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ABSTRACT
Instrumental variable (IV) methods are widely used to address unmea-
sured confoundings in structural equation models. In this paper, we
focus on the settings where a possibly large number of instruments
and a weak correlation between the instruments and the endogenous
variable exist. Specifically, we propose a novel two-stage least squares
(2SLS) model averaging approach to estimate the coefficient of an
endogenous variable. Differing fromexisting literature, ourmodel aver-
aging estimation allows multiple exogenous variables to be included
in both stages simultaneously. Theoretically, we study the consistency
and asymptotic distributions of the estimated weights and the pro-
posed model averaging estimator. Importantly, we discover that the
proposed model averaging estimator produces an asymptotic bias
when theendogenous variable andexogenous variables are correlated.
Then, we construct a debiased estimator and establish its consistency
and asymptotic normality to make statistical inference. Furthermore,
we present an equivalent interpretation of the debiased estimator from
another construction. Finally, numerical simulations and a real data
analysis are conducted to illustrate our proposal.
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1. Introduction

Structural equation model (SEM) generally adopts instrumental variable (IV) strategy to
address the issue of unmeasured confoundings in observational studies (Duncan, 1975;
Kline, 1998). A qualified IV has three key features: (i) relevance: the IVmust be correlated to
the endogenous variable; (ii) exogeneity: the IV is independent of the unmeasured confound-
ings involved in the error term conditional on the covariates; and (iii) exclusion restriction
(ER): the IV has an effect on the response variable only through its effect on the endogenous
variable (Angrist et al., 1996). In reality, it is possible that the relevance feature is violated,
which is known as the weak instrumental variable problem. The problem often occurs in
situations where a large number of instruments are selected within a model, while most are
weakly correlated with the endogenous variable. In the sense of being weakly correlated with
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the endogenous variables, the use of an IV estimator can lead to large inconsistencies, even
further from the true value than OLS estimators in finite samples (Bound et al., 1995; Nelson
& Startz, 1990).

Under the setting where p ≤ n, the existence of weak instruments causes misleading
results in causal inference (Stock et al., 2002). Asymptotic theories and statistical inference
are discussed under the assumption of weak IVs (Bekker, 1994; C. Hansen et al., 2008).
For high-dimensional data analysis where p>n, the regularization-based methods are quite
appealing to researchers. For instance, when instruments are high-dimensional, Okui (2011)
develops the shrinkage two-stage least squares (2SLS) and shrinkage limited information
maximum likelihood (LIML) methods to select a subset of instruments. Belloni et al. (2012)
suggest applying lasso to the first stage of the 2SLS method to select optimal instru-
ments. Various penalties are adopted to achieve variable selection (Fan & Zhong, 2018;
Kang et al., 2016). It is known that regularized methods select a single optimal model as
the final model and the resulting model may have a great change when data are slightly
permutated.

Model averaging serves as an important alternative to model selection and has manymer-
its. For example, it can reduce the risk of selecting a single misspecified model by combining
multiple working models and it is less sensitive to disturbed datasets. Model averaging has
been successfully extended to various models, such as parametric models (Ando & Li, 2017;
Feng et al., 2022; B. E. Hansen, 2007; Liu, 2015; Zhang & Liu, 2023; Zhang et al., 2014), non-
parametricmodels (J. Chen et al., 2023; C. Li et al., 2018; Zhu et al., 2023), and semiparametric
models (J. Chen et al., 2018; Fang et al., 2022; J. Li et al., 2022, 2018; Zhang & Wang, 2019;
Zhu et al., 2019). In recent years, model averaging methods are also applied to causal studies
(Canay, 2010; Kuersteiner & Okui, 2010). For instance, Martins and Gabriel (2014) propose
a smoothing procedure to apply empirical weights to IV selection. B. E. Hansen (2017) pro-
poses a Stein-like 2SLS estimator, whose asymptotic distribution and asymptotic risk are
also discussed. More recently, Seng and Li (2022) introduce the model averaging into SEM
to solve endogenous problems, where the optimal weights are determined in the sense of
minimizing an empirical least squares function, and the consistency of the weights and the
asymptotic normality of the model averaging estimator are established. J. Chen et al. (2023)
further extend the method of Seng and Li (2022) to nonparametric instrumental variable
models. This paper aims to extend the method of Seng and Li (2022) in the presence of the
exogenous variables.

By omitting exogenous variables that are wrongly treated as unmeasured confoundings in
the error term, one may get biased estimation for the coefficients of endogenous variables,
whichmight lead to amisleading conclusion. Kok et al. (2021) indicate that in empirical stud-
ies of behavioural psychology and sentiment analysis, the exogenous variables have an effect
on the endogenous variables, and the bias arises from including irrelevant exogenous vari-
ables in latent constructs. They propose sparse extended redundancy analysis (SERA) with
exclusive LASSO regularization to address this bias in practical settings. A limitation of their
proposed method is that the SERA method they propose is not robust when the model is
misspecified. More details about the role that the exogenous variables play in both models of
SEM can be found in B. E. Hansen (2022). It is worth noting that Kuersteiner andOkui (2010)
have investigated the model averaging for IV models by taking into account exogenous vari-
ables; however, they require the summation of weights to one, i.e.,

∑M
i=1 wi = 1, where wi

is the weight assigned to the ith submodel. In this paper, we impose no constraint on the
weights and ourweights are chosen byminimizing the empirical squared loss function, which
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is also different from Kuersteiner and Okui (2010). Moreover, when exogenous variables are
included in both stages of the 2SLS method, it is not clear whether the theoretical results of
Seng and Li (2022) can still apply.

To track the problem, we propose a two-stage least squares model averaging method for
IVmodels to take into account exogenous variables in both stages. The main contribution of
this paper is as follows. Firstly, we theoretically establish the asymptotic properties of the esti-
mated weights and the proposed model averaging estimator, including the consistency and
asymptotic distributions. Compared to the results of Seng and Li (2022), we find that the pro-
posed model averaging estimator has a non-ignorable asymptotic bias when the exogenous
variables and the endogenous variable are correlated and the sum of weights is not equal to
one. Secondly, in order to correct the bias term, we propose a debiased version of the model
averaging estimator. The consistency and asymptotic normality of the debiased model aver-
aging estimator are accordingly derived under regularity conditions. Thirdly, we provide an
intuitive interpretation of the debiased estimator from another perspective of the construc-
tion of the estimator. Last, we construct a consistent estimator of the variance of the error
term in the SEM based on the proposed model averaging method. Numerical results further
empirically show that the theories of the proposed method are valid.

The rest of the paper is organized as follows. We introduce the model averaging method-
ology in Section 2 and provide some theoretical results in Section 3. In Section 4, we present
a debiased estimator and its another interpretation, and give the estimation of the variance of
the error term in the SEM. Section 5 gives extensive simulation results. A real-world data set
is analysed in Section 6. Concluding remarks are given in Section 7. All the proofs of results
are relegated in the Appendices.

2. Methodology

2.1. Model setup

In this subsection, we consider the standard SEM as follows:

Y = βeXe + β�
o Xo + ε, (1)

where Y is the response variable, Xe is the endogenous variable whose regression coefficient
βe is of major interest, Xo includes p observed covariates with regression coefficients βo, and
ε is a disturbance with mean zero and variance σ 2, which may involve unmeasured con-
founders correlated withXe. A consistent estimator of βe can be obtained by traditional 2SLS
method under the qualified IV conditions. In this paper, we allows that some of the IVs may
be weakly correlated with the endogenous variableXe. Additionally, we assume that there are
some exogenous variables Xo correlated with Y.

Let XI = (XI1, . . . ,XIq)
� denote the vector of q observed instrumental variables, inde-

pendent of ε. Assume that Xe and XI satisfy the reduced form equation:

Xe = α�
I XI + α�

o Xo + e, (2)

where αI is the vector of the coefficients for XI , αo measures the effect of Xo on Xe, and e is
an error term with mean zero and finite variance.

Without loss of generality, suppose that all the observable variables (Y ,Xe,Xo,XI)

involved are centred and obey Equations (1) and (2). We assume that the data
set {(Yi,Xe,i,Xo,i,XI,i)}ni=1 consists of n independent copies of (Y ,Xe,Xo,XI). To ease
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our presentation, denote Y = (Y1, . . . ,Yn)
� ∈ R

n, Xe = (Xe,1, . . . ,Xe,n)
� ∈ R

n, X o =
(Xo,1, . . . ,Xo,n)

� ∈ R
n×p, X I = (XI,1, . . . ,XI,n)

� ∈ R
n×q, which is a matrix for instru-

ments, and β = (βe,β�
o )� ∈ R

1+p, which is a vector of regression coefficients for (Xe,Xo)

in Equation (1). Our main interest lies in estimating the coefficient βe of the endogenous
variable Xe.

2.2. 2SLS estimator

In this section, we briefly review the commonly used two-stage least squares (2SLS) method
(e.g., B. E. Hansen, 2022) to estimate βe in Equation (1). LetZ = (XI ,Xo) be an n × (q + p)
matrix, and denote its projection matrix by PZ = Z(Z�Z)−1Z�. In the first stage of 2SLS,
we perform a least squares regression of Xe on Z in Equation (2). Thus, a least squares esti-
mator of Xe can be obtained as X̂e = PZXe. In the second stage of 2SLS, we use the resulting
estimator X̂e to substitute Xe in Equation (1), and again perform a least squares regression
of Y on X̂e and X o to get an estimator of β . This is known as the 2SLS method. The result-
ing 2SLS estimator of β can be formulated as β̂2SLS = [(X̂e,X o)

�(X̂e,X o)]−1(X̂e,X o)
�Y =

[X�PZX ]−1X�PZY , where X = (Xe,Xo) is an n × (1 + p) matrix.
Let P1 = X o(X�

o X o)
−1X�

o be a projection matrix, and define Z I = (In − P1)X I .
Clearly, PZP1 = P1 and Z I is X I projected orthogonal to X o. Then, by an application of
the Frisch–CWaugh–CLovell (FWL) theorem (B. E. Hansen, 2022, Theorem 3.5), one can
obtain the 2SLS estimator of βe as

β̂e,2SLS =
[
X̂�
e (In − P1)X̂e

]−1
X̂�
e (In − P1)Y . (3)

SinceX o andZ I are orthogonal, we could getPZ = P1 + P2, whereP2 = Z I(Z�
I Z I)

−1Z�
I .

Therefore, we also have

β̂e,2SLS = (X�
e P2Xe)

−1X�
e P2Y = [X�

e Z I(Z�
I Z I)

−1Z�
I Xe]−1X�

e Z I(Z�
I Z I)

−1Z�
I Y .

When the linear reduced form Model (2) is correctly specified, under some regularity con-
ditions, it can be shown that β̂e,2SLS enjoys the consistency and asymptotic normality (see
Lemma A.1 in Appendix 2).

2.3. 2SLS-basedmodel averaging estimator

It is worth noting that in the above 2SLS method, the reduced form Equation (2) should
be correctly specified. Otherwise, the 2SLS estimator of βe may not be consistent. However,
this equation is unlikely to hold in reality due to the possible complex nonlinear relation-
ship between Xe and XI . Furthermore, the observed IVs could be incomplete, which also
causes Equation (2) inaccurate. Indeed, it is often difficult to specify a correct reduced
form equation. When some observed IVs (i.e., XI) are available, we may consider a model
averaging method to quantify the uncertainty from XI through combining a set of approx-
imate working models. In this subsection, we develop a novel 2SLS-based model averaging
approach to obtain an estimated value ofXe and an estimator of βe accordingly. Our idea is as
follows. As in B. E. Hansen (2007) and Seng and Li (2022), we firstly consider a least squares
model averaging method in the first stage of 2SLS, and then estimate βe using the weighted
averaging predicted value of Xe in the second stage.
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Specifically, in the first stage, we construct M candidate working submodels, where each
candidate assumes a linear reduced form consisting of a distinct subset of the q IVs. To be
more specific, form = 1, . . . ,M, we letX(m)

I = (X(m)
I1 , . . . ,X(m)

Itm )� andX(m)
Ii ∈ {XI1, . . . ,XIq},

where X(m)
Ii �= X(m)

Ij with i �= j. Note that X(m)
I involves tm IVs with tm ≤ q. In the mth sub-

model withm = 1, . . . ,M, we useXe as the response variable,X
(m)
I andXo as the explanatory

variables to fit a linear regression model. In other words, the mth submodel Mm has the
following form

Xe = (α
(m)
I )�X(m)

I + (α(m)
o )�Xo + e(m), (4)

where α
(m)
I = (α

(m)
I1 , . . . ,α(m)

Itm )� is a vector of coefficients ofX(m)
I , α(m)

o = (α
(m)
o1 , . . . ,α(m)

op )�

is a vector of coefficients of Xo and e(m) corresponds to the approximation error term.
Write Z(m) = ((X(m)

I )�,X�
o )�, a (tm + p)-vector. Thus, the reduced form (4) can be writ-

ten as Xe = (η(m))�Z(m) + e(m), where the parameter vector η(m) = ((α
(m)
I )�, (α(m)

o )�)�
is defined as the minimizer of h(̃η) = E(Xe − η̃�Z(m))2, where η̃ is a (tm + p)-vector. For
m,m′ = 1, . . . ,M, we denote

�mm′ = E(Z(m)(Z(m′))�), vm = E
(
Z(m)Xe

)
, dm = E

(
Z(m)X�

o

)
,

where �mm′ ∈ R
(tm+p)×(tm′+p), vm ∈ R

(tm+p) and dm ∈ R
(tm+p)×p. Then, η(m) = �−1

mmvm.
As a result, the least squares estimator of η(m) is given by η̂(m) = ((Z(m))�Z(m))−1

(Z(m))�)Xe, where Z(m) = (Z(m)
1 , . . . ,Z(m)

n )� ∈ R
n×(tm+p). Accordingly, the predicted

value of Xe in the mth submodel is obtained as X̂em = (̂η(m))�Z(m) at new covariates Z(m).
In matrix notation, at all observations of Z(m), we can use themth fitted submodel to obtain
the fitted values of Xe as

X̂em � (X̂em,1, . . . , X̂em,n)
� = Z(m)((Z(m))�Z(m))−1(Z(m))�Xe, m = 1, . . . ,M.

