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ABSTRACT
This paper investigates the asymptotic properties of the Kaplan–Meier 
and hazard estimators for censored survival time data. We conduct this 
analysis under the assumption of m-widely acceptable (m-WA) depen-
dence, a generalized form of weak correlation. Using the Fuk–Nagaev 
inequality, we establish strong consistency and strong representation 
results for these estimators. Our findings show that the rate of strong 
consistency is near O

(︃√︂
g(n) log n

n

)︃
 and the remainder term in the 

strong representation is of the same order. These results generalize and 
extend existing work for other types of dependent data, such as linearly 
extended negative quadrant-dependent (LENQD) and extended nega-
tive dependent (END) sequences, thereby broadening the theoretical 
foundation for these widely used statistical tools.
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1. Introduction

Survival analysis has emerged as a fundamental statistical methodology for time-to-event 
data across diverse scientific disciplines (Klein & Moeschberger, 2003). The Kaplan–Meier 
(Kaplan & Meier, 1958) and Nelson–Aalen (Aalen, 1978; Nelson, 1969) estimators have 
become cornerstone techniques for nonparametric survival estimation, particularly for right-
censored observations. While classical asymptotic theory typically assumes independent and 
identically distributed data (Fleming & Harrington, 1991), modern applications increas-
ingly reveal complex dependence structures that challenge this foundational assumption 
(Andersen et al., 1993). The theoretical framework for dependent survival data has evolved 
significantly since early work by Liebscher (2002), who established convergence rates under 
strong mixing conditions. Subsequent developments by Q. Y. Wu and Chen (2013) extended 
these results to negatively associated data, while Y. M. Li and Zhou (2020, 2024) advanced the 
theory for widely orthant and extended negatively dependent observations. These contribu-
tions collectively demonstrated the adaptability of survival estimators to various dependence 
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structures (Anevski, 2017). Despite these advances, two critical limitations persist in con-
temporary survival analysis. First, traditional linear expectation operators often fail to cap-
ture the distributional uncertainty prevalent in modern applications (Peng, 2006). Second, 
conventional dependence structures may impose unrealistic constraints on complex real-
world data (Y. Wu et al., 2023). These challenges are particularly evident in clustered clinical 
trials (Shen & Wang, 2016), engineering reliability studies (Nematolahi et al., 2020) and 
longitudinal epidemiological research (Ahmed & Flandre, 2020).

The need for advanced dependence modelling is underscored by specific, high-impact 
application scenarios. For instance, in multicentre oncology trials, patient outcomes (e.g., 
time to progression) within the same medical centre are often positively dependent due to 
shared protocols, clinician expertise or local environmental factors, resulting in clustered, 
censored failure-time data. Similarly, in reliability engineering, the lifetimes of multiple com-
ponents within a single system (e.g., an aircraft engine or a power grid module) are subject 
to common random stress loads, inducing a positive association structure in their failure 
times, which are frequently observed under type-I or type-II censoring. In these and other 
settings, the m-widely acceptable (m-WA) dependence structure provides a flexible and the-
oretically sound framework to capture the complex positive and negative associations that 
simpler models may miss. Developing robust nonparametric estimators under m-WA depen-
dence is therefore not only a theoretical advancement but a practical necessity for accurate 
inference in these fields.

Recent work by Y. Li et al. (2024) has significantly advanced our understanding of the 
Kaplan–Meier and hazard estimators for censored linearly extended negatively quadrant 
dependent (LENQD) data. Building upon these foundations, the present work considers 
the more general framework of m-widely acceptable (m-WA) dependence. It is important 
to emphasize the hierarchical relationship between these structures: the LENQD class is a 
specific subset of the m-WA class. This framework is particularly robust as it encompasses 
negatively associated (NA) and extended negatively dependent (END) random variables as 
special cases. While LENQD requires a global linear dominating coefficient to bound joint 
probabilities, the m-WA structure allows for a more flexible partitioning of the sequence into 
m blocks, each satisfying widely acceptable properties. Consequently, our results provide a 
unified theoretical framework that not only encompasses the recent findings for LENQD data 
but also extends applicability to systems with shifting or non-linear dependence structures.

