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For stochastic loss reserving, we propose an individual information model (IIM) which accom- Received 20 August 2020
Revised 28 December 2020

modates not only individual/micro data consisting of incurring times, reporting developments,
settlement developments as well as payments of individual claims but also heterogeneity
among policies. We give over-dispersed Poisson assumption about the moments of reporting
developments and payments of every individual claims. Model estimation is conducted under
quasi-likelihood theory. Analytic expressions are derived for the expectation and variance of
outstanding liabilities, given historical observations. We utilise conditional mean square error
of prediction (MSEP) to measure the accuracy of loss reserving and also theoretically prove that
when risk portfolio size is large enough, IIM shows a higher prediction accuracy than individ-
ual/micro data model (IDM) in predicting the outstanding liabilities, if the heterogeneity indeed
influences claims developments and otherwise IIM is asymptotically equivalent to IDM. Some
simulations are conducted to investigate the conditional MSEPs for [IM and IDM. A real data
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analysis is performed basing on real observations in health insurance.

1. Introduction

In the background of stochastic reserving, loss reserv-
ing is referred to a procedure to predict incurred out-
standing liabilities in general insurance companies. It
is well known that chain-ladder method proposed by
Mack (1993) and its related versions can be easily per-
formed by using pencil and paper because of the sim-
ple aggregate data structure called run-off triangle and
hence are popular in practice. However, as England
and Verrall (2002) mentioned, the advantages of aggre-
gate data models are at the cost of prediction accuracy
because of information loss caused by simply aggregat-
ing individual or micro data, which records incurring
time, reporting time, settlement time as well as payment
processes of individual claims. In risk management of
insurance companies, with the modern computer tech-
nology, it is urgent for actuaries to explore the usage of
related information to improve the accuracy in predict-
ing the liabilities, which also attracts increasing inter-
ests of many scholars from actuarial science. Antonio
and Plat (2014), Pigeon et al. (2013, 2014) demon-
strated by an empirical analysis that loss reserving
based on individual data had more prediction accuracy
than aggregate models. Huang, Qiu, Wu, Zhou (2015),
Huang, Qiu, Wu (2015) and Huang et al. (2016)
revealed that individual loss reserving had more accu-
racy than methods using aggregate data in sense that
the former produced a smaller mean square error.

A small stream of earlier literature about IDMs,
for example, Arjas (1989) and Norberg (1993, 1999)
formulated a probabilistic framework for the devel-
opments of individual claims. Most recently, Yu
and He (2016) modelled the individual claim develop-
ment process by marked Cox processes (also known as
double stochastic processes). As we all know, it is chal-
lenging to acquire analytic expressions for the moments
of outstanding liabilities under continuous-time IDMs.
Perhaps partly for this reason, there is a great deal of
work that has been done under discrete-time IDMs,
see, e.g., Pigeon et al. (2013, 2014), Verrall et al. (2010),
Huang, Qiu, Wu, Zhou (2015), Huang, Qiu, Wu (2015)
and Huang et al. (2016). Zhao and Zhou (2010) con-
sidered the R-delays so as to predict the incurred but
not settled outstanding liabilities. Unfortunately, IDMs
also confront information loss caused by neglecting
individual information, i.e., information from policy or
policyholder. It is not clear so far how much accuracy in
predicting the outstanding liabilities is sacrificed, when
the individual information is neglected. In the present
paper, we will explore how much improvement in the
accuracy that will be measured by conditional MSEP
can be achieved by incorporating the useful individual
information into modelling under discrete time frame-
work similar as Huang, Qiu, Wu, Zhou (2015), Huang,
Qiu, Wu (2015) and Huang et al. (2016). Besides, we
avoid the strong Poisson distribution assumption for
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the number of individual claims assumed in Huang,
Qiu, Wu, Zhou (2015), Huang, Qiu, Wu (2015) and
Huang et al. (2016) and instead extend to weak assump-
tions about the first two moments so that parameters
estimation can be conducted under quasi-likelihood
theory (cf. McCullagh & Nelder, 1989).

The conditional MSEP is broadly used to com-
pare different models for loss reserving. It is well
known that the conditional MSEP is the sum of pro-
cess variance caused by the randomness of outstand-
ing liabilities and estimation error originating from
uncertainty of parameters estimators. It is theoret-
ically feasible to estimate it by bootstrap method.
There were some examples which discussed the MSEP
under collective models - for instance, Mack (1993),
Mack (2000) (comparing three methods — Benktander,
Bornhuetter-Ferguson and chain-ladder under the cri-
teria of MSEP), Alai et al. (2009, 2010) (Bornhuet-
ter-Ferguson method under generalised linear model)
and Wiithrich and Merz (2008) (comprehensive sum-
mary of the details of methods based on aggregate data).
Besides, Lindholm et al. (2020) introduced a semi-
analytic approximation method to estimate the condi-
tional MSEP, where the method is illustrated by loss
reserving based on aggregate data. Examples that have
applied the approximation method are Wahl (2019),
who computed explicit moments of outstanding liabili-
ties by applying discretisation scheme under the frame-
work of Antonio and Plat (2014), and Wahl et al. (2019)
who modelled individual data on aggregate level. In the
present paper, we also use the approximation method
for the MSEP, which is derived under IIM, because of
its simplification.

The paper is organised as follows. In Section 2, we
describe the data structure and display the mathemati-
cal expression of outstanding liabilities caused by a risk
portfolio at a given evaluation date. In Section 3, we
separately model reporting developments, settlement
delays and payments of claims and in each part, we for-
mulate the model assumptions as well as estimation for
the model parameters. Section 4 mainly derives the for-
mulas of loss reserve and conditional variance of out-
standing liabilities given historical observations, and
studies the improvement of accuracy achieved by IIM
with respect to IDM. Section 5 reports some simulation
results and a real data analysis. Section 6 concludes the
paper with a few remarks.

