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1. Introduction

Matrix time series is a time series whose cross-sectional data are matrices, which can be found in a variety of fields
such as economics, business, ecology, psychology, meteorology, biology and fMRI (Samadi, 2014). For example,
consider two stocks, A} and A,, as potential investment products, whose prices and volumes are selected as two
analysis factors. Denote the price and volume of stock Ay at time ¢ by Px(t) and Vi(¢), k = 1, 2, and then a 2 x
2-dimensional matrix time series can be constructed as follows:

_ | Pi® Pt _
o[ 20 2O T ),

Matrix time series has attracted a few scholars’ attention and research at the beginning of the century. Walden
and Serroukh (2002) studied the construction of matrix-valued filters for multi-resolution analysis of matrix time
series. Samadi (2014) brought forward and investigated a p-order autoregressive model for matrix time series, which
is essentially a VAR(p) model in matrix form. D. Wang et al. (2019) proposed a novel factor model

X;=RFC' ¢, t=12...,

where X; and F; are matrix time series. Chen et al. (2021) first proposed one-order autoregressive model for matrix
time series in the bilinear form, denoted by MAR(1),

X, =AX,_ 1B ¢, t=12..., (1)

and investigated its stationarity, causality, method of parameter estimation, and asymptotics of statistic. Wu
and Hua (2022) independently proposed the p-order autoregressive model for matrix time series in the bilinear
form, denoted by MAR(p),

P
Xy =) AX kBl +&, t=12,..., 2)
k=1

and presented parameter estimation, model identification criterion and model checking. For more literature studies
on matrix time series, one can refer to H. Wang and West (2009), Zhou et al. (2018), Getmanov et al. (2021) and

their references.
It is widely known that the autoregressive moving average model of time series (ARMA) plays a very important
role in the theory and the application of one-dimensional time series, and we will show later that a bilinear model
has its unique advantages for matrix time series. In the paper, autoregressive moving average models for matrix
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time series (MARMA) are first proposed and investigated. Necessary and sufficient conditions for stationarity of
MARMA are provided, and parameter estimations are also considered by the conditional least squares method and
the conditional maximum likelihood estimation method. At last, an example is presented to show the applications
of the MARMA model.

2. Preliminaries

Let (€2, F, P) be a probability space with a o -filtration {¥;,¢ € N} in which the second moment of each variable
exists,and N = {1,2,3,...}.

Definition 2.1: For any given positive integers m and n, an m x n-dimensional matrix time series refers to
X::“Xﬂﬂ%mn, teN}, (3)

where {Xij(0),t € N} is a one-dimensional time series on a probability space (2, F,P) for any i =1,2,...,n and
j=L2,...,m

Definition 2.2: Let X = {X(¢),t € N} be an m x n-dimensional matrix time series defined by (3), and then its
mean function follows as

ux(t) = E[X(H)] = (E[Xij(t)])mxn’ teN. (4)
Additionally, its autocovariance function follows as
Tx(t,9) = Dyeex) (65) = (04jke(t5)),, s (5)

where 0 ko (8, 5) = cov(Xij(t), Xge(5)), i,k = 1,2,...,nand j,£ = 1,2,...,m t,s € N, and vec(X(?)) is the vector-
ization of X () by columns, that is,

vec(X(1)) = [X11(6), X1 (), -+ ., X1 (£), X12(£), Xa2.(8), - ., Xprn (D] T . (6)

Stationarity and matrix white noise play a very important role on time series analysis. Thus, we will introduce
the concept of stationary matrix time series and matrix white noise in the following.

Definition 2.3: Let {X(#),t € N} be a matrix time series defined by (3) and vec(X(#)) be the vectorization of X (¢)
defined by (6). Then {X(¢),t € N} is a stationary matrix time series if and only if {vec(X(t)), t € N} is stationary.

Definition 2.4: For any given positive integers m and n, denote an m x n-dimensional matrix time series ¢ =
{(&ij())mxn> t € N}, and then ¢ is called an m x n-dimensional matrix white noise, if it satisfies the following
conditions.

(1) TIts mean function p.(t) = O,,xp forall t € N, where Oy, is the m x n-dimensional zero matrix.
(2) Its autocovariance function I's (¢, s) defined by Definition 2.3 satisfies that

(0] t#£s
Le(t,s) = s £ 7S, vt,s € N,
Yo, =S,
where O,,,;, is the mn x mn-dimensional zero matrix, and
g 2 2 2 2 2 2 2
Ymn = diag <U11:<721) e 01507250595« - ,a(m_l)n,amn> (7)
is the mn x mn-dimensional diagonal matrix with diagonal entries o2 , o2 02,02, o2 o? o2
8 8 110921+ %1912 0225+ > O (1 1)1> O

For any matrix white noise {€(¢),t € N}, if its vectorization by columns, {vec(g(t)),t € N}, is Gaussian, then
{e(t),t € N} is called a matrix Gaussian white noise.

Property 2.1: Foranym x n-dimensional matrix time series {&(¢), t € N}, itisan m x n-dimensional matrix white
noise if and only if {vec(e(t)),t € N} is an mn-dimensional vector white noise, where N = {1,2,3,...}.

The proof of Property 2.1 is not difficult, so we omit it.
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When we investigate the autoregressive moving average model for matrix time series, we may use the Kronecker
product, matrix reshape and derivative of matrix. Thus, we introduce them in the following.

Definition 2.5 (Graham, 2018): Assume matrices A = (a;j)mxn and C = (c;j) px4> and then the m x nblock matrix
(aijC)mxn is called the Kronecker product of A and C, denoted by A ® C, that is,

a11C 6112C alnC

a21C a22C aan
AR C=

am1C amZC amnC

Definition 2.6: For any A = (a;j)mxn and positive integers p, g satisfying pqg = mn, the (p, g)-order reshaped
matrix of A, denoted by Res(4, p, q), is defined by

ay  Adp+1 ap—1)g+1

az  Ap42 A(p—1)g+2
Res(A,p,q) = . ,

ap A Apq

where gy = ajjforallk = 1,2,...
taking the integer part.

