (1= Dpiy(u — U Yie ™ SN Diity (u — UpetVi

hu, 1) = . . (10)
Y -Digu—U) Y Diky(u— Uy
b b
where & is a kernel and b is a bandwidth. Then, we estimate y by
| N
y = argmtinNZDi{Y,' — h(U;, t)}z, (11)

i=1

motivated by the fact that the objective function for minimization in (11) approximates E[D{Y — h(U, t)}?> | D = 1]
and, for any ¢,

E[D{Y — h(U,y)}*|D = 1] < E[D{Y — h(U,1)}* | D = 1]

because h(u, y) = w1 (u).
Once ¥ is obtained, our estimator of 141 (1) is

N N N
Ay @) =13 " DiYixp(u— U+ Y (1 —D)Y;kp(u — Ui)} > Ky — Uy (12)
i=1

i=1 i=1

with

n n
?,' = Yie_yY"ZGVYj IEE(U,‘— Uj) Z’EL(UZ — Uj),
j=1 j=1
in view of (9).
In applications, we need to choose bandwidths with given sample sizes n and N—n. We can apply the k-fold cross-
validation as described in Gy6rfi et al. (2002). Requirements on the rates of bandwidths are described in theorems
in Section 3.

3. Constrained kernel regression with unmeasured covariates

We still consider the case with one external dataset, independent of the internal dataset. In this section, the exter-
nal dataset contains iid observations (Y;,X;), i=n+1,...,N, from the external population Pj, where X is a
g-dimensional sub-vector of U with g < p.

Since the external dataset has only X, not the entire U, we cannot apply the method in Section 2 when g < p.
Instead, we consider kernel regression using external information in a constraint. First, we consider the estimation
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of the n-dimensional vector u; = (u1(Uy),. .., w1 (U,)) T, where AT denotes the transpose of vector or matrix A
throughout. Note that the standard kernel regression (2) estimates 1 as

.
n n n n

i = (Z Yiky(Ui = Up) [ D kp(Uy = Up,..., > Yiky(Uy = Up) [ Y (U — U») :
i=1 i=1

i=1 i=1
Taking partial derivatives with respect to 1;’s, we obtain that
n n n
oy =arg min 3% k(Ui = U — ) [ 3 k(Ui = Up). (13)
T =1 =1 k=1

We improve ft; by the following constrained minimization,

n n n
&y =arg min >3 (Ui = UN(Y) — i)’ / > _«Ui = Uy (14)
bt 520 500 k=1
n
subject to Z{,u,' — hf](X,-)}g(X,')T =0, (15)

i=1

where g(x)T = (1,x"), lin (14) is a bandwidth that may be different from b in (2) or (13), and ’h\fj (x) is the kernel
estimator of h(x) = E(Y | X = x,D = 1) using the jth of the three methods described in Section 2, j = 1, 2, 3.
Specifically, ’h\fl (x) is given by (3), /h\lfz (x) is given by (5), and /h\jf3 (x) is given by (12), with u and U replaced by x
and X, respectively, and kernels and bandwidths suitably adjusted as dimensions of U and X are different. Note that
’E}fj can be computed as both internal and external datasets have measured X;’s.

It turns out that ';IICJ in (14) has an explicit form '/ZICJ =, + G(GTG)*IGT(’IZE] — I,), where G is the n x n
matrix whose ith row is g(X 'l and/h\f] is the n-dimensional vector whose ith component isﬁf] (X;). Constraint (15)
is an empirical analog of the theoretical constraint

E[n(@) - mX) g0 1D=1]=0

(based on internal data), as E{E(Y | U,D =1) | X,D =1} = E(Y | X,D = 1) = hy(X). Thus, if 17 () is a good
estimator of h(-), then ﬁlc in (14) is more accurate than the unconstrained i; in (13).
To obtain an improved estimator of the entire regression function p;(-) in (1), not just the function at u = Uj,

i=1,...,n, we apply the standard kernel regression with response vector (Y7,..., Yn)T replaced by ﬁlc in (14),
which results in the following three estimators of 1t (u):
Cj . Cj -
Ay w) =) ik — Uy / Y k@ —U), j=123 (16)
i=1 i=1

where /’ilcj is the ith component of ﬁlc] in (14) and b is the same bandwidth in (2). The first estimator '/ZICI is sim-
ple, but can be incorrect when populations P; and P are different. The asymptotic validity of £$? and 7§ are
established in the next section.

4. Asymptotic normality

We now establish the asymptotic normality of /’I’fj (u) and ﬁlcj(u) for a fixed u, as the sample size of the internal
dataset increases to infinity. All technical proofs are given in the Appendix.

The first result is about ﬁfz(u) in (5). The result is also applicable to ﬁfl (u) in (3) with an added condition that
P =Py.

Theorem 4.1: Assume the following conditions.

(B1) The densities fi(u) and fo(u) for U, respectively under internal and external populations have continuous and
bounded first- and second-order partial derivatives.

(B2) M% (wf (), akz(u)fk(u), and the first- and second-order partial derivatives of (1 (w)fi(u) are continuous and
bounded, where alz(u) =E[{Y — i ()}* | U=u,D =1], Goz(u) = E[{Y — wi (Y | U =u,D = 0], and
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Y =Yf(Y|U,D=1)/f(Y|U,D=0). Also, E(|Y]*|U = u,D = 1)y (u) and E(|Y|* | U = u, D = 0)fy (1)
are bounded for a constant s > 2.

(B3) The kernel « is second order, i.e., f uk(u)du=0and0 < f u uk(u)du < oco.

(B4) The bandwidth b satisfies b — 0 and (a + Dnblt* — ¢ € [0,00), where a = lim,,_, oo (N — 1) /n (assumed to
exist without loss of generality).

(B5) The kernels k and k in (6) have bounded supports and orders m > 2 + 2/p and m > 2, respectively, as defined
by Bierens (1987), f(y,u|D = 1), f(y,u|D = 0) are mth-order continuously differentiable with bounded
partial derivatives, and f,(u) and fo(u) are mth-order continuously differentiable with bounded partial deriva-
tives. Functions f(y,u|D = 0) and fi(u) are bounded away from zero. The bandwidths b and b satisfy
nEpH/log(n) — 00 and nEP/log(n) — 0.

Then, for any fixed u with fo(u) > 0 and f1 (u) > 0 and ﬁfz in (5),
v ”bp{ﬁfz(u) — p1(u)} 4 N (Ba(u), Va(w)) , (17)

d e
where — denotes convergence in distribution as n — 00,

A AL () + afo(u)Ag ()

Balw) = —07 DY2{f1(w) + afy(u)}

A(u) = /K(V) {%vTvzm(u)v—l— vTVIngl(u)V,ul(u)Tv} dv,

Ag(u) = / K (¥) {%vTvzm(u)v +v'V logﬁ)(u)wl(ufv} dv,

oy = F107 @) + o @) @) /K .

{fi(w) + afo(u)}?

Conditions (B1)-(B4) are typically assumed for kernel estimation (Bierens, 1987). Condition (B5) is a sufficient
condition for
fYi|U=UyD=1) f(Y;|U=U,D=1)

=

fY;|lU=U,D=0) f(Y;|U=U;,D=0)

_ oW (18)

V/nbP
(Lemma 8.10 in Newey & McFadden, 1994), where 0, (1) denotes a term tending to 0 in probability. Result (18)
implies that the estimation of ratio f(Y |U,D = 1) /f(Y | U, D = 0) does not affect the asymptotic distribution of
ZE2(u) in (5).