The Kaplan–Meier estimator and the hazard rate estimator are fundamental tools in sur-
vival analysis, particularly for handling censored data. While much of the literature focuses 
on independent or weakly dependent data, there is growing interest in extending these results 
to more general dependence structures.

We have n independent and identically distributed (i.i.d.) survival times, X1, . . . ,Xn, 
which represent the time until an event occurs. These times come from a continuous prob-
ability distribution with an unknown distribution function 0(x) = P(Xi ≤ x) and 0(0) =

0. Additionally, we have n i.i.d. censoring times, Y1, . . . ,Yn, which also follow their own 
unknown continuous distribution function G(y) = P(Yi ≤ y), with G(0) = 0.

A fundamental assumption is that the survival times {Xi} and censoring times {Yi} are 
independent of each other. So given the observed data (Ui, δ),

Ui = Xi ∧ Yi and δi = I(Xi ≤ Yi), (1)

where a ∧ b signifies the minimum and I(B) is the indicator of event B.
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In survival analysis, the count of uncensored events up to time u is given by 
Nn(u) =

∑︁n
i=1 I(Ui ≤ u, δi = 1) =

∑︁n
i=1 I(Xi ≤ u ∧ Yi), where Ui = min(Xi,Yi) repre-

sents observed times, Xi event times, Yi censoring times and δi event indicators. The at-risk 
population at time u includes all uncensored or censored observations still under study: 
Mn(u) =

∑︁n
i=1 I(Ui ≥ u). The Kaplan–Meier estimator (Kaplan & Meier, 1958) for the 

cumulative distribution function 0(x) is constructed as ˆ︁0n(x) = 1 −
∏︁

v≤x(1 −
dNn(v)
Mn(v) ), with 

dNn(v) = Nn(v) − Nn(v−) capturing event jumps at time s. When 0(x) admits a density 
f (x), the hazard rate λ(x) is defined as λ(x) =

d
dx [− log0(x)] =

f (x)
0(x)

, where survival func-
tion is represented by 0(x), which is defined as 1 − 0(x), characterizing the instantaneous 
event risk conditional on survival up to time x.

The distribution function K(u) and its empirical counterpart Kn(u) for the observed times 
{Ui} are

K(u) = 1 − 0(u)G(u) = 1 − [1 − 0(u)][1 − G(u)], K(u) = 1 − K(u), (2)

Kn(u) =
1
n

n∑︂
i=1

I(Ui < u) = 1 −
Mn(u)

n
, Kn(u) = 1 − Kn(u). (3)

The cumulative hazard function, denoted as ϒ(x), has an estimated version called the 
Nelson–Aalen estimator, ˆ︁ϒn(x):

ϒ(x) = − log0(x) =

∫︂ x

0

d0(u)
0(u)

=

∫︂ x

0

d0∗(u)
K(u)

, (4)

ˆ︁ϒn(x) =

∫︂ x

0

dNn(u)
Mn(u)

=

∫︂ x

0

d0∗n(u)
Kn(u)

, (5)

where F∗(u) and its empirical version F∗n(u) are defined as

0∗(u) = P(U1 ≤ u, δ1 = 1) =

∫︂
∞

0
F(u ∧ y) dG(y) =

∫︂ u

0
G(y) d0(y), (6)

0∗n(u) =
1
n

n∑︂
i=1

I(Ui ≤ u, δi = 1) =
Nn(u)
n

. (7)

As Nn(u) is a step function that increases by δ(k) at each ordered failure time U(k), the esti-
mators can be expressed in a summation form. Specifically, ˆ︁ϒn(x) is calculated as the sum 
of I(U(k) ≤ x, δ(k) = 1) divided by (n − k + 1) for k from 1 to n. Similarly, ˆ︁Fn(x) is deter-
mined by 1 minus the product of (1 −

δ(k)
n−k+1 ) raised to the power of I(U(k) ≤ x, δ(k) = 1)

for i from 1 to n, where δ(k) is the censoring indicator for the kth ordered observation U(k). 
This paper’s main achievement is establishing strong consistency and strong representation 
results for both the Kaplan–Meier estimator and the hazard rate estimator under conditions 
of m-WA dependence.