To combine the results from all candidate models, we may consider the weighted average
of {̂Xem,m = 1, . . . ,M} as the final estimator of Xe, that is, X̂e(w) = ∑M

m=1 wmX̂em, where
wm is the weight assigned to the mth submodel. In order to determine the optimal weights
for a model averaging estimator of Xe, we consider f (w) = E(Xe − ∑M

m=1 wm(η(m))�Z(m))2

as the risk function, where w = (w1, . . . ,wM)� is the weight vector. We define the optimal
weight vector as w0 = (w01, . . . ,w0M)� = argmin

w
f (w). It can be shown that

w0 = �−1u,

where u = (v�
m�−1

mmvm) ∈ R
M×1 and � = (v�

m�−1
mm�mm′�−1

m′m′vm′) ∈ R
M×M . For the M

prepared submodels, a natural idea is to optimize w0 by minimizing the empirical squared
loss function Q(w) = ‖Xe − ∑M

m=1 wmX̂em‖2. It seems that solving this optimization may
cause overfitting due to the repeated use of samples. Ideally, if another independent and iden-
tically distributed data set is available, we could estimate X̂em based on this independent data
set to avoid overfitting. However, we usually do not have an additional data set, independent
of the original data, in real-world problems. To handle this issue, we do not minimize Q(w)

to obtain ŵ. Instead, from the relationship w0 = �−1u, we can obtain a plug-in estimator of
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w0 using the plug-in estimators of u and � as

ŵ = �̂
−1û = (X̃�

e HH�X̃ e)
−1X̃�

e HXe, (5)

where X̃ e = Xe ⊗ IM is an Mn × M matrix, IM is an M × M identity matrix, H =
(H1, . . . ,HM)� is anMn × nmatrix, andHm = Z(m)((Z(m))�Z(m))−1(Z(m))� is an n × n
idempotent matrix. We will establish the consistency and asymptotic normality of ŵ in
Theorem 3.1. With the optimal weightsw0 and estimated optimal weights ŵ in Equation (5),
we can obtain the model averaging estimator for Xe, respectively, as X̂e(w0) = H�X̃ e�

−1u
and X̂e(ŵ) = H�X̃ e(X̃

�
e HH�X̃ e)

−1X̃�
e HXe.

Next, in the second stage of 2SLS, we first replace Xe in the SEM (1) with X̂e(ŵ), and
then perform a least squares regression of Y on the model averaging estimator X̂e(ŵ) and
Xo. Hence, we can get a model averaging estimator of βe, denoted as β̂e,MA(ŵ). By a simple
calculation, we have

β̂e,MA(ŵ) = [
X̂e(ŵ)�(In − P1)X̂e(ŵ)

]−1 [
X̂e(ŵ)�(In − P1)Y

]
=

[
X�
e H

�X̃ e

(
X̃�

e HH�X̃ e

)−1
X̃�

e H(In − P1)H�X̃ e

(
X̃�

e HH�X̃ e

)−1
X̃�

e HXe

]−1

× X�
e H

�X̃ e

(
X̃�

e HH�X̃ e

)−1
X̃�

e H(In − P1)Y ,

where P1 = X o(X�
o X o)

−1X�
o is a projection matrix. We will investigate the asymptotic

properties for β̂e,MA(ŵ) in the next section.

3. Theoretical properties

3.1. Basic assumptions

In order to derive the theoretical properties of the estimated weight vector ŵ and the model
averaging estimator β̂e,MA(ŵ), we need the conditions listed below. We use

p−→ to denote

convergence in probability and d−→ to denote convergence in law.

(i) XI and Xo are random vectors with zero mean.
(ii) αI �= 0, which requires XI to be correlated with Xe conditional on e.
(iii) The error term ε has mean zero and variance σ 2 and is uncorrelated with XI and Xo.

The error term e has mean zero.
(iv) For each i = 1, . . . , n,E‖Xe,iXo,i‖ < ∞,E‖Xo,iX�

o,i‖ < ∞,E‖Xe,iXI,i‖<∞,E‖XI,iX�
I,i‖

< ∞ and E‖XI,iX�
o,i‖ < ∞. Denote Moo = E(XoX�

o ) and MII = E(XIX�
I ). Assume

that the rank ofMoo is p and the rank ofMII is q.
(iv’) For each i = 1, . . . , n, E‖Xe,iXo,i‖ < ∞, E‖Xo,iX�

o,i‖ < ∞, E‖Xe,iX
(m)
I,i ‖ < ∞, E‖X(m)

I,i
(X(m)

I,i )�‖ < ∞ and E‖X(m)
I,i X�

o,i‖ < ∞.
(v) For each i = 1, . . . , n, E‖ϕi‖2 < ∞, E|ϕ̃i|2 < ∞ and E‖φi‖2 < ∞where ϕi, ϕ̃i and φi

are denoted in Appendix 1.

Assumptions (i)–(iii) are standard assumptions, which are mild. Assumption (i) holds by
centralizing variables. Assumptions (ii) and (iii) are requirements on IVs. Assumptions (iv)
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and (v) are indeed some moments assumptions on IVs, endogenous variable, and exoge-
nous variables. Assumption (iv) is used for the derivations of the consistency of the 2SLS
estimator in Section 2.2. Similar to Assumption (iv), Assumption (iv’) is imposed for the
proposedmodel averaging estimator. Assumption (v) is assumed to derive the limiting distri-
bution of the estimated optimal weight vector and the proposedmodel averaging estimator in
Section 2.3. Under Assumption (iv’), we have n−1X�

e Z(m) p−→ v�
m, n−1(Z(m))�Z(m′) p−→

�mm′ and n−1(Z(m))�X o
p−→ dm by the law of large numbers. Similar assumptions are also

made in Corbae et al. (2006), Hong (2020) and Seng and Li (2022).
We verify the standard validity conditions for instrumental variables through Assump-

tions (ii), (iii), and (iv). In particular, Assumption (ii) ensures the instrument relevance
condition (αI �= 0), while Assumption (iii) guarantees instrument exogeneity. Moment con-
ditions in (iv) and (iv’) further ensure finite variance and identification. The assumed corre-
lations between the endogenous and exogenous variables are addressed in Assumptions (iv)
and (iv’), which allows for general correlations between endogenous and exogenous variables
through finite moment conditions, note that it could be zero as discussed in Remark 4.1.

3.2. Asymptotic properties

With the previous assumption conditions, we can provide some theoretical results to justify
the 2SLS estimator in Section 2.2 and the model averaging estimator in Section 2.3, respec-
tively. The consistency and asymptotic normality of the 2SLS estimator and the derivations
are in the Appendices.

The second result is about the large sample property of the estimator of the weight vector
involved in the model averaging estimator.

Theorem 3.1: Under Assumptions (i)–(iii), (iv’) and (v), as n → ∞, we have (i) (Consis-

tency) ŵ
p−→ w0, and (ii) (Asymptotic Normality)

√
n(ŵ − w0)

d−→ N(0,	), where 	 =
cov(ϕi,ϕi) and ϕi = �−1(ξ i − γ iw0) are defined in Appendix 1.

Remark 3.1: FromTheorem3.1, we know that ŵ is consistent with the trueweight vectorw0,
and has a normal limiting distribution with mean zero and variance 	. With this result, we
canmake statistical inferences onw0 such as constructing a 95%-level confidence interval for
w0. Note that this result is similar to those in the literature of the weights with no constraint
imposed (J. Chen et al., 2018; Seng&Li, 2022), but is distinct from the results with theweights
constrained in a simplex space (Fang et al., 2022; Zhang & Zhang, 2023).

The third result is associated with the asymptotic theory of the resulting model averaging
estimator, β̂e,MA(ŵ), stated in Section 2.3.

Theorem 3.2: Under Assumptions (i)–(iii), (iv’) and (v), as n → ∞, we have (i)

β̂e,MA(ŵ) = βe + bias + op(1), (6)

where bias = aw�
0 1M(w�

0 1M−1)
w�
0 �w0−a(w�

0 1M)2
βe, a = M�

oeM−1
oo Moe = E(XeX�

o )[E(XoX�
o )]−1E(XoXe), and

(ii)
√
n(β̂e,MA(ŵ) − βe − bias) d−→ N

(
0, cov(ϕ̃i, ϕ̃i)s−2

3
)
, (7)

where ϕ̃i and s3 are given in Appendix 1.
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Remark 3.2: In Theorem 3.2, Part (i) reveals that the proposed model averaging esti-
mator of βe produces a bias, which can not be negligible in the asymptotic sense if
bias �= 0. However, this bias term can vanish in two special cases as follows. (a) In the
case where the exogenous variables Xo and the endogenous variable Xe are uncorre-
lated, that is, E(Xo,iXe,i) = 0 (i.e., Moe = 0), we have a = 0 and, accordingly, bias = 0
and ζi = 0, which implies ϕ̃i = w�

0 φi. Hence, in this case, it can be derived that
cov(ϕ̃i, ϕ̃i)s−2

3 = w�
0 �w0σ

2(w�
0 �w0)

−2 = (u��−1u)−1σ 2. Thus, from Part (ii), we can

obtain
√
n(β̂e,MA(ŵ) − βe)

d−→ N(0, (u��−1u)−1σ 2) when E(Xo,iXe,i) = 0. This result
coincides with the result obtained in Seng and Li (2022). (b) It is interesting to see that
in the case where w�

0 1M = 1, we can also get bias = 0, indicating the asymptotic bias of
our proposed estimator is eliminated when the optimal weights sum to one. In another
word, under the constraint of the weights summation to one, the proposed model averag-
ing estimator β̂e,MA(ŵ) converges in probability to the true value βe. Meanwhile, in this
case, its asymptotic variance can be simplified as cov(ϕ̃i, ϕ̃i)s−2

3 with s3 = w�
0 �w0 − a and

ϕ̃i = aβe1�
M�−1ξ i − aβe1�

M�−1γ iw0 + w�
0 φi. Moreover, we notice that if neither Case (a)

nor Case (b) occurs, the bias term generally can not be cancelled. Hence, if using Part (ii) of
Theorem 3.2 to further make statistical inference on βe, we have to estimate the bias term.
However, because the bias contains the unknown coefficient βe, it is often difficult to estimate
the bias directly. In the next section, we introduce an approach to adjust the bias term.

4. Asymptotic consistent estimation

4.1. Debiased estimator

As indicated in Theorem 3.2 in the previous section, the proposed estimator β̂e,MA(ŵ)

generally yields a non-ignorable bias, bias = cbiasβe, where cbias = aw�
0 1M(w�

0 1M−1)
w�
0 �w0−a(w�

0 1M)2
is the

coefficient of βe in the bias term. Since the bias term involves the unknown parameter βe,
we cannot directly construct an estimator of bias although the sample estimator of cbias can
be easily obtained as ĉbias = âŵ�1M(ŵ�1M−1)

ŵ��̂ŵ−â(ŵ�1M)2
, where â is a plug-in estimator using sample

moments to replace the expectations in the expression. If one substitutes the biased estimator
β̂e,MA(ŵ) into bias, the resulting estimator of bias still inherits a non-ignorable bias.