2. Data structure

Claim events incurred by some policy are usually
reported to the insurer in some time periods (report-
ing delays) after their occurrence and the reported
claims are finally settled with some time lags (settle-
ment delays) between their reports and final settle-
ments. Before going further, it is necessary to discuss
the supports of reporting and settlement delays. In
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the following assumption, we assume that there exists
maximum reporting delay D" and settlement delay D°.
Actually, there are basically two cases for the supports
of the delays: finite and infinite. It would be a known
priori (generally read from the items of the insurance
contracts) if the supports are finite or infinite before
any loss reserving is taken care of. Even for the case the
delays take unrestricted values, if the probability to take
values over certain limits is quite small, one can safely
assume a capped delays by cutting off the tails with
probability small enough. As a result, the assumption
of capped delays is reasonable in many real insurance
businesses, especially for such insurance without very
much high claims payments. An example is the general
health insurance. The assumption of capped delays has
been extensively adopted in such traditional methods as
chain-ladder algorithm. If the tails cannot be safely cut
off, however, the models such as the one proposed in
Crevecoeur et al. (2019) or some others would be more
suitable. From the statistical point of view, for their dis-
tributions to be reasonably estimated with observations
over a finite number of years, at least one of the two
assumptions is necessary: they take only a finite num-
ber of values with arbitrary probabilities (but subject
to normalisation) or countably infinitely many values
but with their distribution functions identified by finite
many parameters. Whatever the case, the number of
unknown parameters that need to be estimated must
be finite. Here the former is taken, whereas Crevecoeur
et al. (2019), for example, took the latter.

Then we specify the data structure used in our
model. It is in discrete time version as, e.g., Huang,
Qiu, Wu (2015) did. Typically, the data for modelling
is organised through periods with fixed length such as
1 year, one season or 1 month depending on lines of
business. Conventionally, those periods are referred to
‘(accident) years’. This is also a way widely adopted by
insurers to predict the incurred outstanding liabilities
in practice. Specifically, the whole observation hori-
zon is made of n accident years and loss reserving is
evaluated at the end of nth accident year. In year i,
i=1,2,...,n, there are m; insurance policies, each of
which is coded by (i,k), k = 1,2,...,m;.

Every individual (i, k) is associated with a random
risk exposure rj and d-dimensional vector of covariate
Xik whose first entry is 1 and other entries indicating
the individual information/features that influence the
developments of individual claims. The developments
of claims incurred by individual (4, k) are detailed as
follows.

(1) Thereporting developments of claims are recorded
by Nirku’ u=20,1,...,D", where Nirku is the number
of claims which are incurred in year i and reported
in year i + u.

(2) For N claims, u=0,1,...,D", their settle-
ment developments are tracked by Nk, v =
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0,1,...,D°% where Nj,, is the number of claims
which are reported in year i + u and settled in year
i+u+w.

(3) Payments for each claim are assumed to be paid
for only once at its final settlement. For Nijj,,
claims, u=0,1,...,D", v=0,1,...,D°% we use
Yitwi» L = 1,2,. .., Nikyy to record corresponding

payments.

Then the random element associated with individual
(i, k) is denoted by

{7ik> Xiks {Nku’ (Nikuvs (Ylkuvl)l Nita Y= 0} 0}

i=1...,nk=1,...
population

{r, % {NT5 (Nuws (YD) D 3220,

which can be considered as a complete observation of a
representative policy in year i.

Following conventional terms, a claim, which has
been reported to the insurer but not settled, is known as
RBNS claim and a claim, which has been incurred but
not reported to the insurer, is known as IBNR claim.
For accident year i, the individual observed data is as
follows.

,mj, which are iid. from the

(1) The reporting developments of a representative
policy in year i are truncated in sense that we can
only observe .# = {Ny N[, .. ,NB{}, where

D =D" A (n—i), (1)

represents the largest reporting delays of the
reported claims in accident year i.

(2) For N, reported claims, u =0,1,...,Dj, their
settlement developments are censored in sense
that we can observe {Nyo, Ny1,. .. ,NquJru,NLb”S},
where

DS

iy =D'A(n—i—u), (2)

is the largest settlement delays of settled claims
with reporting delay u in accident year i and the
number NP .= Z?;n_i_wl Ny, which is the
number of RBNS claims with reporting delays u.
Note that N = 0 if n — i — u > D*. Denote by

F* = Uy oNuo> Nuts .. Nups, N7},
(3) For Ny, settled claims, u=0,1,
. Di,v=0,1,...,D;_,, the observed payments
for them are gathered in set {Yuvl,Yuvz,--.,

Yun,,}. Denote TP = Uu ()U t+u{Yuv1y uv2>
o> Yquw}-

Then individual observation .%#° is the union of
{r,x}, F7, F° and FP, that is

F°={rx}UZF UF UFP

and the historical observations of all policies in the
portfolio, denoted by .#%, is just the union of policy-
specified observation that is .#* = J_, ", Z3,
where .7} is the policy-specified realisations of .7 in

year i that is
T§ = {rixu) U Ff U F5 U Fh.

It is well known that RBNS and IBNR claims of the
risk portfolio naturally result in outstanding liabilities
to the insurer. Specifically, the total of future payments
for all the RBNS and IBNR claims can be represented as

n n
R:= Z thbns + ZRSbm’ 3)
i=1 i=1

where
Nikuy

szhns Z Xl: Z Z Yikuvi and

k=1 u=0 v=n—i—u+1 |=1
mi D" D* Nikuy

-3 Y TS Vi

k=1 u=n—i+1 v=0 [=1

ibnr
Ri

are RBNS and IBNR liabilities incurred in year i, respec-

\J2 .=0

tively. Thoroughly, we take the convention ) 7; ;

ifjl > j2.

3. Model specification

This section separately specifies the models for the
reporting developments, settlement developments and
payments of claims. In each part, we first give model
assumptions and then detail the parameter estimations
under both IIM and IDM. The model assumptions in
this section are all given under the condition that risk
exposure r and covariates x are known.

3.1. Modelling reporting developments of claims

Model assumption for reporting developments of
claims is given as follows. It is mainly about the first
and second moments of reporting developments of
claims. The assumption involves vectors of parameters
B,m1, >, ..., wpr, which are all d-dimensional vector.

Assumption 3.1: For an individual with (r, x), assume
thatN},u =0,1,...,D" areindependent, E[N], | r,x]=
rhy and Var(N] | r,x) = ¢rh,, where A, = Ap, with

A = exp(¥'B) and py(m;x) = —PETW
p(x'B) and p,(m; x) S, expe'm)

ST pyr).

o =0as

wellas ' = (', ), ..