For this, we use the Fuk–Nagaev inequality, which is particularly well-suited to deal with 
sums of dependent random variables with complex structures. In this context, we assume 
that the underlying distribution functions are continuous, ensuring there are no ties in the 
observed data (i.e., all Ui are distinct with probability one).
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2. Preliminary foundations

This section outlines fundamental definitions and preliminary lemmas that serve as the basis 
for proving the main results.

Definition 2.1 (Y. Wu et al., 2023): Let (�,H,ˆ︁E) be a sublinear expectation space. A 
sequence {Xk}k≥1 of random variables is called widely acceptable (WA) if there exists a positive 
nondecreasing sequence {g(n)}n≥1 of dominating coefficients satisfying

∞∑︂
n=1

g(n)
n

< ∞,

and such that for every n ≥ 1, any nonnegative constants {ank}1≤k≤n, and any family 
{φk} ⊂ Cb,Lip(R) of uniformly monotone (i.e., either all nondecreasing or all nonincreasing) 
bounded Lipschitz functions,

ˆ︁E[︄exp(︄ n∑︂
k=1

ankφk(Xk)

)︄]︄
≤ g(n)

n∏︂
k=1

ˆ︁E [︁exp(︁ankφk(Xk)
)︁]︁
.

Definition 2.2 (Y. Wu et al., 2023): For a given fixed integer m ≥ 1, a sequence of random 
variables {Xk}k≥1 is termed m-widely acceptable (m-WA) if it satisfies the following criterion: 
for every integer k ≥ 2, and for any set of indices n1, . . . , nk where the minimum absolute 
difference between any two distinct indices is at least m (i.e., minj̸=l |nj − nl| ≥ m), the subset 
of random variables {Xn1 , . . . ,Xnk} constitutes a widely acceptable (WA) family.

Remark 2.1: It is clear that m-WA random variables are a more general category than WA 
random variables. By definition, the subsequences

{X1,X1+m,X1+2m, . . .}, {X2,X2+m,X2+2m, . . .}, . . . , {Xm,X2m,X3m, . . .}

are WA. When m = 1, m-WA reduces to WA. Since the class of m-WA random variables 
generalizes several dependence concepts including negatively dependent (ND), extended 
negatively dependent (END), widely negative orthant dependent (WOD), m-END and m-
WOD, research on their probability limit theories holds considerable importance and broad 
relevance.

Lemma 2.3 (Y. Wu et al., 2023): Consider a sequence {Xk}k≥1 of m-dependent Widely Accept-
able (m-WA) random variables defined on a sublinear expectation space (�,H,ˆ︁E), character-
ized by the dominating coefficients {g(n)}n≥1 (satisfying 

∑︁
∞

n=1 g(n)/n < ∞). If {ϕk(·), k ≥

1} ⊂ Cb,Lip(R) is a sequence of functions that are either all nondecreasing or all nonincreas-
ing, then the transformed sequence {ϕk(Xk), k ≥ 1} remains m-WA with the same dominating 
coefficients {g(n)}n≥1.

Lemma 2.4 (Y. Wu et al., 2023): Consider a sequence {Xk}k≥1 of m-widely acceptable (m-
WA) random variables in the sublinear expectation space (�,H,ˆ︁E), where ˆ︁E[Xk] ≤ 0 for all 
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k ≥ 1. Then, for any threshold x>0 and parameter d>0, the tail probability obeys the following 
bound:

V

(︄ n∑︂
k=1

Xk > x

)︄
≤ mV

(︃
max
1≤k≤n

Xk >
d
m

)︃

+ mg(n) exp
(︃
x
d

−
x
d
ln
(︃
1 +

xd/m
2
∑︁n

k=1ˆ︁E|Xk|2

)︃)︃
.