Fortunately, according to Theorem 3.2, we know that β̂e,MA(ŵ) = (1 + cbias)βe + op(1).
This relationship indicates that we can estimate βe immediately based on the estimator
β̂e,MA(ŵ) and the estimator of cbias. Thus, we propose the following debiased estimator
of βe,

β̂(debias)
e (ŵ) = (1 + ĉbias)−1β̂e,MA(ŵ), (8)

where ŵ is given in Equation (5). The consistency and asymptotic normality of this debiased
estimator β̂

(debias)
e (ŵ) are established below.

Theorem 4.1: Under Assumptions (i)–(iii), (iv’) and (v), as n → ∞, we have (i) (Consis-

tency) β̂(debias)
e (ŵ) = βe + op(1), and (ii) (Asymptotic Normality)

√
n(β̂(debias)

e (ŵ) − βe)
d−→

N(0, ν), where ν = w�
0 (� − d1�

M − 1Md� + a1M1�
M)w0σ

2/(w�
0 �w0 − aw�

0 1M)2, inwhich
the definition of d is given in Appendix 1.
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Remark 4.1: In the special case where E(Xo,iXe,i) = 0 (i.e., Moe = 0), we have a = 0 and
d = 0. This results in the asymptotic variance ν = (w�

0 �w0)
−1σ 2 = (u��−1u)−1σ 2. Thus,

when E(Xo,iXe,i) = 0, the above result is the same as that in Seng and Li (2022).

Remark 4.2: This theorem reveals that the debiased estimator is consistent. Thus, we use
β̂

(debias)
e (ŵ) as the final estimator of βe, which is illustrated in both our simulation and real

data analysis. According to the asymptotic normality in this theorem, one can construct the
confidence interval of βe. To this end, we only need to consistently estimate the asymptotic
variance ν. This can be achieved by substituting u,� , a and d with their moment estimators,
and σ 2 with σ̂ 2

MA illustrated later in Remark 4.4 in Section 4.2. Concretely, the estimator

of ν is formulated as ν̂ = ŵ�(�̂ − d̂1�
M − 1Md̂

� + â1M1�
M)ŵσ̂ 2

MA/[ŵ�(�̂ŵ − â1M)]2. The
95% confidence interval ofβe can be constructed as [β̂

(debias)
e (ŵ) − 1.96

√
ν̂/n, β̂(debias)

e (ŵ) +
1.96

√
ν̂/n].

4.2. Another interpretation

In this subsection, we present an alternative construction procedure that provides a more
intuitive interpretation of the debiased model averaging estimator β̂

(debias)
e (ŵ) proposed in

Section 4.1. To proceed, in terms of Equation (3) in Section 2.2 and using the facts that
P1PZ = P1 and PZP1 = P1, we obtain

β̂e,2SLS = [X̂�
e (In − P1)Xe]−1X̂�

e (In − P1)Y . (9)

On the basis of Equation (9), a natural idea is to utilize some model averaging estimator of
Xe as a surrogate of X̂e in order to form a model averaging estimator of βe. For this purpose,
following the previous arguments in Section 2.3, one can use the model averaging estimator
X̂e(ŵ) of Xe to replace the term X̂e in Equation (9). As a result, another model averaging
estimator of βe can be formulated as

β̃e,MA(ŵ) = [X̂e(ŵ)�(In − P1)Xe]−1X̂e(ŵ)�(In − P1)Y , (10)

where the estimated weight vector ŵ is given in (5).
The following theorem gives the equivalence relationship between β̃e,MA(ŵ) in (10) and

β̂
(debias)
e (ŵ) in (8).

Theorem 4.2: It follows that β̃e,MA(ŵ) = β̂
(debias)
e (ŵ).

Remark 4.3: This theorem indicates that the twomodel averaging estimators, β̃e,MA(ŵ) and
β̂

(debias)
e (ŵ), are exactly in the same form, but they are constructed in two different ways. This

result together with Theorem 4.1 implies that β̃e,MA(ŵ) is also a consistent estimator of βe

and has the same asymptotic distribution as that of β̂(debias)
e (ŵ). That is, under the conditions

of Theorem 4.1, β̃e,MA(ŵ) = βe + op(1) and
√
n(β̃e,MA(ŵ) − βe)

d−→ N(0, ν).

Remark 4.4: As stated previously, the estimated variance ν̂ involves an estimator of σ 2, σ̂ 2
MA,

which is detailed as follows. Similar to the construction of β̃e,MA(ŵ), we can also obtain
a consistent model averaging estimator of β = (βe,β�

o )�. To be specific, denote X̂ (ŵ) =
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(X̂e(ŵ),X o), an n × (1 + p) matrix. Then, the model averaging estimator of β can be con-
structed as β̃MA(ŵ) � (X̂ (ŵ)�X )−1X̂ (ŵ)�Y . Hence, with this, we can obtain an estimator
of σ 2 as σ̂ 2

MA = 1
n−p−1‖Y − X β̃MA(ŵ)‖2, which is adopted in the subsequent simulations

and real data analysis. The following result gives the theoretical justification for β and σ̂ 2
MA.

Theorem4.3: Suppose that E‖φ̃i‖2 < ∞, where φ̃i is given inAppendix 1. UnderAssumptions
(i)–(iii) and (iv’), we have

(i) (Consistency) β̃MA(ŵ) = β + op(1);

(ii) (Asymptotic Normality)
√
n[β̃MA(ŵ) − β] d−→ N(0,�−1

1 �2(�
�
1 )−1σ 2), where �1

and �2 are given in Appendix 1;
(iii) (Consistency of σ̂ 2

MA) Furthermore, we have σ̂ 2
MA = σ 2 + op(1).

5. Simulation

5.1. Simulation examples

In this section, we conduct some simulation studies to illustrate the validity and efficiency
of our proposed model averaging methods. To be specific, we consider six simulation exam-
ples with different settings of parameters (p, q, σ 2, τ 2). In Examples 1–5 below, the response
variable Y is generated from Model (1), where ε ∼ N(0, σ 2). The endogenous variable Xe
is generated based on Model (2), where e ∼ N(0, τ 2). In Example 6, we generate Y from
Model (1) except that the component Xo5 is replaced with eXo5 . This example allows non-
linear exogenous variables to be contained in the model, and thus the linear IV models
used as candidates are all misspecified. In all examples, the components of αI in Model (2),
{αIj}qj=1, are independent and generated from the same uniformdistribution,U(0, b), namely,
αIj ∼iid U(0, b) for j = 1, . . . , q, where the value of bmay be distinct in different examples. In
the generation of αIj, we allow the correlation between XI and Xe to be weak when b is small.
For the coefficients ofXo inModel (2), we simulateαoj ∼iid U(−c, c) for j = 1, . . . , pwith dis-
tinct values of c in various examples. The coefficients of Xo = (Xo1, . . . ,Xop)

� in Model (1),
{βoj}pj=1, are sampled with replacement from the set {−5,−4,−3,−2,−1, 1, 2, 3, 4, 5}. We
generate the instrumental variable XI ∼ N(0,
) and the exogenous variable Xo ∼ N(0,�).

• Example 1 Set q = 10, p = 5, σ 2 = 3.25, τ 2 = 5.69, cov(Xe, ε) = 3, βe = −1, b = 3.5,
c = 5, ρo = 0 and ρcs = 0, 0.2, 0.5.

• Example 2 Same as Example 1 except that ρ = 0.2 and ρo = 0.2, 0.5.
• Example 3 Set q = 450 with 45 coefficients of the IVs being non-zero. p = 20, σ 2 = 5,

τ 2 = 2, cov(Xe, ε) = −2, βe = 1, b = 2.3, c = 4, ρo = 0 and ρcs = 0.
• Example 4 Set q = 450 with 45 coefficients of the IVs being non-zero. p = 20, σ 2 = 5,

τ 2 = 5.14, cov(Xe, ε) = −3.4, βe = 1, b = 2.5, c = 5, ρo = 0 and ρcs = 0.3, 0.5.
• Example 5 Same as Example 4 except that ρcs = 0.2 and ρo = 0.2, 0.5.
• Example 6 Same as Example 1 except that two of the instrument variables and one of the

exogenous variables are nonlinear. Specifically, we replace XI4 with sin(XI4), XI5 with X2
I5

and Xo5 with eXo5 in Model (2). Also we replace Xo5 with eXo5 in Model (1).

Let 
 = (ρij)
q
i,j=1. In Examples 1, 3, 4, 5 and 6, we set ρij = 1 if i = j and ρij = ρcs if

i �= j for some −1 < ρcs < 1. In Examples 2, we set ρij = 1 if i = j and ρij = ρji, sampled



STATISTICAL THEORY AND RELATED FIELDS 11

uniformly within the interval (0, ρ), where the value of ρ can change in different examples.
We use make.positive.definite() in R package corpcor to ensure the generated
matrix
 to be a covariance matrix. In Examples 1–6, the diagonal entries of� are ones, and
all off-diagonal entries are fixed as the same value ρo for −1 ≤ ρo ≤ 1.

Throughout, we set tm = t for convenience, in which way, each submodel under the same
parameter setting includes the same number of IVs. We obtain the optimal (t,M) under
BICM criterion using grid search in a reasonable range. In Examples 1, 2 and 6, we search t
andM in range [2, 10]. In Examples 3–5, we search t in [10, 100] andM in [20, 200]. We find
in our coding process that the simulation results are not sensitive to the choice of t andM in
these ranges. Thus, we set (t,M) = (9, 2) for Examples 1, 2 and 6, and (t,M) = (10, 20) for
Examples 3–5.

5.2. Methods and evaluation criteria

To evaluate the finite-sample performance of our approach, we compare the following six
methods.

• (2SLS): The standard 2SLS method using all q IVs in the first stage of 2SLS.
• (MA(t,M)): The model averaging estimator involving M submodels in the first stage of

2SLS, in which themth submodel includes Xo and different X(m)
I = (X(m)

I1 , . . . ,X(m)
It )� ∈

R
t , with each X(m)

Ii drawn from {XI1, . . . ,XIq} with equal probability and no replacement.
We restrict that {X(m1)

I1 , . . . ,X(m1)
It } �= {X(m2)

I1 , . . . ,X(m2)
It } for m1 �= m2 to ensure that the

subset of IVs involved in each submodel is not exactly the same.
• (MA+(t,M)): ResemblingMA(t,M) except that each X(m)

Ii is drawn from {XI1, . . . ,XIq}with
unequal probability. The sampling probability of XIi is computed proportional to the
absolute value of the Pearson correlation between XIi and Xe.

• (s(t,M)): The model averaging method in Seng and Li (2022) regressing Xe on only the t
IVs X(m)

I = (X(m)
I1 , . . . ,X(m)

It )� ∈ R
t in Stage one of every submodel.

• (s+(t,M)): Resembling s(t,M) except that each X(m)
Ii is drawn from {XI1, . . . ,XIq} with

unequal probability. The sampling probability of XIi is computed similarly to that in
MA+(t,M).

• (pLasso): Applying Lasso to all IVs and the exogenous variables in Stage one as a variable
selection method, regressing Y on X̂e,Lasso and the exogenous variables selected in the
previous stage.

• (pEL0.5): Resembling Lasso except that applying elastic net withmixing parameter a = 0.5
to Stage one.

• (Naive): Standard OLS method regressing the response variable Y on the endogenous Xe
directly.

Denote the 2SLS estimator of βe by β̂e,2SLS and the Lasso estimator of βe by β̂e,Lasso.
Similarly, denote the least squares estimator of Xe in the first stage of 2SLS method by
X̂e,2SLS, the Lasso estimator of Xe in the first stage of 2SLS method by X̂e,Lasso, and the
least squares estimators of βo in the second stage are β̂o,2SLS and β̂o,Lasso respectively. Note
that X o,Lasso are the exogenous variables selected in the first stage, and pLasso is the num-
ber of the exogenous variables selected. In our simulations, σ 2 is estimated by σ̂ 2

2SLS =
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1
n−p−1‖Y − X̂e,2SLSβ̂e,2SLS − X oβ̂o,2SLS‖2 for 2SLS method, and by σ̂ 2

Lasso = 1
n−pLasso−1‖Y −

X̂e,Lassoβ̂e,Lasso − X o,Lassoβ̂o,Lasso‖2 for Lasso method.
We utilize the evaluation criteria including bias, standard deviation (SD), standard error

(SE), coverage probability (CP) of the βe estimators and the average execution time of 500
independent simulation processes for the first stage of 2SLS in seconds (T ). All results are
based on 500 independent simulations.

