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ABSTRACT ARTICLE HISTORY

The innovative doubly randomized delayed start (DRDS) design has Received 21 September 2024
been implemented to tackle the well-known challenge of a high Accepted 18 January 2025
placebo response rate in clinical trials. This design begins with a con- KEYWORDS

ventional parallel design phase (period 1), followed by a subsequent  p 1y randomized delayed
phase (period 2) where subjects initially assigned to placebo and who start; sequential parallel
did not respond are re-randomized to either the test drug or placebo. comparison design; placebo
Chi, G. Y, Li, Y., Liu, Y., Lewin, D., & Lim, P. (2016 On clinical trials with effect; truncation

a high placebo response rate. Contemporary Clinical Trials Communi-

cations, 2, 34-53. https://doi.org/10.1016/j.conctc.2015.10.002) intro-

duced a new statistical methodology with a conditional probability

structure to account for the specific characteristics of the DRDS design.

However, some critical formulas in Chi et al. (2016, p. 38) for this prob-

ability structure are incorrect. Here, we correct these formulas and pro-

vide acomprehensive technical background on deriving the probability

structure for a DRDS design to support these corrections.

1. Introduction

A high placebo response rate, which contributes to the high failure rate of trials, is a signif-
icant and well-documented challenge frequently encountered in clinical trials, especially in
fields such as neurology, psychiatry, and pain management. Hegerl and Mergl (2010) pro-
vided an intuitive visual representation to elucidate the mechanism of high placebo response
rates. A novel sequential parallel comparison design (SPCD) framework, which was aimed
at increasing the efficiency of placebo-controlled psychiatric clinical trials, was proposed by
Fava et al. (2003) to address this issue of high placebo response rate. The approach involves
an initial standard parallel design period (i.e., period 1), followed by a second period (i.e.,
period 2) where subjects who were originally randomized to placebo and did not respond
are re-randomized to either the test drug or placebo. SPCD is also sometimes referred to
as the doubly randomized delayed start (DRDS) design (Liu et al., 2012). In this short
communication, we use the term DRDS to align with the practice from Chi et al. (2016).
The DRDS design has been recognized by regulatory agencies as an innovative approach.
However, these agencies have raised concerns regarding the various proposed statistical
analysis methods and the clinical interpretability of the results. Chi et al. (2016) provided
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a comprehensive summary of these key issues and introduced a new statistical method-
ology that differs from the existing methods. Specifically, the currently available methods
treat the second period of a DRDS design as an independent trial from period 1. In con-
trast, the proposal by Chi et al. (2016) incorporates a conditional probability structure for
period 2, reflecting that subjects in period 2 are placebo non-responders from period 1 who
were re-randomized to either the test drug or placebo. It is noted that some of the criti-
cal formulas for the probability structure in Chi et al. (2016, p. 38) are inaccurate. In this
short communication, we provide corrections to these formulas and offer a general tech-
nical background for deriving the probability structure of a DRDS design to support these
corrections.

The structure of this short communication is as follows. Section 2 introduces the technical
notations used to present the probability structure of a DRDS design. Section 3 presents the
results for the probability structure. The Appendix provides the general technical background
for deriving the probability structure of a DRDS design.

2. General notations

Consider a trial employing a DRDS design, as illustrated in Figure 1. At the beginning
of period 1, N subjects are randomly allocated to either the test (¢) group or the placebo
(p) group, with ny; subjects assigned to the test group and n;, subjects assigned to the
placebo group. Let Y7 s and Y7, represent the continuous clinical response variables of inter-
est under the test group and the placebo group, respectively. Both are normally distributed,
with Y1, ~ N(u1,6 olz)t) and Y1, ~ N(u1p, aﬁp). At the end of period 1, a pre-specified cri-
terion will be applied to determine the response status of subjects in the placebo group who
completed the period. Specifically, those in the placebo group identified as responders - i.e.,
if Y1, > ¢ - along with those who discontinued period 1 early, will be excluded from the
second period of the study. In contrast, #n, subjects in the placebo group who are classified
as non-responders—-i.e., Y1, < c-will be re-randomized to either the test or placebo group at
the beginning of period 2, with 1, ; subjects in the test group and n, , subjects in the placebo

group.

