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Maximum-likelihood estimation of the Po-MDDRCINAR(p) model with analysis
of a COVID-19 data
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ABSTRACT

Integer-valued data are frequently encountered in time series studies. A pth-order mixed
dependence-driven random coefficient integer-valued autoregressive time series model (Po-
MDDRCINAR(p)) in view of binomial and negative binomial operators, where the innovation
sequence follows a Poisson distribution, is investigated to provide meaningful theoretical expla-
nations. Strict stationary and ergodicity of the model are demonstrated. Furthermore, the condi-
tional least-squares and conditional maximume-likelihood methods are adopted to estimate the
parameters, where the asymptotic characterization of the estimators is derived. Finite-sample
properties of the conditional maximume-likelihood estimator are examined in relation to the
widely used conditional least-squares estimator. The conclusion is that, if the Poisson assumption
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of the innovation sequence can be justified, conditional maximum-likelihood method performs
better in terms of MADE and MSE. Finally, the practical performance of the model is illustrated
by a set of COVID-19 data of suspected cases in China with a comparison with relevant models
that exist so far in the literature.

1. Introduction

In real-life situations, integer-valued time series data are very common. It is the integer-valued counting data formed
by the state of a certain statistical index of a certain phenomenon at different times. This type of data is widely
used in communication security, health care, law, actuarial insurance and many other fields, such as the number of
patients admitted to a hospital in a region for a specific disease every month, the number of accidents in a region per
montbh, etc. One of the most straightforward ways to construct integer-valued time series models is to use an appro-
priate thinning operator instead of the multiplication in the ARMA models. The first binomial thinning operator *’
was proposed by Steutel and Van Harn (1979), which is quite significant and prime to progress the integer-valued
autoregressive models. The first-order integer-valued autoregressive (INAR(1)) process was proposed by Al-Osh
and Alzaid (1987). It is defined as follows

Xt=¢OXt—l+gt) tZl,
where
X1
poX = v
i=1

Here, the counting series {Yi(t)} are independent and identically distributed (i.i.d.) Bernoulli random variables with
success probability ¢ € [0, 1] and {¢;} is a sequence of i.i.d. non-negative integer-valued random variables and inde-
pendent of the counting series {Yi(t) }. Thus, ¢ o X;_ is a binomial random variable with ¢ and X;_; as parameters,
namely, ¢ o X;—1 ~ B(X;—1,¢). This model has some similar characteristics to the ordinary AR(1) model, which
has been discussed by Al-Osh and Aly (1992), Alzaid and Al-Osh (1988), Alzaid and Al-Osh (1990), among others.

Particularly, we focus on the fact that the model is related to a branching process with immigration having a
Bernoulli offspring distribution. Here, an example of a standard INAR(1) model is presented, where X; presents the
number of surviving COVID-19 patients in a hospital at time t. Let ¢ be the probability of survival from time t—1
to t, and let ¢; denote the number of new COVID-19 patients admitted at time ¢. In fact, the parameter ¢ may vary
with time and it may be random as the survival rate ¢ may be affected by various environmental factors, such as the
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quality of health care, the state of health of patients, etc. Therefore, it is indispensable to study the random coeflicient
INAR model. Recently, Zheng et al. (2006), Zheng et al. (2007) and Zheng and Basawa (2008) have researched the
random coefficient integer-valued autoregressive model as well as Liu and Wang (2019), Liu et al. (2020) and Zhang
and Wang (2015). In the above literature, the random coefficient INAR(p) model proposed by Zheng et al. (2006)
is defined by the following equation:

p
Xe=> aoXimi+en t21,
i=1

where a i(t) replaces the fixed a; values in the literature by Duand Li (1991), and is an i.i.d sequence with a cuamulative
distribution function P, on [0,1) with E(a l-(t)) = a;; {&¢} is a sequence of i.i.d. non-negative integer-valued ran-
dom variables, independent of all the counting series and Z‘?:l E(a i(t)) < 1;. Subsequently, the combined INAR(p)
model was introduced by Weif3 (2008). After that, a DDRCIN-AR(p) model was proposed by Liu and Wang (2019)

to deal with the dependent data, as follows:

p
X = z¢tiOXt—1 +é&, t>1,

i=1

where {¢} is a dependence-driven sequence of random vectors with a joint distribution function Piguy,....prp} 81VED

by

(p(di1 = 1o = 0,..., iy = 0) = a3
P(Pn = 0,90 =2, yp = 0) = 05

PP = 0,900 =0,.... 01 = ¢p) = ap;
_P(¢t1 = 0’¢t2 =0,... )¢tp = 0) = Q.
Furthermore, Liu et al. (2020) studied the strictly stationary, ergodicity and estimation methods of parameters in
the PODDRCINAR(p) model.

In addition, Risti¢ et al. (2009) introduced a new first-order integer-valued autoregressive (NGINAR(1)) process,
which has geometric marginals based on the negative binomial thinning operator, which contains the following
geometric counting series

Xp=0*«Xy_14+¢e, n>1,

where the operator ‘«’ is defined as a « X = Zf(zl Wi, a € [0,1), X, is a stationary process with Geometric
(u/(1 4+ w)) marginals, i.e. with probability mass function given by P(X,, = x) = x*/(1 + pu)**!, x =0,1,2,...,
{ W} is a sequence of independent identically distributed (i.i.d.) random variables with Geometric(a /(1 + «)) dis-
tribution, {e,} is a sequence of i.i.d. random variables independent of {W;} and X,,_; and ¢, are independent for all
I > 1. Furthermore, based on the negative binomial thinning operator, Nasti¢ et al. (2012) proposed a combined
Geometric INAR(p) model and Yu et al. (2019) studied a class of observation-driven random coefficient INAR(1)
processes. Especially, if we assume that the ability of a random event to immediately cause one or more other events
is relatively small, but this ability becomes more significant after a period of time, then both of the thinning opera-
tors mentioned above should be combined. In this case, Risti¢ and Nasti¢ (2012) proposed a mixed INAR(p) model
that is defined by the following equation:

oor Xi—1+¢&, WPp. 1,
ok Xp—p+ & WP P2,

X, a *t Xi—3 + &, WP P3,

(& %t Xi—p + &, W.Pp. ®ps

where ‘w.p.” means with probability, the binomial thinning operator is given by o o; X = Zfil Y®, where {Yi(t)}

1
is an ii.d. sequence of Bernoulli(a) with a € (0,1), and the negative binomial thinning is given by a %; X =

ZJXZI Wj(t), where the count series {Wj(t)} is an i.i.d. sequence of Geometric(a/(1 4+ a)) and Z‘f:l ¢; = 1. As anal-

ysed above, the parameter a of the mixed INAR(p) model by Risti¢ and Nasti¢ (2012) may vary with time and may be
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random. Thus, Liu et al. (2023) proposed a MDDRCINAR(p) model, where {a;;} is a dependence-driven sequence
of random vectors with a similar joint distribution function to that of {¢;} in Liu and Wang (2019). According to
the MDDRCINAR(p) model by Liu et al. (2023), this article mainly aims to study the basic statistical properties
of this model with a Poisson innovation process and to introduce new inferential methods for the estimation of
relevant parameters associated with the model.