5.3. Simulation results and analysis

Tables 1–6 present the simulation results of Examples 1–6. Specifically, note that the results of

Table 1. Results for Example 1 (with ρcs = 0, 0.2, 0.5).

ρcs n 2SLS MA(t,M) MA+(t,M) s(t,M) s+(t,M) pLasso pEL0.5 Naive

0 200 Bias 0.0033 0.0033 0.0033 0.0483 0.0474 0.0034 0.0035 0.0675
SD 0.0207 0.021 0.0208 0.0709 0.071 0.0214 0.0214 0.0266
SE 0.0197 0.0236 0.0204 0.0269 0.0243 0.0204 0.0204 0.0186
CP 0.938 0.966 0.944 0.436 0.412 0.936 0.936 0.074
T 0.0034 0.011 0.0195 0.0104 0.0162 0.1339 0.1222 –

400 Bias 0.0028 0.0028 0.0028 0.0234 0.0231 0.0027 0.0026 0.0692
SD 0.0153 0.0153 0.0153 0.0526 0.0514 0.0154 0.0155 0.0249
SE 0.0139 0.0165 0.0142 0.0176 0.0157 0.0141 0.0141 0.0131
CP 0.926 0.956 0.934 0.472 0.444 0.928 0.928 0.002
T 0.0088 0.0186 0.0365 0.0148 0.0344 0.2011 0.2011 –

800 Bias 0.001 0.001 0.0009 0.0102 0.0101 0.001 0.0009 0.0674
SD 0.0107 0.0109 0.0106 0.0391 0.0387 0.0117 0.0118 0.0206
SE 0.0097 0.0115 0.0099 0.012 0.0106 0.01 0.01 0.0092
CP 0.934 0.956 0.936 0.484 0.428 0.932 0.932 0
T 0.009 0.0297 0.0349 0.0178 0.0316 0.2988 0.2933 –

0.2 200 Bias 0.0029 0.0028 0.0028 0.0202 0.0207 0.0029 0.0031 0.0339
SD 0.0143 0.0144 0.0143 0.0519 0.0514 0.0144 0.0146 0.018
SE 0.013 0.0148 0.0138 0.0173 0.0166 0.0135 0.0135 0.013
CP 0.91 0.942 0.934 0.486 0.478 0.912 0.91 0.306
T 0.0073 0.0236 0.0228 0.022 0.0221 0.285 0.2827 –

400 Bias 0.0006 0.0006 0.0006 0.003 0.0033 0.0006 0.0006 0.0334
SD 0.0072 0.0072 0.0072 0.0267 0.0265 0.0072 0.0072 0.0143
SE 0.0065 0.0074 0.0069 0.0078 0.0074 0.0068 0.0068 0.0065
CP 0.938 0.968 0.948 0.474 0.47 0.94 0.94 0.004
T 0.0148 0.0465 0.0428 0.0328 0.0361 0.48 0.4533 –

800 Bias 0.0002 0.0002 0.0002 0.0036 0.0039 0.0002 0.0003 0.0328
SD 0.0069 0.0069 0.007 0.0263 0.0265 0.0072 0.0073 0.0143
SE 0.0065 0.0074 0.0069 0.0078 0.0074 0.0067 0.0067 0.0065
CP 0.924 0.954 0.942 0.484 0.446 0.922 0.922 0.008
T 0.0143 0.0481 0.046 0.0303 0.0352 0.5014 0.5127 –

0.5 200 Bias 0.0004 0.0004 0.0004 0.0085 0.0089 0.0005 0.0004 0.0179
SD 0.0103 0.0102 0.0103 0.0368 0.0367 0.0106 0.0107 0.0122
SE 0.0096 0.0104 0.0101 0.0123 0.0121 0.0102 0.0101 0.0098
CP 0.928 0.948 0.942 0.498 0.496 0.936 0.936 0.562
T 0.0077 0.0235 0.026 0.0197 0.0218 0.2664 0.2827 –

400 Bias 0.0004 0.0004 0.0004 0.0049 0.0052 0.0003 0.0003 0.0185
SD 0.0071 0.0071 0.0071 0.0264 0.0264 0.0075 0.0073 0.0105
SE 0.0068 0.0074 0.0071 0.0082 0.008 0.0071 0.0071 0.0069
CP 0.944 0.962 0.958 0.46 0.44 0.94 0.942 0.286
T 0.0113 0.0346 0.0377 0.0284 0.0275 0.3566 0.3493 –

800 Bias 0 0 0 0.0014 0.0015 0 0 0.0183
SD 0.005 0.005 0.005 0.0178 0.0178 0.0054 0.0054 0.0087
SE 0.0048 0.0052 0.005 0.0055 0.0053 0.005 0.005 0.0049
CP 0.938 0.958 0.95 0.464 0.446 0.942 0.942 0.092
T 0.0204 0.055 0.046 0.0302 0.0359 0.5333 0.5508 –

Note: True value βe = −1.
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Table 2. Results for Example 2 (with ρcs = 0.2, ρo = 0.2, 0.5).

ρo n 2SLS MA(t,M) MA+(t,M) s(t,M) s+(t,M) pLasso pEL0.5 Naive

0.2 200 Bias 0.0028 0.0026 0.0028 0.0266 0.0271 0.0028 0.0028 0.0423
SD 0.0153 0.0154 0.0153 0.0557 0.055 0.0166 0.0166 0.0224
SE 0.0149 0.0171 0.0157 0.0197 0.0186 0.0154 0.0153 0.0147
CP 0.928 0.964 0.942 0.468 0.454 0.928 0.928 0.238
T 0.0101 0.0332 0.0326 0.0415 0.0331 0.3851 0.3837 –

400 Bias 0.0003 0.0003 0.0004 0.0154 0.0155 0.0004 0.0004 0.0448
SD 0.0119 0.0121 0.0119 0.0422 0.042 0.012 0.012 0.0189
SE 0.011 0.0116 0.0116 0.0137 0.0127 0.0112 0.0112 0.0108
CP 0.932 0.944 0.946 0.48 0.45 0.934 0.932 0.044
T 0.0108 0.048 0.0375 0.0249 0.0326 0.4113 0.3667 –

800 Bias 0.0004 0.0004 0.0004 0.0093 0.0092 0.0005 0.0005 0.0431
SD 0.008 0.0081 0.008 0.0287 0.0287 0.0082 0.0082 0.0161
SE 0.0075 0.008 0.0079 0.009 0.0084 0.0077 0.0076 0.0074
CP 0.942 0.952 0.954 0.456 0.424 0.942 0.942 0
T 0.0087 0.0277 0.0237 0.023 0.0226 0.3137 0.3238 –

0.5 200 Bias 0.0025 0.0024 0.0025 0.0256 0.0261 0.0022 0.0021 0.0429
SD 0.0169 0.017 0.0169 0.0573 0.057 0.0186 0.0184 0.0212
SE 0.0152 0.0159 0.0158 0.0203 0.0191 0.0159 0.0157 0.0148
CP 0.93 0.936 0.94 0.508 0.502 0.924 0.926 0.22
T 0.0056 0.0184 0.0227 0.0149 0.0207 0.2157 0.2192 –

400 Bias 0.0009 0.0008 0.0009 0.0143 0.0146 0.0007 0.0009 0.0417
SD 0.0109 0.0111 0.0109 0.0417 0.0412 0.0119 0.0113 0.0176
SE 0.0106 0.0112 0.0111 0.0135 0.0123 0.0111 0.011 0.0104
CP 0.95 0.952 0.956 0.502 0.47 0.946 0.948 0.04
T 0.0065 0.0263 0.0251 0.0132 0.0142 0.2034 0.2123 –

800 Bias 0.0002 0.0003 0.0002 0.0062 0.0066 0.0004 0.0003 0.0431
SD 0.0082 0.0083 0.0082 0.0291 0.0288 0.0085 0.0085 0.0173
SE 0.0076 0.0081 0.008 0.0093 0.0084 0.0078 0.0078 0.0075
CP 0.95 0.956 0.954 0.526 0.45 0.948 0.948 0.002
T 0.0113 0.034 0.0288 0.0339 0.0251 0.3166 0.3284 –

Note: True value βe = −1.

our proposed methods reported in all tables are calculated based on the debiased estimator
β̂

(debias)
e (ŵ) in Section 4.1. Besides, under high-dimensional settings, as in Tables 3–5, 2SLS

methods can not be applied when n = 200 and n = 400 because the number of IVs and
exogenous variables is larger than the sample size in Stage one.

From the tables, we can see that, in terms of bias, the proposed methods MA(t,M) and
MA+(t,M), 2SLS and the variable selection methods generally outperform s(t,M) and s+(t,M)

under the settings of either low-dimensional or sparse high-dimensional IVs. This is rea-
sonable since these models include exogenous variables in two stages. Similarly, under
low-dimensional conditions, the 2SLS estimator and all variable selection methods also
obviously outperform s(t,M) and s+(t,M), especially when the sample size n is smaller. As n
increases, the bias of the naive method hardly changes while the biases of all other methods
generally decrease. When q is greater with sparse settings as in Examples 3–5, our methods
outperform all other methods. The bias of s(t,M) and s+(t,M) is even larger than that of the
naive OLS method, whose bias is generally the largest under low-dimensional conditions.
Another observation from Table 1 is that the biases of all model averaging methods become
smaller as the correlation of IVs gets larger, which is common in realistic problems where the
IVs are usually correlated.

From the results of Example 6, which are obtained under misspecified models, we can see
that the bias of our model averaging methods is slightly larger than that in Example 1 under
the same settings but much smaller than s(t,M), s+(t,M) and the OLS method. It seems that
the variable selection methods are comparable to our methods in this case but take much
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Table 3. Results for Example 3.

n 2SLS MA(t,M) MA+(t,M) s(t,M) s+(t,M) pLasso pEL0.5 Naive

200 Bias – 0.0148 0.0118 0.3478 0.3063 0.0216 0.0221 0.0242
SD – 0.0315 0.0268 0.0764 0.0671 0.0351 0.0361 0.0187
SE – 0.03 0.0261 0.0511 0.0419 0.0363 0.0374 0.0183
CP – 0.902 0.932 0 0 0.878 0.886 0.736
S(XI) – 165 148.878 165 148.878 145.18 152.37 –
T – 0.2419 0.1606 0.1196 0.1377 0.8679 0.6941 –

400 Bias – 0.0066 0.0059 0.3466 0.287 0.017 0.0174 0.0241
SD – 0.0244 0.0185 0.0736 0.0644 0.0176 0.0172 0.0129
SE – 0.023 0.0178 0.045 0.033 0.0161 0.0159 0.0126
CP – 0.936 0.92 0 0 0.76 0.746 0.538
S(XI) – 165 149.37 165 149.37 165.344 177.766 –
T – 0.265 0.2003 0.1349 0.1596 1.0013 0.8527 –

800 Bias 0.0139 0.0048 0.002 0.2882 0.2059 0.0087 0.0093 0.0241
SD 0.0095 0.0154 0.0117 0.0733 0.0529 0.0114 0.0111 0.01
SE 0.0081 0.0162 0.0116 0.0376 0.0236 0.0098 0.0096 0.0088
CP 0.594 0.944 0.952 0 0 0.776 0.764 0.252
S(XI) 450 165 145.098 165 145.098 155.27 169.548 –
T 0.3745 0.4645 0.344 0.2124 0.234 1.9088 1.6307 –

Note: True value βe = 1.

Table 4. Results for Example 4 (with ρcs = 0.3, 0.5).