Remark 3.1: In order to make m be reasonably esti-
mated, the condition n > D" is necessary.

By independence among policies and assumption
above, one can construct the quasi-likelihood function



of reported claims as follows,

Z Z Z( iku log Aiku = TikMiku)s

zlk 1 u=0
(4)

Q(B,m) =

where Aj, is policy-specified quantities of A, that is

exp(xzknu)

Miky = )Vzkptku = eXP(x kﬂ) .,
Z 0 exp(«, kn])

One can refer to McCullagh and Nelder (1989) for
more details about quasi-likelihood theory. Similar to
maximum likelihood estimation, parameters (8, ) can
be estimated by maximising Q"(f8, ) with respect
to the parameters. Denote by A = vec(rjxriky, i=
L...,n,k=1,...,m;, u=0,...,D})and stack Nj_s
as a vector N” such that entry Ny, is corresponding to
TikAiky in vector A. The quasi-score function, i.e., partial
derivatives of Q" (B, ) with respect to the parameters is

3Qr(l3 JT) 1, 1
vVQ'(B,m) : = —X"diag(A) ' (N" — 1),
oy ¢ °F
(5)
where X" = T ﬂ/ - To determine the block entries of

X", one needs the unit vector §; with 1 at component s
(any positive integer) and 8¢ = 0, of which dimensions
can be read from context, and the following partial
derivatives

8)"iku 1 ' /
Tik * ——= = TikA; X
ik 8(ﬁ/,71'/) ik/Niku Su — Pix X ik

where py = (piki» Piks> - > pikpr)’ and @ is the Kro-
necker product.

The covariance matrix of VQ' (8, ), which is also

the negative expected value of %, is
I'(B,m) = aX”dlag(X) ' (6)

The parameters (f,m) are estimated by Newton-
Raphson with Fisher scoring starting with initials
(B4, 70y and updating estimated parameters in the
following way:

( ﬂ new’ o new/ ﬂ old/ old/

+ (X{ diag(ro) ' X3) ' X diag(o) T (NT — o),

where X[ and A are obtained by replacing (8, ) with
(B, 7o) Write the estimated parameters as (;23 ,TT).
To estimate dispersion parameter ¢, we adopt conven-
tional method-moment estimation that is,

1
Z iy mi— (D" +1)p

¢ =
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D' n—u m;j (N
— Fikhiku)?
N Vikuy  CWKTRUJ
PN M i)
u=0 i=1 k=1 ikMNiku

where Az, are plug-in estimates of A, that is

exp(x, T y,)

My = exp(x B) - — 2

iku P( zkﬂ) ZDrO eXp(x k]t])
IDM considers that policy’s feature information has no
effect on reporting developments that is the coefficients
of x1,%2,...,%4—1 are thought to be zero. Obviously,
IDM is a misspecified model if the feature informa-
tion indeed influence those developments. Therefore,
in IDM, X and p, are thought to keep fixed among all
policies and then A, is same for the policies. By max-
imising function Q" in (4) with respect to A,, one can
obtain that

A Nr
A u=0,1,...,D", ?)
rw)
where N/, = Y77 3" NI, representing total num-

ber of reported clalms with reporting delay u and r(,,;) =
3" rik meaning total exposures in the first
n—u years.

3.2. Modelling settlement delays

In IIM, the settlement developments of individual
claims after their reporting to the insurer have the
following assumption. The assumption involves vec-
tors of parameters p;,0,,...,0pr, which are all d-
dimensional vector.

Assumption 3.2: Assume that given N}, (Nyo, Ny1, . . .,
Nyps) follows multinomial distribution with parameters

NI and (qo, . . ., qps), where
J
qv(p; %) = ;fp(x £v) v=0,...,D’,

Zj:o exp(x’'p;) ,

with py = 0, as well as p’ = (p}, p5. .., p) and the
tuples (N0, Ny1, .. .. Nyps), u = 0,...,D" areindepen-
dent.

Remark 3.2: Similar to the condition in Remark 3.1,
the condition n > D® is necessary to make p be rea-
sonably estimated. Therefore, it is enough to assume
n > max(D’, D°).

For N}, (u < Dj) reported claims of representative
policy in year i, one can only observe Nyo, Nyi,...,
Nyp:, , and Nbns .= D7 us1 Nuy (the number
of RENS clalrns with settlement delays no less than
n—i—u), where N{f’”s =0ifu < n —i— D°. According
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to the assumption above, the individual log-likelihood
of settlement developments is

DS Dtr-t—v

Z ZNuvlogQV + ZNrbns 10g Qn i—u>

v=0 u=0
(8)

Q% (p) =

where Q, := Z?;V 11 gs is the tail probability of settle-
ment delays no less than v. Obviously, an alternative
form of term in the last term in the first line of (8) is
Dr +v
Dol (n—ieDS1)s - Further, if we write N} = Z * o Nuvs
which means number of settled claims with settlement

delay v, (8) becomes

D D}
Q*(p) =Y _Njloggy+ > NI™log Qu_i—u. (9)
v=0 u=0

To estimate p by Newton-Raphson with Fisher scoring,
we need the identities in the following proposition.

Proposition 3.1: The gradient of Q' (p) with respect to
pis
3Q(p)
P

r

i Nrbns
= NS+Z (_0 )—qu ® x,
Qn i—u 4y—i—u

and conditional expectation of Hessian matrix of Q°*(p)
given (r,x) is

n—i—D°

2 Nios
E[%’nx}ﬂ 2:; hu(diag(q) — qq)

(D=1 A(n—i)
+ Z An—i—y
v=(n—i—D") 4
diag(q,) — 9,9, —4,9,
X _ vaq ® xx/, (10)
—4,9, =49,9,
Qv

where Nj = (N7, N5, ..., NL)', N" = Zlu);o N} and

qV = (q17 qz: LIRS )qv)/)
> qu)/

9= (q1.92----9p°),

qv = (qv-i—l’ Qv+25 - - -

We estimate p by maximising overall log-likelihood
function Q°(p) which is the summation of individual
log-likelihood Qﬁzs(p), that is p is obtained as follows:

p = argmax Q*(p),
P

where
D n—v mj

Q) =)_Y Y N, logaqi
v=0 i=1 k=1

+Z Z ZN:,f;ﬂogc‘zik,n_i_u.