Note that both the squared bias Bﬁ(u) and variance V,(u) in (17) are decreasing in the limit a = lim,_,
(N — n)/n, a quantity reflecting how many external data we have. In the extreme case of a = 0, i.e., the size of
the external dataset is negligible compared with the size of the internal dataset, result (17) reduces to the well-
known asymptotic normality for the standard kernel estimator fz; (#) in (2) (Bierens, 1987). In the other extreme
case of a = 00, on the other hand, B, (1) = V,(u) = 0 and, hence, ﬁ‘fz(u) has a convergence rate tending to 0 faster
than 1/ /nb?, the convergence rate of the standard kernel estimator jz; (u).

The next result is about ﬁlcz (u) in (16) as described in Section 3.

max
i=n+1,...,.N

Theorem 4.2: Assume (B1)-(B5) with U and p replaced by X and q, respectively, and the following conditions, where
fr(u) and sz(u), k =0, 1, are defined in (B1)-(B2).

(C1) Therange % of U is a compact set in the p-dimensional Euclidean space and f1 (u) is bounded away from infinity
and zero on % ; f1(u) and fo(u) have continuous and bounded first- and second-order partial derivatives.

(C2) Functions w1(u) = E(Y |U = u) and alz(u) are Lipschitz continuous; (1(u) has bounded third-order par-
tial derivatives; hy(x) = E(Y | X = x,D = 1) has bounded first- and second-order partial derivatives; and
E(|Y | U = u,D = 1) is bounded with s > 2 + p/2.

(C3) All kernel functions are positive, bounded, and Lipschitz continuous with mean zero and finite sixth moments.

(C4) a=limy—oo(N — n)/n > 0and the bandwidths b in (2) and l in (14) satisfyb — 0,1 — 0,1/b — r € (0, 00),
nbP — 0o, and nb**P? — ¢ € [0,00), as n — 00.

(C5) The densities fxo(x) and fx1(x) for X, respectively under internal and external populations are bounded away
from zero. There exists a constant s> 4 such that E(|Y|* | D =1) and E(Y|* | D = 0) are finite, E(|Y|* |
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X =x,D = 1)fx1(x) and E(YF|X=xD= 0)fxo(x) are bounded, and the bandwidth by, for /ﬁl satisfies
nl_z/st/log(n) — 00.

Then, for any fixed u € % and ﬁlcz(u) in (16),
VabP A (w) — pa ()} > N (Bo(w), Vo(w), (19)
where
B,(u) = ¢'*[(1+ rP)A1(w) — r’g(x) "2, Elg(X)AL(U) | D = 1}],
Ai(u) = /K(V) {%vTvzm(u)v—l— vTVIngl(u)Vm(u)Tv} dv,

i (u)
fi(w)
and X = E{g(X)g(X)" | D = 1} is assumed to be positive definite without loss of generality.

2
Vi(u) = {/ k(v — rw)/c(w)dw} dv,

The next result is about 7 in (11).

Theorem 4.3: Suppose that (8) holds for binary random D indicating internal and external data. Assume also the
following conditions.

(D1) The kernel k in (10) is Lipschitz continuous, satisfies f K (u) du = 1, has a bounded support, and has order
d > max{(p + 4)/2,p}.

(D2) The bandwidth bin (10) satisfies vaazq/(log N)2 — oo and Nb* — 0 as the total sample size of internal and
external datasets N — oo, where d is given in (D1).

(D3) y in (8) is an interior point of a compact domain I" and it is the unique solution to hy(-) = h(-,t), t € I'. For
any u, h(u,t) is second-order continuously differentiable in t, and h, Vih, Vh are bounded over t and u. As
t — vy, h(-,t), Vih(-, t), and Vtzh(~, t) converge uniformly.

(D4) sup,.r E|W¢||* < 0o and sup,. E[||W||* | Ulfu(U) is bounded, where ||a|*> = a’a, W; = (De'Y, (1 — D)
Ye=V,D, (1 — D),DYe'Y, (1 — D)Y?e™*Y, DY?e'Y,(1 — D)Y3 e *Y) T, and fy is the density of U. Further-
more, there is a function T (Y, D) with E{t (Y, D)} < oo such that |W; — Wy| < t(Y,D)|t — t|.

(D5) The function wi(u) = E(W,|U = u)fy(u) is bounded away from zero, and it is dth-order continuously
differentiable with bounded partial derivatives on an open set containing the support of U. There is a
functional G(Y,D,®) linear in @ such that |G(Y,D,w)| < ((Y,D)||w|c and, for small enough | —
@y lloos W (Y, D, @) — ¥ (Y,D,@,) — G(Y,D,0 — @,)| < 1(Y,D)|l® — a)y||éo, where (Y, D) is a function
with E{t(Y,D)} < oo, ¥ (Y,D,w) = —2D(Y — il—x)(%), w;j is the jth component of @, ||@|loc =
sup,cqy @], @ — @y lloo = sup,ey @) — @, (W, and % is the range of U. Also, there exists an
almost everywhere continuous 8-dimensional function v(U) with [ |v(w)|| du < co and E{sup) 5 < V(U +

8)||*} < oo for some € > 0 such that E{G(Y, D, ®)} = f v(u) T w(u) du for all |@||c < 00.
Then, as the total sample size of internal and external datasets N — oo,
VNG —y) 5 N©,02), (20)
where o = [2E{DV, h(U,y)}*]~'Var[y/(Y, D, @,) + v(U) "W, — E{p(U) "W, }].

Conditions (D1)-(D5) are technical assumptions discussed in Lemmas 8.11 and 8.12 in Newey and McFad-
den (1994). As discussed by Newey and McFadden (1994), the condition that ¥ has a bounded support can be
relaxed, as it is imposed for a simple proof.

Combining Theorems 4.1-4.3, we obtain the following result for ﬁ{% (u) in (12) or '/I? (u) in (16).

Corollary 4.1: Suppose that (8) holds for the binary random D indicating internal and external data.

(i) Under (B1)-(B4) and (D1)~(D5), result (17) holds with WE2 (u) replaced by [iF3 (u).
(ii) Under (C1)-(C4) and (D1)-(D5) with U and p replaced by X and q, respectively, result (19) holds with ZZICZ (u)
replaced by 13 (u).
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5. Simulation results
5.1. The performance of ’;ij given by (16)

We first present simulation results to examine and compare the performance of the standard kernel estima-
tor /11 in (2) without using external information and our proposed estimator (16) with three variations, ﬁICI,
ﬁlcz, and '/IIC3, as described in the end of Section 3. We consider U = (X,Z)" with univariate covariates X
and Z, where Z is unmeasured in the external dataset (p = 2 and g = 1). The covariates are generated in two
ways:

(i) normal covariates: (X, Z) " is bivariate normal with means 0, variances 1, and correlation 0.5;
(ii) bounded covariates: X = BW; + (1 — B)W, and Z = BW; + (1 — B) W3, where Wy, W,, and W3 are identi-
cally distributed as uniform on [—1, 1], B is uniform on [0, 1], and W}, W5, W3, and B are independent.

Conditioned on (X, Z) T, the response Y is normal with mean 1(X, Z) and variance 1, where (X, Z) follows
one of the following four models:

M1) u(X,Z) =X/2—7%/4;

M2) u(X,Z) = cos(2X)/2 + sin(2);

M3) u(X,Z) = cos(2XZ)/2 + sin(Z);
(M4) u(X,Z) =X/2 — Z?/4 + cos(XZ) /4.