ρcs n 2SLS MA(t,M) MA+(t,M) s(t,M) s+(t,M) pLasso pEL0.5 Naive

0.3 200 Bias – 0.0003 0.0002 0.0205 0.0219 0.0016 0.0018 0.0031
SD – 0.0055 0.0054 0.027 0.0267 0.0121 0.0119 0.0053
SE – 0.0054 0.0054 0.0188 0.0185 0.0118 0.0118 0.0053
CP – 0.95 0.96 0.702 0.682 0.952 0.952 0.922
S(XI) – 165 162.304 165 162.304 106.092 109.066 –
T – 0.3045 0.3166 0.2227 0.2666 1.3217 1.3475 –

400 Bias – 0.0001 0.0002 0.0116 0.0132 0.001 0.0009 0.0032
SD – 0.0038 0.0038 0.0205 0.0203 0.0065 0.0065 0.0037
SE – 0.0038 0.0037 0.0134 0.0133 0.0059 0.0059 0.0036
CP – 0.932 0.942 0.726 0.702 0.926 0.924 0.842
S(XI) – 165 162.142 165 162.142 110.786 114.16 –
T – 0.2897 0.3083 0.188 0.2062 1.0884 1.0013 –

800 Bias 0.002 0.0001 0.0001 0.0063 0.0073 0.0007 0.0008 0.0034
SD 0.0025 0.0026 0.0026 0.0142 0.0142 0.0037 0.0036 0.0026
SE 0.0024 0.0026 0.0026 0.0095 0.0094 0.003 0.003 0.0025
CP 0.844 0.946 0.948 0.782 0.77 0.902 0.898 0.726
S(XI) 450 165 163.996 165 163.996 139.042 145.198 –
T 0.5978 0.8191 0.5395 0.3335 0.3993 3.3789 3.1002 –

0.5 200 Bias – 0.0001 0.0001 0.0132 0.0137 0.001 0.0011 0.0019
SD – 0.0041 0.0041 0.021 0.0207 0.0115 0.0113 0.004
SE – 0.0042 0.0042 0.0132 0.0132 0.0106 0.0105 0.0042
CP – 0.964 0.964 0.708 0.7 0.948 0.952 0.954
S(XI) – 165 163.146 165 163.146 98.262 101.384 –
T – 0.3311 0.3096 0.2147 0.271 1.3929 1.4136 –

400 Bias – 0.0002 0.0001 0.0078 0.0083 0.0006 0.0007 0.0022
SD – 0.0029 0.0029 0.0144 0.0145 0.0064 0.0065 0.0029
SE – 0.0029 0.0029 0.0091 0.0091 0.0058 0.0058 0.0028
CP – 0.942 0.944 0.722 0.712 0.936 0.932 0.878
S(XI) – 165 161.984 165 161.984 108.812 113.218 –
T – 0.3125 0.2878 0.1956 0.2229 1.1287 1.0981 –

800 Bias 0.0012 0.0001 0.0001 0.0035 0.0038 0.0006 0.0005 0.0021
SD 0.002 0.002 0.002 0.0113 0.0113 0.0027 0.0026 0.002
SE 0.0018 0.002 0.002 0.0064 0.0064 0.0022 0.0022 0.002
CP 0.89 0.946 0.95 0.716 0.722 0.902 0.908 0.84
S(XI) 450 165 161.77 165 161.77 134.948 140.108 –
T 0.6357 0.8214 0.5464 0.359 0.3811 3.4726 3.1713 –

Note: True value βe = 1.
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Table 5. Results for Example 5 (with ρo = 0.2, 0.5).

ρo n 2SLS MA(t,M) MA+(t,M) s(t,M) s+(t,M) pLasso pEL0.5 Naive

0.2 200 Bias – 0.0012 0.0013 0.0342 0.0375 0.0052 0.0053 0.0052
SD – 0.0064 0.0065 0.0315 0.0316 0.0148 0.0151 0.0062
SE – 0.0066 0.0066 0.0237 0.0232 0.0136 0.0137 0.0063
CP – 0.94 0.94 0.638 0.6 0.93 0.928 0.88
S(XI) – 165 160.832 165 160.832 116.474 120.49 –
T – 0.343 0.3049 0.2282 0.271 1.4037 1.3641 –

400 Bias – 0.0006 0.0006 0.0192 0.022 0.0019 0.002 0.0049
SD – 0.0046 0.0047 0.0225 0.0224 0.0075 0.0076 0.0045
SE – 0.0046 0.0046 0.0171 0.0168 0.0067 0.0067 0.0043
CP – 0.944 0.946 0.748 0.696 0.922 0.918 0.802
S(XI) – 165 161.708 165 161.708 117.23 120.366 –
T – 0.2657 0.2732 0.1875 0.2096 1.0936 1.0177 –

800 Bias 0.0027 0.0002 0.0003 0.0105 0.012 0.0011 0.0012 0.0048
SD 0.0031 0.0033 0.0032 0.0175 0.0176 0.0044 0.0044 0.0031
SE 0.0028 0.0032 0.0032 0.0122 0.0119 0.0036 0.0036 0.003
CP 0.806 0.954 0.954 0.786 0.748 0.894 0.892 0.656
S(XI) 450 165 161.81 165 161.81 145.63 152.232 –
T 0.4607 0.6399 0.458 0.2828 0.3235 2.4548 2.1332 –

0.5 200 Bias – 0.0016 0.0016 0.0334 0.0371 0.0048 0.0048 0.0054
SD – 0.0066 0.0066 0.0363 0.036 0.0146 0.0149 0.0063
SE – 0.0066 0.0066 0.0237 0.0231 0.0139 0.014 0.0063
CP – 0.948 0.938 0.674 0.66 0.93 0.93 0.88
S(XI) – 165 160.716 165 160.716 120.69 125.188 –
T – 0.244 0.2273 0.1606 0.1814 0.976 0.9084 –

400 Bias – 0.0006 0.0006 0.0188 0.0216 0.0018 0.0019 0.005
SD – 0.0046 0.0046 0.0289 0.03 0.0074 0.0074 0.0044
SE – 0.0046 0.0046 0.0171 0.0167 0.0069 0.0069 0.0043
CP – 0.95 0.95 0.74 0.696 0.916 0.912 0.8
S(XI) – 165 161.642 165 161.642 118.89 122.322 –
T – 0.2576 0.2534 0.1658 0.1846 1.0992 1.0224 –

800 Bias 0.0028 0.0002 0.0003 0.0096 0.0112 0.0016 0.0017 0.0048
SD 0.0032 0.0033 0.0033 0.0181 0.0184 0.0041 0.0042 0.0033
SE 0.0028 0.0032 0.0032 0.0122 0.012 0.0036 0.0036 0.003
CP 0.796 0.946 0.942 0.78 0.758 0.894 0.884 0.664
S(XI) 450 165 161.868 165 161.868 157.216 165.498 –
T 0.4442 0.6363 0.4453 0.2609 0.3097 2.4621 2.3338 –

Note: True value βe = 1.

longer in computing time. Meanwhile, the bias generally decreases as the sample size n or
the correlation of XI becomes larger. These results indicate the effectiveness and robustness
of our proposed methods.

In terms of the CPs of the 95% confidence interval, the OLS model, s(t,M) and s+(t,M) are
significantly lower than other methods. The proposed methods perform best since the asso-
ciated CPs are closest to the nominal level (95%) among all the comparable methods. Under
low-dimensional settings, the 2SLS method and two variable selection methods perform as
well as ourmethodswhile they unlikely performbetterwhen the number q of IVs gets greater.
In Examples 3–5, the CP of either s(t,M) or s+(t,M) is even lower than the naive OLS method.
In Example 6, despite the fact that the CP has decreased for all methods, our proposedmodel
averaging methods still outperform other methods. The results indicate that our proposed
methods generally performwell in terms of CP, verifying the validity of Theorem 3.2 in finite
samples. Furthermore, Figure 1 showcases that although the points at both ends in each sub-
figure tend to depart from the reference line for all the methods, however, our proposed
methods perform most satisfactorily since their points are closest to the reference line.
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Table 6. Results for Example 6 (with ρcs = 0, 0.2).

ρo n 2SLS MA(t,M) MA+(t,M) s(t,M) s+(t,M) pLasso pEL0.5 Naive

0 200 Bias 0.0039 0.0038 0.004 0.0596 0.0618 0.0046 0.0047 0.0304
SD 0.1048 0.1035 0.1039 0.1379 0.139 0.1056 0.1052 0.4425
SE 0.1082 0.1087 0.1085 0.1065 0.1061 0.1095 0.1091 0.0453
CP 0.89 0.894 0.892 0.772 0.764 0.892 0.89 0.118
T 0.0053 0.0198 0.0339 0.0154 0.0256 0.2209 0.2068 –

400 Bias 0.0023 0.0024 0.0023 0.0361 0.0378 0.0021 0.0021 0.0044
SD 0.0743 0.0732 0.0738 0.0959 0.0955 0.0743 0.0749 0.422
SE 0.0807 0.0559 0.0558 0.0794 0.0793 0.0811 0.081 0.031
CP 0.92 0.892 0.884 0.782 0.772 0.922 0.918 0.06
T 0.0065 0.019 0.042 0.0171 0.0307 0.2161 0.2101 –

800 Bias 0.0024 0.0022 0.0023 0.018 0.0197 0.0025 0.0024 0.0418
SD 0.0492 0.0489 0.0492 0.0694 0.0693 0.0493 0.0494 0.4486
SE 0.0563 0.0424 0.0424 0.0563 0.0562 0.0566 0.0565 0.0223
CP 0.912 0.934 0.93 0.784 0.778 0.912 0.91 0.04
T 0.012 0.0381 0.037 0.0242 0.0318 0.3707 0.4163 –

0.2 200 Bias 0.0022 0.0021 0.0021 0.0083 0.0089 0.0023 0.0022 0.0696
SD 0.0324 0.0322 0.0323 0.0439 0.0439 0.0328 0.0329 0.3181
SE 0.0368 0.0368 0.0369 0.0369 0.037 0.0372 0.0371 0.0192
CP 0.892 0.892 0.894 0.812 0.812 0.89 0.892 0.062
T 0.0113 0.0329 0.0239 0.0232 0.0223 0.3203 0.2984 –

400 Bias 0.0003 0.0004 0.0001 0.0155 0.0166 0.0006 0.0004 0.0352
SD 0.046 0.0456 0.0457 0.064 0.064 0.0471 0.0473 0.3164
SE 0.0541 0.0408 0.0407 0.0538 0.0538 0.0547 0.0547 0.0274
CP 0.91 0.926 0.924 0.816 0.812 0.914 0.912 0.088
T 0.0116 0.0198 0.0257 0.0162 0.0222 0.2351 0.238 –

800 Bias 0.0004 0.0003 0.0003 0.0086 0.0093 0.0003 0.0003 0.0026
SD 0.033 0.0329 0.033 0.0461 0.0463 0.0339 0.0336 0.3165
SE 0.0402 0.0402 0.0403 0.0401 0.0401 0.0405 0.0405 0.0191
CP 0.918 0.92 0.92 0.808 0.806 0.92 0.92 0.07
T 0.0093 0.0319 0.0273 0.0207 0.0208 0.3008 0.302 –

Note: True value βe = −1.

In addition, in terms of the execution time in Stage one, we can see that the execution time
of all model averagemethods is slightly longer than the 2SLSmethod in low-dimensional set-
tings, while the gap gets much wider in high-dimensional settings, see Tables 3–5. Besides,
it is noted that the execution time of the variable selection methods is the longest among
all methods, generally 3 ∼ 10 times longer than our methods. This is reasonable because
variable selection methods usually involve some additional tuning parameters to be deter-
mined using some data-driven methods such as BIC and cross-validation, which burdens
the computation.

In Examples 3–5, the number of IVs used in different methods is shown and com-
pared. The model averaging procedure tends to choose a comparably smaller set of IVs
than the 2SLS method, which shortens the computing time when the sample size gets larger.
Moreover, the model averaging methods generally choose more variables than the variable
selection methods when the exogenous variables or IVs are correlated. Accordingly, instead
of abandoning the IVs with comparably lower marginal correlation with Xe, the model aver-
aging methods tend to attribute non-zero sampling probability to them when constructing
candidate submodels.

To further complement the simulation study, we provide additional results in Appendix 4.
Specifically, Appendix A.1 investigates small-sample scenarios by reducing the sample size
to n = 50 or n = 100 under dense or sparse designs. These results demonstrate that our
proposed methods remain competitive even in small samples. Appendix A.2 conducts a
sensitivity analysis with respect to the correlation between the endogenous and exogenous
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Figure 1. The quantile-quantile (QQ) plots for the different methods using the standard normal as the
comparison distribution for Example 3 with sample size 800.

variables, denoted by ρoe. We vary this correlation level systematically and report the corre-
sponding estimation biases. These additional results further support the robustness of our
proposed estimators.

All codes are uploaded in https://github.com/wenjuns/2sls_code.git.