,pq,i =k —m[(k—1)/m] andj = [(k — 1)/m] + 1, where [-] is the operator of

Definition 2.7 (Graham, 2018): Let F = (Fjj)uxn and X = (Xj))pxq be two matrices, where m, n, p and g are
natural numbers. The derivative of matrix F with respect to matrix X is defined by

- OF  OF 9F
X1 9Xn 0X1,
9F  OF 9F
F | v v —
OF 19X, 9Xn 0Xng ||
9X . . .
9F  OF 9F
[ 0Xp1 0Xp2 0 Xpq

where the derivative of matrix F with respect to scalar Xj; is defined by

B 8F11 8F12 8F1n 7]
Xy 0X; X;j
8F21 8F22 8F2n
F Xy ax 0X; i=12...p,
0Fu  0Fm 0Fymn
| 80X 09X Xy |

For the derivative of matrix with respect to matrix, its product rule and two common formulas follow as
Properties 2.2 and 2.3.

Property 2.2 (Graham, 2018): For any X = (xjj)mxn> ¥ = (Vij))nxu and Z = (2;j) pxq» it follows that

0X aY

IXY)
= ﬁ(lq ®Y)+ ‘X’X)ﬁ’

0Z

where I, is the g x g-dimensional identity matrix.
Taking Y = (yj)nx1 and X = YT into Property 2.2, we obtain Corollary 2.1.
Corollary 2.1: Forany Y = (yij)ux1 and Z = (zij) px g it follows that

a(YTY) —28YT(I & 1)
0z~ Tz 1 ’
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Property 2.3 (Graham, 2018): For any A = (a@ij)mxn> B = (bij) nxu and invertible X = (Xjj),xn, it follows that

gvec(AX"'B) P T
T(X)_ X 'B)®AX)
and
alg;(cX) =xH'

Taking B = (bjj)nx1 and A = BT into Property 2.3, we obtain Corollary 2.2.
Corollary 2.2: For any B = (bjj)ux1 and invertible X = (Xij) nxn, it follows that

dB'X'B . T
B—X=—Res((X B) ® (AX")) ,n,n).

3. Autoregressive moving average model for matrix time series

The autoregressive moving average model for matrix time series is an extension of the vector autoregressive moving
average model (VARMA) to matrix time series. However, we cannot build the autoregressive moving average model
for matrix time series like the VARMA model as follows:

P q
X(t)=®o+ Yy OX(t—i)+e(t) = > We(t —j). (8)

i=1 j=1

The reason is that the form of (8) cannot describe the dependent relation between the different columns of X ()
according to the rule of matrix multiplication. That is, the £th column of X (#) will not be affected by the sth column
of X(t — 1), X(t —2),...,X(t —p)ass # L.

3.1. MARMA (p, q) model

In this section, an autoregressive moving average model for matrix time series (MARMA) is first brought for-
ward, whose degradation model, autoregressive model for matrix-valued time series (MAR), is just the model (2)
proposed by Wu and Hua (2022) and the extension of model (1) proposed by Chen et al. (2021).

Definition 3.1: Let {X(f),t € N} be an m x n-dimensional matrix time series. If X is stationary and for each t € N
it follows that

p q
X()=C+ Y X(t—W+et) — Y Ot —j)E;, (9)
k=1 =1

where C is an m x n-dimensional matrix; ®; and ®; are m x m-dimensional matrices, and Wy and E; are n x
n-dimensional matrices for each k = 1,2,...,pand j=1,2,...,q, where p and g are two nonnegative integers;
{e(t),t € N} is an m x n-dimensional matrix white noise satisfying that vec(e(t)) is independent with vec(X(s))
for all s < ¢, and then {X(¢), t € N} is said to follow a (p, g)-order autoregressive moving average model for matrix
time series, denoted by MARMA(p, 9).

When g = 0, MARMA (p, 0) model (9) degenerates into the form

p
X(t) = C+ Zfka(t— k)W + (), (10)
k=1

which is a p-order autoregressive model for matrix time series, MAR(p).
When p = 0, MARMA(0, g) model (9) degenerates into the form

q
X()=C+e®) — Y Ot —)E), (11)
j=1

which is called a g-order moving average model for matrix time series, denoted by MMA(q).
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If X = {X(#),t € N} is an m x n-dimensional matrix time series defined by (3) and X is stationary, denote
uw=E[X(®], VteN,
and then it follows from MARMA (p, q) model (9) that
u=C+ O1pu¥; + OouWy + - + OpuW). (12)

Denote
Y(t) = X() — .
It yields from (12) and MARMA (p, q) model (9) that

p 9
Y() =) OkY(t— W +et) — Y Ot —))E; (13)
k=1 j=1

holds for all t € N, and then Y = {Y(¢),t € N} is said to follow a (p, q)-order centralized MARMA (p, g) model.
Because every MARMA (p, q) model can be changed into a centralized MARMA (p, g) model and they have the
same coefficient parameters. Thus, while estimating coefficient parameters of MARMA (p, g) model (9) we will
mainly study centralized MARMA((p, g) model (13).
For any MARMA (p, q) model (9), and for any c¢x # 0 and dj #0,k=1,2,...,pandj=1,2,...,q, it follows
that

P 1 d 1
X(t) =C+ ) (x®X(t — k) (quk) +e®) — ) _(di®)e(t—j) (EEJ) ,
k=1 j=1 7

that is, coefficient parameters of MARMA (p, q) model (9) are not unique! Thus, we present constraint conditions
that

Wy = (Yuy)ynn  Satisfies argn3//ax{|w,-j|, Lj=12,...,n}=1 (14)
i

and

Ej = (Guv)nxn satisfies argrréax{lglﬂ, Lj=1,2,...,n} =1 (15)
i

forallk=1,2,...,pandj=1,2,...,4q.

3.2. Relationship between MARMA model and VARMA model

When the column number of matrix X (f) equals one, i.e., n = 1, MARMA (p, q) model (9) degenerates into a (p, q)-
order vector autoregressive moving average model, VARMA(p, g), as follows:

p q
X(t)=C+ Y OX(t—k) +e(t) = Y _ Ot —j), (16)
k=1 j=1

where {X(t),t € N} is an m-dimensional vector time series, C is an m-dimensional vector, ®; and ®; are m x
m-dimensional matrices for all k =1,2,...,p and j=1,2,...,q, and {e(¢),t € N} is a white noise of the m-
dimensional vector time series satisfying that ¢ () is independent with X(s) for all s < t. Obviously, VARMA model
(16) is a special case of MARMA model (9).