Placebo: Y,
Sample size: N2
No Randomization
Sample size: ng
N Placebo:‘ Yig Responder, Test: YZ%
Sample size: ny,, Y, <c? Sample size: ng ¢
Randomization || E
Sample size: N :
E_ Unobserved
Yeb: "7 7 Sample size: nyp — na
L Test: }/1.,.5 ‘
Sample size: 1y ¢
| :: |
Period 1 Period 2

Figure 1. Basic study flow based on a DRDS design and its observed variables for each treatment group in
each period.
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Suppose that all subjects in the placebo group at the end of period 1 were re-randomized in
period 2 to the test group in period 2. Let Y, ; represent the clinical response variables of inter-
est which follows a normal distribution, Y, ; ~ N(u2,, 022’ ;). In this case, the pair of variables
(Y1,p, Y2,¢) follows a bivariate normal distribution with a correlation of p; = Corr(Yyp, Y2,¢).
Similarly, if all subjects in the placebo group at the end of period 1 were re-randomized to the
placebo group in period 2, let Y, , denote the clinical response variables of interest, which
follows a normal distribution, Yop ~N (u 2,p> ozz,p). In this scenario, the pair of variables
(Y1,p, Y2,p) follows a bivariate normal distribution with a correlation of p, = Corr(Yyp, Y2).
The bivariate normal distributions for the pairs of (Y1, Y2¢) and (Y1, Y2,) are represented

as follows:
2
(Yip, Vo) NN((M’P) ( Tip Ptﬁl,paz,t))
P> 2, M2t PtO1p02t 022,t

2
(Yl Y2 ) ~ N lul,p O-l,p pPo-LPO-Z’P
P> P ,u 2,p > ppo_l)po_z)P O_zz’p

However, according to the DRDS design, the subjects observed during period 2 are those
who were assigned to the placebo group in period 1 and had an outcome value below a pre-
defined threshold c, i.e., non-responder defined as Y1, < c. Asaresult, the variables observed
in period 2 are not Y3 or Y3, but rather Y,|Y1, < cor Y3,|Y1, < ¢, which aligns with
the framework of using singly truncated bivariate normal distributions. We will present its
probability structure using this framework in the next section.

3. Probability structure of a DRDS design

For the pair with right truncation at Y1, < ¢, (Y1, Y2¢|Y1p < ©), its singly truncated
bivariate normal distribution can be expressed as follows:

(Y1p

Yl,p < c, Yz,tlYl,p < C)
2
~ N[ (Hro1Yip=e O1plY1p<c Cov(Y1p, Yol Y1p < ©)
qu,t|Y1,p<C ’ COV(Yl,p) Y2,t|Y1,p < C) 0-22,t|Y1)P<C .
1)

Similarly, for the pair with right truncation at Yip <o (Yl,p, YoplY1p <o), its singly
truncated bivariate normal distribution is

2
~N (#I’Plnfc) TLpl¥ip<c Cov(¥ip Yapl¥ip <)
t2pv1,<c) "\ Cov(Yip, YaplY1p < ©) 0-22,p|Y1‘p<c ’
(2)

where Cov(Yi,p, Yot Y1,p < €) = priy,,<cO1,p| 1, <cO2t Y, <> and Cov(Yip, Yol Yip <) =
PpIY1p<cOLp|Y1,<cO2,p|Yy,<c in Equations (1) and (2), respectively. Defining v = (¢ —
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U1p)/01,p, the elements of interest in Equations (1) and (2) are given by

LplYyp<c Lp l,pq) (‘[)’
1)
ﬂz,t|Y1,p<C — ﬂz,t thZ,tq) (1,')’
¢ (7)

HaplYip<c = H2,p — Pp@,pm»

I _ 2 1_r¢(r)_(¢(f))2
LplYip<e = OLp o(x) \0@)) |’

2
R [1 2 qu((f)) 2 (i(())) } ,

2 _ [l_pgrqb(r)_ ;(qb(r)

O2pIY1p<c = 92p D (1)

Cov(Y1p, Y21l Y1p <€) = pr01,p02s |:1 -

2
Cov(Y1p, YaplY1p <€) = pporpoap [1 - Tq(f((rr)) B (¢ (T)) :| ,

-1

2 -1
pirge = pe | 102+ (1= p?) {1_ 76 (1) _(qs(f))} |

@ (7) @ (7)

-1

( OV
e [+ 0= 1505 - (50)

All of these identities can be readily derived from the general technical results presented
in the Appendix. With the underlying conditional probability structure for a DRDS design
as described above, the adjusted treatment effect estimation and its hypothesis testing can
proceed based on the methods proposed by Chi et al. (2016).
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Appendix

This appendix offers a general technical background for deriving the probability structure of a DRDS
design, using notation that differs slightly from the main text. Additionally, since single truncation is
a specific instance of double truncation, the technical background begins with the broader context of
double truncation, with the single truncation case addressed appropriately at the end of this section.