The remainder of this paper is organized as follows. In Section 2, we introduce a Poisson mixed dependence-
driven random coefficient integer-valued autoregressive (Po-MDDRCINAR(p)) model in detail, and we show,
under certain conditions, stationarity and ergodicity of the Po-MDDRCINAR(p) model. In Section 3, we propose
estimation methods for the parameters in the proposed model respectively and study their consistency and asymp-
totic properties. Furthermore, in Section 4, we conduct simulation studies to examine the finite-sample performance
of the proposed procedures (Po-MDDRCINAR(2)). The proposed methods are illustrated with some real data sets
in Section 5. In Section 6, we give a summary and concluding remarks. The paper ends with conditional moments
used later, which are provided in Appendix.

2. The pth-order Poisson mixed dependence-driven random coefficient integer-valued
autoregressive model

A pth-order Poisson mixed dependence-driven random coefficient integer-valued autoregressive
(Po-MDDRCINAR(p)) model is defined by the following equation:

Xt=anoXi1+toapn*Xio+- - +ap*Xpp+e, t2>1, (1)

with the joint distribution of {a1, ap, .. ., atp} given by

p(atl = 01,01 = O,...,atp = 0) :¢1,
P(atl =0,01p = 025 .05 Otp = O) :¢2;

‘ : 2)
P(atl:0>at2:0,...,atp:ap):¢p;
p(atl=0,at2=0,...,atP=O)=¢0,

where ¢, $1,. . ., §p are non-negative and Zfzo @i = 1;{&;} is an i.i.d. non-negative integer-valued sequence with a

Poisson distribution Po(4); the time-varying coeflicients {as, 1 < i < p} are i.i.d. random variables across the time
points t; {ay, 1 < i < p} and {&;} are independent sequences; the counting series in a; o X;—; and oy * X;—;i(i =
2,...,p) are named as survival processes and are mutually independent for all t € Z for known X;_;.

The model defined by Equations (1) and (2) can be formulated by the following form

ayjoXi—1 Ww.p. é1
oy % Xy—p W.p. $2

X = 1 + &¢. (3)
ap % Xt_p Wp ¢p
0 w.p. @0
Therefore, we can derive
E(gy) = Var(ey) = 4, (4)
E(ay) = ¢ioi,  Var(oy) = ¢i(1 — ¢i)ai, Covl(as, o) = —dijoiaj (i # j). (5)
The model includes several special cases:
(i) For ¢y =--- = ¢p = ¢po = 0, the model {X;} reduces to the first-order integer-valued autoregressive model
(INAR(1)) by the binomial thinning operator in Al-Osh and Alzaid (1987).
(i) For ¢y =--- = ¢ = 0, the model {X;} degenerates to the innovation process {&;}.
(iii) Forg¢p =0anda; = ay = --- = ap = a, the model reduces to the mixed INAR(p) model proposed by Risti¢
and Nasti¢ (2012).

Now, we are ready to show the high-order moments of {X;} and to discuss its stochastic properties. First, we
introduce some notation.
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Let

X=XuX0...Xp)", Z=(Z12....2)",

Xt = (Xtth—la e ’Xt—P‘f‘l);)—xl’ & = (Et, 0, e ,0);;(1,

— t t t t t t t t
CIPIC I N O g0 0 g0
1 0 0 0 1 0 0 0
A= 0 1 ... o o0 |, B=| 0 1 ... 0o 0 |,
| 0 0 1 0 0 0 1 0
_¢10C1 4520(2 - ¢p_1ap—1 ¢pap_
1 0 0 0
a—| o 1 0 0 |
L 0 : 1
_¢1ﬁ1 ¢2ﬁ2 . ¢p—1/))p—1 ¢pﬁp
1 0 . 0 0
B—| O 1 0 0 |
L o 0 1 0 |

where A; and By are independent. We then use the notation

-
p
AoX= (D@ oX), X1, X |
j=1
OIN0) ® . . ® . o ) .
where {a,",a; ", ... o’} also satisfy Equation (2). a jolisa thinning operator based on Bernoulli(a; ') counting

series if j = 1, and on Geometric(aj(t) /1 +a j(t))) counting series if j = 2,...,p. And
Xi=AroX 1 +é&;. (6)

Next, the following assumption is significant in Propositions 2.1-2.3.

Assumption 2.1: (i). Zle pio; < 1, Z{‘):o ¢i=1, 0 <¢; <1. (ii). The parametric space ® is compact with

0= {0|0 = (0(1,0(2,...,O!p,¢1,¢2,...,¢p,/’{)—r,ﬁS o < &a ?S ¢ < </;, (l: 1>2a-”’p)ai§ A S/_l andZS

Z‘f:l dia; <y < 1}, where a, a, 4_5,(;_5, A%, y and j are finite positive constants, and @y is an interior point in
0.

Proposition 2.1: Fort > 1

(i) E(A;o0X|X)=AX, E(A; 0X) = AE(X);
(i) E[(A;0X)Z"] = AEXZ");
(iii) E[(A;oX)(B;oZ)"] = AE(XXZT)BT, if all the counting series of A; o X and B; o Z are independent;
(iv) E[(AsoX)(A;oX)" |X, Tip) = AXXTA] + D1, E[(A;0X)(A;0X)" |X] = AXXTAT + D, and E[(A; o
X)(A;0X)"] = AEXX AT + D3, where

P
D — o’ (1 —aMx1 + > a1+ a")X; 0

i=2 ’
i 0 0 .,

P » P
D, — D il X+ (1 — a)Xy + D pioi(1+ apXi — O pieiXi)* 0
i=1 i=2 i=1

B 0 0 pxp
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d; 0
Di=119 o
pXxp
with

p
ds = ¢i(l = p)afECG) + draa (1 — a1)EX)

i=1

P p -l
+ > i1+ a)EX) — D" dijeio E(XX;)
=2 =2 j:l

and Jyp being the o -field generated by a?), aét), e ,al(,t).