On the other hand, for any m x n-dimensional matrix time series {X(¢), t € N}, its vectorization {vec(X(t)),t €
N} is an mn x 1-dimensional time series, and the (p,g)-order vector autoregressive moving average model
VARMA (p, q) for {vec(X(t)),t € N} follows as

P q
vec(X() = Ao+ Y Axvec(X(t —K)) +&(t) — Y _ Be(t — ), (17)

k=1 j=1
where Ag is an mn x 1-dimensional vector; Ag and Bj are mn x mn-dimensional matrices for k = 1,2,...,p and
j=12,...,g; and {e(?),t € N} is an mn x 1-dimensional white noise satisfying that e(¢) is independent with

vec(X(s)) forall s <t.
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A natural question is why the authors still bring forward MARMA (p, q) model (9) for {X(¢),t € N} but directly
use VARMA (p, q) model (17) for {vec(X(t)),t € N}.

In fact, there are two important reasons that the authors propose MARMA (p, q) model (9) for {X(#),t € N}.
Firstly, MARMA (p, q) model (9) for {X(t),t € N} can reveal the information structure of {X(#), t € N} very clearly.
Secondly, MARMA(p, q) model (9) for {X(¢), t € N} can reduce model parameters more greatly than VARMA (p, q)
model (17) for {vec(X(#)),t € N}. In fact, the parameter number of MARMA (p, g) model (9) for {X(#),t € N} is
2mn+ (p + q)(m2 + n?). However, the parameter number of VARMA(p, q) model (17) for {vec(X(¢)),t € N} is
2mn + (p + q)ym*n®. Generally,

2mn + (p + q)(m* + n*) L 2mn + (p + qym*n>.
For example, if p = ¢ = 1 and m = n = 10, then
2mn + (p + q)(m* + n*) = 600 <K 2mn + (p + q)m*n* = 20200.
In today’s big data era, m and n are often very large, taking m = n = 100 and p = q = 1 as an example, and then
2mn + (p + q)(m* + n*) = 60000 < 2mn + (p + g)m*n* = 200020000.
Remark 3.1: MARMA (p, g) model (9) greatly reduces model parameters compared with VARMA (p, q) model (17).

Although itis not a goodidea to replace MARMA (p, q) model (9) with VARMA (p, q) model (17), in the following
we will show there exists a special VARMA (p, q) model equivalent to MARMA (p, g) model, which will play a very
important role in theoretical analysis of MARMA (p, q) model (9).

Theorem 3.1: MARMA(p,q) model (9) for {X(t),t € N} is equivalent to VARMA(p,q) model (18) for
{vec(X(t)),t € N} as follows:

p
vec(X (1)) = vec(C) + Z ¥ ® dpvec(X(t — k) + vec(e(t))
k=1
— Y& ® Ovec(e(t — j), (18)

j=1
wherevec(X(t)) andvec(e(t)) represent the vectorization of matrices X (t) and € (t) by columns, and @ is the Kronecker

product.

Theorem 3.1 can be proved by the following equivalence relation: for any matrices Yy, Amxm> Bmxn and Cpxn,
it follows that

Yinxn = AmxmBmxnCuxn <= vec(Yyxn) = (C;,rxn ® Amxm)vec(Buxn)-

The equivalence relation is not difficult to prove, so we omit the proof and that of Theorem 3.1.

3.3. Stationary and invertible conditions for MARMA model

According to Theorem 3.1, any MARMA(p, q) model (9) can be converted into its corresponding VARMA (p, q)
model (18). Furthermore, VARMA (p, q) model (18) can be rewritten as

P(B)vec(X(t)) = vec(C) + Q(B)vec(e(t)), teN, (19)
where
p
P(B) = I — )_ W ® DB, (20)
k=1
q .
QB) =Im— Y E ® OB (21)
j=1

and B is the delay operator, i.e., BX(t) = X(t — 1) holds for all t € N.
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Theorem 3.2: For MARMA(p, q) model (9), the necessary and sufficient conditions for stationarity are that any root
A of (22) is in the unit circle, where

}M’Imn T @B R @By~ — AW @D, W) ® cbp| —o0. (22)

The necessary and sufficient conditions for invertibility are that any root A of (23) is in the unit circle, where

‘Mlmn 2 E] @O —212E] Oy — -~ AE)_, ®O,_, — E] ® @)q‘ — 0. (23)
The proof of Theorem 3.2 is presented in Appendix 1.

Corollary 3.1: For MAR(p) model (10), the necessary and sufficient conditions for stationarity are that any root A
of (22) is in the unit circle.

Remark 3.2: Corollary 3.1 expands Proposition 1 in Chen et al. (2021).

Corollary 3.2: For MMA(q) model (11), the necessary and sufficient conditions for invertibility are that any root A
of (23) is in the unit circle.

3.4. Parameter estimation for MARMA model

In the section, we will present the conditional least square method and the conditional maximum likelihood
estimation method for MARMA((p, g) model (9).