u=0 i=(n—u—D%)4+1 k=1

To obtain p, similar as previous section, we use New-
ton-Raphson with Fisher scoring which needs the fol-
lowing gradients VQ*(p) and its covariance matrix
F(p), where

VQ(p) = Zlkz (p)
= 1
I(p) —ZZ |: (/,o) ikaxik:|- (11)
i=1 k=1

In IDM, similar as A, in the section above, proba-
bilities (qo, . . .,qps) are thought to keep fixed among
all policies that is (qo, . . . ,qps) is independent of x. By
MLE again, we have

v—1
qo = ho and g, = fzvl_[(l —}Als), y=0,1,...,D°
s=0
(12)
where flv = L with
NS"‘Zt v+1 Gi
n—v mi n—v+1 m;
b
D) IUNUECED 3 iy
i=1 k=1 i=1 k=1

3.3. Modelling claim payments

We give some assumptions about payments of individ-
ual claims as follows. The assumptions involve a (d +
D" + D*)-dimensional vector of parameters .

Assumption 3.3: Claim payments Y, u =0,...,D",
v=0,...,D° I=1,...,Ny are independent, inde-
pendent of Njy; u=0,...,D", v=0,...,D° and also
assume that conditional mean and variance satisfy

E[Yulx] = puy, Var(Yylx) = ¢pﬂuv

with ,, = exp(x],y), where x,, = (x¥',8,,8.) is a
(d + D" + D°)-dimensional vector of covariates.

Arrange all settled payments of the risk portfolio into
the set {(Y,x),l =1,2,...,N¥), where X; is covari-
ate associated with payments Y; and N* is the total
number of settled claims. Construct quasi-likelihood by
independence among policies and assumption above,

NtS
Py = Z(Yl logpui— ), (13)
where u; = exp(ic;y). Denote 0 = (41, ..., upnts) and
= (Yy,...,Yyt). The quasi-score function-



partial derivatives of Qf (y) with respect to the param-
eters is

: QP (y) LT
QF(y) = oy ¢pX(Y n),  (14)
where X = (%1,..., %)

The covariance matrix of Q(p), which is also the
negative expected value of 9Q(y)/dy’, is

1o, .
P = ¢—pX diag(p)X. (15)

The parameters y are estimated by iteratively re-
weighted least square (IRLS) algorithm, which is as
follows,

(1) Initialise p = psuchthat fi; = exp(X;p)and i =

(41, 425 - - - » fints), where p, is usually zero vector.
(2) Compute adjusted response z; = y; — [1; + X .
(3) Update y by what follows,

p = (X'diag()X) "' X' diag(jt) Z,

where Z = (z1,22,... and then ;=

exp(X;).

,ZNts),

To estimate dispersion parameter ¢, we also adopt
conventional method-moment estimation that is,

Nts
N 1

(Y — f)?
- y (i)’
N = (p+D D) &

where /1] = exp(X}p).

In IDM, the coefficients of covariates about individ-
ual features are considered to be zero, ie., y; = -+ =
¥i—1 =0, and p;s only depended on reporting and
settlement delays, which means it just needs to esti-
mate p'° = (v0, V> . . Va—14Drs - - -» Va—14D7+D°) by
the similar procedure as stated above. Therefore, esti-
mator ' for y'P is a maximiser of the QP, which is
the function of y'P thatisunder y; = --- = y4_; = 0,
and p; in Equation (13) is independent of individual
information and only takes one of the following forms:

wiy = exp((1,8,,8,)y™),
u=0,1,...,D", v=0,1,...,D°.  (16)

Then the estimate of /2 under IDM is denoted by
Quy = exp((1,8), S’V))A/I ), which is a policy-free esti-
mate.

4, Prediction for outstanding liabilities

In this section, the terminologies ‘loss reserve’ and ‘loss
reserving’ are precisely specified, measurement of accu-
racy of loss reserving is then discussed and we also
shows the improvement of accuracy of loss reserving
basing on IIM with respect to IDM.
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4.1. Loss reserve and loss reserving

Recalling the total outstanding liability R defined in (3),
by ‘loss reserve’, we refer to the projection

Ry = Rin(0) = E[R|.F™] (17)

of R on the observations .# " by the evaluation date
n, where the subscript ‘m’ indicates portfolio size, since
loss reserve is based on specific risk portfolio. One can
see that R,, is a function of unknown parameters 6 :=
(B, 7', p’,¥") and hence it needs to be estimated.

To derive moments about outstanding liabilities R
and conditional variance of R, the following quanti-
ties are needed. For u =0,1,...,D",v=0,1,...,D’,
denote by

D¢ D* 2

~ Z —y qtHut ~ Z —y gt
fly = =25 and i, = S, (19)

=y qt t=v qt

where fi,, is conditional moment of claim payments
given x, reporting delays u and settlement delays no less
than v, so that corresponding policy-specified quanti-
ties are

D*

ZDS q'kt#2
~ ~ = 1 7
Rikuy = and ji§,, = = Tkt

S ik - S
YL, it X i
(19)

Then we derive the following theorem which provides
formulas to compute not only the loss reserve R, but
also variance of outstanding liabilities R given observa-
tions .40,

Theorem 4.1: Under the model formulated by
Assumptions 3.1-3.3, the loss reserve is

D’ D:/ My—y—u+1

Riu(0) = Z Z Z N{Sisv_u+1)ku/1(n—v—u+l)kuv

v=1u=0 k=1
D’ n m;
+30 Y D rahiuflikuos (20)
u=1 i=n—u+1 k=1
and the variance of R given observations F*° is

D’ Df/ My—y—y+1

Var(R|.F*) =3 "~

v=1 u=0 k=1

~5
% ( _/'Ln—v—u-i-l,kuv
Qn—v—u+1,k,v—1

rbns
N(nfvfqul)ku

~2 ~
— My vyt Lkuy + ‘ppﬂn—v—u-i-l,kuv)

D’ n m;
+Z Z Zrik}\iku

u=1 i=n—u+1 k=1

X (B0 + (@ — Diid o + ¢ ikuo)-
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It can be clearly seen that loss reserve R, depends on
not only the information from observed data in terms of
the number of RBNS claims and policy’s feature infor-
mation but also unknown parameters 6, which results
in the need for estimating R,,. Accordingly, the term
‘loss/claims reserving is used for certain reasonable
estimate of the loss reserve. Formally, after getting cer-
tain reasonable estimates @ of the unknown parameters
from the observed data, as, for example, what has been
done in the previous section, we have the following
theorem.