Note that all four models are nonlinear in (X, Z) '; (M1)-(M2) are additive models, while (M3)-(M4) are non-
additive.

A total of N = 1, 200 data are generated from the population of (Y,X,Z) as previously described. A data
point is treated as internal or external according to a random binary D with conditional probability P(D =1 |
Y,X,Z) =1/ exp(yo + 2|X| + yY), where y = 0 or 1/2, and yp = 1 or —1.5. Under the setting yp = 1 or —1.5,
the unconditional P(D = 1) & n/N is around 13% or 50%.

The simulation studies performance of kernel estimators in terms of mean integrated square error (MISE). The
following measure is calculated by simulation with $ replications:

T
1 1
—~*\ __ - ~ _ 2
MISE(Z]) = < ; - ;{ulws,t) mUsp)), (21)
where {Us; : t = 1,..., T} are test data for each simulation replication s, the simulation is repeated independently

fors=1,...,S, and [z} is one of i1, ﬁICI, ’/IICZ, and ﬁ?, independent of test data. We consider two ways of gen-
erating test data U ,’s. The first one is to use T = 121 fixed grid points on [—1, 1] x [—1, 1] with equal space. The
second one is to take a random sample of T = 121 without replacement from the covariate U’s of the internal

dataset, for each fixed s = 1,.. ., S and independently across s.
To show the benefit of using external information, we calculate the improvement in efficiency defined as follows:
in{MISE(i1}
ivp =  — THMIERED), (22)
MISE(141)

where the minimum is over /1% = one of /i1, ©¢?, £$?, and 1$°.

In all cases, we use the Gaussian kernel. The bandwidths b and [ affect the performance of kernel methods. We
consider two types of bandwidths in the simulation. The first one is ‘the best bandwidth’; for each method, we
evaluate MISE in a pool of bandwidths and display the one that has the minimal MISE. This shows the best we can
achieve in terms of bandwidth, but it cannot be used in applications. The second one is to select bandwidth from a
pool of bandwidths via 10-fold cross validation (Gyorfi et al., 2002), which produces a decent bandwidth that can
be applied to real data.

The simulated MISE values based on § = 200 replications are shown in Tables 1-4.

Consider first the results in Tables 1-2. Since y = 0, all three estimators, ﬁfl, ﬁfz, and /’I1C3 , are correct and
more efficient than the standard estimator j2; in (2) without using external information. The estimator ZZICI is the
best, as it uses the correct information that populations are homogeneous (y = 0) and is simpler than -2 and 77$>.

Next, the results in Tables 3-4 for y = 1/2 indicate that the estimator ﬁlcz or ﬁ? using a correct constraint is
better than the estimator 71! using an incorrect constraint or the estimator 7i; without using external information.
Since &3 uses more information, it is in general better than 7z$2. Furthermore, with an incorrect constraint, 71!
can be much worse than t; without using external information.
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Table 1. Simulated MISE (21) and IMP (22) when the external dataset contains only X, with S = 200 under y = 0,n/N =~ 13%.

Estimator
Covariate Model Test data b1 i iy’ A ns IMP % Mean of 7
Normal M1 Sample Best 0.040 0.017 0.020 0.022 56.96 —0.003
v 0.057 0.043 0.042 0.051 27.16 —0.007
Grid Best 0.026 0.009 0.013 0.014 66.49 —0.012
v 0.037 0.022 0.022 0.028 40.53 —0.003
M2 Sample Best 0.042 0.021 0.027 0.026 50.58 —0.042
v 0.074 0.056 0.061 0.060 23.52 —0.039
Grid Best 0.030 0.015 0.025 0.023 50.36 —0.026
v 0.051 0.033 0.040 0.036 35.62 —0.035
M3 Sample Best 0.039 0.020 0.025 0.023 48.55 —0.023
v 0.063 0.050 0.053 0.055 21.16 —0.020
Grid Best 0.028 0.014 0.020 0.021 51.73 —0.010
v 0.046 0.029 0.033 0.033 36.33 —0.024
M4 Sample Best 0.041 0.018 0.020 0.023 56.28 —0.007
v 0.064 0.050 0.047 0.056 25.83 —0.017
Grid Best 0.026 0.009 0.014 0.015 65.54 —0.006
v 0.036 0.021 0.020 0.026 4418 —0.007
Bounded M1 Sample Best 0.010 0.002 0.006 0.007 79.58 —0.007
v 0.016 0.006 0.007 0.010 63.65 0.001
Grid Best 0.013 0.002 0.006 0.007 82.93 —0.000
v 0.041 0.012 0.013 0.017 70.86 0.009
M2 Sample Best 0.011 0.003 0.007 0.008 74.88 —0.031
v 0.037 0.008 0.011 0.013 77.46 —0.018
Grid Best 0.016 0.004 0.009 0.010 74.00 —0.023
v 0.086 0.018 0.019 0.021 79.20 —0.019
M3 Sample Best 0.011 0.003 0.006 0.007 73.85 —0.003
v 0.037 0.009 0.011 0.014 76.48 —0.008
Grid Best 0.016 0.004 0.008 0.009 73.94 —0.004
v 0.083 0.018 0.020 0.023 78.46 0.004
M4 Sample Best 0.009 0.002 0.005 0.006 77.43 —0.007
v 0.018 0.006 0.008 0.011 68.73 0.002
Grid Best 0.013 0.002 0.006 0.007 82.23 —0.007
v 0.036 0.010 0.011 0.015 71.59 0.003
Note: Simulation standard deviations of 7 for all cases are between 0.005 and 0.006.
Table 2. Simulated MISE (21) and IMP (22) when the external dataset contains only X, with S = 200 under y = 0, n/N ~ 50%.
Estimator
Covariate Model Test data b,! m s’ as? us? IMP % Mean of 7
Normal M1 Sample Best 0.012 0.007 0.006 0.007 44.75 —0.017
v 0.033 0.027 0.021 0.028 36.37 —0.005
Grid Best 0.006 0.004 0.005 0.005 34.29 —0.009
v 0.017 0.012 0.008 0.012 53.01 —0.007
M2 Sample Best 0.013 0.008 0.010 0.009 36.08 —0.057
v 0.052 0.027 0.027 0.026 48.95 —0.062
Grid Best 0.010 0.005 0.007 0.006 45.83 —0.058
v 0.036 0.016 0.018 0.016 57.27 —0.063
M3 Sample Best 0.014 0.009 0.010 0.010 37.36 —0.032
v 0.050 0.027 0.027 0.027 46.48 —0.041
Grid Best 0.008 0.005 0.006 0.005 43.13 —0.027
v 0.030 0.013 0.015 0.014 5591 —0.031
M4 Sample Best 0.014 0.009 0.008 0.009 44.00 —0.020
v 0.041 0.033 0.026 0.033 36.63 —0.014
Grid Best 0.006 0.004 0.005 0.005 37.33 —0.008
v 0.017 0.012 0.008 0.013 53.05 —0.023
Bounded M1 Sample Best 0.002 0.001 0.001 0.002 40.67 —0.008
v 0.009 0.005 0.004 0.005 52.83 0.009
Grid Best 0.004 0.002 0.002 0.002 55.17 —0.010
v 0.021 0.008 0.007 0.008 67.74 —0.000
M2 Sample Best 0.004 0.002 0.002 0.002 58.55 —0.035
v 0.027 0.007 0.006 0.007 77.51 —0.039
Grid Best 0.006 0.002 0.003 0.003 64.61 —0.033
v 0.056 0.011 0.011 0.011 80.27 —0.036
M3 Sample Best 0.004 0.002 0.002 0.002 60.82 —0.006
v 0.024 0.006 0.006 0.006 76.60 —0.008
Grid Best 0.006 0.002 0.002 0.003 66.02 —0.011
v 0.050 0.011 0.011 0.011 78.56 —0.010
M4 Sample Best 0.002 0.001 0.001 0.002 43.16 —0.011
v 0.010 0.005 0.005 0.005 54.67 —0.003
Grid Best 0.004 0.002 0.002 0.002 53.45 —0.007
v 0.024 0.009 0.008 0.009 68.53 —0.002

Note: Simulation standard deviations of 7 for all cases are between 0.004 and 0.005.
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Table 3. Simulated MISE (21) and IMP (22) when the external dataset contains only X, with S = 200 under y = 0.5, n/N = 13%.