Lemma 2.5: For a fixed integer m ≥ 1, if two sequences of m-WA random variables, {Xi}i≥1
and {Yi}i≥1, are independent within the sublinear expectation space (�,H,ˆ︁E), then their 
combined sequence {Zk}k≥1 (where each Zk is drawn from either an Xi or a Yj) also possesses 
the m-WA property.

 Proof: Let {Zk}k≥1 be the combined sequence formed by interleaving the sequences {Xi}i≥1
and {Yj}j≥1. To establish that {Zk}k≥1 is m-widely acceptable (m-WA), we must demonstrate 
that for any arbitrarily chosen subset {Zn1 , . . . ,Znk} whose indices satisfy the minimum spac-
ing condition minp̸=q |np − nq| ≥ m, this subset itself satisfies the widely acceptable (WA) 
condition.

We proceed by analysing two distinct cases based on the composition of the selected 
subset.

Case 1: Homogeneous Subset. If all random variables {Zni}ki=1 within the chosen subset 
originate exclusively from one of the parent sequences (i.e., either all from {Xi} or all from 
{Yj}), then the inherent m-WA property of the original sequences directly applies. Conse-
quently, there exists a dominating coefficient, denoted as g1(k) (or g2(k) if from {Yj}), such 
that the WA inequality is satisfied:

ˆ︁E[︄exp(︄ k∑︂
i=1

aiφi(Zni)

)︄]︄
≤ g1(k)

k∏︂
i=1

ˆ︁E[exp(aiφi(Zni))].

Case 2: Mixed Subset. This case addresses subsets {Zni}ki=1 that contain elements drawn 
from both the {Xi} and {Yj} sequences. Let I = {i : Znioriginated from {Xi}} and J = {j :
Znjoriginated from {Yj}} be the respective sets of indices. Due to the minp̸=q |np − nq| ≥

m spacing condition imposed on the combined sequence, it inherently follows that the 
sub-collections {Xi}i∈I and {Yj}j∈J also maintain this minimum spacing within their indices.

Crucially, leveraging the m-WA property for each individual sequence and the indepen-
dence between the {Xi} and {Yj} sequences, we can factorize the sublinear expectation of the 
exponential sum:

ˆ︁E[︄exp(︄ k∑︂
i=1

aiφi(Zni)

)︄]︄
= ˆ︁E[︄exp(︄∑︂

i∈I

aiφi(Xi)

)︄]︄ˆ︁E
⎡⎣exp

⎛⎝∑︂
j∈J

ajφj(Yj)

⎞⎠⎤⎦ .

By then applying the WA condition to each factored term, the above equation satisfies

≤ g1(|I|)g2(|J|)
∏︂
i∈I

ˆ︁E[exp(aiφi(Xi))]
∏︂
j∈J

ˆ︁E[exp(ajφj(Yj))].
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This expression can be further bounded to satisfy the general WA condition for the combined 
sequence:

≤ g(k)
k∏︂

i=1

ˆ︁E[exp(aiφi(Zni))].

Here, g(k) serves as the new dominating coefficient for the combined sequence, defined 
as g(k) = max{g1(|I|)g2(|J|) : |I| + |J| = k}, where the maximum is taken over all possible 
partitions of the k elements into subsets I and J.

In both cases, the WA condition holds for all sufficiently spaced subsets of {Zk}, proving 
the m-WA property is preserved. ■

Lemma 2.6: Let {Xn}n≥1 be a sequence of m-WA random variables in the sublinear expecta-
tion space (�,H,ˆ︁E), sharing common dominating coefficients {g(n)}n≥1. We assume g(n) is 
a positive sequence such that 

∑︁
∞

n=1 g(n)/n < ∞. Assume the distribution function 0(x) =ˆ︁E[I(Xn ≤ x)] has a density f (x) that is both bounded and bounded away from zero over 
the support of Xn, i.e., there exist constants C ≥ c > 0 such that c ≤ f (x) ≤ C. Defining the 
empirical process 0n(x) = n−1∑︁n

i=1 I(Xi ≤ x) and the scaling factor τn as

τn =

√︃
g(n) log n

n
,

we establish the uniform convergence:

sup
x

|0n(x) − 0(x)| = O(τn) quasi-surely.