Theorem 4.2: By loss reserving we refer to the (random)
quantity

og D Mp—y—u+1

RH— ZZ Z N(n y— u+1)ku’u’(” v—u+1)kuv

v=1 u=0

D" n mj o
+Z Z Zrik)‘ikullikuoa (21)

u=1 i=n—u+1 k=1

where [:L,'kws and ):,-kus are obtained by substituting
unknown parameters with their estimates.

According to the theorem above, it is easy to obtain
loss reserving under IDM by simply replacing ftik,ys
and )A»ikuS in (21) with policy-free estimates f[i,,s and
Lus, respectively. Specifically, to distinguish two differ-
ent estimates for reserve, we use symbol R;p to indicate
loss reserving under IDM, which is

D¢ Dy D’
IA{ID = Z ZN;h_nj_u_H uliuv + Z r[u]iulina (22)
v=1 u=0 u=1
where NIPms_ =Y N;b"j ut L Tlul =
pora V‘]tl/vut

n Z i s
Z‘: _ —1 Tik and Huv =
=t 2kl 7

4.2. Measurement of prediction accuracy

It is essential to measure accuracy of loss reserving and
especially accuracy improvement of loss reserving by
considering useful individual information with respect
to the one without this information. To measure the
prediction accuracy of some reserve estimate R, which
is #"° measurable, a natural idea is conditional mean
square error of prediction (MSEP) which is defined as

= E[(R — R)?*|.F™]
= Var(R|.#*°) + (E[R|.ZF¥°

MSEP(R, R)
] - R
(23)

For loss reserving Ryy, which includes individual infor-
mation, and R;p without individual information, their

MSEPs are MSEP(R, Ryy) and MSEP(R, Ryp), respec-
tively. To measure the difference in prediction accuracy
of Ry and Ryp, we use the following ratio:

MSEP(R, Ryp)
MSEP(R, Rp)
_ Var(R|.Z7*°) + (E[R]|.7 "]
 Var(R|.Z %) + (E[R|.Z ]

r_

— Ryp)?
— Ryp)?
It is well known that individual information model
performs better in terms of prediction accuracy than
individual data model, if M" < 1, but it is hard to com-
pute M" with unknown parameters. Fortunately, we can
compare M" and number 1 when portfolio size m is
large enough. It is notable that individual data model is
nested in individual information model. Then we have
the following theorem under some regular conditions
(see Van der Vaart, 2000), which illustrates the advan-
tages of individual information model over individual
data model.

(24)

Theorem 4.3: When portfolio size m tends to infinity,

P P o g
M"™ — 1, where — means converging in probability, if
the individual data model is true, that is the coefficients
of x1,%2, ..., x4—1 are zero. Otherwise,

1 .
—(Rip — Ru(0)) > A
m

D D

= Z Z Kn_v_u_,.lE[T)»uQv—l(ﬁuv - ﬁuv)]

v=1 u=0

D n
+3 Y GEaGio — o)) (25)

u=1i=n—u+1
where [l = Z?:V Z]sllus/ Z?:Sv ‘vls with
v—1
év = hv H(l -
s=0
Y Zul+()v iiE [rhugy]

Z Zu%V kil [r)\uQv—l]’

=<
<
Il

[ty = exp((1,8,,8,)¥""), and
D' D’ n—u—v
ArgmaxZZ Z kil

u=0 v=0

J in (16),
(26)

X [r)\u%/(ﬂuv IOng - /’Luv)]’

and if the asymptotic bias A # 0, M" £o.

The theorem above shows that IIM is asymptoti-
cally equivalent to IDM, if IDM is true and otherwise
the former has higher prediction accuracy than the
latter when portfolio size is large enough. One can intu-
itively understand that as portfolio size tends to infinity,



both models can capture all the information included
in observations when IDM holds true, since IIM is a
generalised version of IDM. However, individual data
model fails to capture the effects of policy’s feature
information and thus leads to greater bias when IIM
holds true.

An important issue one concerns is how much pre-
diction accuracy of loss reserving Ry can be improved,
if IIM holds true, in a fixed risk portfolio that is one
cares about actual value of M" under true IIM. How-
ever, there are unknown parameters @ in Var(R|.%“°)
and E[R|.Z“°]. An approximation method that comes
to one’s mind is substituting estimated parameters
0 to them, which however needs to further take
estimation error of @ into account. We directly use
the method named semi-analytical approximation for
MSEP(R, R) (One can refer to Lindholm et al. (2020)
for more details), which is also discussed in Wahl (2019)
under micro data model. Then the approximations for
MSEP(R, Ryy) and MSEP(R, Rp) are

MSEP(R, Ryy) = Var(R|.Z"*)(9)
+ VR, (8) Cov(B) VR, (),
MSEP(R, Rip) = Var(R|.7 ") (6)
+ VR, (8) Cov(0) VR, (0)
+ (Rir — Rip)?, (27)

so that

o _ VarR| F4) (@) + VR (0) Cov(0) VR, (0)
Var(R|.Z %) (8) + VR,y(0)' Cov(0)VR,n(0)
+(Ryr — Rip)?

(28)

where VR, (é) is the gradient of loss reserve R, (6) with
respect to @ computed at § and Cov(f) is asymptotic
covariance of 6. It is easily known that

Cov(6)

where X" and X are plug-in estimates and I*(p) is
obtained by inserting p into I°(p) in Equation (11). One
can refer to Chapter 9 in McCullagh and Nelder (1989)
for more details.