Let x1,x2,...,xN be a series of samples of the centralized matrix time series X = {X(¢),t € N} defined by (3)
with C = O,,x», where

() xi) o x1a(0)
x1()  x02@)  --- x20(P)

Xt = . . . . > t=1)2)-'->N) (24)
Xm1 (1) X2 (1) - Xmn(t)

where the integer N is the sample length.
When the coefficient parameters of MARMA (p, q) model (9) have been obtained, it follows from (12) that

C=p—01pu¥ — dou¥p — - — OpuWy,

and then the constant matrix C of MARMA(p, ) model (9) can be estimated as follows:

C=X— O XV — OXW; — - — ©,X W),
where
1 N
X==—) «x.
iy

Thus, in the following we always assume the samples come from a centralized MARMA (p, q) model (9), i.e,, C =
Omxn-

We use VARMA(p,q) model (19) with C = Oy,x,, equivalent to centralized MARMA (p,q) model (9), to
estimate the coeflicient parameters of MARMA (p, q) model (9) by the conditional least square method.
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It yields from (19) with C = Oy, x,, that
vec(e(t)) = Q1 (B)P(B)vec(X(t)), teN, (25)

where Q™! (B) is the inverse operator of Q(B), and

p q
PB) =Imn— Y V¥ ® ®B", QB) =Im— ) E ®0O;B.
k=1 j=1
For the sake of briefness, denote
—+00
A _
G(B) =) GB* = Q' (B)P(B) (26)

k=0
and

+o00 +00
P(B)=) P;B, QB)=) QB

where we stipulate that

Imn, l = O) Imm . _] = Oy
P={ -V ®d, 1<i<p, and Q=3 -E/®@OB, 1<j<q, (27)
Omn» izp+1, Omn» jzq+1L

It follows from (26) that Q(B)G(B) = P(B), which means that

> QiGk-i=Pr, k=0,1,2,.... (28)
It yields from (28) and (27) that
Imn) k == 0,
kng

—¥ ® O + Bl ®0;)Gi, 1<k<p

k 1 1 i —= b

Gy = §<’ ) (29)

kng
> (=7 ®05) Ges, k=p+l,
i=1

where k A g = min{k, g}.
In summary, centralized MARMA (p, q) model (9), i.e., C = Oyxy, is equivalent to VARMA (p, q) model (30).

vec(e(t)) = Z Givec(X(t — k), teN, (30)
k=0

where Gi, k =0, 1,2,.. ., are given by (29).

Theorem 3.3: According to the conditional least square method, the parameters of MARMA (p, q) model (9) satisfy
the following matrix differential equations:

ka 0 = .
3y G (1m®(xt+zczxt_z 0, =12
t=p+1 k=1 =1
N t—1 —1

0 (Grx—k 5 .
> 2 ( aqj ) (In®(xt+ZGexr—e>) =0y i=12...,p
t=p+1 k=1 =1
N t-—1 t—1
0 (Grxe—k .
Z ( 8®t ) (Im® (Xt‘f‘ZGeth)) =0 j=12,...,9
t=p+1 k=1 J =1
N t—1 ~ T t—1
0 (Grxe—k .
Z ( 8; ) (In®(xt+ZG£xt—€>) =0y j=12,...,q
t=p+1 k=1 —J =1

where Gy, is given by (29).
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The proof of Theorem 3.3 is presented in Appendix 2.

Corollary 3.3: According to the conditional least square method, the parameters of MAR(p) model (10) satisfy the
following matrix differential equations:

N U ® o p
> 0 i ’(8 > 1) (Im ® (it -/ e <1>e)5ct_e)> = O,

t=p+1 =1 .
=1,2,...,p.
N T p l bl b )p
X_ (Vi ® ;) - -
> 0 i v ) (In ® (xt -y w/ ® cbz)xt_z)> = Op,
t=p+1 ! =1

Theorem 3.4: Assume the innovations are Gaussian with the mean Oy, and covariance matrix X,,. According
to the conditional maximum likelihood estimation method, the parameters of centralized MARMA (p, q) model (9)
satisfy the following matrix differential equations:

_ - \T
0 (Grx¢—
3 3 (Girk) (In ® [ZpnH(tG)]) = Oy, i=1,2,...,p,

=2 =1 0d;
N t-—-1 T
d(G
ZZ(S;\;IC) (I” ® [E;;H(trG)]) = On, i= 1,2,‘”’1))
t=2 k=1 !
N t-—1 ~ T
d (G
ZZ%(I ® [T, H(:LG)]) = O j=1,2,...,4,
t=2 k=1 ]
N t-—1 ~ T
0 (Grxs—
2 (g;,;_k)(ln@[ﬁl;;H(t,G.)]) O j=12....0
t=2 k=1 =
1

> Res ([Z,0H(t G)] ® [S,0H(E G)], mn,mn) = ,.),

t=1

N
where H(t,G.) = X; + Z,tc;ll GiX¢—k and Gy is given by (29).
The proof of Theorem 3.4 is presented in Appendix 3.

Corollary 3.4: Assume the innovations are Gaussian with the mean Oy, ,, and covariance matrix ¥ y,. According to
the conditional maximum likelihood estimation method, the parameters of centralized MAR(p) model (10) satisfy the
following matrix differential equations:

i (xt z(\pl ® CDT))

o (In ® [ZpH(t, @, W)]) = Opy  i=1,2,...,p,
1

9 (T (V. @ DT
> (xt_l(af D) (I @ [ZppH (@, W)]) = Ony i=1,2,0.00p,
1

mn?

z\lr D Res ([ZnH (L @, W) @ [, H(t, @, W), mn,mn) = )

where H(t, ®., W) =% — YV (WT @ d)x,_.

Remark 3.3: The matrix differential equations in Theorems 3.3 and 3.4 are very complex. Especially, the coeflicients
Grin (29),k = 1,2,.. ., are defined by a series of recursions, whose implied parameters are to be estimated. Thus, it
is difficult to obtain its closed solution, but its approximate solutions can be obtained by the numerical computation
method.
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3.5. Hypothesis testing for the MARMA model

Let x1,x2,. .., xN be a series of samples of the centralized matrix time series X = {X(t),t € N} defined by (3) with
C = Omxnand x; = (xjj)mxn forallt = 1,2,..., N. Additionally assume x1, x, . . . , x are Gaussian. In the section,
we will test whether x1, x, .. ., x5 follow MARMA(p, q) model (9).

The null hypothesis and the alternative hypothesis follow as

Hp: X = {X(t),t € N} follows MARMA (p, q) model (9);
Hip: X = {X(t),t € N} does not follow MARMA(p, g) model (9).

When Hj holds, denote

t—1
8(t) = chkt_k, t=1,2,...,N, (31)
k=0

where (7) = vec(-). It follows from Corollary 5.3 (Karl & Simar, 2015) that

T2 =NGE)" ($2) 7 & ~ T>(mn,N — 1),
where

1 1 &
t=1 t=1

Ml

It follows from Theorem 5.9 (Karl & Simar, 2015) that

N—-—mn _,
——T“(mn,N — 1) ~ F(mn, N — mn),
(N —1)ymn
that is,
N(N_mn):‘r n—1=
= m(&‘) (SE) &~ F(mn,N— T’I’li’l).