Proof: The proof is similar to the proof of Lemma 2.1 in Du and Li (1991), Lemma 2 in Risti¢ and Nasti¢ (2012)
and Proposition 2.1 in Liu et al. (2020). [ |

Proposition 2.2: Let {X;} be the Po-MDDRCINAR(p) model defined by Equations (1) and (2). Then

(i) EX¢|Ximts- - Xemp) = S0 dpictiXemi + 25

(ii) EXy) = lzpﬁ, if the model is first-order stationary;
— 2Zui=1 Pi%i
(iii) Var(X¢ | Xi—1,..., Xe—p, Tt) = ann (1 — a1)X¢—1 + Z‘?:z ai(1 + aw)Xi—i + A, where [J; is the o -field gener-
ated by a1, @, - . . Ogps

(iv) Var(X; | Xi—1,..., Xi—p) = S0, i1 — gaXP, + dron (1 — a)Xem1 + 24y pici(1 + a0 Xemi =230,
ji—1
>oim) %iaibidiXe—iXe—j + 4
(v) Let yx = Cov(Xs, X¢—k), and then yy = Z‘f:l PitiVr—i.

Proof: The proofs for results (i)-(iv) are straightforward. The proof of (v) follows from Proposition 1-(v) in Zheng
et al. (2006). |

Then we prove the strict stationary and ergodicity of Po-MDDRCINAR(p) process defined by Equations (1)
and (2). These properties will be useful to derive the asymptotic properties of parameter estimators in the model.

Proposition 2.3: The Po-MDDRCINAR(p) model {X;} defined by Equations (1) and (2) is strictly stationary and
ergodic.

Proof: According to the proof of Theorem 2 of mixed INAR(p) model proposed by Risti¢ and Nasti¢ (2012), the
Proposition can be obtained. |

Next, we consider the problem of estimation involved in the Po-MDDRCINAR(p) model.

3. Estimation methods
3.1. Conditional least squares (CLS) estimators

We re-parameterize Equation (5) by defining

Bi = aipi, 0= Pioi(1—¢p), i=12,...,p. (7)

Let F;_; be the o -field generated by X;, X5, ..., X;—1. Denote

B=Bpo B 6 =(011,00,...,05),
9 =B.0 0", 0=(a1,00....0pP1.00 ... Pp ).

Assume that observations of X; are available fort = 1,2,...,n.
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The CLS estimates of # and 4 can be obtained by minimizing

QB.H= D u= Z (Xt Zqﬁ,aXt i—/l) > X -Y[ B -2

t=p+1 t=p+1 t=p+1

with respect to B and 4, where u; = X; — E(X; | F1—1). This yields the estimators

B= Z YtYT—— Z Y, z Y,

-1

t=p+1 LSS R —
X z YtXt _— Z Yt Z Xt > (8)
t=p+1 —p+1 t=p+1
~ 1 ~
h=— Z X —Y/[B) ©)
n-Pp t=p+1

with Yt (Xt 1>Xt Dyenn ,Xt_p)T.
To obtain estimates of &, CLS is again applied to estimate the residual sequence K;, where

» 2
K = (Xt - Z,BiXt i—/l)

i=1

P j-
ZZ BiXi—iXeej — (1 — P X I—Z(ﬂ,+ﬁ,>xt =1,

j=2 i=1 i=2

Minimizing

n p 2 n
Q@)= > (R—au(xf_l—Xt_1>—Zai,~<xf_i+xt_i>) = > (Ki—Zlo)

t=p+1 i=2 t=p+1

with respect to o yields the estimators of &

n n
6=> zz] > ZK, (10)
t=p+1 t=p+1

where Z; = (X7_) = Xi—1, X7 + Xe—a, .., X7, + Xep) T

Now, the estimates BCLS can be obtained as

2 54 2
bi = pi and&i:””fﬁl, i=1,2,...,p. (11)
0'11+ﬁ ,Bi

The following theorem gives the strong consistency and the limited distribution for the estimates Ocrs given in
Equation (11).

Theorem 3.1: Let {X;} be an Po-MDDRCINAR(p) process generated as in Equations (1) and (2). Then the estimates
Ocrs obtained from Equation (11) will be strongly consistent and jointly asymptotically normally distributed.

Proof: First, the strong consistency of Ocys can be easily obtained according to Theorem 2.1 of Klimko and Nel-
son (1978), the proof of which is omitted here.

Next, based on the Assumption 2.1 and Proposition 2.3, we can prove the asymptotic normality of the estimates
éCLS- According to Theorem 3.1 of Hwang and Basawa (1998) or Theorem 3.1 of Nicholls and Quinn (1982), we
have

P d _ _
V(B —B) = N,(0,L~'WL™),
where W = E(u%YtY;r) = E(Var(X; | ft_l)YthT) andL = E(YtY;r). With the similar method, we can obtain

V(6 —a) 5 Ny(0,TIZr ),



G =) 5 N, ).

According to Theorem 3.2 in Nicholls and Quinn (1982), we have

Vi@ —9) 5 Ny11(0,8),

where
L'wWL™! L-Mr—! L'v
O@=| r‘mM ! r-'zr! r-'op |,
vIiL-1 D'r-! I

and

V=EYu}), M=EwUY.Z])=EpYZ) T =EZzZ)),

I=Ew?), D=EZUu), X =EU2ZZ),
where

o1 = E(X] | Fim1) — 3Var(X; | Fim1)E(X¢ | Fie1) — (BE(X¢ | Fi1))?,

Ut = uf - E(H% Ift_l).

STATISTICAL THEORY AND RELATED FIELDS 7

According to Equation (11) and Proposition 6.4.3 of Brockwell and Davis (1987), we have

A d
\/E(eCLS _0) d N2p+1(0,Q®QT),

where
Qi Qpn Q3
Q=1 Qy Qpn Q3
Q3 Q3 Q33
with

2 _ 2 2 _ g
Qll = dlag(ﬁl on IBZ o2 e —IBP PP)’

12 b ﬁzz b b
1 1 1
le = dia (—,—,...,—),
s B B2 By
Q3 = Q3 = 0px1,
. 2p1011 26202 2pp0
Q,; = diag 3 30 PPP22 ,
(011 + B7)* (022 + B7) (opp + B7)
sz = diag _ﬁlz _ﬂzz cen _ﬂg
(o1 + 512)2 (022 + ﬁzz)z (opp + ﬁﬁ)z

Q31 = Q3 = 01xp,
Q33 = 1.

Remark 3.1: The detailed proof of the strong consistency of Ocys can refer to the proof process of Theorem 3.1

in Liu et al. (2023).

3.2. Conditional maximum-likelihood estimators

We now consider the conditional maximum-likelihood (CML) estimators of parameters for model Po-

MDDRCINAR(p) defined by Equations (1) and (2), or by Equation (3). Suppose that Xo, X, . .

by the Po-MDDRCINAR(p) model with the true parameter value 6.