Proposition 4.4: The gradient of R,,(0) with respect to
B,z is
IR (0)
B,y

D" n m; )
= Z Z Z TikikulLikuo <6u _pik> ® Xik»

u=1 i=n—u+1 k=1

= diag(¢p (X" diag(L) "' XN "L (F(p) "L XX,
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the gradient of R,,,(0) with respect to p is

DS Di, mj,, rbns

BRm(O) _ ZZZ luvku ( q;Z:;’)v1 )®xiuvk

v=1 u=0 k= lewkv 1

Dr n mj
+Z Z Zrik)\iku

u=1i=n—u+1 k=1

x [diag(qx) Wikuo

— Rikuoqix) ® Xik,
whereiy, =n—v—u-+1,
q?]zzv = diag(qikv)ﬁikuv - lliku,v—i-lqikw

and Wigyy = (Wikuy+1> - - - » Rikups)'> and the gradient of
Ry, (0) with respect to y is

D* Dﬁ Mpy—y—u+1
=22 2. Nolewim
k

v=1 u=0
X ll(n—v—u-‘rl)kuv

Dr n mj )
+3° Y D rahikullikuos

u=1i=n—u+1 k=1

dRm(0)
ay

~ X,
Where Wity = Zr vqgctﬂtkut tkut

t=v ikt

5. Simulations and real data analysis

Reported in this section include the results from a few
small simulations conducted to further investigate M".
A real data in health insurance was also analysed to
show the application of IIM and the accuracy improve-
ment by using IIM with respect to IDM in practice.

5.1. Simulation

In this simulation, the risk exposures associated with
every individuals were drawn from the uniform dis-
tribution on [0,1], the covariates were produced by
multivariate standard normal distribution and we sim-
ulated the random developments of claims for a fixed
risk portfolio. In each run, we directly compute M"
according to Equation (24) so that we can know how
much accuracy is improved by using IIM with respect
to IDM under the fixed risk portfolio.

Because there are only assumptions about mean and
variance for reporting developments and payments of
claims, we need additional distributional assumptions
to generate them, which arise as follows. First, for indi-
vidual reporting developments N s, we generated them

by the additional assumption which says that % fol-
lows Poisson distribution with mean 2. Second, for

individual payments Y, similarly, we generated them
by assuming that ;}, follows Poisson distribution with

mean ¢—p Each run in the simulation was conducted
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Figure 1. The simulated M" over varying coefficients of covariates. (a) Example 5.1 and (b) Example 5.2.

with the setting: n = 5, D" = 2, D° = 2, arisk portfolio
size m = (10000, 10, 000, 10, 000, 10, 000, 10, 000), i.e.,
10, 000 policies in each year, and any combination of
parameters which varied according to the setting in the
following two examples.

Example 5.1: Dimension d = 3 and the parameters
varied in an auxiliary parameter f ranging in [—1, 1] by
step 0.01 as

e Parameters for reporting developments:

B = (=05,—t,2t),m = (1,4,1),
my = (—1,—t,-2t),
and ¢ = 2.
e Parameters for settlement developments: p; = (0.1,
0.2t,—0.3t)" and p, = (—0.1,—0.2£,0.3¢)".

e Parameters for payments: y = (5,0.2¢,0.4¢,0.1, 0.6,
0.2,0.8) and ¢? = 1.5.

Covariates were produced by bivariate standard nor-
mal distribution in this example.

Example 5.2: Dimension d = 4 and parameters varied
over t ranging in [—1, 1] by step 0.01 as

e Parameters for reporting developments:

B = (2,0.2t,—0.8¢,0.5t),
T = (2, —t,3t,=2t), w5 = (1,2t, —t, =2t),

and ¢ = 3.
e Parameters for settlement developments:

0, = (0.3,0.1¢, —0.5¢,0.2t)’,
0, = (—0.2,—0.3t,0.7t,0.4¢) .

e Parameters for payments: y = (3,0.6¢,—0.2¢,0.7¢,
0.3,0.2,—0.5,0.4)" and ¢ = 2.5.

Covariates were produced by ternary standard nor-
mal distribution in this example.

Table 1. The individual information in real data analysis.

Covariate Description Type Levels
X1 Insured’s age Quantitative
X2 Insured’s Binary female: 1, male: 0
gender
X3 Policy type Binary general health
insurance: 1
serious illness
insurance: 0
X4 — Xg Geographical Categorical regions I-V: one-hot
location encoding with
(X4,X5 ..... Xg) SO
that
region Vl: x4 =
e =Xg = 0

In each run, we estimated loss reserve by both IIM
and IDM using the simulated data that is we com-
puted Ry by Equation (21) as well as Rip by (22) and
true parameters were used to compute Var(R|.#4°)
and E[R|.#"°] according to Theorem 4.1. Then we
computed M" by inserting the computed Ry, Rip,
Var(R| %) and E[R|.#"°] into Equation (24). At
last, we plotted the simulated results in Figure 1.

We obtained the results consistent with Theorem 4.3
from the simulations above.

(1) When the coefficients of x, x2, . . ., X4—1 approach
zero, most M"s are close to real number 1 that is
loss reserving by IIM almost has the same accuracy
as that by IDM.

(2) When those coefficients are away from zero, M"
tends to be zero that is the prediction accuracy
of loss reserving by IIM is greatly improved with
respect to IDM.

5.2. Real data analysis

In this section, we analysed a dataset, which was col-
lected by a commercial insurance company in China.
The dataset recorded writing and expiring dates of poli-
cies, individual information, see Table 1, and devel-
opments of reported claims between 1/1/2019 and
8/31/2019.

To visualise the effects of individual information
on the developments of claims, for example, the his-
tograms of reporting and settlement delays measured in
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Figure 2. Histograms of reporting delays (in days): (a) Female, Region IlI, age 9-20; (b) Male, Region |, age 45-50; (c) Male, Region

VI, age 20-40; (d) Male, Region lll, age > 55.
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Figure 3. Histograms of settlement delays (in days): (a) Female, Region Ill, age 9-20; (b) Male, Region |, age 45-50; (c) Male, Region

VI, age 20-40; (d) Male, Region lll, age > 55.

days were provided under a few combinations of covari-
ate values including gender, geographical location and
age, as presented in Figures 2 and 3. It was strongly pro-
posed that the individual information had impacts on
the distributions of reporting and settlement delays.In
the dataset, all the reporting delays were not more than
150 days (5 months). By China Banking and Insurance

Regulatory Commission, the reported claims in health
insurance are generally required to be settled within
2 months if no disagreement exists. It is appropriate
to take 1 month as the time unit (‘accident year’ in
previous sections). Thus the maximum reporting and
settlement delays were safely set to D" = 5 and D = 3
(the real data supported this assumption).