6. Real data analysis

We apply our proposed model averaging methods to the data set analysed by Belloni
et al. (2012) and Belloni et al. (2014), which is published in the supplementary material on
https://www.tandfonline.com/doi/suppl/10.1080/07350015.2020.1870479?scroll= top. This
data set was used to study the effect of the government’s exercise of eminent domain on home
price, in which case the response variable Y denotes the log of Case-Shiller home price index
depicting the numerical trend of home price. The endogenous variable Xe we are interested
in is the number of pro-plaintiff appellate decisions, which is the number of the court ruling
that a taking was illegal and judging the property in favour of a private owner over the gov-
ernment. Xe reflects the attitude of the court’s towards the government’s seizure of a possible
private owner’s property. If the value of Xe rises, it may indicate that the regime becomes
more protective and supportive of individual property rights. Accordingly, βe stands for the
effect of an additional pro-plaintiff appellate decision supporting the private owner on the
home price index. Referring to historical literature, we consider the exogenous variables, Xo,
including dummy variables such as whether there was any case in that circuit-year, numerical
variables such as the number of appellate decisions, relevant factors including certain features

https://github.com/wenjuns/2sls_code.git
https://www.tandfonline.com/doi/suppl/10.1080/07350015.2020.1870479?scroll=top
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Table 7. Stage one performance of the different methods for the Case–Shiller data.

Method S(XI) F pF R2 Tr
MA(10,12) 83 52.3512 7.6347 × 10−51 0.786 0.0453
MA+(10,12) 76 39.8719 2.809 × 10−43 0.7367 0.0272
s(10,12) 83 17.3996 5.5795 × 10−24 0.5498 0.0117
s+(10,12) 76 15.6873 3.4527 × 10−21 0.5041 0.0101
pLasso 4 34.5186 2.389 × 10−21 0.4355 0.2123
pEL0.5 9 15.2486 3.6955 × 10−18 0.4409 0.1175

Note: S(XI) is the number of uniqueXIi used, F is the F value, pF is the p-value of the F statistic obtained, R2

is the R-squared value and Tr is the execution time for Stage one in seconds.

of federal circuit court judges in a given circuit-year, circuit-relevant features, time-relevant
features, and circuit-relevant time trends.

Although Guo et al. (2018) reject the endogeneity in the study of the causal effect between
pro-plaintiff appellate decisions and home price under DWH test, other researches includ-
ing D. L. Chen and Yeh (2012), Belloni et al. (2012), and Belloni et al. (2014) approve of
the existence of possible endogeneity in this case. Thus, we regard the pro-plaintiff appellate
decisions as the endogenous variable Xe in this study. The selection of IVs is based on the
fact that the judges who deal with these cases are randomly assigned. Thus, the identity and
characteristics of the judges are potential instrumental variables, in that they have influence
on the response variable only through the effect of the endogenous variable Xe. Referring to
past research, we also take the individual demographics of the federal circuit court judges
in a given circuit-year as potential instruments, such as basic identical information includ-
ing gender, race, religion, political affiliation, and other dummy variables including whether
the judge obtained the bachelor’s degree in-state, type of university from which the judge
obtained the bachelor’s degree, and possible interactions are constructed among these fea-
tures (Belloni et al., 2012, 2014). There are a total of 147 variables selected as instruments.
We first compute the Pearson correlations of these potential instruments with the endoge-
nous variable Xe before constructing the instruments set. The result shows that there exist
some very weak instruments, and we keep them to investigate whether ourmethods perform
well under the influence of weak instruments. All 71 exogenous variables are also included
as exogenous variable Xo in Models (1) and (2). The sample size of this data is n = 183. All
variables involved in the model including Y, Xe, XI , and Xo are standardized to have mean
zero and standard deviation one.

We employ all the methods in the simulation study to analyse this data and make a com-
parison. We fix tm = t for convenience such that each submodel has the same number of
IVs. We take (t,M) = (10, 12) in this case study referring to the BICM criterion. We con-
sider M submodels in the first stage of 2SLS, in which the mth submodel includes Xo and
different X(m)

I = (X(m)
I1 , . . . ,X(m)

It )� ∈ R
t , with each X(m)

Ii being sampled from {XI1, . . . ,XIq}
with equal or unequal probability in two model averaging methods, respectively (Table 7).

Since the true value of βe is unknown in reality, we take the results of Belloni et al. (2014),
which proposed a double selection procedure, as the benchmark. We use the method of Bel-
loni et al. (2014) to select only one IV, and the resulting estimate of βe is 0.0648. Table 8
reports the estimates of βe of various methods. In terms of bias, MA+(10,12) produces the
closest result to the benchmark among all comparing methods. Another observation is that
s+(10,12) andmodel selectionmethods tend to obtain relatively larger estimates ofβe than our
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Table 8. Results of estimation for the Case–Shiller data.

Method β̂e SE p-value

MA(10,12) 0.0359 0.0343 0.2959
MA+(10,12) 0.0656 0.0397 0.0982
s(10,12) 0.0538 0.0195 0.0058
s+(10,12) 0.0842 0.0198 2.073 × 10−5

pLasso 0.0922 0.036 0.0104
pEL0.5 0.099 0.0343 0.0039
naive 0.0237 0.0224 0.2918

Note: β̂e is the estimated coefficient for Xe and SE is the estimated standard error of the
estimator.

methods. However, s+(10,12) may overestimate βe without considering the exogenous vari-
ables in Stage one. The model selection methods may remove too many variables in the first
stage referring to the value of S(XI). Furthermore, we also find that all estimates except the
naive and MA(10,12) are significant at the 0.1 level. Overall, MA+(10,12) gives a relatively less
bias and has an advantage in execution time over the model selection methods.

7. Concluding remarks

In this paper, we investigate a two-stage least squaresmodel averagingmethod for the estima-
tion of the coefficient of the endogenous variable in the structural equationmodels. Differing
from the existing work, we allow exogenous variables to be included in both stages. Theo-
retically, we show that the proposed model averaging estimator can produce a bias when
the exogenous variables considered are correlated with the endogenous variable. To make
statistical inference, we then propose a debiased estimator, which is consistent and asymp-
totic normal. Meanwhile, another interpretation of the debiased estimator is provided in
Section 4.2 from a distinct construction perspective of the estimator. Extensive numerical
results are carried out to illustrate our proposal.

In the future work, several issues on the extension of this paper may deserve further
study. First, when the number of IVs is ultrahigh-dimensional, one may develop some IV
screening method to reduce the dimension and then performmodel averaging. For instance,
in a Mendelian randomization study, millions of genetic markers or SNPs can be qual-
ified as IVs. Second, as preparing submodels is an important issue in model averaging,
one may construct submodels based on some sampling criteria. Third, when the endoge-
nous variable is binary, one may consider logistic regression to handle this case. Moreover,
extending this approach to nonlinear or semiparametric IV models would be interesting
as well.

In terms of optimization of weights, while many traditional model averaging methods
impose constraints such as non-negativeweights and a simplex constraint

∑M
i=1 wi = 1, there

also exists a substantial body of literature that does not require such constraints (J. Chen
et al., 2018;D. Li et al., 2015). In our framework, we donot explicitly enforce these constraints.
However, as noted in Remark 3.2, if the weight vector satisfies

∑M
i=1 wi = 1, the bias term

can be eliminated under certain conditions. This observation suggests that imposing such
a constraint may be beneficial in reducing bias, which is left to be explored in our future
research.
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Appendices

Appendix 1. List of notations

Before proving the theoretical results stated in Sections 3 and 4, we list some notations to simplify our
proof. Form,m′ = 1, . . . ,M, i = 1, . . . , n,

ε̃i � [XI,i − X�
I X o(X�

o X o)
−1Xo,i]εi,

v̂m � 1
n
Z(m)�Xe, �̂mm′ � 1

n
Z(m)�Z(m′), �̂

−1
mm �

(
1
n
Z(m)�Z(m)

)−1
,

w0 � �−1u, u �
(
v�
m�−1

mmvm
)

∈ R
M , � �

(
v�
m�−1

mm�mm′�−1
m′m′vm′

)
∈ R

M×M ,

w̃ � �̂
−1

û, û � 1
n
X̃�

e HXe, �̂ � 1
n
X̃�

e HH�X̃ e,

Q � a1M1�
M with a � M�

oeM
−1
oo Moe,

Q̂ � â1M1�
M with â � 1

n
X�
e X o(X�

o X o)
−1X�

o Xe,

ξ i � (ξ1,i, . . . , ξM,i)
�, γ i � (γmm′ ,i)m,m′=1,...,M ∈ R

M×M ,

ζi � 2M�
oeM

−1
oo (Xo,iXe,i − Moe) − M�

oeM
−1
oo (Xo,iX�

o,i − Moo)M−1
oo Moe,

ϕi � �−1(ξ i − γ iw0), 	 � cov(ϕi,ϕi) = �−1cov(ξ i − γ iw0, ξ i − γ iw0)�
−1,

s1 � w�
0 �w0βe − w�

0 1Maβe, s2 �
[
w�
0 �w0 − a(w�

0 1M)2
]
βe,

s3 � w�
0 �w0 − a(w�

0 1M)2, s4 � w�
0 �w0 − w�

0 1Ma,

κi � 2w�
0 (IM×M − a1M1�

M�−1)ξ i + w�
0 (2a1M1�

M�−1 − IM×M)γ iw0 − w�
0 1M1�

Mw0ζi,

φi �
(
φ1,i, . . . ,φM,i

)� , with φm,i = (v�
m�−1

mmZm,i − M�
oeM

−1
oo Xo,i)εi,m = 1, . . . ,M,

ϕ̃i � [(βe + bias)2aw�
0 1M1�

M�−1 − aβe1�
M�−1 − 2biasw�

0 ]ξ i

+ [βea1�
M�−1 − 2aw�

0 1M1�
M�−1(βe + bias) + biasw�

0 ]γ iw0

+ [(βe + bias)(w�
0 1M)2 − βew�

0 1M]ζi + w�
0 φi,

d �
(
v�
1 �−1

11 d1M
−1
oo Moe, . . . , v�

M�−1
MMdMM−1

oo Moe

)�
, with dm � E(Zm,iX�

o ) ∈ R
(tm+p)×p,

cbias � s−1
3 w�

0 Qw0 − aw�
0 1M), ĉbias � ŝ−1

3 (ŵ�Q̂ŵ − âŵ�1M),

bias � cbiasβe,

�1 �
(
u��−1u u��−1ũ
Moe Moo

)
with ũ =

(
v�
m�mmE(Z(m)Xe)

)
M×1

,

φ̃i �
(

gi
Xo,i

)
εi with gi = u��−1

⎛⎜⎝ v�
1 �−1

11 Z1,i
...

v�
M�−1

MMZM,i

⎞⎟⎠ ,

�2 �
(

�2,1 �2,2
��

2,2 �2,3

)
with �2,1 = u��−1u,�2,2 = u��−1(v�

m�−1
mmdm)M×p and �2,3 = Moo,

where the mth element of ξ i is ξm,i = 2v�
m�−1

mm(Zm,iXe,i − vm) − v�
m�−1

mm(Zm,iZ�
m,i − �mm)�−1

mmvm,
and the (m,m′)th element of γ i is

γmm′ ,i = [(Zm,iXe,i − vm)��−1
mm�mm′�−1

m′m′vm′
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+ v�
m�−1

mm�mm′�−1
m′m′(Zm′ ,iXe,i − vm′)]

− [v�
m�−1

mm(Zm,iZ�
m,i − �mm)�−1

mm�mm′�−1
m′m′vm′

+ v�
m�−1

mm�mm′�−1
m′m′(Zm′ ,iZ�

m′ ,i − �m′m′)�−1
m′m′vm′ ]

+ v�
m�−1

mm(Zm,iZ�
m′ ,i − �mm′)�−1

m′m′vm′ .

Appendix 2. Proofs of some useful lemmas

Lemma A.1: Suppose that E|ε̃i|2 < ∞, where ε̃i is denoted in Appendix 1. Under Assump-
tions (i)–(iv), as n → ∞, we have (i) (Consistency) β̂e,2SLS

p−→ βe, and (ii) (Asymptotic Normal-

ity)
√
n(β̂e,2SLS − βe)

d−→ N(0, [M̃�
IeM̃

−1
II M̃Ie]−1σ 2), where M̃Ie = MIe − MIoM−1

oo Moe, M̃II = MII −
MIoM−1

oo M�
Io,M

�
oe = E(XeX�

o ),M�
Ie = E(XeX�

I ) andMIo = E(XIX�
o ).

Remark A.1: This lemma provides a conventional result for the 2SLS estimator when all observed
IVs are valid and available and the IV model is correctly specified in both stages. The consistency
and asymptotic normality derived in Lemma A.1 could help us to make statistical inference on the
2SLS estimator, β̂e,2SLS. For example, one may construct the confidence interval with the asymptotic
variance of β̂e,2SLS being replaced with the sample moment estimator of [M̃�

IeM̃
−1
II M̃Ie], which can be

easily computed as in our simulation and empirical studies.