 Proof: For n ≥ 3, choose points {xn,k}n−1
k=1 such that

0(xn,k) =
k
n
.

Since c ≤ f (x) ≤ C, the Mean Value Theorem yields

1
nC

≤ xn,k+1 − xn,k ≤
1
nc

.

Hence,

max
1≤k≤n−2

|xn,k+1 − xn,k| = O
(︃
1
n

)︃
.

For any x ∈ R, let k satisfy xn,k ≤ x < xn,k+1. Then

0n(x) − 0(x) ≤ 0n(xn,k+1) − 0(xn,k)

=
[︁
0n(xn,k+1) − 0(xn,k+1)

]︁
+
[︁
0(xn,k+1) − 0(xn,k)

]︁
.

Because |0(xn,k+1) − 0(xn,k)| ≤ C|xn,k+1 − xn,k| = O(1/n), we obtain 0n(x) − 0(x) ≤

maxk |0n(xn,k) − 0(xn,k)| + O( 1n ), and the same bound holds from below. Consequently,

sup
x

|0n(x) − 0(x)| ≤ max
1≤k≤n−1

|0n(xn,k) − 0(xn,k)| + O
(︃
1
n

)︃
. (8)
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Fix k and define ξj,k = I(Xj ≤ xn,k) − E[I(Xj ≤ xn,k)]. Then |ξj,k| ≤ 2, E[ξj,k] ≤ 0, and ∑︁n
j=1 E[|ξj,k|2] ≤ n.
Applying Lemma 2.4 (exponential inequality for m-WA sums) with Sn =

∑︁n
j=1 ξj,k, x =

εnτn, d = 2mετn, where ε > 0 is arbitrary, we obtain for large n

V (Sn > εnτn) ≤ mg(n) exp
(︃

−
ε2 log n

2

)︃
= mg(n) n−ε2/2. (9)

The same bound holds for V(−Sn > εnτn) by symmetry.
We obtain the union bound over all grid points from (9),

V
(︃
max
k

|0n(xn,k) − 0(xn,k)| > ετn

)︃
≤

n−1∑︂
k=1

V
(︂
|S(k)
n | > εnτn

)︂
≤ 2n · mg(n) n−ε2/2

= 2mg(n) n1−ε2/2, (10)

where S(k)
n =

∑︁n
j=1 ξj,k.

Choose ε sufficiently large so that ε2/2 > 1. Then n1−ε2/2
= O(n−δ) for some δ > 0. Since ∑︁

g(n)/n < ∞, we have 
∑︁

∞

n=1 g(n) n
1−ε2/2 < ∞.

From (8) and the fact that 1/n = o(τn) (because τn =
√︁
g(n) log n/n and g(n) ≥ 1), there 

exists ε′ > ε such that for large n,

V
(︃
sup
x

|0n(x) − 0(x)| > ε′τn

)︃
≤ V

(︃
max
k

|0n(xn,k) − 0(xn,k)| > ετn

)︃
. (11)

Combining (10) and (11) yields 
∑︁

∞

n=1 V(supx |0n(x) − 0(x)| > ε′τn) < ∞.
By the sublinear Borel–Cantelli lemma, supx |0n(x) − 0(x)| ≤ ε′τn quasi-surely for all 

large n, which is precisely supx |0n(x) − 0(x)| = O(τn) quasi-surely. ■

3. Main results

Theorem 3.1: Consider two sequences {Xn}n≥1 and {Yn}n≥1 of m-Widely Acceptable (m-WA) 
random variables in a sublinear expectation space (�,H,ˆ︁E), sharing common dominating coef-

ficients {g(n)}n≥1 (satisfying 
∑︁

∞

n=1 g(n)/n < ∞). Define the rate function τn =

√︂
g(n) log n

n . 
Then, for any threshold parameter τ  satisfying 0 < τ < τK (where τK is a critical bound), the 
following holds:

sup
0≤x≤τ

⃓⃓ˆ︁ϒn(x) − ϒ(x)
⃓⃓
= O(τn) q.s., (12)

sup
0≤x≤τ

⃓⃓ˆ︁0n(x) − 0(x)
⃓⃓
= O(τn) q.s. (13)