., X, are generated
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Then, the conditional log-likelihood function for sample observation X1, . .., X441 can be written as

£0)= > logPp(Xi|Xi—1,..., Xi—p)

t=p+1
n min(Xs,X;—1) . 1 Xi—kig—2
X s

= D log| D (e (1= ey kl—'

t= (Xt — k1)!
=p+1 k1=0

po X Xtk a \F 1\ Ko jXi—kig=7
_|_ . t—i . i

> 2 (s () () o

min(X¢,X;—1)

= Z log | #1 Z Z(X—1, k1)q(Xs, k1)

t=p+1 k1=0
p Xt p
+ DB D Y Ximi k)q(Xe ki) + (1 -> @)q(xt,ko) ,
=2 k=0 i=1
where
X;_
Z(X—1, k1) = ( li 1)a11<1(1 R
1
Xi—i+ki—1 ai \5( 1\
Y(Xi—j ki) = =2,...,p),
K- ki) ( Xi—i—1 )(14—061’) (1+0<i) ¢ P
/IXt—kie—}.
X k)=—— (i=0,1,...,
q(Xt, ki) X — k)l (i p)
with kg = 0.

Thus, the score function for the model is presented by

2@) _ Z X
oaj t=pt1 Pe(thXt_l,. "’Xt—p)

rnin(Xt—l,Xt,l —1)
$1X1-1

> Z(X = Lk)a(Xe — Lky)
1—0(1 k=0
min(X;,X;—1)
- D> ZXKnk)aKek) | |
k1=0
ol i 1 X [
a(‘) = B X < f’ = D Yo+ Lk)q(Xe — 1,k)
;i t=pt1 o (Xt | Xi—1,. . ., t—p) + a; k=0
Xt
— > Y& k)gXKnk) | [, G=2,...,p)
ki=0

n

w0 _ < .
01 t=pt1 Po(X¢ | Xi—1, .. > Xp—p)

min(X;,X;—1)

<[ D Z&nkDa(Xe k) — q(Xe ko) | »
k1=0



o)
0di

ot@)
o
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n X

1

= Y(Xt—i; kl)Q(Xt; kl) - q(Xt) kO) > (1 = 2; P ’p)

t;& Po(X¢ | Xt—15. .., Xi—p) k,Z=;)

- 1 min(X;—1,X—1)

=2 b > ZXinkgXi— Lk

t=p+1 Po(X¢ | Xe—1, .- > Xi—p) =

p Xi—1 ,

+ Z¢i Z Y (Xi—i, ki)q(X: — 1, ki) + (1 _ Z ¢i) 0 — 1, k)

= k=0 i=1

_PG(Xt IXt—la e th—p)] >

The CML estimators of the unknown parameters 8 = (a1, ..., %, 1. .. ,qﬁp,/l)—r are derived numerically by
maximizing the conditional log-likelihood function or by solving the equations related to the score functions.

Next, we consider the asymptotic behaviours of CML estimates for Po-MDDRCINAR(p) parameters. At first,
the transition probability Pg(X; | X;—1, ..., X;—p) can be written as

with X;(i = t,t —

P(Xt’Xt—I) e ,Xt—p) = PO(Xt |Xt—1) e ,Xt—p)
min(X¢,X;—1)

=¢ D, Z(Xi1,k)g(Xe, ki)

k1=0

p X
+ i D> Y (X ki) g (X ki)

i=2 ki=0
p
+ (1 - ¢i) (X, ko)
i=1

1,...,t—p) >0.

The following lemma shows the useful recurrence relation for Z, Y, P and their partial derivatives.

Lemma 3.2: (a) Z(X;—1,k1) =01 Z(Xs—1 — Lk; — 1)+ (1 —01)Z(Xi—1 — 1, k1).
(b) Y(Xip ki) = “FEY(Xpi + Lk = 1), i=2,....p.

(©) 0Z(Xi—1k1) _

el (Z(Xmy — 1Lkt — 1) = Z(X—1, k1))

(60{1 P
0Y (Xi—iski) __
(@) k)
(e) 7

1—ay

Xt [y (Xyei + Lk — 1) = Y(Xymin k)], i = 2,...,p.

1+4a;

5P(X[,Xt_1,...,Xt_P) — ¢1 Zmin(Xt,X;_l) aZ(Xt_bkl)q(Xt kl)

k1=0 oo

(f) aP(Xt:Xt—lam:Xt—p) — ¢i Xy oY (Xy—jki)

o

ki=0 B—(l,q(Xt’ kj), i= 2, e ,p.

Proof: The proof is similar to the proof of Lemma 4 in Shirozhan and Mohammadpour (2020). |

The consequences of Lemma 3.1 are

and

Since

X - 0log P(X¢, Xi—1,. .., Xt—p) - Xi—1
1—0(1 - 80[1 N al(l—al)

(12)

X Olog P(X¢, Xy—1, ..., X4— X
K < g P(Xy, Xi—1 tp)S t ’ —2. (13)
1+ a; da; ai(1+ a;)
0 IOgP(Xt,Xt_l, e ,Xt_P)
60:1

_ $1Xe—1
(1 - al)P(Xt)Xl’—l) e ,Xt—p)
min(X;—1,X¢—1—1)

x > Z(Xi—1 — 1,k1)g(X; — 1, ky)
k1=0
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min(X;,X;—1)

— Z Z(Xt—l) kl)q(Xtr kl)

k1=0

d1X mm(X Xi—1)
~ b1 (txll z Hat=1 Z(Xt_l,kl)Q(Xt’kl)
P(Xt,Xt_l, s Xi—p)

Y

_ Ko
1— a1 ’
and on the other hand,
0 log P(Xt,Xt_l, Ce )Xt—p)
oa
DX S XD (Z(Xim1, k) = (1= a)Z(Xio1 — Lk))q(Xe k1)

< a1(1—a1)
B P(Xt, Xi—15. . s Xt—p)
X, (Xe. X
e TR 2, kg )
B P(Xt, X¢—15 - > Xi—p)
X
B =1
a1(1—ay)
Then,
0 IOgP(Xt,Xt_l, e )Xt—p)
80(1-
Gt (SR Y (Kot + L k)Q(Xe — 1k) = S Y (Xemis k) (X Ki))
B P(th Xt—b cee )Xt—p)
iXi—i X
L e X Y kg, ki)
a P(Xp, Xi—15- - > Xi—p)
o Kemi
- 1+4a;
and

010g P(Xo, Xi1,- -, Xip) _ it S R Y (X, ki) (X Ki)

aai B P(Xt)Xt—la Ce ’Xt—p)
iX X
attra Zhmo YXip kAKX k) X, (=2 )
- P(Xt,Xt_l,.. -aXt—p) - Olj(l +Olj)

We aim to apply the results of Theorem 1.3 of Billingsley (1961) on estimates for the parameters. For this purpose,
we have to impose some regularity conditions as follows:

(C1) Theset{k:P(e; =m)=f(m,1) = Cet
(C2) E(e))=23+312+1 < oo

(C3) P(e; = m) is three times continuously differentiable with respect to 4;

(C4) Forany A" € B, where B is an open subset of R, there exists a neighbourhood ¢/ of A’ such that:

(@) (DX pgsup;eyfk, ) < oo,
A
() @)X supse | TG 1 <
k,A
© ()X supsey | aé; 1| <
(C5) Forany 1’ € B thereexistsa neighbourhoodl/{ of 1’ and the sequence ¢ (n) = const 1 - n, ¢11(n) = const2 -

n%, @111 (n) = const 3 - n, with suitable const 1, const 2, const 3and # > O such thatV 1 € U and V m < n,
with P(¢;) nonvanishing f (m, 1),

' of (k, 2)

> 0} does not depend on 4;

ml

0¥ (k. 1)

< pr(wfm, 2), | =53

Y] < pu(m)f (m, %),




O’f (k, 2)
o3
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< pi1(n)f(m, A),

and with respect to the stationary distribution of the process {X;},

Elp} (Xp41)]

<00, Elp11(Xp+1)] < oo,

E[p1(Xp+1)911(Xp+1)] <00,  Elp111(Xp+1)] < 00,

(C6) LetI(@) = (ij)(2p+1)x (2p+1) denote the Fisher information matrix, i.e.