Summarize the above deduction and we obtain Theorem 3.5 for the hypothesis testing on MARMA (p, q) model (9).

Theorem 3.5: For any given significance level « € (0,1), if F < F% (mn,N — mn) or F > Fl,%(mn,N — mn), then
reject {X(t),t € N} following MARMA(p, q) model (9); otherwise, accept {X(t),t € N} following MARMA(p, q)
model (9), where

_ N(N —mn)

ST fe2\—1 =2
~ (N=1mn ©) (Sg) &

and &, Sé, &; are given by (32) and (31).

3.6. Forecasting for the MARMA model

Let {X;,t € N} be an m x n-dimensional matrix time series defined by (3) following MARMA (p, g) model (9),
equivalently, {vec(X;), t € N} following VARMA (p, q) model (18), that is,

P

vec(X;) = vec(C) + Z \I!];r ® Prvec(Xi—k) + vec(er)
k=1

- Z EJT ® Ojvec(er—j), (33)
j=1

where {&;,t € N} is an m x n-dimensional matrix white noise.
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Denote the forecasting for X;, under the condition that X;, X5, .. ., X; have been known by )A(t(ﬁ), which refers
to the £th step forecasting. It follows from (33) and the projection theorem in Hilbert space that

P q
vec(X(£)) = vec(C) + Y W ® Dpvec(X; (L — k) — Y B ® Ojvec(E(t — j)), (34)
k=1 =1

where

vec(Xy(k)), k=1, vec(Omxn)s k= 1.
It yields from the equivalence relation of MARMA (p, q) model (9) and VARMA (p, q) model (18) that

vecX (k) = { vec(Xpyk), k=0, and  vec(? (k) = { vec(eryk), k=<0,

P q
Xi(0) =C+ Y Xt — W — YO8 (L — )Ej, (35)
k=1 j=1

where

5th(k)) k > 1) Omxn’ k > 1.

In the following, we will study the interval estimation of MARMA (p, ) model (9) and assume the innovations are
Gaussian. Equivalently, {vec(X}), t € N} follows VARMA (p, q) model (19), that is,

)’Zt(k) — : Xt-‘rk’ k =< O) and g‘t(k) — { Ettks k =< 0’

P(B)vec(X;) = vec(C) + Q(B)vec(ey),

where P(B) and Q(B) are defined by (20) and (21), and {vec(e;), t € N} is a vector white noise.
Denote

+o00
@B 2y mBk = P (B)QB),

k=0
and then
400
vec(X;) = P~ (B)vec(C) + Z [Tivec(er—k), (36)
k=0
where
Imna k= 0>
knp
=T T
—E ®®k+z<‘lf- ®q)i)nk7i> 1<k=<g
M = = (37)
knp
Z (‘IJ,T ® CI)i) My, k>q+1,
i=1

with k A p = min{k, p}.
For any £ > 0, it follows from (36) and the estimation method of Vec(ft(ﬁ)) that

-1
vee(Xie) — vee(X;(£)) = ) Mivec(erse—k), (38)
k=0
and then
£—1
vee(Xere) — vee(Xi(0)) ~ N (omnxl, > nkzmnn2> : (39)
k=0

For any given « € (0, 1), it yields from (39) that the confidence interval of vec(X;,) with confidence level 1 — «
follows as

-1 -1
vec(X,(£)) — Ul_gJ diag (Z nkzmnn,j>, vec(X;(0)) + Ul_gJ diag (Z nkzmnn,j) )

k=0 k=0

where diag(-) refers to the vector composed by all main diagonal elements, and /- means taking the square roots of
every elements. It yields from the equivalence relation of MARMA (p, g) model (9) and VARMA((p, q) model (19)
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that the confidence interval of X; ¢ with confidence level 1 — « follows as

£—1

)’Zt(ﬁ) - Ul_%Res diag (Z HkEmnH];r),m, nl, j\(t(ﬁ)
k=0

-1
+ Ul,%Res diag (Z HkEmnl'[kT),m, n
k=0

In summary, we can obtain the following results.
Theorem 3.6: Assume {X;,t € N} follows MARMA (p, q) model (9).
(1) For any £ > 0, the {-step point estimation follows as
. P _ q
Xi(0) =C+ Y Xt — W — Y OjE(L — j)Ej,
k=1 j=1

where

oy _ Xt—‘,—k) k =< 0’ ~ _ Ettks k =< 0;
Xf(k)_{ Xk, k=1, 4 &E ‘{ O k= 1.

(2) For any £ > 0 and « € (0, 1), the £-step interval estimation with confidence level 1 — « follows as

£—1

X, (0) — Ul_%Res diag (Z HkEmnH];r),m, nl, X0
k=0

-1

+ UI_%Res diag (Z HkEmnH];r),m,n ,
k=0

where Up_e

Definition 2.6, diag(-) the vector composed by all main diagonal elements, /- takes the square roots of every elements,

and

is the 1 — 5 level lower quantile of standard normal distribution, Res(-) the reshape function by

Imn: k= 0)
knp
—:Z®®k+2(w?®¢i)nk_i, l<k=gq,
Hk = { i=1
knp
Z(\IJ@@) My, k>q+1.
i=1

3.7. Supplementary notes for the MARMA model
3.7.1. Model identification for the MARMA model
According to Theorem 3.1, MARMA(p, q) model (9) is equivalent to VARMA (p, q) model (18). Thus, we can use
the model identification method for the VARMA model to identify the order of MARMA model, such as
2
AIC(p, @) =In(| Ty (p, D) + - (0 + D + 1),

. In(N) 5 5
BIC(p, @) =In(|Zwn(p, 9)1) + T(‘D + q)(m” +n°),

or alternatively,

AIC(p,q) = —In(L) + (p + @) (m* + ),
BIC(p,q) = —2In(L) + In(N)(p + @) (m” + n),

where N is the length of observation sequence and In(L) is the logarithm likelihood function.