 Proof: We first establish that the transformed sequences, specifically the observed times 
{Ui = Xi ∧ Yi} and censoring indicators {δi = I(Xi ≤ Yi)}, retain the m-WA property. This 
follows from Lemma 2.3, as their transformations from (Xi,Yi) are coordinate-wise mono-
tonic, and Lemma 2.5 further guarantees that their union is m-WA with the same dominating 
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coefficients {g(n)}. Consequently, applying Lemma 2.6 to these m-WA sequences, {I(Ui ≤

x, δi = 1)} and {I(Ui ≥ x)}, we obtain the uniform convergence rates:

sup
x≥0

|ˆ︁0∗
n(x) − 0∗(x)| = O(τn) q.s. and sup

x≥0
|ˆ︁Kn(x) − K(x)| = O(τn) q.s.,

where 0∗(x) = E[I(Ui ≤ x, δi = 1)] and K(x) = E[I(Ui ≥ x)]. To analyse the total error ˆ︁ϒn(x) − ϒ(x), we establish a structural algebraic decomposition by adding and subtracting 
the term 

∫︁ x
0
ˆ︁K−1
n d0∗. This identity isolates the error of the counting process from the error 

in the at-risk weights:

ˆ︁ϒn(x) − ϒ(x) =

∫︂ x

0

1ˆ︁Kn
dˆ︁0∗

n −

∫︂ x

0

1
K
d0∗

=

(︃∫︂ x

0

1ˆ︁Kn
dˆ︁0∗

n −

∫︂ x

0

1ˆ︁Kn
d0∗

)︃
+

(︃∫︂ x

0

1ˆ︁Kn
d0∗

−

∫︂ x

0

1
K
d0∗

)︃
.

By the linearity of the integral, this simplifies to

ˆ︁ϒn(x) − ϒ(x) =

∫︂ x

0

1ˆ︁Kn
d(ˆ︁0∗

n − 0∗) +

∫︂ x

0

(︃
1ˆ︁Kn

−
1
K

)︃
d0∗.

Bounding the first term involves integration by parts and the uniform convergence of ˆ︁0∗
n . 

Given that infxˆ︁Kn(x) ≥ c/2 > 0 almost surely for large n, we have⃓⃓⃓⃓∫︂ x

0

1ˆ︁Kn
d(ˆ︁0∗

n − 0∗)

⃓⃓⃓⃓
≤

supx |ˆ︁0∗
n(x) − 0∗(x)|

infxˆ︁Kn(x)
= O(τn) q.s.

For the second term, we utilize the condition infxˆ︁Kn(x) ≥ c/2 > 0 and the mean value 
theorem to bound the difference in reciprocals. The integral is dominated by the supremum 
of the at-risk process deviation:⃓⃓⃓⃓∫︂ x

0

K(x) −ˆ︁Kn(x)ˆ︁Kn(x)K(x)
d0∗(x)

⃓⃓⃓⃓
≤

supx |ˆ︁Kn(x) − K(x)|
c2/2

= O(τn) q.s.

Thus sup0≤x≤τ |ˆ︁ϒn(x) − ϒ(x)| = O(τn) q.s. The convergence of the Kaplan–Meier estima-
tor ˆ︁0n(x) follows from its product-limit representation:

ˆ︁0n(x) − 0(x) = e−ϒ(x)(ˆ︁ϒn(x) − ϒ(x)) + Rn(x).