10) =E(

0log P(Xp41,-

.5 X1) . 0log P(Xpy1,-

00;

and I(@) is nonsingular.

XN i 2p 1
ae] > )]— )~--)p

Theorem 3.3: Under Assumption 2.1 and the regularity conditions (C1)-(C6), the CML estimate Ocur is asymptot-
ically normal, i.e.,

VN@Ocur —0) -5 N©O,T7'@)), N — oo.

Proof: Theorem 3.3 is a special case of Theorem 1.3 of Billingsley (1961). Based on Assumption 2.1, Proposi-
tion 2.3 and the approach in Franke and Seligmann (1993), the theorem can be proved. And it is also discussed
in Monteiro et al. (2012) that the above conditions (C1)-(C4) are all satisfied. (C5) follows by the definition of the
Po-MDDRCINAR(p) model and the properties of Poisson distribution. Consequently, for the Po-MDDRCINAR (p)
model it is just necessary to verify the last condition (analogous to condition (C6) in Franke and Seligmann (1993))
also holds. To this end, we need to verify that the following statements are all true.

(S1)

(82)

(S3)

(S4)

(Ss)

(Se)

(S7)

(Ss)

0log P(Xp1,....X1) |?
60(1' =0
dlog P(Xpt1s- .., X1) |? -
o ’
0log P(Xp1, ..., X1) |?
Y =
0log P(Xp415---»X1)  alogP(Xps1,...X1) 2 oo it
da; ' 8aj 7
01log P(Xp+15 - - - X1) alog P(Xp11,....X1) -
oa; o¢j ’
01log P(Xp+15 - - -»X1) alog P(Xp11,....X1) -
50(1' o4 ’
Olog P(Xp41,...,X
g P( gz 1) 610gP()§;:;1 ..... D | oo 4],
0 IOgP(Xg_;, e ,Xl) alogp(xézrl ))))) X1) < o, i,j _ 1, o ,p‘

We shall first prove Statement (S1). From Equations (12) and (13), we know that in the stationary state

and

LX) P

E‘alogP(XpH,..

X1)

< C-Exg < 00,
a(ll

2
<C- E(max{Xp+1—i,Xp+1})2 <

E‘alOgP(Xp+1,,

oo

for some suitable constant C.
Next, we will prove Statement (S2). As

. X1)

‘alOgP(XP+1, ..

0i

(14)

(15)
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¢ min (X, X;—1)
1 .
Z(Xi_1,k1)g(Xs, k1) — g X, ko) | =1,
M PXps1,...,X1) kIZ:;) t—1>k1)q(Xt, k1) — q(X¢, ko) j
- ¢ Xt
J .
Y(Xi—js k)q(Xs, k) — q(Xp ko) | j=2,...,
¢jP(XP+1""!X1) k]go ( t=j ])q( t ]) CI( t 0) ] p
! 1
< — <00, 1=1, Dy
bi p

which implies

dlog P(Xpi1,...,X1) |2
‘ 0g P(Xp+1 1) (16)
o¢i
Then, we will prove Statement (S3). Based on (C5),
0 lOgP(X +15- - - ,Xl)
‘ pa ] < y1(Xp+1)»
which show that
olog P(Xps1,...,X1) |2
‘ 8 fg; < El//lz(XP+1) < 00. (17)
Finally, by Equations (14), (15), (16), (17) and (C5) it is concluded that Statements (S4)-(S8) hold. Therefore, the
Fisher information matrix I(#) is well-defined and according to (C6) it is nonsingular. |

4. Simulation

In this section, we evaluate the small sample performance of our estimators via various simulations. Specifically,
we anchor to check the finite-sample mean absolute deviation error (MADE) and mean squared errors (MSE) of
alternative estimators as follows:

1 <~ 1 < 4
MADE = — § 10; — 0|, MSE = — § @; — )%,
m m
i=1 i=1

where 6; denotes any estimators of @ and m is the number of realizations. To this end, we generate simulation data
from the Po-MDDRCINAR(2) model. According to the aforementioned definition of the model, as g + ¢1 + ¢2 =
1,0 <¢i <1,(i=0,1,2), 101 + 202 < 1,0 < a; < 1, i = 1,2 and each case under the study is non-degenerate
and stationary. Thus, we first report representative parameter combinations for a; = a3 = 0.5, 4 = 1 based on the
sample sizes # = 100 and 500 with 500 replications and the parameters are estimated using CLS and CML methods.
The sum of ¢; and ¢ is confined within the range of (0.0,1.0). And, for each of these two parameters, different values
range from 0.15 to 0.75, on a grid of 0.2. All possible parameter combinations of ¢; and ¢, are examined. Therefore,
the results for MADE and MSE on different parameter combinations with # = 100 are displayed in Table 1, with
similar results given with n = 500 in Table 2.

Moreover, values outside the allowed range for parameters might easily be obtained for small sample sizes. By
Equation (11), the estimates of a; and ¢; are decided by # and ¢ . In Tables 1 and 2, such estimates have been adjusted
by taking account that the restrictions on a; and ¢; implying

0O<pr+p <1,

onon > BB,

0 <oj <0.25,

oii < Bi(l—pi), i=12.

(18)

Thus, if §1 + > > 1, Bi can be replaced by Bi/(B1 + B>), and other constraints on parameters can be made with
similar adjustments.

Observing Tables 1 and 2, we can see that, for all considered parameter combinations, the MADE and MSE for
the estimates of the parameters decrease as the sample size increases, which is in accordance with our expectation.
Simultaneously, compared with CLS estimators, the result in Table 1 is that CML dominates CLS in terms of MADE



Table 1. MADE and MSE results for the Po-MDDRCINAR(2) model (a1 = a3
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0.5, 2 = 1) with sample size n = 100.