330 (&) S.WUANDP.BI

3.7.2. MARIMA model
For any matrix time series {X(¢) = (X;j(t))mxn>t € N} defined by (3), the difference operator A for matrix time
series follows as

AX(E) = X(t) — X(t — 1),

(40)
ARX() = AMIX() — AR IXE-1), k=2,3,...,

and A defined by (40) has the same effect as the difference operator for vector time series. That is, if {X(¢) =
(Xij())mxn»t € N} is nonstationary, then we can try to eliminate nonstationarity by A defined by (40). If
there exists a positive integer d such that {AX(1),t € N} is stationary but (AT1X(t),t € N} is nonstationary,
and {A?X(t),t € N} follows a MARMA(p, q) model (9), then {X(t) = (X;j(t))mxn>t € N} is called to follow a
(p, d, q)-order autoregressive integrated moving average for matrix time series, and denoted by MARIMA (p, d, q).

4. An application of the MARMA model

In this section, we will try to model the time series of daily closing prices and daily volumes of Haitong Securities
Company Limited (Abbreviated as Haitong Securities; Stock code: 600837) and Ping An Insurance (Group) Com-
pany of China, Ltd. (Abbreviated as Ping An; Stock code: 601318). The data are downloaded from the China Stock
Market & Accounting Research Database (CSMAR), and the time window is from January 2, 2018 to December 31,
2021, which includes 973 records every stock.

For the sake of clarity, we denote the time series by

Pi(t)  Pa(t)
, t=1,2,3...¢,
{[ Vi(®)  Va(t) ] }
where P;(t) and V;(t) are the daily closing price and daily volume of Haitong Securities, and P,(¢) and V,(¢) are
the daily closing price and daily volume of Ping An.

4.1. Data preprocessing

We first conduct the Kwiatkowski, Phillips, Schmidt and Shin (KPSS) test, i.e., ‘kpsstest’ function in the software
MATLAB R2020b, to test the stationarity of the daily closing prices and daily volumes of Haitong Securities and
Ping An, and the results show that the daily closing prices and daily volumes of Haitong Securities and Ping An are
nonstationary.

In the following we will consider the logarithmic rates (log rate) of daily closing prices and daily volumes of
Haitong Securities and Ping An. Denote

| Ruu(® Rp(d) _
{R(t)—[RZI(t) Rzz(t)}, t—2,3,4,...}, (41)

where

_ Pi() _ Vi (1) _
le(t) =1In (m) and RZk(t) =In <—Vk(t — 1)) s k= 1,2.

That is, Ry (¢) is the logarithmic rate of daily closing price of Haitong Securities, Ry (¢) the logarithmic rate of daily
volume of Haitong Securities, Ry (¢) the logarithmic rate of daily closing price of Ping An and Ry, (¢) the logarithmic
rate of daily volume of Ping An.

We conduct the Kwiatkowski, Phillips, Schmidt and Shin (KPSS) test, i.e., ‘kpsstest’ function in the software
MATLAB R2020b, to test the stationarity of the logarithmic rates of daily closing prices and daily volumes of Haitong
Securities and Ping An, and the results show that the logarithmic rates of daily closing prices and daily volumes of
Haitong Securities and Ping An are stationary.

Additionally, we conduct a Ljung-Box Q test, i.e., ‘Ibqtest’ function in the software MATLAB R2020b, to test the
pure randomness of the logarithmic rates of daily closing prices and daily volumes of Haitong Securities and Ping
An, and the results show that the logarithmic rates of daily closing prices or daily volumes of Haitong Securities
and Ping An are not purely random.

In conclusion, for the stocks of Haitong Securities and Ping An, their daily closing prices and daily volumes
are nonstationary, but their logarithmic rates of daily closing prices and daily volumes are stationary, and their
logarithmic rates of daily closing prices or daily volumes are not purely random.
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4.2. Modelling of MARMA (p, q)

We use the Bayesian information criterion (BIC) to select the model, and the results show that MARMA (4,0) is the
best. Using the conditional least square method and MATLAB R2020b program, we establish MARMA (4,0) model
for {R(t),t = 1,2,3,...} by (41) as follows:

R(t) = C+ ®1R(t — )W) + ®yR(t — 2)Wy + D3R(t — 3) U3 + D4R(t — 4) Uy + £(b), (42)
where
& — [ 211x 1072 1.32x 1073 ~ 1 0.3708
T 3437 —0.3527 |° “!'7T | —04014 00354 |’
~ [ 00339 —221x103 7] ~ [ 0.4132 0.4468
(Dz = 5 \Ijz - >
| 11721 —0.1271 | 1 0.2409
~ [ 00101 —-982x10*7] ~ [ 1 —0.4715
(D3 = 5 ‘IJ?, == >
| 0.3575 —0.1739 | | —0.1625 0.2516
~ [ —0.0440 875x107%* 7] ~ [ 0.9537 0.6853
CI)4 = 5 \IJ4 == 5
| —04732  —0.1012 | | 0.4385 1
[ —666x107> —3.75x 1074
=] 486x10% —164x107 |
and

o)

[ -327x107> —348x 1074
T 127x107° —340x 1077 |’

and then the covariance matrix of residuals {¢(t), t € N} follows as

440 x 1074 274x1073 217 x107*% 130 x 1073
2.74 x 1073 0.1386 131 x 1073 5.60 x 1072
217 x107% 131 %1073 3.15x107* 1.31x 1073
130 x 1073 5.60 x 1072 1.31 x 1073 0.1077

e = (43)

4.3. Evaluation on MARMA (p, q)

For the sake of saving space, we will not show the model test, model optimization or forecasting of MARMA (4,0)
model (42), but present a comparison of the MARMA model and ARMA model in this subsection. We first establish
ARMA((p, q) model for Ry (), R21(£), Ri2(t) and Ry, (1), respectively, and obtain their models as follows:
Ryp(f) = 1.53 x 1078 + 0.0204Ry; (¢ — 1) + 0.0058R;; (£ — 2)
+0.0625R;1 (t — 3) — 0.0393Ry; (£ — 4) + ey (D),
Ry1(f) = —2.98 x 10~% — 0.3994Ry; (f — 1) — 0.2598Ry; (t — 2)
— 0.1918Ry; (£ — 3) — 0.1096Ry (t — 4) + 21 (1),
Ria(f) = 5.17 x 1077 — 0.0002R 2(f — 1) — 0.0041R;5(t — 2) 4y
4+ 0.0476R 2 (t — 3) — 0.0699R 1, (t — 4) + e12(D),
Rya(t) = 2.52 x 10~* — 0.4842R(f — 1) — 0.3860R (t — 2)