The remainder Rn(x) satisfies |Rn(x)| ≤
∑︁

δiI(Ui ≤ x)/(nˆ︁Kn(Ui))
2

= O(n−1) q.s., by the 
tail bounds for m-WA sums in Lemma 2.4. Since τn dominates n−1, we conclude 
sup0≤x≤τ |ˆ︁0n(x) − 0(x)| = O(τn) q.s. ■

Theorem 3.2: Under Theorem 3.1 assumptions, we obtain the quasi-sure (q.s.) decompositions:

ˆ︁ϒn(x) − ϒ(x) = −
1
n

n∑︂
i=1

η(Ui, δi, x) + R1n(x), (14)

ˆ︁0n(x) − 0(x) = −F(x)

(︄
1
n

n∑︂
i=1

η(Ui, δi, x)

)︄
+ R2n(x), (15)
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where for j=1, 2, the remainders satisfy sup0≤x≤τ |Rjn(x)| = O(τn) q.s. The influence function 
η takes the form

η(u, δ, x) = g̃(u ∧ x) −
I(u ≤ x, δ = 1)

K(u)

with g̃(x) =
∫︁ x
0

dF∗(u)
K2

(u)
 representing the integrated inverse censoring probability.

 Proof: We begin by examining the difference between the estimated and true cumula-
tive hazard functions, ˆ︁ϒn(x) − ϒ(x). We can express this difference through the following 
decomposition, a common approach in analysing such estimators:

ˆ︁ϒn(x) − ϒ(x) =

(︃∫︂ x

0

d0∗n(u)
Kn(u)

−

∫︂ x

0

d0∗(u)
K(u)

)︃
.

This expression can be further decomposed into three distinct terms for analytical conve-
nience:(︄∫︂ x

0

d0∗n(u)
K(u)

−

∫︂ x

0

Kn(u)

K2
(u)

d0∗(u)

)︄
+

∫︂ x

0

(︃
1

Kn(u)
−

1
K(u)

)︃
d(0∗n(u) − 0∗(u))

+

∫︂ x

0

(Kn(u) − K(u))2

K2
(u)Kn(u)

d0∗(u) = A1(x) + A2(x) + A3(x). (16)

For the term A1(x), we note that F∗n(t) =
1
n6n

i=1I(Ui ≤ t, δi = 1). We can rewrite A1(x) in 
terms of η(t, δ, x) as

A1(x) =
1
n

n∑︂
i=1

I(Ui ≤ x, δi = 1)
K(Ui)

−
1
n

n∑︂
i=1

g̃(x ∧ Ui) = −
1
n

n∑︂
i=1

η(Ui, δi, x). (17)

Thus A1(x) represents the leading-order component, which is a sum of centred, m-WA 
random variables.

Next, we analyse the second term, A2(x), expressed as

A2(x) =

∫︂ x

0

(︃
1ˆ︁Kn(u)

−
1

K(u)

)︃
d(0∗n(u) − 0∗(u)).

We bound this integral by employing a standard discretization technique. We divide the inter-
val [0, τ ] into kn subintervals [xj, xj+1] such that the variation of ϒ(x) over each subinterval 
is O(τn). This choice implies that kn = O(τ−1

n ). By utilizing the uniform convergence results 
from Theorem 1 (which relies on Lemma 2.4 for empirical processes) and properties of Kn(u)
and F∗n(t), we can bound A2(x) by

A2(x) ≤ c max
1≤i≤kn

sup
y∈[xi,xi+1]

⃓⃓⃓⃓
1

Kn(y)
−

1
Kn(xi)

−
1

K(y)
+

1
K(xi)

⃓⃓⃓⃓
+ c max

1≤i≤kn
|0∗n(xi+1) − 0∗n(xi) − 0∗(xi+1) + 0∗(xi)| + O(τ 2n ).

We denote these parts as A21 and A22, respectively:

A21 + A22 + O(τ 2n ). (18)



10  I. CHEBBAB

From Theorem 1, we know that supx |Kn(x) − K(x)| = O(τn) q.s., which implies that for 
sufficiently large n, Kn(t) is bounded away from zero on [0, τ ] quasi-surely.