)
o 0.15 0.35 0.55 0.75 ol 0.15 0.35 0.55 0.75
MADE(ax1)
0.15 0.2852 0.2811 0.2685 0.2604 0.15 0.1846 0.2073 0.2172 0.2289
0.35 0.2729 0.2591 0.2249 0.35 0.1443 0.1506 0.1543
0.55 0.2377 0.2019 0.55 0.0997 0.0988
0.75 0.2215 0.75 0.0615
MADE(a,)
0.15 0.2709 0.2327 0.1989 0.1765 0.15 0.1788 0.1518 0.1127 0.0814
0.35 0.2975 0.2447 0.1925 0.35 0.1940 0.1612 0.1244
0.55 0.2782 0.2240 0.55 0.2043 0.1590
0.75 0.2736 0.75 0.2116
MADE(1)
0.15 0.2590 0.2260 0.2113 0.1816 0.15 0.0814 0.0722 0.0894 0.0802
0.35 0.2821 0.2631 0.2260 0.35 0.1063 0.1176 0.1089
0.55 0.2676 0.2326 0.55 0.1055 0.1030
0.75 0.2099 0.75 0.0782
MADE(#»)
0.15 0.3059 0.2877 0.2548 0.1922 0.15 0.0873 0.1153 0.1230 0.1024
0.35 0.3229 0.2717 0.2449 0.35 0.0725 0.1228 0.1409
0.55 0.2572 0.2411 0.55 0.0944 0.1195
0.75 0.2239 0.75 0.0934
MADE(A)
0.15 0.1613 0.1592 0.1790 0.2130 0.15 0.0756 0.0681 0.0788 0.0776
0.35 0.1505 0.1765 0.1841 0.35 0.0654 0.0841 0.1054
0.55 0.1765 0.1793 0.55 0.0778 0.0851
0.75 0.1833 0.75 0.0786
MSE(a1)
0.15 0.1039 0.1011 0.0922 0.0874 0.15 0.0493 0.0559 0.0624 0.0647
0.35 0.0970 0.0876 0.0699 0.35 0.0330 0.0348 0.0356
0.55 0.0794 0.0594 0.55 0.0159 0.0154
0.75 0.0705 0.75 0.0061
MSE(a5)
0.15 0.0943 0.0747 0.0553 0.0437 0.15 0.0453 0.0342 0.0204 0.0102
0.35 0.1108 0.0829 0.0544 0.35 0.0523 0.0379 0.0245
0.55 0.1002 0.0715 0.55 0.0553 0.0375
0.75 0.0973 0.75 0.0586
MSE(¢h1)
0.15 0.1324 0.1036 0.0883 0.0689 0.15 0.0123 0.0168 0.0290 0.0187
0.35 0.1122 0.0981 0.0749 0.35 0.0178 0.0247 0.0205
0.55 0.0957 0.0771 0.55 0.0187 0.0176
0.75 0.0682 0.75 0.0102
MSE(¢,)
0.15 0.1743 0.1206 0.0878 0.5584 0.15 0.0130 0.0196 0.0241 0.0168
0.35 0.1875 0.1095 0.0823 0.35 0.0104 0.0246 0.0314
0.55 0.1254 0.0862 0.55 0.0310 0.0242
0.75 0.1006 0.75 0.0301
MSE(2)
0.15 0.0421 0.0425 0.0554 0.0757 0.15 0.0092 0.0076 0.0097 0.0099
0.35 0.0378 0.0509 0.0560 0.35 0.0068 0.0105 0.0164
0.55 0.0475 0.0519 0.55 0.0096 0.0114
0.75 0.0541 0.75 0.0096

and MSE for all considered parameter combinations. And, the similar results can be obtained for the MADE and
MSE of the parameter estimation in Table 2. According to the aforementioned analysis, the parameter estimations
for these two estimation methods perform better with sample size increasing, which indicates that a large sample

size may be needed to obtain reasonable results.

For a more comprehensive comparison of the MSE of the CML and CLS for parameters, we again report four
samples for parameter values of a;, ¢;, i = 1,2 and 4, namely,

(1) Sample 1: a7 = 0.5,
(2) Sample 2: a7 = 0.5,
(3) Sample 3: a; = 0.6,
(4) Sample 4: a; = 0.6,

oy = 0.5, ¢ = 0.25, pp =025and A = 1,
oy = 0.5, ¢ = 0.25, p =0.25and A = 2,
Oy = 0.7, ¢1 = 0.4, ¢2 =0.5 andxl = 1,
Oy = 0.7, ¢51 = 0.4, ¢2 =0.5and A = 2.

Figure 1 gives the paths for these four typical samples in the Po-MDDRCINAR(2) model with a sample size 100.
The representative results for Samples 1, 2, 3 and 4 are summarized in Table 3 based on the CLS and CML estimation
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Table 2. MADE and MSE results for the Po-MDDRCINAR(2) Model (a7 = az = 0.5, A = 1) with sample size n = 500.

)
CLS CML
o 0.15 0.35 0.55 0.75 ol 0.15 0.35 0.55 0.75
MADE(ax1)
0.15 0.2686 0.2415 0.2228 0.1982 0.15 0.1631 0.1535 0.1400 0.1366
0.35 0.2109 0.1521 0.1256 0.35 0.0774 0.0752 0.0716
0.55 0.1507 0.1091 0.55 0.0457 0.0440
0.75 0.1229 0.75 0.0334
MADE(a,)
0.15 0.2453 0.1514 0.1004 0.0903 0.15 0.1276 0.0731 0.0492 0.0405
0.35 0.2549 0.1322 0.0884 0.35 0.1459 0.0777 0.0512
0.55 0.2351 0.1267 0.55 0.1314 0.0724
0.75 0.2170 0.75 0.1359
MADE(1)
0.15 0.1802 0.1517 0.1508 0.1162 0.15 0.0504 0.0562 0.0580 0.0498
0.35 0.1836 0.1452 0.1096 0.35 0.0560 0.0628 0.0573
0.55 0.1565 0.1191 0.55 0.0526 0.0504
0.75 0.1329 0.75 0.0452
MADE(#»)
0.15 0.2013 0.1512 0.1188 0.1058 0.15 0.0482 0.0622 0.0617 0.0572
0.35 0.1771 0.1274 0.1018 0.35 0.0615 0.0644 0.0610
0.55 0.1637 0.1255 0.55 0.0550 0.0605
0.75 0.1500 0.75 0.0561
MADE(A)
0.15 0.0714 0.0738 0.0820 0.0985 0.15 0.0364 0.0420 0.0450 0.0475
0.35 0.0728 0.0844 0.0902 0.35 0.0403 0.0472 0.0528
0.55 0.0724 0.0906 0.55 0.0434 0.0469
0.75 0.0768 0.75 0.0447
MSE(a1)
0.15 0.0945 0.0770 0.0696 0.0569 0.15 0.0405 0.0365 0.0301 0.0293
0.35 0.0639 0.0361 0.0259 0.35 0.0095 0.0086 0.0079
0.55 0.0347 0.0188 0.55 0.0033 0.0305
0.75 0.0263 0.75 0.0017
MSE(a5)
0.15 0.0813 0.0335 0.0152 0.0122 0.15 0.0261 0.0086 0.0039 0.0026
0.35 0.0873 0.0271 0.0123 0.35 0.0328 0.0095 0.0042
0.55 0.0756 0.0247 0.55 0.0287 0.0083
0.75 0.0658 0.75 0.0300
MSE(¢h1)
0.15 0.0731 0.0505 0.0511 0.0265 0.15 0.0039 0.0109 0.0127 0.0081
0.35 0.0620 0.0384 0.0204 0.35 0.0057 0.0087 0.0072
0.55 0.0396 0.0223 0.55 0.0050 0.0044
0.75 0.0307 0.75 0.0031
MSE(¢,)
0.15 0.0920 0.0405 0.0224 0.0172 0.15 0.0035 0.0060 0.0065 0.0051
0.35 0.0716 0.0290 0.0167 0.35 0.0099 0.0070 0.0063
0.55 0.0618 0.0253 0.55 0.0077 0.0070
0.75 0.0479 0.75 0.0106
MSE(2)
0.15 0.0080 0.0087 0.0108 0.0153 0.15 0.0020 0.0027 0.0029 0.0034
0.35 0.0084 0.0113 0.0127 0.35 0.0024 0.0034 0.0043
0.55 0.0085 0.0132 0.55 0.0028 0.0035
0.75 0.0096 0.75 0.0030