Estimator
Covariate Model Test data b1 i iy’ A ns IMP % Mean of 7
Normal M1 Sample Best 0.042 0.181 0.033 0.028 3215 0.449
v 0.055 0.193 0.061 0.055 —0.91 0.449
Grid Best 0.022 0.164 0.019 0.013 40.36 0.453
v 0.030 0.193 0.048 0.030 2.3 0.435
M2 Sample Best 0.041 0.295 0.047 0.026 37.01 0.429
v 0.077 0.324 0.103 0.066 15.26 0.424
Grid Best 0.030 0.279 0.040 0.022 27.11 0.428
v 0.059 0.315 0.087 0.043 28.20 0.421
M3 Sample Best 0.048 0.335 0.047 0.028 40.81 0.452
v 0.076 0.370 0.104 0.066 12.50 0.448
Grid Best 0.031 0.300 0.035 0.021 31.59 0.441
cv 0.053 0.355 0.082 0.041 23.25 0.447
M4 Sample Best 0.048 0.193 0.035 0.030 37.27 0.452
v 0.067 0.205 0.067 0.061 8.73 0.433
Grid Best 0.023 0.177 0.023 0.014 39.42 0.437
cv 0.036 0.204 0.049 0.031 15.80 0.452
Bounded M1 Sample Best 0.009 0.146 0.011 0.007 23.90 0.482
cv 0.017 0.150 0.026 0.011 35.66 0.483
Grid Best 0.013 0.152 0.016 0.007 44.41 0.470
v 0.037 0.159 0.030 0.017 52.24 0.485
M2 Sample Best 0.012 0.196 0.018 0.008 33.06 0.468
cv 0.044 0.206 0.036 0.017 60.76 0.468
Grid Best 0.016 0.205 0.022 0.010 39.95 0.463
v 0.088 0.214 0.043 0.024 7245 0.469
M3 Sample Best 0.011 0.209 0.016 0.007 34.46 0.479
cv 0.040 0.216 0.034 0.016 60.92 0.475
Grid Best 0.018 0.218 0.019 0.011 39.73 0.486
v 0.089 0.228 0.042 0.026 70.77 0.483
M4 Sample Best 0.010 0.152 0.012 0.007 28.69 0.484
cv 0.019 0.157 0.025 0.012 36.41 0.485
Grid Best 0.014 0.164 0.015 0.007 46.99 0.485
v 0.040 0.170 0.029 0.019 52.63 0.492

Note: Simulation standard deviations of 7 for all cases are between 0.005 and 0.006.

Table 4. Simulated MISE (21) and IMP (22) when the external dataset contains only X, with S =

200 under y = 0.5, n/N = 50%.

Estimator
Covariate Model Test data b,! m s’ as? us? IMP % Mean of 7
Normal M1 Sample Best 0.013 0.035 0.008 0.009 39.89 0.431
v 0.037 0.055 0.027 0.034 25.63 0.434
Grid Best 0.007 0.032 0.005 0.004 34.86 0.439
v 0.014 0.046 0.014 0.012 14.98 0.437
M2 Sample Best 0.015 0.061 0.014 0.010 33.07 0.408
cv 0.063 0.086 0.041 0.030 5247 0.406
Grid Best 0.009 0.061 0.011 0.007 28.26 0.406
v 0.043 0.078 0.032 0.018 59.17 0.400
M3 Sample Best 0.015 0.070 0.014 0.010 33.24 0.441
cv 0.056 0.093 0.037 0.029 48.27 0.440
Grid Best 0.008 0.070 0.011 0.006 30.34 0.439
v 0.034 0.095 0.032 0.017 51.53 0.438
M4 Sample Best 0.015 0.041 0.010 0.010 35.19 0.423
cv 0.048 0.063 0.033 0.040 31.52 0414
Grid Best 0.006 0.033 0.005 0.005 21.67 0.422
v 0.017 0.054 0.016 0.014 17.89 0.423
Bounded M1 Sample Best 0.003 0.022 0.003 0.002 20.26 0.477
v 0.010 0.027 0.008 0.006 39.55 0.474
Grid Best 0.004 0.024 0.003 0.002 37.63 0.480
cv 0.022 0.029 0.009 0.009 57.30 0.480
M2 Sample Best 0.004 0.034 0.004 0.002 45.43 0.462
v 0.030 0.042 0.011 0.008 72.70 0.462
Grid Best 0.007 0.037 0.006 0.003 56.85 0.457
cv 0.057 0.041 0.014 0.012 78.52 0.468
M3 Sample Best 0.004 0.037 0.004 0.002 47.13 0.474
v 0.026 0.045 0.010 0.007 73.40 0.487
Grid Best 0.006 0.043 0.005 0.002 56.60 0.476
cv 0.050 0.046 0.014 0.011 77.10 0.483
M4 Sample Best 0.003 0.024 0.002 0.002 26.50 0.483
v 0.010 0.030 0.007 0.006 43.47 0.475
Grid Best 0.004 0.027 0.003 0.002 45.69 0.480
cv 0.023 0.032 0.009 0.009 61.42 0.485

Note: Simulation standard deviations of 7 for all cases are between 0.004 and 0.005.
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5.2. The performance of ﬁ? given by (3), (5), or (12)

Under the same simulation setting as described in Section 5.1 but with covariate z measured in both internal and
external datasets, we compare the performance of three estimators, & ul , 02, and it M 3 given by (3), (5), and (12),
respectively, with the standard kernel estimator j2; in (2) without using external information. The mean integrated
squared error (MISE) and improvement (IMP) are calculated using formulas (21) and (22), respectively, with i1} =
one of i1, iEY, f1F2, and 1213,

Tables 5- 9 present the simulation results. The relative performance of 7it1, 7if2, i3, and 1i; follows the same
pattern as /Ll , ,u,1 , ﬁl ,and 1t in Section 5.1.

The only difference between the results here and those in Section 5.1 is that the use of more external data
(a smaller #/N) results in a better performance of ﬁfz or ﬁ? (or ﬁfl when it is correct). This is actually con-
sistent with our theoretical result Theorem 4.1 in Section 4, which shows that both the squared bias B2(u) and
variance V,(u) in (17) are decreasing in the limit a = lim,_, oo (N — n)/n. On the other hand, the simulation results
in Section 5.1 and Theorem 4.2 in Section 4 do not show a clear indication of using more external data produces
better estimators. The main reason for this is that, when Z is not observed in the external dataset, the estimator M1
relies more on internal data to recover the loss of Z from external dataset in a complicated way.