To handle A21, we further subdivide each interval [xi, xi+1] into bn smaller subinter-
vals [xij, xi(j+1)], chosen such that the true survival probability K(t) varies by at most 
O(τ

3/2
n ) within each subinterval. This particular choice leads to bn = O(τ

−1/2
n ). Leveraging 

Theorem 1 (uniform convergence of Kn(y) to K(y)) and the empirical process property that 
|Kn(y) − Kn(xij)| ≤ 1/n for y ∈ [xij, xi(j+1)], we are able to bound A21 in terms of sums of 
centred indicator functions:

A21 ≤ max
1≤i≤kn

max
1≤j≤bn

⃓⃓⃓⃓
⃓1n

n∑︂
k=1

(ηik + ζijk)

⃓⃓⃓⃓
⃓+ O(τ

3/2
n ), (19)

where ηik = I(Uk ≥ xi) −ˆ︁E[I(Uk ≥ xi)] and ζijk = I(Uk ≥ xij) −ˆ︁E[I(Uk ≥ xij)]. These are 
centred indicator functions. Given that these sequences are m-WA, we apply Lemma 2.4 (a 
Fuk–Nagaev-type inequality) to the sum 

∑︁n
k=1(ηik + ζijk). The detailed application of this 

provides a bound on the capacity of the sum, which in turn implies the desired convergence 
rate. For appropriate choices of parameters and τn (e.g., related to log n/n), we can show that

V

(︄
max
1≤i≤kn

max
1≤j≤bn

⃓⃓⃓⃓
⃓1n

n∑︂
k=1

(ηik + ζijk)

⃓⃓⃓⃓
⃓ ≥ Cτn

)︄
≤ C′n−cfor c > 1.

This capacity bound, together with the generalized Borel–Cantelli lemma for capacities, 
implies the quasi-sure convergence:

A21 = O(τn), q.s. (20)

Next, considering A22, which involves differences of the empirical sub-distribution functions, 
similar arguments based on Theorem 1 (uniform convergence of 0∗n) yield

A22 = O(τn). (21)

Combining (18), (20), and (21), we conclude

A2(x) = O(τn), q.s. (22)

Finally, we consider A3(x):

A3(x) =

∫︂ x

0

(Kn(u) − K(u))2

K2
(u)Kn(u)

d0∗(u).

From Theorem 1, we know that sup0≤t≤τ |Kn(u) − K(u)| = O(τn) q.s. Since K(u) is 
bounded away from zero on [0, τ ] (by definition of τL) and Kn(u) also converges uniformly 
to K(u) (and thus is bounded away from zero q.s. for large n), the denominator K2

(u)Kn(u)
is bounded below by a positive constant. Therefore, we can conclude that the term involving 
a squared difference is a higher-order remainder:

A3(x) = O(τ 2n ), q.s. (23)
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By combining the results for A1(x) in (17), A2(x) in (22) and A3(x) in (23) into the initial 
decomposition (16), we obtain the expansion for the Nelson–Aalen estimator:

ˆ︁ϒn(x) − ϒ(x) = −
1
n

n∑︂
i=1

η(Ui, δi, x) + O(τn) q.s.

This result establishes Equation (13) of Theorem 2, where R1n(x) comprises the higher-order 
terms A2(x) + A3(x), which sum up to O(τn) q.s. (since O(τn) + O(τ 2n ) = O(τn)).

We then extend this result to the Kaplan–Meier estimator. The relationship between 
the Kaplan–Meier estimator and the Nelson–Aalen estimator can be expressed through a 
functional Taylor expansion:

ˆ︁0n(x) − 0(x) = −0(x)(ˆ︁ϒn(x) − ϒ(x)) + R′
2n(x),

where R′
2n(x) is a higher-order remainder term, typically O(τ 2n ) or O(n−1). Substituting the 

expansion for ˆ︁ϒn(x) − ϒ(x) from Equation (10) into this relation, we get

ˆ︁0n(x) − 0(x) = −0(x)

(︄
−
1
n

n∑︂
i=1

η(Ui, δi, x) + R1n(x)

)︄
+ R′

2n(x) (24)

= −0(x)

(︄
1
n

n∑︂
i=1

η(Ui, δi, x)

)︄
− 0(x)R1n(x) + R′

2n(x). (25)

By grouping the remainder terms, we define R2n(x) = −0(x)R1n(x) + R′
2n(x). Since 

R1n(x) = O(τn) q.s. (as now established) and R′
2n(x) is at least O(τ 2n ) q.s., we conclude that 

R2n(x) = O(τn) quasi-surely. ■
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