methods, where the negative estimates have also been adjusted according to Equation (18). From the simulation
results, we can see that, as the sample size n increases, all the estimates seem reasonable with CML being more
efficient.

Meanwhile, Figure 2 displays the Q-Q plots for these four typical samples when n = 1000. The Q-Q plot visually
shows that the CLS and CML estimators are asymptotically normal for all the parameters, and that the distri-
bution of estimators obtained by the CML method is apparently closer to the normal distribution. Thereby, the
aforementioned analysis is analogous with the theorem of asymptotic normality of parameter estimators.

5. COVID-19 data on suspected cases in China

In this section, in order to illustrate the application of the proposed Po-MDDRCINAR(p) model based on binomial
and negative binomial thinning operators with Poisson innovation, we analyse the COVID-19 data on suspected
cases in China, which can be obtained from the website of National Health Commission of the People’s Republic
of China (http://www.nhc.gov.cn/xcs/yqtb/listgzbd.shtml). Moreover, the performance of the model is evaluated in
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Figure 1. Paths for Samples 1, 2, 3 and 4 of the Po-MDDRCINAR(2) model.

terms of four criteria: Akaike information criterion (AIC), Bayesian information criterion (BIC), Hannan-Quinn
criterion (HQ) and the root mean squares of differences of observations and predicted values (RMS).

The analysed count set is about the COVID-19 data on suspected cases in China, which consist of 191 daily
observations in a period from August 29, 2021 to March 7, 2022. Note that the mean of the data is approximately
3.0785, and the variance is around 8.1149. Moreover, the plots of the time series, its empirical autocorrelation (ACF)
and partial autocorrelation function (PACF) are shown in Figures 3, 4 and 5, respectively. Inspecting the plot of the
PACF in more detail, however, an autoregressive model including X;_;, X;—, and &; appears to be reasonable. Hence,
we consider three candidate models to analyse the data, which are as follows.

Model I:

Xi=oanoXi1+ap*Xi o+ e (19)

with the joint distribution of {a;, as} given by

P(an = a1, 01 =0) = ¢;
Plan = 0,0 = az) = ¢2; (20)
Playnn = 0,00 =0) =1—¢1 — ¢2.

And, {&;} is an i.i.d. Poisson sequence with mean A and a;, a3 € [0, 1).
Model II:

Xi=opn oXi—1+apoXio+eéy, (21)

where the joint distribution of {as1,as} is the same as Equation (20) and {¢;} is an i.i.d. Poisson sequence with

mean A.
Model III:

(22)

X — oot Xe—1+ & wp. o1,
P =
a* Xi—p+e, wp.l—a,

where {¢;} is an i.i.d. Poisson sequence with mean 4 and a € (0, 1).
Table 4 displays the estimates of the parameters based on the CML estimation method provided in Section 3.
We also present the associated AIC, BIC, HQ and RMS in this table. Certainly, we should consider further checks
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Table 3. Mean values and MSE (within parentheses) of estimates for parameters in Samples 1, 2, 3 and 4.

n a [2) ol ) A
a1 =az = 05,¢1 = ¢y = 0251 = 1

CLS
100 0.4662(0.0979) 0.4101(0.0910) 0.2804(0.0986) 0.4033(0.1441) 1.0640(0.0451)
300 0.4493(0.0823) 0.4148(0.0735) 0.2931(0.0796) 0.3499(0.0872) 1.0205(0.0143)
500 0.4183(0.0662) 0.4277(0.0553) 0.3122(0.0604) 0.3151(0.0598) 1.0130(0.0079)
800 0.4259(0.0485) 0.4511(0.0343) 0.3194(0.0562) 0.2780(0.0306) 1.0050(0.0049)
1000 0.4386(0.0482) 0.4504(0.0320) 0.3108(0.0516) 0.2662(0.0235) 1.0144(0.0044)

CML
100 0.3769(0.0486) 0.4398(0.0412) 0.1875(0.0158) 0.2202(0.0148) 0.9822(0.0079)
300 0.3793(0.0304) 0.4061(0.0278) 0.1803(0.0095) 0.1831(0.0098) 0.9590(0.0042)
500 0.4082(0.0178) 0.4153(0.0197) 0.1970(0.0067) 0.1913(0.0075) 0.9648(0.0029)
800 0.4265(0.0115) 0.4375(0.0102) 0.2086(0.0057) 0.2027(0.0047) 0.9701(0.0019)
1000 0.4342(0.0087) 0.4442(0.0084) 0.2104(0.0036) 0.2066(0.0039) 0.9751(0.0014)

a1 =ar = 05,¢1 = ¢y =025, =2

CLS
100 0.4342(0.0866) 0.4432(0.0825) 0.2984(0.0889) 0.3533(0.1137) 2.1118(0.1611)
300 0.4856(0.0615) 0.4381(0.0592) 0.2736(0.0547) 0.3146(0.0698) 2.0291(0.0457)
500 0.4432(0.0440) 0.4849(0.0393) 0.2798(0.0394) 0.2582(0.0337) 2.0318(0.0334)
800 0.4749(0.0282) 0.4807(0.0237) 0.2497(0.0197) 0.2532(0.0181) 2.0177(0.0171)
1000 0.4596(0.0219) 0.4818(0.0180) 0.2672(0.0192) 0.2481(0.0122) 2.0060(0.0157)