5.3. The performance of ’;i? given by (16) withq = 2

We re-consider the simulation in Section 5.1 but with the dimension of X to be g = 2,1i.e., U = (X1,X2,2)". We
only consider normally distributed covariates with means 0, variances 1, and the correlations in (X1, 2), (X2, 2),
and (X3, X2) being 0.5, 0.5, and 0.25, respectively. Given U, the response variable Y is normally distributed with
mean (X1, X2, 7Z) = X1/2 + X»/4 — Z? /4 and variance 1. Moreover, P(D =1|Y,X,Z) =1/ exp(yo + 2|1X1| +
yY), while the remaining settings are the same as in Section 5.1. In calculating MISE (21), we only a random Uss
with T = 121 not fixed grid points. Also, we consider only evaluating the performance of estimators Ml , since

estimators /Ll are simpler.

Table 5. Simulated MISE (21) and IMP (22) when the external dataset contains both X and Z, with S = 200 undery = 0,n/N ~ 13%.

Estimator
Covariate Model Test data b, ! m af ut? nt3 IMP % Mean of 7
Normal M1 Sample Best 0.055 0.020 0.035 0.025 64.46 0.020
v 0.072 0.032 0.052 0.036 55.51 0.015
Grid Best 0.047 0.010 0.027 0.017 78.44 0.013
v 0.060 0.019 0.034 0.024 68.49 0.014
M2 Sample Best 0.066 0.026 0.044 0.032 60.99 —0.054
v 0.088 0.035 0.052 0.040 60.73 —0.058
Grid Best 0.072 0.019 0.032 0.025 74.04 —0.051
v 0.091 0.027 0.041 0.034 70.63 —0.058
M3 Sample Best 0.065 0.027 0.047 0.033 58.73 —0.014
v 0.078 0.035 0.053 0.041 54.98 —0.009
Grid Best 0.055 0.016 0.031 0.023 70.04 —0.004
v 0.067 0.026 0.038 0.033 60.79 0.002
M4 Sample Best 0.055 0.020 0.037 0.025 63.83 0.018
v 0.075 0.034 0.053 0.040 54.39 0.012
Grid Best 0.045 0.010 0.026 0.019 77.21 0.015
v 0.057 0.017 0.031 0.023 71.13 0.012
Bounded M1 Sample Best 0.016 0.005 0.009 0.009 69.52 0.003
v 0.023 0.011 0.015 0.015 53.87 —0.003
Grid Best 0.036 0.017 0.023 0.022 54.15 0.009
cv 0.075 0.043 0.050 0.050 42.12 0.005
M2 Sample Best 0.026 0.006 0.011 0.010 78.31 —0.024
v 0.030 0.015 0.020 0.018 49.71 —0.027
Grid Best 0.084 0.018 0.028 0.025 77.95 —0.021
cv 0.100 0.055 0.064 0.059 44.75 —0.016
M3 Sample Best 0.025 0.006 0.011 0.011 78.40 0.000
v 0.037 0.014 0.022 0.019 63.38 0.010
Grid Best 0.073 0.017 0.024 0.023 76.96 0.006
cv 0.107 0.048 0.060 0.061 55.27 0.004
M4 Sample Best 0.016 0.005 0.009 0.010 69.74 0.002
v 0.027 0.011 0.017 0.015 59.30 0.001
Grid Best 0.038 0.016 0.021 0.021 59.45 0.011
v 0.063 0.042 0.048 0.044 33.36 0.011

Note: Simulation standard deviations of 7 for all cases are between 0.005 and 0.007.
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Table 6. Simulated MISE (21) and IMP (22) when the external dataset contains both X and Z, with S = 200 undery = 0,n/N ~ 50%.

Estimator
Covariate Model Test data b,1 7 af ut? g3 IMP % Mean of 7
Normal M1 Sample Best 0.027 0.017 0.026 0.017 36.71 0.024
v 0.033 0.020 0.024 0.020 39.59 0.023
Grid Best 0.017 0.007 0.013 0.008 57.00 0.021
cv 0.019 0.010 0.014 0.011 46.34 0.023
M2 Sample Best 0.041 0.022 0.025 0.023 46.91 —0.089
v 0.043 0.023 0.025 0.024 46.51 —0.093
Grid Best 0.022 0.013 0.016 0.014 42.47 —0.095
cv 0.027 0.013 0.016 0.015 49.76 —0.090
M3 Sample Best 0.039 0.022 0.025 0.023 43.14 —0.034
v 0.042 0.022 0.025 0.023 48.01 —0.026
Grid Best 0.023 0.013 0.016 0.014 43.63 —0.032
v 0.024 0.013 0.015 0.014 44.94 —0.028
M4 Sample Best 0.029 0.017 0.026 0.018 40.57 0.014
v 0.039 0.021 0.026 0.022 45.54 0.013
Grid Best 0.018 0.008 0.013 0.009 54.08 0.005
v 0.020 0.011 0.014 0.011 46.79 0.015
Bounded M1 Sample Best 0.006 0.004 0.005 0.005 31.24 0.007
cv 0.008 0.005 0.006 0.006 28.27 0.008
Grid Best 0.019 0.012 0.012 0.012 39.18 —0.003
v 0.025 0.017 0.018 0.017 30.05 0.004
M2 Sample Best 0.007 0.005 0.006 0.006 3297 —0.035
cv 0.012 0.012 0.013 0.012 2.38 —0.040
Grid Best 0.021 0.013 0.015 0.014 38.04 —0.036
v 0.042 0.036 0.040 0.036 14.28 —0.030
M3 Sample Best 0.007 0.005 0.006 0.005 31.15 —0.006
v 0.010 0.010 0.011 0.010 6.03 —0.010
Grid Best 0.022 0.013 0.015 0.015 37.83 —0.007
v 0.032 0.027 0.030 0.029 13.81 —0.002
M4 Sample Best 0.007 0.004 0.005 0.005 32.99 —0.004
v 0.008 0.006 0.007 0.006 26.81 —0.004
Grid Best 0.019 0.012 0.012 0.013 36.25 0.007
cv 0.025 0.017 0.019 0.018 32.72 0.001

Note: Simulation standard deviations of 7 for all cases are between 0.004 and 0.006.