Table 2. Estimated parameters for reporting developments, their standard errors and p-values.

B b4
Estimate Std. error p-value Estimate Std. error p-value
Intercept —4.6083 0.0078 0.0000 0.8135 0.0158 0.0000
X1 0.0307 0.0001 0.0000 0.0044 0.0003 0.0000
X2 0.0979 0.0109 0.0000 —0.0359 0.0221 0.1044
X3 1.2725 0.0114 0.0000 —0.1032 0.0231 0.0000
X4 0.7215 0.0233 0.0000 —0.0277 0.0466 0.5523
X5 0.6734 0.0327 0.0000 —0.1187 0.0654 0.0697
X6 0.5786 0.0121 0.0000 —0.6239 0.0244 0.0000
X7 0.3889 0.0145 0.0000 —0.5281 0.0292 0.0000
Xs 0.3114 0.3114 0.0000 —0.3829 0.0532 0.0000

T 3
Intercept —0.0198 0.0224 0.3762 —0.8734 0.0358 0.0000
X1 0.0050 0.0005 0.0000 0.0064 0.0008 0.0000
X2 —0.0200 0.0314 0.5239 —0.0716 0.0507 0.1575
X3 0.0011 0.0322 0.9712 —0.0313 0.0515 0.5433
X4 0.0685 0.0581 0.2385 0.0542 0.0917 0.5541
X5 —-0.1122 0.0831 0.1769 —0.4597 0.1543 0.0028
Xg —0.8899 0.0361 0.0000 —0.7543 0.0549 0.0000
X7 —0.8522 0.0436 0.0000 —0.8407 0.0703 0.0000
Xg —0.5350 0.0734 0.0000 —0.7509 0.1305 0.0000

T4 s
Intercept —1.6427 0.0525 0.0000 —2.2198 0.0768 0.0000
X1 0.0057 0.0012 0.0000 0.0090 0.0017 0.0000
X2 —0.0404 0.0739 0.5843 0.1614 0.1028 0.1164
X3 0.0716 0.0734 0.3293 0.0059 0.1096 0.9570
Xa 0.4313 0.1220 0.0004 0.1285 0.2004 0.5213
X5 —0.5048 0.2568 0.0494 —0.1750 0.3074 0.5691
Xg —0.5444 0.0801 0.0000 —0.5695 0.1152 0.0000
X7 —0.7191 0.1079 0.0000 —0.8211 0.1620 0.0000
X8 —0.4864 0.1865 0.0091 —0.3980 0.2528 0.1153
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To illustrate the proposed model for loss reserving,
evaluation date was set as 8/31/2019. That is, we worked
with n = 8, D" = 5 and D° = 3 (months). There are
four factors organised into eight features x, . . ., xg, as
shown in Table 1. Besides, reporting and settlement
delays, which were regarded as factors to model claim
payments as Assumption 3.2 formulated, were respec-
tively organised into five features x9, x19, . ..,x13 and
three features x14, X15, X16.

The estimated parameters for the reporting devel-
opments under IIM, their standard errors and p-values
of significance test were displayed in Table 2, while the
corresponding estimated results under IDM, i.e., iu,
u=0,1,...,5in (7) are

(0.0218,0.0341, 0.0133,0.0058, 0.0034, 0.0022),

respectively. Besides, the estimated dispersion param-
eter d3 = 1.9433. These results in (2) provide obvious
evidence that individual information has effects on the
reporting developments of claims in sense that most
covariates associated with individual information are
significant at significance level 0.05.

Similar results for settlement developments and pay-
ments are listed in Tables 3 and 4. These results also
provide obvious evidence that individual information
has effects on settlement developments and payments
of claims. Besides, the estimated dispersion parameter

~

¢P = 15467.1 and the estimates under IDM are
(G0 41> G2, §3) = (0.6435,0.3121,0.0363,0.0081),
ﬁID = (8.3055, 0.4535, 0.5830, 0.6227,0.58380.4557,
0.4204,0.6139,0.8472) .

In Table 5, the columns with names TBNR’, ‘RBNS’
and ‘Loss reserving’ correspond to estimates of IBNR
reserve, RBNS reserve and total loss reserve, respec-
tively. The square roots of approximated conditional

Table 3. Estimated parameters for settlements developments,
their standard errors and p-values.

P P2

Estimate Std.error p-value Estimate Std.error p-value

Intercept —0.9013 0.0124  0.0000 —2.2347 0.0354  0.0000
X1 0.0046 0.0002  0.0000 0.0041  0.0008  0.0000
X2 —0.0307 0.0174 0.0783 —0.1307 0.0510 0.0104
X3 —0.0246 0.0182  0.1765 0.4631  0.0461  0.0000
X4 0.0475 0.0368  0.1971 —0.9837 0.1058  0.0000
X5 0.0230 0.0511  0.6529 —1.2136 0.1596  0.0000
X6 0.0414 0.0192  0.0311 —0.8547 0.0509  0.0000
X7 —0.0353 0.0232  0.1281 —1.2330 0.0749  0.0000
X8 0.0831 0.0412  0.0439 —1.3182 0.1414  0.0000
P3
Intercept —4.8241 0.0809  0.0000
X1 0.0011 0.0019  0.5482
X2 —0.1864 0.1202  0.1210
X3 —0.3856 0.1295  0.0029
X4 0.8514 0.2535  0.0007
Xs —1.7351 0.9992  0.0824
X6 1.0403 0.1047  0.0000
X7 0.3729 0.1047  0.0222
X8 —0.2783 04388  0.5259

Table 4. Estimated parameters p for payments, their standard
errors and p-values.