Given a univariate random variable X that follows a standard normal distribution, the probabil-
ity density function (pdf) and cumulative distribution function (cdf) are represented by ¢ (x) and
@ (x), respectively. It is known that ¢’ (x) = —x¢ (x) and @'(x) = ¢ (x). If we define Y; = u; + 01X,
then Y] follows a normal distribution with mean x; and variance 012, ie, Y1 ~N (,ul,alz). Now,
consider the doubly truncated normal distribution where Y7 is restricted to the interval A = [a, b]
with —0o < a < b < 00. The probability of Y; lying within A is given by ®((b — 1)/01) — ®((a —
i1)/01). The pdf of the resulting truncated distribution is then expressed as f(y1; u1,01la < y; <
b) = [01_145(()/1 — u11)/o)]/[®((b — u1)/o1) — P((a — u1)/o1)], the moment generating function
(mgf) for this truncated distribution can then be derived as follows:

gl
My, (t) = E (e™]Y; € A) = Rexp (,UIH' Tl)’

R— [@("‘7‘) —@(““7)][®(rw—®(ra>1-%
o1 o1

b— a—

~ 2

ﬂ=ﬂ1—|—t0'1) Ty = s Ty = .
o1 o1

where

With the mgf, we can readily obtain E(Y;|Y; € A) = u1 — 01P and Var(Y;|Y; € A) = 012(1 -Q-
P2) (Johnson et al., 1994, p. 156-158), where

P— ¢ (tp) — ¢ (7a) . Q T (tp) — Tagp (Ta).

) () — @ (7a) ’ ) (tp) — @ (a)

Now, we define Y, = u; + 0, X, and then Y; follows a normal distribution with mean u; and variance
022, ie, Y, ~ N (,uz,ozz). Assume that Y7 and Y jointly follow a bivariate normal distribution with
correlation p, represented by (Y1, Y2) ~ f(y1,¥2; t1, H2, 012, 022, p). We are interested in the distribu-
tion of Y, and relevant statistic, such as correlation between Y, and Yj, given that Y; falls within the
interval A. Here, truncation is applied only to Y;, while Y, remains untruncated, thatis,a < Y; < b
and —oc0 < Y, < 00.

In the following, we presented two methods for deriving these expected results, both of which use
the findings in Kotz et al. (2000, p. 311-312, 315) as a starting point.
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A.1 Method 1: based on the technique from Kotz et al. (2000)

This is a relatively straightforward technique without intensive computation. For the bivariate normal
distribution of (Y7, Y3), the conditional distribution of Y, given Y; = y; is also normally distributed,
and can be expressed as follows:

) )
VoY1 =y ~N (ﬂz —pur—+p—y1,05(1 - pz)) :
o1 o1
We then have the following identities

02 02
E(Yz) = E[E(Y2|Y1)] =E (/12 —pu1— + p—Yl)
o1 o1
02 o)
= 2 — pu1— + p—E(Y1),
o1 o1
0) 0)
E(Y1Yz) = E(Y1E(Y2|Y1)) =E |:Y1 (ﬂz PR + P;Yl):|
1 1
02 o)
= (/12 - ,0#1*) E(Y1) + p—E(Y}),
o1 o1
E(Y3) = E(E(Y;|Y1)) = E [Var(Y2|11) + (B(Y2Y1))’]
2
02
=a;(1—pH)+ (ﬂz —pm—)
o1
o2 02 203 o
+2 | p2—pu1— ) p—E{X1) + p" S E(Y)),
o1 o1 oy

2
Var(Y2) = E(Y7) — (E(Y2))* = 05 (1 — p*) + pz% [E(Y]) — (E(Y1))?]
1

02
= 022 |:(1 — pz) + ?Var(Yl)iI s
1

Cov(Y1, Y2) = E(Y1Y2) — E(Y1)E(Y2) = pZ—? [E(Y?) — (E(V)*] = p%Var(Yl),

B Cov(Y1, Y3) o 2 O_M)_l
Corr(Y1, Y2) = JVar(Y))/Var(Y2) —p\/(/) + Var(Y) .

Clearly, by substituting E(Y7) and Var(Y}) in these identities with the previously derived expressions
E(Y1]Yy € A) = u1 — 01P and Var(Y1|Y; € A) = 0{(1 — Q — P?) from the univariate truncated
distribution, we can readily obtain the desired results for the distribution of Y; given that Y; falls within
the interval A. These include E(Y;|Y; € A), Var(Y,|Y; € A),and Corr(Yy, Y2|Y; € A). These results
are identical to those obtained using an alternative method involving the mgf, which will be presented
subsequently.