Proof: (i) First we derive the consistency of β̂e,2SLS. Note that

β̂e,2SLS = βe +
[(

1
n
X�
e Z I

) (
1
n
Z�

I Z I

)−1 (
1
n
Z�

I Xe

)]−1 (
1
n
X�
e Z I

)(
1
n
Z�

I Z I

)−1 (
1
n
Z�

I ε

)
.

(A1)
Then we have

1
n
X�
e Z I = 1

n
X�
e (In − P1)X I

= 1
n
X�
e (In − X o(X�

o X o)
−1X�

o )X I

p−→ M�
Ie − M�

oeM
−1
oo M

�
Io = M̃�

Ie ,

where the last line is obtained by Assumption (iv) and the law of large numbers. Similarly we have

1
n
Z�

I Z I = 1
n
X�

I (In − P1)X I

p−→ MII − MIoM−1
oo M

�
Io = M̃II .

Additionally we have

1
n
Z�

I ε = 1
n
X�

I (In − P1)ε

= 1
n
X�

I (In − X o(X�
o X o)

−1X�
o )ε

= 1
n
X�

I ε − 1
n
X�

I X o(
1
n
X�

o X o)
−1(

1
n
X�

o ε)

p−→ 0
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under Assumptions (i), (iii) and (iv), where the last line is obtained by continuous mapping theorem.
Again applying continuous mapping theorem and the above results to Equation (A1), thus

β̂e,2SLS − βe
p−→ 0.

(ii) Under Assumptions (i)-(iv), by continuous mapping theorem, we have

√
n(β̂e,2SLS − βe) =

[(
1
n
X�
e ZI

) (
1
n
Z�

I ZI

)−1 (
1
n
Z�

I Xe

)]−1 (
1
n
X�
e ZI

)(
1
n
Z�

I ZI

)−1 (
1√
n
Z�

I ε

)

= M̃�
IeM̃

−1
II

1√
n

n∑
i=1

[XI,i − X�
I X o(X�

o X o)
−1Xo,i]εi × {op(1) + 1}

= M̃�
IeM̃

−1
II

1√
n

n∑
i=1

ε̃i,

where ε̃i = [XI,i − X�
I X o(X�

o X o)
−1Xo,i]εi. It is easy to obtain that cov(ε̃i, ε̃i) = M̃IIσ

2. Under the
second-order moment condition that E‖ε̃i‖2 < ∞, by multivariate Linderberg-lévy central limit
theorem (B. E. Hansen, 2022, Theorem 6.3, p. 160), we have

√
n(β̂e,2SLS − βe)

d−→ N(0, (M̃�
IeM̃

−1
II M̃Ie)

−1σ 2).

�

Lemma A.2: Under Assumptions (i)–(v), for all m,m′ = 1, . . . ,M, we have (i) v̂m = vm + op(1);
(ii) �̂mm′ = �mm′ + op(1); (iii) �̂

−1
mm = �−1

mm + op(1); (iv) û = u + op(1); (v) �̂ = � + op(1);
(v’) �̂

−1 = �−1 + op(1); (vi) Q̂ = Q + op(1); (vi’) â = a + op(1); (vii) ŵ = �̂
−1û = �−1u =

w0 + op(1).

Proof: The proof follows from the law of large numbers and continuous mapping theorem. �

Lemma A.3: Under Assumptions (i)–(v), for all m,m′ = 1, . . . ,M, we have

(i)
√
n(û − u) = 1√

n
∑n

i=1 ξ i{1 + op(1)};
(ii)

√
n(�̂ − �) = 1√

n
∑n

i=1 γ i{1 + op(1)};
(iii)

√
n(â − a) = 1√

n
∑n

i=1 ζi{1 + op(1)};
(iii’)

√
n(Q̂ − Q) = 1M1�

M
1√
n

∑n
i=1 ζi{1 + op(1)}.

Proof: (i) Recall that
√
n(v̂m − vm) = 1√

n
∑n

i=1(Zm,iXe,i − vm) and
√
n(�̂mm′ − �mm′) = 1√

n∑n
i=1(Zm,iZ�

m′ ,i − �mm′). Also we have (û − u) is an M × 1 vector with the mth element being

v̂�
m�̂

−1
mmv̂m − v�

m�−1
mmvm. Hence,

√
n(v̂�

m�̂
−1
mmv̂m − v�

m�−1
mmvm)

= √
n(v̂m − vm)��̂

−1
mmv̂m + √

nv�
m(�̂

−1
mmv̂m − �−1

mmvm)

= 1√
n

n∑
i=1

2v�
m�−1

mm(Zm,iXe,i − vm){1 + op(1)}

− 1√
n

n∑
i=1

v�
m�−1

mm(Zm,iZ�
m,i − �mm)�−1

mmvm{1 + op(1)}

= 1√
n

n∑
i=1

ξm,i{1 + op(1)}.
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Then we have
√
n(û − u) = 1√

n
∑n

i=1 ξ i{1 + op(1)}.
(ii) (�̂ − �) is an M × M matrix with the (m,m′)th element being v̂�

m�̂
−1
mm�̂mm′�̂

−1
m′m′ v̂m′ −

v�
m�−1

mm�mm′�−1
m′m′vm′ . We also have

√
n(v̂�

m�̂
−1
mm�̂mm′�̂

−1
m′m′ v̂m′ − v�

m�−1
mm�mm′�−1

m′m′vm′)

= √
n(v̂m − vm)��̂

−1
mm�̂mm′�̂

−1
m′m′ v̂m′

+ √
nv�

m(�̂
−1
mm − �−1

mm)�̂mm′�̂
−1
m′m′ v̂m′

+ √
nv�

m�−1
mm(�̂mm′ − �mm′)�̂

−1
m′m′ v̂m′

+ √
nv�

m�−1
mm�mm′(�̂

−1
m′m′ − �−1

m′m′)v̂m′

+ √
nv�

m�−1
mm�mm′�−1

m′m′(v̂m′ − vm′)

= 1√
n

n∑
i=1

[(Zm,iXe,i − vm)��−1
mm�mm′�−1

m′m′vm′

− v�
m�−1

mm(Zm,iZ�
m,i − �mm)�−1

mm�mm′�−1
m′m′vm′

+ v�
m�−1

mm(Zm,iZ�
m′ ,i − �mm)�−1

mm′vm′

− v�
m�−1

mm�mm′�−1
m′m′(Zm′ ,iZ�

m′ ,i − �m′m′)�−1
m′m′vm′

+ v�
m�−1

mm�mm′�−1
m′m′(Zm′ ,iXe,i − vm′)] × {1 + op(1)}

= 1√
n

n∑
i=1

γmm′ ,i{1 + op(1)}.

Then we have
√
n(�̂ − �) = 1√

n
∑n

i=1 γ i{1 + op(1)}.
(iii) First we have

√
n(â − a) = √

n(M̂�
oeM̂

−1
oo M̂oe − M�

oeM
−1
oo Moe)

= √
n(M̂oe − Moe)

�M̂−1
oo M̂oe + √

nM�
oe(M̂

−1
oo − M−1

oo )M̂oe

+ M�
oeM

−1
oo

√
n(M̂oe − Moe)

= 1√
n

n∑
i=1

[2M�
oeM

−1
oo (Xo,iXe,i − Moe)

− M�
oeM

−1
oo (Xo,iX�

o,i − Moo)M−1
oo Moe] × {1 + op(1)}

= 1√
n

n∑
i=1

ζi{1 + op(1)},

andhence,
√
n(Q̂ − Q) = (

√
n(â − a))M×M = 1M1�

M(
√
n(â − a) = 1M1�

M
1√
n

∑n
i=1 ζi{1 + op(1)}.

(iii’) Note that
√
n(Q̂ − Q) = (

√
n(â − a))M×M = 1M1�

M
√
n(â − a). Thus, (iii’) follows from (iii).

�

Lemma A.4: Under Assumptions (i)–(v), we have

(i)
√
n(ŵ��̂ŵ − w�

0 �w0) = 1√
n

∑n
i=1 w

�
0 (2ξ i − γ iw0){1 + op(1)}.

(ii)
√
n(ŵ�Q̂ŵ − w�

0 Qw0) = 1√
n

∑n
i=1[2aw

�
0 1M1�

M�−1(ξ i−γ iw0)+w�
0 1M1�

Mw0ζi]×{1 + op(1)}.
(iii)

√
n(ŵ�1Mâ − w�

0 1Ma) = 1√
n

∑n
i=1[a1

�
M�−1(ξ i − γ iw0) + w�

0 1Mζi] × {1 + op(1)}.
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Proof: (i) It follows that
√
n(ŵ��̂ŵ − w�

0 �w0)

= √
n(ŵ − w0)

��̂ŵ + √
nw�

0 (�̂ŵ − �w0)

= 2w�
0 �

√
n(ŵ − w0){1 + op(1)} + √

nw�
0 (�̂ − �)w0{1 + op(1)}

= 1√
n

n∑
i=1

(2w�
0 �ϕi + w�

0 γ iw0){1 + op(1)}

= 1√
n

n∑
i=1

w�
0 (2ξ i − γ iw0){1 + op(1)},

where the third equality is obtained by Theorem 3.1 (ii) and Lemma A.3 (ii).
(ii) It follows that

√
n(ŵ�Q̂ŵ − w�

0 Qw0)

= √
n(ŵ − w0)

�Q̂ŵ + √
nw�

0 (Q̂ŵ − Qw0)

= 2w�
0 Q

√
n(ŵ − w0){1 + op(1)} + √

nw�
0 (Q̂ − Q)w0{1 + op(1)}

= 1√
n

n∑
i=1

(2w�
0 Qϕi + w�

0 1M1�
Mζiw0){1 + op(1)}

= 1√
n

n∑
i=1

[2aw�
0 1M1�

M�−1(ξ i − γ iw0) + w�
0 1M1�

Mw0ζi] × {1 + op(1)},

where the third equality is obtained by Theorem 3.1 (ii) and Lemma A.3 (iii).
(iii) It follows that

√
n(ŵ�1Mâ − w�

0 1Ma)

= √
n(ŵ − w0)

�1Mâ + w�
0 1M(â − a)

= 1√
n

n∑
i=1

[a1�
M�−1(ξ i − γ iw0) + w�

0 1Mζi] × {1 + op(1)},

where the second equality is obtained by Theorem 3.1 (ii) and Lemma A.3 (iii).
�

Appendix 3. Proofs of Theorems 3.1–4.3

Proof: (i) ŵ
p−→ w0 can be easily derived by Lemma A.2 (iv) and (v).

(ii) To show the asymptotic normality of ŵ, we note that
√
n(ŵ − w0) = √

n(�̂−1û − �−1u)

= −�−1√n(�̂−1 − �−1)�−1{1 + op(1)}u{1 + op(1)} + �−1√n(û − u)

= 1√
n

n∑
i=1

�−1(ξ i − γ iw0) + op(1)

= 1√
n

n∑
i=1

ϕi + op(1)

d−→ N(0,	),
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where the second equality is obtained by Lemma A.2, the third equality is obtained by Lemma A.3 and
the last line is by multivariate Linderberg-lévy central limit theorem (B. E. Hansen, 2022, Theorem 6.3,
p. 160) under Assumption (v). �

Proof: (i) We firstly prove β̂e,MA(ŵ) = βe + bias + op(1). Note that β̂e,MA(ŵ) = βe + [X̂e(ŵ)�(In −
P1)X̂e(ŵ)]−1X̂e(ŵ)�(In − P1)(Y − X̂e(ŵ)βe), so

β̂e,MA(ŵ) − βe = �−1
1 �2, (A2)

where �1 = X̂e(ŵ)�(In − P1)X̂e(ŵ), �2 = X̂e(ŵ)�(In − P1)(Y − X̂e(ŵ)βe). On the one hand,

1
n
�1 = 1

n
X̂e(ŵ)�(In − P1)X̂e(ŵ)

= û��̂
−1û − û��̂

−1Q̂�̂
−1û

= w�
0 �w0 − a(w�

0 1M)2 + op(1)

= s3 + op(1),

where the second equation is obtained by Lemma A.2.
On the other hand

1
n
�2 = 1

n
X̂e(ŵ)�(In − P1)[Y − X̂e(ŵ)βe]

= 1
n
X̂e(ŵ)�(In − P1)Xeβe + 1

n
X̂e(ŵ)(In − P1)ε − 1

n
�1βe

� I1 + I2 − I3 (A3)

where the first term on the right-hand side of Equation (A3) is

I1 � 1
n
X̂e(ŵ)�(In − P1)Xeβe

= û��̂
−1ûβe − û��̂

−11Mâβe

= w�
0 �w0βe − w�

0 1Maβe + op(1) = s1 + op(1),

the third term on the right-hand side of Equation (A3) is

I3 � 1
n
�1βe =

[
w�
0 �w0 − a(w�

0 1M)2
]
βe + op(1) = s2 + op(1),

and the second term on the right-hand side of Equation (A3) is

I2 � 1
n
X̂e(ŵ)(In − P1)ε = û��̂

−1 1
n
X̃�

e H(In − P1)ε
p−→ 0,

which means I2 = op(1).
Then we have

1
n
�2 = I1 + I2 − I3

= w�
0 �w0βe − w�

0 1Maβe −
[
w�
0 �w0 − a(w�

0 1M)2
]
βe + op(1)

= aw�
0 1M(w�

0 1M − 1)βe + op(1).