Table 7. Simulated MISE (21) and IMP (22) when the external dataset contains both X and Z, with S

= 200 under y = 0.5, n/N ~

13%.
Estimator
Covariate Model Test data b, ! m af ut? nt3 IMP % Mean of 7
M1 Sample Best 0.055 0.180 0.060 0.034 37.57 0.436
cv 0.064 0.184 0.064 0.039 38.64 0.434
Grid Best 0.040 0.177 0.035 0.018 54.10 0.431
v 0.053 0.196 0.045 0.022 59.51 0.432
M2 Sample Best 0.076 0.170 0.064 0.041 46.31 0.380
cv 0.092 0.177 0.071 0.045 51.02 0.377
Grid Best 0.071 0.179 0.050 0.032 54.78 0.386
cv 0.082 0.190 0.056 0.038 53.31 0.385
M3 Sample Best 0.072 0.188 0.064 0.043 39.63 0.425
cv 0.091 0.192 0.067 0.049 45.96 0.421
Grid Best 0.053 0.191 0.042 0.033 38.08 0.436
cv 0.074 0.202 0.048 0.035 52.56 0.425
M4 Sample Best 0.060 0.187 0.066 0.033 44,90 0.435
cv 0.070 0.197 0.070 0.040 42.84 0.427
Grid Best 0.041 0.180 0.037 0.018 57.34 0.421
cv 0.059 0.197 0.041 0.021 64.72 0.430
Bounded M1 Sample Best 0.016 0.155 0.019 0.010 39.49 0.478
cv 0.022 0.160 0.022 0.013 41.00 0.494
Grid Best 0.037 0.193 0.036 0.021 4414 0.478
cv 0.061 0.212 0.047 0.037 3834 0.489
M2 Sample Best 0.030 0.162 0.022 0.015 48.90 0.460
cv 0.036 0.164 0.031 0.022 37.67 0.464
Grid Best 0.087 0.202 0.040 0.049 53.27 0.473
cv 0.105 0.228 0.086 0.083 20.55 0.471
M3 Sample Best 0.029 0.171 0.020 0.015 48.81 0.485
cv 0.039 0.174 0.029 0.022 43.49 0.492
Grid Best 0.076 0.205 0.036 0.045 52.75 0.490
cv 0.107 0.240 0.076 0.073 31.97 0.492
M4 Sample Best 0.016 0.163 0.019 0.009 39.27 0.479
cv 0.025 0.169 0.025 0.015 37.49 0.479
Grid Best 0.039 0.193 0.034 0.023 41.60 0.484
cv 0.072 0.230 0.062 0.052 27.74 0.483

Note: Simulation standard deviations of 7 for all cases are between 0.005 and 0.007.
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Table 8. Simulated MISE (21) and IMP (22) when the external dataset contains both X and Z, with S = 200 under y = 0.5, n/N =
50%.

Estimator
Covariate Model Test data b, ! m af ut? nt3 IMP % Mean of 7
Normal M1 Sample Best 0.027 0.061 0.032 0.019 29.74 0.430
v 0.034 0.061 0.033 0.022 36.98 0.422
Grid Best 0.015 0.041 0.015 0.008 47.14 0.423
cv 0.018 0.049 0.018 0.010 4547 0.417
M2 Sample Best 0.043 0.060 0.033 0.027 36.46 0.353
v 0.044 0.062 0.035 0.030 33.60 0.360
Grid Best 0.023 0.053 0.022 0.016 27.23 0.367
v 0.024 0.052 0.022 0.016 31.83 0.353
M3 Sample Best 0.043 0.068 0.031 0.029 32.86 0417
v 0.042 0.067 0.030 0.029 30.68 0.424
Grid Best 0.022 0.058 0.018 0.015 30.01 0.416
v 0.023 0.059 0.019 0.017 2717 0417
M4 Sample Best 0.033 0.062 0.034 0.022 34.75 0.413
v 0.039 0.064 0.033 0.023 40.31 0.414
Grid Best 0.017 0.046 0.017 0.010 4246 0.409
v 0.020 0.056 0.018 0.011 44.86 0.421
Bounded M1 Sample Best 0.006 0.028 0.007 0.006 8.96 0.481
v 0.007 0.029 0.008 0.006 13.22 0.482
Grid Best 0.018 0.047 0.016 0.017 13.08 0.482
cv 0.023 0.054 0.023 0.021 8.56 0.478
M2 Sample Best 0.008 0.033 0.008 0.006 20.59 0.465
v 0.015 0.040 0.017 0.013 14.82 0.465
Grid Best 0.023 0.059 0.021 0.020 12.38 0.460
cv 0.045 0.081 0.050 0.048 -6.84 0.473
M3 Sample Best 0.008 0.037 0.008 0.006 16.16 0.493
v 0.010 0.040 0.012 0.009 2.05 0.497
Grid Best 0.022 0.060 0.018 0.020 17.75 0.495
cv 0.033 0.078 0.041 0.040 -21.18 0.498
M4 Sample Best 0.007 0.032 0.007 0.005 21.96 0.476
v 0.008 0.032 0.008 0.006 21.82 0.489
Grid Best 0.019 0.052 0.016 0.019 14.56 0.481
v 0.023 0.059 0.022 0.023 261 0.485

Note: Simulation standard deviations of 7 for all cases are between 0.004 and 0.006.

Table 9. Simulated MISE (21) and IMP (22) when the external dataset contains only normally distributed (X1, X3), with S = 200.

Estimator
Test data y n/N b, ! i ma s a IMP % Mean of 7
Sample 0 13% Best 0.090 0.046 0.054 0.051 49.496 —0.006
cv 0.080 0.056 0.063 0.062 29.115 0.007
50% Best 0.027 0.020 0.023 0.020 25.701 —0.006
cv 0.031 0.025 0.027 0.026 20.040 —0.008
0.5 13% Best 0.085 0.198 0.067 0.055 35.178 0.421
cv 0.070 0.190 0.072 0.062 11.429 0.406
50% Best 0.025 0.049 0.025 0.021 17.000 0.389
cv 0.031 0.052 0.031 0.026 15.798 0.391

Note: Simulation standard deviations of 7 for all cases are between 0.004 and 0.006.

The results are shown in Table 9. Compared with results in Tables 1-4 for the case of ¢ = 1, the MISEs in this
case are larger due to the fact of having more covariates (g = 2). But the relative performances of estimators are the
same as those shown in Tables 1-4.

6. Discussion

Curse of dimensionality is a well-known problem for nonparametric methods. Thus, the proposed method in
Section 2 is intended for low dimensional covariate U, i.e., p is small. If p is not small, then we should reduce
the dimension of U prior to applying the CK, or any kernel methods. For example, consider a single index model
assumption (K.-C. Li, 1991), i.e., ;£1(U) in (1) is assumed to be

i (U) = i (n' U, (23)

where § is an unknown p-dimensional vector. The well-known SIR technique (K.-C. Li, 1991) can be applied to
obtain a consistent and asymptotically normal estimator 7 of 5 in (23). Once 7 is replaced by 7, the kernel method
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can be applied with U replaced by the one-dimensional ‘covariate’ ' U. We can also apply other dimension reduc-
tion techniques developed under assumptions weaker than (23) (Cook & Weisberg, 1991; B. Li & Wang, 2007; Ma
& Zhu, 2012; Y. Shao et al., 2007; Xia et al., 2002).

We turn to the dimension of X in the external dataset. When the dimension of X is high, we may consider the
following approach. Instead of using constraint (15), we use component-wise constraints

n

i P X gx T =0, k=1,....q (24)
i=1

where Xi(k) is the kth component of Xj, gk(X(k)) = (1, X%)T and ﬁlk) (Xi(k)) is an estimator of h(lk) X®y = E(Y |
xX© D=1 using methods described in Section 2. More constraints are involved in (24), but estimation only
involves one dimensional X®, k = 1,.. ., 4.

The kernel « we adopted in (2) and (16) is the second-order kernel so that the convergence rate of ﬁf (u) — 1 (uw)
is n=2/4+P) An mth-order kernel with m>2 as defined by Bierens (1987) may be used to achieve conver-
gence rate n~ "/ (m+P) Alternatively, we may apply other nonparametric smoothing techniques such as the local
polynomial (Fan et al., 1997) to achieve convergence rate n="™/"+P) with m > 2.