A.2 Method 2: based on moment generating function

With the specified truncation on Y; as a < Yj < b, the pdf of the resulting truncated distribution
for (Y1, Y2) is then expressed as f (y1, y2; 41, 12, 62,04, pla < y1 < b) = f(y1,72) [P (zp) — D (z2)] 71,
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and the mgf of this truncated bivariate distribution for (Y1, Y3) can then be derived as follows:
M(Yl,Yz) (t,t) =E (et1Y1+th2 |Y; € A)

00 b
=[® () — @ (ra)] " / / £ () yy)dy1dy,

=R exp(A),

where

1
A=tiu +tu+ 3 (ol +2t1trporos + t503),

ﬁ:[¢(b‘%)—m(”‘%)p®aw—®uar%
o1 o1

1= pu1+ t1012 + tpoy0;.

From the mgf, the first, the second, and mixed derivatives in terms of t; and f, can be obtained as
follows:

8 - ~
gM(YIxYZ)(tI’ ) = 1R exp(A) — o1P exp(A),
1

0 o~ _

a—tzM(yl,yz)(tl, ) = u2Rexp(A) — porPexp(A),

62 25 ~ ~ =~ =g

ﬁM(YuYz)(tl» t2) = o Rexp(A) + 111 [#1R6XP(A) —o1P eXP(A)]
1

— [/71015 exp(A) + 0126 exp(A)] ,
62 - _ ~
Mo (8, 12) = o2Rexp(A) + iz [ﬁzﬂexp(A) - pJgPeXp(A)]
2

— [F2po:P exp(®) + p2o3Qexp(A) |

2

2 _ o~ _
——— My, v,) (1, 12) = po15aRexp(A) + 111 [/‘ZR exp(A) — pa,P exp(A)]
0t 0ty

— [ﬁzcrlﬁ exp(A) + paloza exp(A)] ,
where

=2+ l‘2022 + tipoio2,

~ b—T7 -7

P=[¢((;“)—¢(“a“)h®uw—®uara

o [(55)o (52 (5) o (5 oo
o1 o1 o1 01

By substituting #; = 0 and #; = 0 into these identities, we have A = 0 and u; = p;. This allows us
to easily derive the desired results as below for the distribution of both Y3 and Yj, given that Y; falls
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within the interval A.

0
E(Y11Y1 € A) = —My,,v) (f1, 12) = u —o1P,
atl t1=0,tp=0
0
E(Y2|Y1 € A) = — My, ) (f1, 12) =y — porP,
oty t1=0,t=0
2 o 2, 2 2
E(Y{|Y1 € A) = My, vy (1, 12) =o0i + py —21101P — 07 Q,
atl t1=0,t,=0
2 o 2, 2 2 2
E(Y;|Y1 € A) = —5 My, vy (1, 12) =05 + p5 — 2por 2P — pZo5Q,
ot 1H1=0,6=0
2

EViY2|Y1 € A) = My, v,)(t1, 2)

0t 10ty £1=0,6,=0

= uz (u1 — 01P) + poioz (1 - &P—Q),

g1
Var(Y1|Y; € A) = E(Y}|Y; € A) — [E(V1]Y; € A))? =0f (1-Q=P?),
Var(Y>|Y1 € A) = E(Y;]Y1 € A) — [E(Y2]Y1 € A))* =05 (1 — p*Q — p*P?),
COV(Y], Y2|Y1 < A) = E(Yl Y2|Y1 € .A) — E(Y1|Y1 c A)E(YzlYl € .A)
= poio; (1 -Q- Pz) ,
COV(Yl, Y2|Y1 € A)
A) =
VVar(Y1|Y; € A)y/Var(Y|Y; € A)

1— p? -1
— 2
"’/(p fiiate)

A.3 Single Truncation

COI’I’(Y] 5 Yz | Y1

m

Up to this point, our discussion has focussed on the double trunction of Y7 wtihin the interval A =
[a, b]. Now, let’s examine its special cases of single truncation for Y;. There are two specific scenarios:
(1) setting a = —oo, which results in right truncation; (2) letting b = oo, which leads to left truncation.
The previously discussed results regarding the truncated distribution for both Y; and Y; apply to all
forms of truncation of Y7, as long as Y, remains untruncated. The key difference is that, for right
trunction, P and Q should be replaced with P, and Qy, respectively, as defined below. Similarly, for left
truncation, P and Q should be substituted with P; and Q, respectively.

& () Q — T (t5)
D(r) O O(m)

@ (1) . Q=— T (Ta)
1—®(z,) I= 1—®(z,)

Right truncation, A = (—o0,b] : P, =

Left truncation, A = [a,00) : P; = —
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