CML
100 0.3798(0.0408) 0.3895(0.0396) 0.1775(0.0146) 0.1775(0.0146) 1.9163(0.0182)
300 0.4111(0.0192) 0.4091(0.0205) 0.1957(0.0088) 0.1865(0.0081) 1.9215(0.0104)
500 0.4314(0.0109) 0.4400(0.0107) 0.2074(0.0057) 0.2048(0.0072) 1.9422(0.0063)
800 0.4465(0.0069) 0.4536(0.0060) 0.2112(0.0023) 0.2134(0.0051) 1.9512(0.0042)
1000 0.4469(0.0058) 0.4598(0.0047) 0.2172(0.0021) 0.2147(0.0028) 1.9532(0.0037)

a1 = 06,03 = 0.7, = 04,y = 05,1 = 1

CLS
100 0.4496(0.0706) 0.5182(0.0683) 0.4177(0.0628) 0.4760(0.0545) 1.1380(0.1034)
300 0.4688(0.0297) 0.5625(0.0275) 0.3968(0.0182) 0.5042(0.0158) 1.0488(0.0315)
500 0.4676(0.0255) 0.5785(0.0206) 0.3935(0.0123) 0.5016(0.0104) 1.0391(0.0217)
800 0.4667(0.0229) 0.5878(0.0167) 0.3965(0.0082) 0.4961(0.0066) 1.0254(0.0130)
1000 0.4664(0.0217) 0.5888(0.0157) 0.4017(0.0057) 0.4966(0.0049) 1.0192(0.0093)

CML
100 0.5078(0.0276) 0.6057(0.0321) 0.3214(0.0136) 0.4072(0.0174) 0.9261(0.0197)
300 0.5592(0.0066) 0.6592(0.0078) 0.3577(0.0051) 0.4510(0.0038) 0.9513(0.0071)
500 0.5746(0.0033) 0.6710(0.0039) 0.3734(0.0045) 0.4666(0.0027) 0.9679(0.0038)
800 0.5786(0.0020) 0.6772(0.0027) 0.3761(0.0016) 0.4725(0.0018) 0.9711(0.0029)
1000 0.5826(0.0015) 0.6785(0.0022) 0.3780(0.0011) 0.4744(0.0011) 0.9761(0.0021)

a1 = 06,03 = 07,1 = 04,y = 0.5,/ = 2

CLS
100 0.4632(0.0477) 0.5562(0.0438) 0.4123(0.0483) 0.4706(0.0472) 2.2394(0.3601)
300 0.4714(0.0228) 0.5799(0.0198) 0.3937(0.0140) 0.4863(0.0131) 2.1025(0.1292)
500 0.4683(0.0216) 0.5888(0.0161) 0.3922(0.0101) 0.4916(0.0088) 2.0722(0.0751)
800 0.4697(0.0192) 0.5899(0.0139) 0.3919(0.0053) 0.4946(0.0050) 2.0443(0.0411)
1000 0.4677(0.0190) 0.5930(0.0132) 0.5969(0.0043) 0.4926(0.0040) 2.0293(0.0384)

CML
100 0.5575(0.0125) 0.6487(0.0163) 0.3512(0.0077) 0.4373(0.0076) 1.8883(0.0447)
300 0.5799(0.0034) 0.6770(0.0033) 0.3710(0.0028) 0.4663(0.0018) 1.9335(0.0162)
500 0.5821(0.0020) 0.6819(0.0022) 0.3781(0.0018) 0.4756(0.0016) 1.9457(0.0102)
800 0.5870(0.0010) 0.6862(0.0013) 0.3831(0.0017) 0.4798(0.0009) 1.9531(0.0064)
1000 0.5923(0.0008) 0.6869(0.0010) 0.3851(0.0006) 0.4850(0.0005) 1.9630(0.0049)

on the appropriateness of the model before making any decision as Jung et al. (2006), e.g. regarding the stochastic
properties of the fitted model, or with to properties of the standardized Pearson residuals:

Xt — E(X¢ | Xp—1, Xi—2)

= fort=3,...,T. (23)
t bl bl
VVar(X; | Xe—1, X¢—2)

If the model is correctly specified, then these residuals should have zero mean and unit variance, namely, the dis-
tribution of the residual is apparently closer to the standard normal distribution. Thus, the plots and Q-Q plots of
standardized Pearson residuals based the Models I, IT and III are provided in Figure 6.

Based on the AIC, BIC, HQ and RMS results, one may choose the Model I for this data. On the other hand,
because the mean and variance of the standardized Pearson residuals of Models I, IT and III are (0.0080,1.1009),
(—0.0180,1.2522) and (0.1275,1.2035), respectively, and the Q-Q plots in Figure 6, which show that the distribution
of the standardized Pearson residual of Model I is obviously closer to the standard normal distribution than the
other two models. Thus, one may again choose Model I for this data based on the above analysis.
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Figure 5.
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Figure 6. Q-Q plots of the standardized Pearson residuals on models I-Ill.

Table 4. Maximum-likelihood estimation of parameters, AIC, BIC, HQ and RMS for COVID-19 data on suspected cases in China.
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Parameters Criteria
Model a aq [4%) ¢1 ¢2 A AIC BIC HQ RMS
| 0.6650 0.8228 0.6004 0.3426 0.9728 729.63 732.88 729.28 1.999
Il 0.6018 0.9921 0.6866 0.1320 1.3263 738.61 741.87 738.27 2.073
1] 0.6854 0.5574 0.9471 732.41 735.66 732.07 2.058

6. Summary and conclusion

In this paper, we have introduced a pth-order mixed dependence-driven random coefficient integer-valued autore-
gressive model (Po-MDDRCINAR(p)) with Poisson innovation based on binomial thinning and negative binomial
thinning operators. The practical relevance of the Po-MDDRCINAR(p) model was demonstrated using a COVID-
19 data set of suspected cases in China. Important statistical properties of the Po-MDDRCINAR(p) model were
derived, the strict stationarity and ergodicity properties of the process are established, CLS and CML approaches
for parameter estimation were discussed and their asymptotic properties are derived.
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The simulation results confirm the effectiveness of our methods. Finally, a real data analysis demonstrates that
the Po-MDDRCINAR(p) model performs best on the COVID-19 data set. Our research focuses on the establish-
ment of the nonlinear time series model based on binomial and negative binomial thinning operators, as well
as the parameter estimation problems. In future studies, we plan to investigate the forecasting problem of the
Po-MDDRCINAR(p) model. Moreover, we also plan to take into consideration of the detailed inference for a
pth-order serially dependent mixed dependence-driven random coeflicient integer-valued autoregressive model
(SD-MDDRCINAR(p)), where the mean of the innovations is linearly increased by the population size at time
{t—1,t —2,...,t — p}, to deal with the overdispersed data.
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