— 0.2660R,(t — 3) — 0.1562R,(t — 4) + e (1),

where the covariance matrix of residuals {e(t) é(eu (1), e21 (1), e12(1), ex2 (1)) T, t € N} follows as

449 x 107% 269x 1073 222x107* 124x 1073
2.69 x 1073 0.1692 140 x 1073 7.22 x 1072
222x107% 140x 1073 322x107* 1.32x1073
124 x 1073 722x1072 132x1073 0.1369

T, = (45)

It follows from (43) and (45) that the residuals of MARMA(4,0) model (42) are almost consistently less than those
of ARMA(4,0) model (44).
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In practice, we are more concerned about the residual variance, i.e., the variance of every element of residual.
Using (43) and (45), we compute the relative change of the residual variance of MARMA (4,0) model (42) to the
residual variance of ARMA(4,0) model (44) as follows:

var(ey1(£)) — var(ey1(t))  var(eiz(t)) — var(epn (%))

var(ey1(t)) var(ejz(t)) . —1.93% —2.24%
var(ez1(t)) — var(ex(t))  var(ex(t)) — var(exn(t)) —18.10% —21.31% |-
var(ez1(t)) var(ex (1))

That is, MARMA (4,0) model (42) reduces all residual variance relative to ARMA(4,0) model (44). Especially, the
relative change of volume’s residual variance exceeds 10% by MARMA(4,0) model (42) relative to ARMA(4,0)
model (44), which means the MARMA model could really improve the prediction accuracy.

5. Conclusion

We proposed an autoregressive moving average model for matrix time series (MARMA), which is an extension
of the autoregressive model for matrix time series (MAR). Like the MAR model, the MARMA model retains the
original matrix structure, and provides a much more parsimonious model, compared with the approach of the
vector autoregressive model for vectorizing the matrix into a long vector. Compared with MAR model, MARMA
models are capable of modelling the unknown process with the minimum number of parameters.

As for MARMA model, the necessary and sufficient conditions for stationarity and invertibility are established.
Parameter estimation methods are investigated for the conditional least square method and the conditional maxi-
mum likelihood estimation method. Point forecasting and interval forecasting are presented by using the projection
theorem in the Hilbert space and the decomposition technique of time series. Additionally, model identification,
model testing and possible extensions are discussed.

There are many directions to extend the scope of the MARMA model. Random environment such as the Markov
environment might be imposed on the MARMA model to depict the impact of environmental change. Additionally,
sparsity or group sparsity might be imposed on coefficient matrices to reach a further dimension reduction. Fur-
thermore, the idea of MARMA can be applied for yield modelling, volatility modelling, weather forecast modelling
and animal migration modelling.
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Appendices
Appendix 1. Proof of Theorem 3.2

In order to obtain stationary conditions and invertible conditions for MARMA (p, g) model (9), we first give a lemma as follows.

Lemma A.1: For any square matrices Ay, Ay, . . ., Ay, the operator
G(B)2I—A1B— - — Aj_B*" 1 — AyBF

is invertible if and only if any root A of (A1) satisfies |A| < 1, where k is a natural number and B is the delay operator.

AT — AR 1A — o AA — A = 0. (A1)

Proof: For the polynomial with k degree and matrix coefficients

G@) =1— Az~ — Ay 271 — A2,
it can be factorized into k linear polynomials with the matrix coefficient in the complex field as follows:

Giz) =U—-Cid — Cz) - I — Ck2),
where Cy, Cy, . . ., Cy are determined by

> GGG =(=D"TA, u=12,.. .,k (A2)
1<ji<jo<--<ju<k

Thus,

G(B) = (I — C;B)(I — C3B) - -- (I — CiB). (A3)
Foranyi=1,2,...,k, it is easy to prove that I — C;B is invertible if and only if p(C;) < 1, that is, all roots of [A\I — C;| =0
are in the unit circle. It follows from (A3) that G(B) is invertible if and only ifall I — C;B, i = 1,2, ..., k, are invertible. Thus,

G(B) is invertible if and only if all roots of [AI — C;| = 0 are in the unit circle for all i = 1,2,.. ., k. According to determinant
properties, G(B) is invertible if and only if all roots of

[(A = CHAI —C) - (M = Cp)| =0 (A4)
are in the unit circle. It yields from (A2) that
M —=C)AI=Cy)--- (W —Cp) =T =214 — - — aAj_; — Ag.
Thus, G(B) is invertible if and only if all roots of

A=A 1A — A — Ak =0

are in the unit circle. u

Proof of Theorem 3.2: For VARMA (p, q) model (19),
P(B)vec(X(t)) = vec(C) + Q(B)vec(e(t)), te N.

It follows from the concept of stationarity that the necessary and sufficient conditions of stationarity are that the operator P(B)
is invertible. According to Lemma A.1, the operator P(B) is invertible if and only if any root A of (22) satisfies || < 1. Thus,
VARMA(p, q) model (19) is stationary if and only if any root A of (22) satisfies |A| < 1. Note that VARMA(p, q) model (19)
is equivalent to MARMA(p, q) model (9), so MARMA(p, g) model (9) is stationary if and only if any root A of (22) satisfies
A < 1.

The necessary and sufficient conditions for invertibility can be obtained by the similar method to obtain the necessary and
sufficient conditions for stationarity, so we omit it. |

Appendix 2. Proof of Theorem 3.3

Noting that {vec(e(#)),t € N} is an mn x 1-dimensional white noise, and the objective function of VARMA (p, q) model (30)
using the conditional least square method follows as

J (@1, s ®p, Wy, .., Wy, O, .., 04, By, By)

N t—1 T t—1
= Z (vec(xt) + Z Gkvec(xtk)) (vec(xt) + Z Gkvec(xtk)> , (A5)

t=p+1 k=1 k=1

where we take x; = Oy, %, forall t < 0.
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LemmaA.2: J(®y,...,Dp, ¥y,..., V), 0,...,
Ejforallk=1,2,...,pandj=12,...,q.