Our results can be extended to the scenarios where several external datasets are available. Since each external
source may provide different covariate variables, we may need to apply component-wise constraints (24) by esti-
mating’l;gk) via combining all the external sources that collects covariate X®. If populations of external datasets are
different, then we may have to apply a combination of the methods described in Section 2.
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Appendix

Proof of Theorem 4.1.: Let ,T,L;l () =pw)1(w) + {1 — p(u)}to(u), where () =Y o kp(u—U)Yi/ YL kp(u—Uy),
o(u) = Zzl‘in-&—l kp(u —U)Y;/ Z?]:n+l Kkp(u—U;), and p(w) = Y0, kp(u — U/ SN, kp(u— Up). Under (B3)-(B4),
Theorem 2 in Nadaraya (1964) shows that p(u) converges to P(D = 1| U = u) in probability. Under (B1)-(B4), v nbP{fi1 (1) —
d 2 —~ d
p1(w)} = N(Bi(w), Vi (), Bi(w) = /A1 (), V1(u) = jcll((uu)) [ k(»?dv,and /n/(N = n)/(N — m)bP{fio(u) — p1(u)} —
2

N(By(n), Vo)), Bo(u) = c/2Ag(w), Vo(u) = Z}%EZ)) [ & (v)? dv. Then (17) holds for [i; (u), by Slutsky’s theorem, the indepen-
dence between 711 and 11y, and the definition of a. The desired result (17) follows from the fact that |ﬁf2 (u) — 111 (u)] isbounded
by

-~

fYilU=U,D=1) f(Y;|U=U;,D=1)| LN, Yilkp(u— Uy

1 —p(u)} max | = - , (A1)
= pw i>n |[f(Y;|U=U;,D=0) fYilU=U,D=0)| YN . «u—U)
which is 0, (1/+/nbP) by result (18) under condition (B5). | |
Proof of Theorem 4.2.: Write
Vb (AT ) — )}y =Ty + - + T, (A2)

where Ty =n~1/26P/2§,(u) T (I, — P)B;" A€/ fy(w), Ty =n=126028,(w) T {py — iy ()1} /f (), T3 = n~ 26028, (u) T (B; !
Ay — ) [fow), To=—n"1 20028, (u) T P(B  Agpey — o) [fy (w), Ts = n=/260/28, ) T P(y — ) [fy(w), To =n~"/2bP/2
Sp(w)"P(h, — /Ll)/ﬁ(u),ﬁ,(u) =31 kp—Up/n, §(u) = (kp(u — Un),...kp(u— U7, I, is the identity matrix of
order u, 1, is the n-vector with all components being 1, By is the n x n diagonal matrix whose ith diagonal element isﬁ(Ui),
Ajis the n x n matrix whose (i, j)th entry is «;(U; — Uj) /n, € = (e, . .. ,€,) | with €; = Y; — 1 (U;), hy is the n-dimensional
vector whose ith component is h; (X;), P = G(G'G)"'GT,and G, ﬁl, and p; are defined in Section 2.

We first show that T} in (A2) is asymptotically normal with mean 0 and variance V,(u) defined in Theorem 4.2. Consider a
further decomposition Ty = 4/n V + T11 + T12 + T3, where

P
V = ﬁ Z Z S(Uj, €i, Uj, 6]')
=1 i=1

is a V-statistic with

WP (= UpkUi = Upg k(s — Upia(U; — Ue
SUnenUp &) = 50 ) { AW Ay }
3 b2 IS kp(u — Uj)kg(0)e;
=5 L fapmy
b2 I\ s kp(u — Upky(U; — U)) {fl(u)fl(Ui) }
Ty = © — — —1 i>
12= 37 ;; h@fi(Uy) So(fi(U}) K
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and Ty3 = —n_l/sz/ZSb(u)TPBl_lAle/ﬁ(u). Note that

P2
S1(Uy,€1) = E{S(Uy, €1, Uz, €) | Uy, €1} = AT {/Kl(uz - U1)/<b(u—u2)du2}el
having variance
Var{S; (U1, €)} bp/zf ; f d2d
ar{S1 (U1, €1) —m fl(ul)al(ul){ Kkp(uy — u)kp(u — uz) uz} u
bp/2 2
= — —u; —Iv)d d
- / ﬁ(ul)ol(ul){ [ et = 1) v} "

__1 _ 20, 1 z
_4f12 @ /fl(u bw)o{ (u bW){fK(V)I( (w vb>dv} dw,

where o} 2. is given in condition (C2), the second and third equalities follow from changing variables #; — #; = Iv and u —
u; = bw, respectively. From the continuity of f; (-) and 012( -), Var{S; (uy, €1)} converges to V,(u). Therefore, by the theory for

asymptotic normality of V-statistics (e.g., Theorem 3.16 in J. Shao, 2003), /1 V i) N(0, V,(u)).
Conditioned on Uy, ..., U,, T1; has mean 0 and variance
Z ip (4 — Ui)*i1(0)*a7 (Uy)
4fz(u)n3 AW

Var(Ty; | Uy, ..., Uy =

- SUp,cay /c(u)3 Z kp(u — U; )01 (U)
AfE(wyn3b?P f1(U)

This proves that T1; = 0,(1). Note that E(T1, | Uy, ..., Uy) = 0and Var(T1, | Uy,. .., Uy) is bounded by
1 1 h
ax YRS AT . max |=
ff@ fr@w) | i=tn]fi(U;)
Therefore, under the assumed condition that f; is bounded away from zero, Lemma 3 in Dai and Shao (2023) implies T}, =
0,(1). Note that

= 0p(1).

2

— 1| Var(s/nV 4+ Ti1 | Uy,...,Up).

b & 1 o (e — Ug(Xp) T (Ui — UpgXp).
Tis=—75 ) Wiwe, Wjw) ==Y ———=""(G'G)"" :
nl/2 ]:Zl P ; fow) Z:' 1)
Conditioned on Uy, ..., U,, T13 has mean 0 and variance
Var(Ty3 | Uy,..., Z Wz(u)(r1 U)) = Op(bp) = 0y(1),

=1
because, under the assumed condition that f; is bounded away from zero, Lemma 3 in Dai and Shao (2023) implies
maxj=1,.n | Wj(u) — g(u)TZg’1 g(Xj)| = 0p(1). Thus, T3 = 0p(1). Consequently, T} has the same asymptotic distribution as

A/nV, the claimed result.
From Lemma 4 in Dai and Shao (2023) and (C4), T, = +/cA; (w){1 + 0p(1)}. Note that

JnbPi2
= — ( —
nfy(u) ;Kb ¢

[ TR0 sz(u — Ud{m(U) - m(U)}}

- {"fb(u ZKh(u U)Al(U)] {1+ 0p(1)} = Ver'Ay@){1 + (1)},

where the second equality follows from (A4) and Lemmas 3-4 in Dai and Shao (2023), and the last equality follows from
Lemma 2 in Dai and Shao (2023) and continuity of A;(-). Also,

n'2Ty 1 (e — Ug(Xi) T o'y X -
- — e Uogta) (u — Up{u1(U) — u1(U))
b n; o) anbw) ZK’ s TR
=1g@®'E anfaf]))meu—U){m(U) (U} ¢ {1+ 0p(1)