Estimate Std. error p-value
Intercept 9.3727 0.0088 0.0000
X1 —0.0030 0.0002 0.0000
X2 —0.1756 0.0132 0.0000
X3 —2.0128 0.0311 0.0000
X4 —0.0642 0.0233 0.0058
Xs —0.6621 0.0409 0.0000
X6 —0.4123 0.0150 0.0000
X7 —0.2496 0.0151 0.0000
X8 —0.3536 0.0306 0.0000
X9 0.2062 0.0135 0.0000
X10 0.7433 0.0183 0.0000
X11 0.7745 0.0311 0.0000
X12 0.6025 0.0529 0.0000
X13 0.2796 0.0950 0.0032
X14 0.3586 0.0155 0.0000
X15 0.5814 0.0461 0.0000
X6 0.5057 0.1174 0.0000

Table 5. Reserving, accuracy of prediction and accuracy
improvement of IIM with respect to IDM.

Model IBNR RBNS Lossreserving Vv MSEP mr
1M 56393880 24858086 81251966 2784005  0.2237
IDM 58017529 28420566 86438096 5886139

MSEPs under IIM and IDM are in the fourth col-
umn of Table 5. The rightmost column in this table
showed the computed M’ by (28). We can see that
loss reserving by IIM provides more stable predic-
tion of outstanding liabilities than that by IDM since
the former has smaller conditional MSEP and after
incorporating useful individual information into loss
reserving, the prediction accuracy is greatly increased
by 77.63%.

6. Conclusion

This paper explored the improvement of accuracy in
predicting outstanding liabilities, which are incurred by
general insurance companies, by incorporating useful
individual information into modelling. The reporting
developments and payments of individual claims were
given weak assumptions about their first two moments
and modelled under quasi-likelihood theory, while set-
tlement delays were modelled by multinomial logis-
tic regression. Based on the model specification, loss
reserve and conditional variance of outstanding liabili-
ties were derived, which were further used to compute
loss reserving and conditional MSEP. It was theoret-
ically proved that loss reserving incorporating useful
individual information shows higher accuracy than that
under IDM, where the accuracy is measured by the con-
ditional MSEP, when portfolio size is large enough. The
conclusion is also supported by the simulations and real
data analysis.

While the proposed model is basically a paramet-
ric model in statistical context, some one may be



concerned with the limitation that the model is sub-
jective and thus question its robustness in practical
applications. Regarding this aspect, a possible next
step is to study this problem under a nonparametric
framework. Especially, it is more interesting to model
the dependence of claims development on individ-
ual information by machine learning (including deep
learning).
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Appendix

Proof of Proposition 3.1: To derive the following gradient
dqv
= qy(8y —

and Hessian matrix, we need the identities
q) ® x, which gives that

aq’ logq'
— = (diag(q) — q9) ® x,
0 g\q 99 ap

Then we have the following gradient according to formulas
above, which is

VQ""S(m

— ZNS(‘S _q)+ZNrbns<

= (Ips — qlbs) R x.
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rEEn)
Qn i—u An—i—u

Xi:Nf, + Zi:NLb”S q| ®x
v=0 u=0

By some algebraic computation, it follows that

*Q(p)
app’
D; D]
=— [ D_ Ny + D NP | (diag(q) — qq)
v=0 u=0
Di
erms
+ ; I}
0 0
X . [/ - ® xx'.

0 dlag(qnfifu) - anifu

D; D .
Because Zv;() Nj + Zu;_o N,Zb"” is just the number of those
reported claims incurred in accident year 7,
S

Di
Z:NS—I—X:Nrb”S X :eru.
u=0

Observe further that N:,b’“ =0fori<n—D'and 0 <u<
n — i — D°. Therefore,

2 nyios
E[M r,x]

app’
= —r | Y ru(diag(q) — qq)
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u=0
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Let v = n—i—u and note that
0 0
gt - 0 dig(g,) - L0

Qv

diag(q,) —q,9, —4.4,
- _qvq; QV qvq;
Then, Equation (A1) gives rise to the desired result. | |

Proof of Theorem 4.1: By (3), the loss reserve can be com-
puted as

E(RL?”O) — E[Rrbns | 97140] —I-E[Ribm | yuu].

According to Assumption 3.2, for a representative pol-

icy in year i, given N[,b”s with n—i—D'+1<u<

Di, (Nyn—i—u+1, - - - » Nups) follows multinomial distribution

with parameters N,Zb”s and = 1_ (@n—i—u+1>- - ->qps). Then
n—i—u

by Assumption 3.3, the RBNS loss reserve is

E[Rrbns | yuO]

5 8

i=1 k=1 u=(n—i—Ds+1)1

) Dr B
n m D
— 1 l Nrbn5 Zv:n—i—u+1 Gikv Mikuy
=20 X NurEeE
Qik,n—i—u

i=1 k=1 u=(n—i—D+1)1

Nikuy

Z Z Ytkuvl|J F o

v=n—i—u+1 [=1

D* D} mu_y_ut1

_ZZ Z N(n y— u+1)ku/‘b(n v—u+1)kuv-

v=1u=0 k=1

It can be easily proved that IBNR claims are independent of
historical observation .#“° by Assumption 3.1-3.3. Hence,
IBNR loss reserve is computed by

n mj D" D° Nikyy
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According to independence assumptions in
Assumptions 3.1-3.3, the developments of RBNS claims are
independent of developments of IBNR claims, which results
in the independence between R and R?®"". Then the vari-
ance of R given . " is

Var(R | F40) = Var(R™" | F4) 4 Var(R®" | F1).

First, for v > n — i — u + 1, we compute
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Then by independence among policies and Assumptions 3.2
and 3.3, the variance of RBNS loss reserve given .7 " is
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Because IBNR claims are independent of historical obser-

vation .%"°, variance of IBNR loss reserve given .#" is

computed by
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Proof of Theorem 4.3: Expand R, (8) about true parameters
0 by Taylor expansion. Then we have
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By the law of large numbers, it can be proved that
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It is well known that # — 0 under some regular conditions

and hence i(ﬁﬂ — Ry A 0. Besides,
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If individual data model hold true, one can similarly prove

that %(IA%ID — Ry A 0. Therefore, M" £ 1 in this case. If
individual information model holds true, we can easily prove

that ﬁ”’ﬁR"‘ is asymptotically biased, which results from
the following arguments. The law of large numbers readily

gives fzv 8 IV1V and fi,, s [Lyy. Further, we have g, s Qv =
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Apparently, @ 2 0and by the law of large numbers and
some simple algebra operations, we show that
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Therefore, if asymptotic bias A is not zero, M" £ 0. Then we
complete the proof. |
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