OpEl-. o)

Proof: It yields from analysing (29) that J(®;,. . .,
mialoffbk,\lfk,@jand Ejforallk =12,...,pandj=1,2,...
E1,..., Eg) by (A5) is greater than or equal to zero, which means that J(®y, ...,
by (A5) has lower bound. Thus, J(®1, ..., ®p, ¥1,..., ¥p, O1,...,04 Ep, ...
Vg, ®jand Ejforallk = 1,2,...,pandj=1,2,...,q.

p Wi, ..., Wy, O, ., 04 Bl ..

,q. And itis obvious that J(®,. . .,
@p, \Ijl, ey
» E4) by (A5) has the minimum value about @,

i=12,...

Ey) defined by (A5) has the minimum value about ®i, Vi, ©; and

» B¢) by (A5) is a multivariate polyno-
®p Wi,
Uy, 01,...,

Wy, 01,
O B, .-

5 Edq)

. q.

(A6)

Proof of Theorem 3.3.: It follows from Lemma A.2 that, according to the conditional least square method, the parameters of
MARMA (p, q) model (9) satisfy the following matrix differential equations:
5 N t—1 T t—1
%y Z (vec(xt) + Z Gkvec(xt_k)> <vec(xt) + Z vaec(xt_g)> = O,
Pi=p+1 k=1 =1
5y X t—1 T t—1
30, Z <Vec(xt) + Z Gkvec(xtk)> <Vec(xt) + Z Gevec(x;— g)) O,,
" t=p+1 k=1 =1
5 XN t—1 T t—1
36, Z (vec(xt) + Z Gkvec(x,_k)> (Vec(xt) + Z Govec(x— g)) Ous
T t=p+1 k=1 (=1
5 XN t—1 T t—1
3E, Z (Vec(xt) + Z Gkvec(xt_k)> (vec(x,) + Z Gyvec(x;— g)) = 0,,
T t=p+1 k=1 =1
Using the derivative of scalar by matrix, it yields from Corollary 2.1 that
G X
ZZ i) ( (Xt-l-ZGextz ) Om, i=12,
t=p+1 k=1
N -1 ~ t—1
0 (Grxs—
( o 2 (In ® (fct - Zszcz—e)) =0, i=12
t=p+1 k=1 ! =1
N -1 t—1
0 (GrXe—k N
Z ( 8@; ) (Im®(xt+ZG£th>> =0m j=12,
t=p+1 k=1 J =1
N -1 N t—1
0 (GrXxs—k - ~
Z ( 8; ) (In® (xt‘f'ZGlth)) = On> ]: 1)2)
t=p+1 k=1 = =1
Appendix 3. Proof of Theorem 3.4
It yields from (30) that
+00
vec(X(t)) = — Z Grvec(X(t — k)) + vec(e(t)), teN.
k=1
For the sake of briefness, we denote
X =vec(X(®), teN and X =veclxy), k=12,...,N.

It yields from (A6) that

Xt | {Xt—l:xt—b .- }

+o00
~N (— > GiXig zmn> , teN,
k=1

where X,,, is defined by (7).
Let X(t) = O« forall t < 0. It follows from (A7) that

321 ~ N (Omnx1> Zmn)

and

t—1
itl {§t—l)§t—2)~~~>§l} NN<_ZGk3?tk> Zmn>> teN.
k=1

Thus, the maximum likelihood function of x1, x3, . . .

Dy Wy, ..,

,xy follows as

Wy, 01,...,04 L. ..,

(1]

a)

L(xl,xz,...,xN;fbl,...,

(A7)

(A8)

(A9)
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=L (%% .. .5 P Pp, Up, e, W), O, .., 04, By, By)
=fGEf (%2 {21} f (%] {x2.%1}) - f G | {ZN-1 %3N0, ..., %1 })

N t—1
= @) Syl T exp | — Z <xt + Z G k) b <5ct +y Gkictk> ,

t=1 k=1

where f(-) means the probability density function, and we stipulate 22:1(~) equals zero vector or zero matrix as needed.
Therefore, the logarithm maximum likelihood function of x1, x5, . . ., xn follows as

C(x1, %0, XN Py Py Wy, Wy, O, L, O, B, By)
=1In (L (x1,%2, . . XN P1s oo Ppo Wihe o, W), O, ., Oy, B,y

1]

a))
_ Nmn =
= In2n) — — 1n(|2m,,|) -z Z (xt + Z GiX— k) Do, <5ct +y kact_k> : (A10)

t=1 k=1

Using the derivative of scalar by matrix, it yields from (A10) that

N g
.
;8@ (H(t,G.) S-1H(t, G.)

a

Op, i=12,...,p,
i=1
w;

2,05

512

.\,
Il
—

(=
(o5}
(o5

.,
Il

—
~

'(H(t,G.)TE TH(,G)) = Om j=1,2....4, (A11)

)=
(H(t,G.)TE H(tG)) On,

)=

) Om ji=12....q

M=
ol @

(H(t, G) S lH(t, G)

dEj

.\,
Il
—

N
Naln(IEmnl) Z

H(t,G. T2—1Ht,G.)=o ,
T :18%(( ) EtH(tG)) = O

where H(t,G.) = x; + Z,t::ll GrX;—. It yields from Corollary 2.2 and Property 2.3 that

N t-1 kat k y |
Z (In ® [SnH(t,G)]) = Oy, i=1,2,...,p,
=2 k=1
N t-1 ~ T

3 (Grkr—
> %(a@[ SHG)]) = O i=L2i....p,
=2 k=1 !
N t-1 ~ T

3 (Grkr—
Z %(M@[ lH(tG)]): o i=12..0
t=2 k=1 )
N t—1 T

(G
> W(g@[xnjm(ac_)]):om i=12....4
t=2 k=1 =i
1 71 ot .
5 2 Res ([ZH 6] ® [(S50) " HE GO | mnmn) = (57) "

t=1
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