R
= 18@ 21— > g XDAIWU)) {1+ 0p(1)}
j=1

= Ver’g(x) T T, E(g(X) A (U1 + 0p(1)},
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where the first equality follows from Lemma 3 in Dai and Shao (2023) and the law of large numbers, the second equality follows
from Lemma 4 in Dai and Shao (2023), and the last equality follows from the law of large numbers. Similarly,

n'2Ts 1~ kp(u—UNgX)T 1 -~
2 —;;ﬁ(—w(e G) l;jg(x,){hl(x,)—hl(xz)}

[ @'z Zg(xo{hmxz)—hl(x,)}}{1+op<1)}

i=1
{1+0p(1)}op(1) max |h1( i) — hi (X)),

where the second equality follows from Lemma 3 in Dai and Shao (2023). Under (B1)-(B5) with U and p replaced by X and g,
and (C5), Lemma 8.10 in Newey and McFadden (1994) implies that

max [l (X;) — b (X1)| = Op(y/log(myn~?@+4), (A3)

which is 0,(1/+/nbP) = op(n’z/(p“)) and, hence, T5 = 0,(1). From Lemma 3 in Dai and Shao (2023) and the Central Limit
Theorem,

bP2 I iep(u — Upg(X) v

T SR OEED (676 Y g K i (Xi) — i (U)) = Op(B%) = 0,(1).

nl/ i=1 Jo(u) i=1

Combining these results, we obtain that T + - - - + Ts = B,(#) + 0,(1). This completes the proof. ||

Te =

Proof of Theorem 4.3.: Define

~ 1 . : .
B = 1 Y Riy(u—Upe™, @ = Z(l — R)&y(u — UpYie Y,
i=1 i=1

1 .
O = 1 D Ry — Ui, @u = Z(l — Ry (u — U)),

i=1 i=1

N
o1 3 o1 , w,
s = > Riity(u — UpYie™i, By = N > (1= R)ky(u — Up Y7 e ™,

i=1 i=1

N N
- 1 . L 1 . .
o = ;Ri/q,(u —UpY e, = ;a — Rp)kp(u — U)Y; e,
Then,il\(u, t) = O W /O30u, Vj’l\(% ) = (Bpos — @1@6)1@3@4, and Vﬁ’l\(% ) = (B0 — 205016 + D7) | D3 Dya.
Let L(t) = E[R{Y — h(U,1)}*], Ln(t) = N"'3 N R{Y; — h(U;, 1))%, and L,(t) = N~ YN R{Y; — h(U;, t)}%. Taking
derivatives with respect to f, we obtain
1 N N
Vila(h) = ; —2R{Y; — h(U;, D} Vih(Us ) = Zl Y{Yi R @:(UD),
1 & 1 &
Viln(h) = ; —2Ri{Yi — h(Us D}Vih(U; 1) = Zl Y{Yi R @ (U},

and
ViL(t) = —2E[R{Y — h(u, )}Vih(u, 1)] = E[Y{Y, R, 0 (U)}],
where i is given in (D5). Note that V;L(y) = 0 and VtZL(y) = 2E[{V;h(U,y)}*R] = v, > 0. We establish the asymptotic
normality of 7 in the following four steps.
Step 1: Since y is the unique minimizer of L(), from Theorem 2.1 in Newey and McFadden (1994), it suffices to prove that
sup,ep [ViLu(t) — ViL(H)| 2> 0. Note that

sup |ViLy(t) — ViL(t)| < sup [ViLy(t) — ViL(t)| + sup | ViLy(£) — ViLy(D)]
tell tel tel’

< sup |ViLy(t) — ViL(t)|
tel’

2 o ~
+ =Y RiIYil{ sup  [Vih(u,t) — Vih(u,1)]
e tel xe%

+ sup [h(u O)Vih(u,t) — h(u, ) Vih(u, 1)|
tel,uc%

From (D3), |2R{Y — h(u, t)}V;h(U, t)| isbounded by ¢| Y| for a constant c and hence Lemma 2.4 in Newey and McFadden (1994)
implies that sup,.p |ViLy(t) — ViL(t)| = 0,(1). Based on Lemma B.3 in Newey (1994), conditions (D1)-(D4) imply that
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SUp,cqy |@i(u) — wi ()| — 0 forall t € I'. As a result, by a similar argument of the proof of Lemma B.3 in Newey (1994), we
obtain that sup,.r <o |@: (1) — @i ()| EN 0. Since w; is bounded away from zero and h(-, t) and V;h(:, t) are Lipschitz con-
tinuous functions with respect to @y, supcr ,co |ﬁ(u, t) — h(u,t)| LN 0 and sup;r ,co |V{E(u, t) — Vih(u, t)| 2 0. These
results together with the previous inequality implies that 7 LN V.

Step 2: Conditions (D1)-(D5) ensure that Lemma 8.11 in Newey and McFadden (1994) holds and hence thfn(y) i)
N(0,07) with o} = Var{m(Y,R,U,w,) + t(Y,R, U, y)}.

Step 3: Note that V2L, (1) = N~1 1| —2R{Y; — h(U;, )} VEh(Uy, ) + 2R{V,h(U;, )% and supy,_, <5, V7 La(t) —
VZL(y)| < Ay + Az + A3, where A} = |[V2L,(y) — V2L(y)|, Ay = sup,.p V2L, () — V2La(t)], and the last term A3 =

SUP|_y|<7—y| |V2L,(t) — V2L, (y)|. The law of large numbers guarantees that A; = 0p(1). A similar argument in Step 1 shows
that Ay = 0,(1). For A3, we have

N
2
IV2La(0) = VPLa()| < 5 D WVeh(Us ) = (Vih(U;, )P
i=1
2 N
+5 > IYilIVER(U, £) = V(U p)

i=1

N
2
+ 5 2 WU ViU 1) = h(Us ) VER(Us ).
i=1
Under (D3), h(-, t), Vh(-,t), and Vh(-, t) converge uniformly for all x as t — y and, thus, the A3 = 0,(1) because 2 ﬁ) y. This
shows that sup|,_, 5| [V7La(t) — V2L(y)] & 0.
Step 4: By Taylor’s expansion,fy, &) — fn(y) =0- f,,(y) = thn (&)(y — y) forsome§ € (y,7).From the results in Steps
1-3, VNF — y) ﬁ) N(0, [2E{RV, h(U, y)}z]_laLz). This completes the proof of (20). |

Proof of Corollary 4.1.: (i) From Theorem 4.3, (20) shows that ¥ — y = O,(1/ V/N). Furthermore, Lemma 8.10 in Newey

and McFadden (1994) shows that
logN
:op( Og+bd>, (A4)

LAY g Ui—U)  f(v;|U=U,D=1)
NbP

i YL k(Ui = U)) f;|lU=U;,D=0)

which is 0,(N~2/4) = 0,(1)/+/nbP under the assumed condition d > max{(p +4)/2,p} and Nb — 0. Since 7 —
y converges faster than (A4), (18) holds. As a result, (17) holds with ,ufz(u) replaced by uf3(u) under (B1)-(B4) and
(D1)-(D5).

(ii) Under (D1)-(D5) with U replaced by X and p replaced by g, Lemma 8.10 in Newey and McFadden (1994) implies that

sup ﬁl\(x, Y) —hi®)| =0, ((logN)l/z(NI;q)_l/2 + I;d) = op(n_z/(pH))-
xeX
From the asymptotic normality of ¥, — y = O,(1/ V/N), which converges to 0 faster than SUDP,c 9 |’h\(x, y) — hi(x)| — 0.

Hence (A3) holds while ﬁl is estimated by E(X, 7). Then, the rest of proof of the second claims follows the argument in
the proof of Theorem 4.2.
[ |
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