Replacing �1 and �2 in Equation (A2), we have

β̂e,MA(ŵ) = βe +
(
1
n
�1

)−1 (
1
n
�2

)
= βe + [w�

0 �w0 − a(w�
0 1M)2]−1aw�

0 1M(w�
0 1M − 1)βe + op(1)
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� βe + bias + op(1),

in which bias = s−1
3 (s1 − s2).

(ii) Secondly, we verify the asymptotic property
√
n[β̂e,MA(ŵ) − βe − bias] d−→ N(0, ν).

From the arguments previously stated, we observe that

√
n

[
β̂e,MA(ŵ) − βe − bias

] = √
n

[(
1
n
�1

)−1 (
1
n
�2

)
− bias

]

= √
n

[
(
1
n
�1)

−1 − s−1
3

]
(I1 + I2 − I3)

+ √
ns−1

3 (I1 + I2 − I3 − s1 + s2)

� II1 + II2.

The first term on the right-hand side is

II1 = √
n

[(
1
n
�1

)−1
− s−1

3

]
(I1 + I2 − I3)

= −s−1
3

√
n

(
1
n
�1 − s3

)
s−1
3 (s1 + op(1) − s2){1 + op(1)}

= −bias
s3

√
n

(
1
n
�1 − s3

)
{1 + op(1)},

where the second equality uses the result 1
n�1 = s3 + op(1).

We also have
√
n

(
1
n
�1 − s3

)
= √

n
(
û��̂

−1û − û��̂
−1Q̂�̂

−1û − s3
)

= √
n(ŵ��̂ŵ − w�

0 �w0) − √
n(ŵ�Q̂ŵ − w�

0 Qw0)

= 1√
n

n∑
i=1

[2w�
0 (IM×M − a1M1�

M�−1)ξ i

+ w�
0 (2a1M1�

M�−1 − IM×M)γ iw0

− w�
0 1M1�

Mw0ζi] × {1 + op(1)}

= 1√
n

n∑
i=1

κi{1 + op(1)}, (A4)

where the third equality is obtained by Lemma A.4 (i) and (ii).
Hence,

II1 = −bias
s3

√
n(

1
n
�1 − s3){1 + op(1)}

= −s−1
3 bias

1√
n

n∑
i=1

κi{1 + op(1)}.

Moreover,

II2 = √
ns−1

3 (I1 + I2 − I3 − s1 + s2)

= s−1
3

√
n(I1 − s1) + s−1

3
√
nI2 − s−1

3
√
n(I3 − s2)

� II(1)2 + II(2)2 − II32 ,
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where the first term on the right-hand side

II(1)2 = s−1
3

√
n(I1 − s1)

= s−1
3

√
n(ŵ��̂ŵ − w�

0 �w0)βe − s−1
3

√
n(ŵ�1Mâ − w�

0 1Ma)

= s−1
3 βe√
n

n∑
i=1

[w�
0 (2ξ i − γ iw0) − a1�

M�−1(ξ i − γ iw0) − w�
0 1Mζi]{1 + op(1)}.

Next, we consider II(3)2 ,

II(3)2 = √
ns−1

3 (I3 − s2)

= √
ns−1

3 βe

[
(ŵ��̂ŵ − w�

0 �w0) − (ŵ�Q̂ŵ − w�
0 Qw0)

]
= s−1

3 βe
1√
n

n∑
i=1

[2w�
0 (IM×M − a1M1�

M�−1)ξ i

+ w�
0 (2a1M1�

M�−1 − IM×M)γ iw0 − w�
0 1M1�

Mw0ζi] × {1 + op(1)}.
Last, we consider

II(2)2 = √
ns−1

3 I2

= √
ns−1

3 ŵ� 1
n
X̃�

e H(In − P1)ε

= s−1
3 w�

0

⎛⎜⎜⎝
v�
1 �−1

11
1√
n

∑n
i=1 Z1,iεi − M�

oeM−1
oo

1√
n

∑n
i=1 Xo,iεi

...
v�
M�−1

MM
1√
n

∑n
i=1 ZM,iεi − M�

oeM−1
oo

1√
n

∑n
i=1 Xo,iεi

⎞⎟⎟⎠ × {1 + op(1)}

= s−1
3 w�

0
1√
n

n∑
i=1

φi × {1 + op(1)}.

Therefore,

II2 = II(1)2 + II(2)2 − II32

= s−1
3 βe√
n

n∑
i=1

[(2w�
0 a1M1�

M�−1 − a1�
M�−1)ξ i

+ (a1�
M�−1 − 2w�

0 a1M1�
M�−1)γ iw0

+ (w�
0 1M)(w�

0 1M − 1)ζi

+ β−1
e w�

0 φi] × {1 + op(1)}.
In summary,

√
n

[
β̂e,MA(ŵ) − βe − bias

]
= II1 + II2

= s−1
3√
n

n∑
i=1

{[(βe + bias)2aw�
0 1M1�

M�−1 − aβe1�
M�−1 − 2biasw�

0 ]ξ i

+ [βea1�
M�−1 − 2aw�

0 1M1�
M�−1(βe + bias) + biasw�

0 ]γ iw0

+ [(βe + bias)(w�
0 1M)2 − βew�

0 1M]ζi + w�
0 φi} × {1 + op(1)}
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= s−1
3√
n

n∑
i=1

ϕ̃i{1 + op(1)}

d−→ N
(
0, cov(ϕ̃i, ϕ̃i)s−2

3
)
,

where the last line follows frommultivariate Linderberg-lévy central limit theorem (B. E.Hansen, 2022,
Theorem 6.3, p. 160) under Assumption (v). �

Proof: We have

β̂e = (1 + ĉbias)−1β̂e,MA(ŵ) = 1 + cbias
1 + ĉbias

βe + op(1) = βe + op(1),

where ĉbias = ŝ−1
3 (ŵ�Q̂ŵ − âŵ�1M). Next we discuss the asymptotic distribution of β̂e,

√
n(β̂(debias)

e (ŵ) − βe) = 1
1 + ĉbias

[√
n(β̂e,MA(ŵ) − βe − bias) + √

n(cbias − ĉbias)βe
]

= 1
1 + cbias

s−1
3√
n

n∑
i=1

ϕ̃i{1 + op(1)} − βe

1 + cbias

√
n(ĉbias − cbias).

It can be shown that
√
n(ĉbias − cbias) = √

n[ŝ−1
3 (ŵ�Q̂ŵ − âŵ�1M) − s−1

3 (w�
0 Qw0 − aw�

0 1M)]

= −√
ns−1

3 (ŝ3 − s3)ŝ−1
3 ŵ�Q̂ŵ + √

ns−1
3 (ŵ�Q̂ŵ − w�

0 Qw0)

− [−√
ns−1

3 (ŝ3 − s3)ŝ−1
3 âŵ�1M + √

ns−1
3 (âŵ�1M − aw�

0 1M)]

= s−1
3√
n

n∑
i=1

[(w�
0 1M)(w�

0 1M − 1)ζi

+ a(2w�
0 1M − 1)1M�−1(ξ i − γ iw0)

− s−1
3 aw�

0 1M(w�
0 1M − 1)κi] × {1 + op(1)},

where the third equation is obtained by Equation (A4) and Lemma A.4 (ii) and (iii). Simplifying the
equation, we have

√
n(β̂(debias)

e (ŵ) − βe) = 1
1 + cbias

s−1
3√
n

n∑
i=1

ϕ̃i{1 + op(1)} − βe

1 + cbias

√
n(ĉbias − cbias)

= s−1
3

1 + cbias
1√
n

n∑
i=1

w�
0 φi + op(1)

= 1
u��−1(u − a1M)

1√
n

n∑
i=1

w�
0 φi + op(1).

Now we consider cov(φi,φi). Note that φi = (φ1,i, . . . ,φM,i)
�, where φm,i = (v�

m�−1
mmZm,i −

M�
oeM−1

oo Xo,i)εi,m = 1, . . . ,M. Then we have

cov(φi,φi) =
(
� − d1�

M − 1Md + a1M1�
M

)
σ 2.

By Slutsky’s theorem and multivariate Linderberg-lévy central limit theorem (B. E. Hansen, 2022,
Theorem 6.3, p. 160), under Assumption (v), we have

√
n(β̂(debias)

e (ŵ) − βe) = 1
u��−1(u − a1M)

1√
n

n∑
i=1

w�
0 φi + op(1)



STATISTICAL THEORY AND RELATED FIELDS 31

d−→ N(0, ν),

where ν = u��−1(�−d1�
M−1Md�+a1M1�

M)�−1u
[u��−1(u−a1M)]2 σ 2. �

Proof: Note that β̃e,MA(ŵ) = [X̂e(ŵ)�(In − P1)Xe]−1X̂e(ŵ)�(In − P1)Y and β̂e,MA(ŵ) = [X̂e(ŵ)�(In −
P1)X̂e(ŵ)]−1X̂e(ŵ)�(In − P1)Y . We also have X̂e(ŵ)�(In − P1)Xe = û��̂

−1
(û − â1M) and X̂e(ŵ)�

(In − P1)X̂e(ŵ) = û��̂
−1û − â(û��̂

−11M)2. Recalling that ĉbias = â(û��̂
−11M)2−âû��̂

−11M
û��̂

−1û−â(û��̂
−11M)2

, we eas-

ily obtain [X̂e(ŵ)�(In − P1)Xe]−1 = 1
1+ĉbias

[X̂e(ŵ)�(In − P1)X̂e(ŵ)]−1, which implies β̃e,MA(ŵ) =
1

1+ĉbias
β̂e,MA(ŵ) = β̂

(debias)
e (ŵ). �

Proof: (i) (Consistency of β̃MA(ŵ)) Since β̃MA(ŵ) = [X̂ (ŵ)�X ]−1X̂ (ŵ)�Y , we have

β̃MA(ŵ) − β = [X̂ (ŵ)�X ]−1X̂ (ŵ)�ε. (A5)

In the above equation, by the law of large numbers we have

1
n
X̂ (ŵ)�X =

⎛⎜⎝ 1
n
X̂e(ŵ)�Xe

1
n
X̂e(ŵ)�X o

1
nX

�
o Xe

1
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X�

o X o

⎞⎟⎠ p−→ �1. (A6)

Additionally we have
1
n
X̂e(ŵ)�ε = 1

n
X�
e H

�X̃ e(X̃
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e HH�X̃ e)
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e Hε
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1
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...
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MM
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1
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⎞⎟⎠ × {1 + op(1)} = op(1),

and
1
n
X�

o ε = 1
n

n∑
i=1

Xo,iεi = op(1).

It follows that

1
n
X̂ (ŵ)�ε =

⎛⎜⎝ 1
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X̂e(ŵ)�ε

1
n
X�

o ε
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1
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X̃�

e HH�X̃ e)
−1 1

n
X̃�
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1
n
X�

o ε

⎞⎟⎠ p−→ 0, (A7)

under Assumptions (i)–(iii) and (v), where the last line is obtained by continuous mapping theorem.
Again we apply continuous mapping theorem and the above results to Equation (A5), thus

β̃MA(ŵ) − β
p−→ 0.

(ii) (Asymptotic Normality of β̃MA(ŵ)) By Equation (A5), we have
√
n[β̃MA(ŵ) − β] = √

n[X̂ (ŵ)�X ]−1X̂ (ŵ)�ε

=
[
1
n
X̂ (ŵ)�X

]−1 1√
n

n∑
i=1

X̂i(ŵ)�εi

= (�1)
−1 1√

n
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(
gi
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−1 1√

n
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φ̃i × {1 + op(1)},
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where φ̃i = (gi,X�
o,i)

�εi and

gi = u��−1

⎛⎜⎝ v�
1 �−1

11 Z1,i
...

v�
M�−1

MMZM,i

⎞⎟⎠ .

Now we consider cov(φ̃i, φ̃i). Since

E
[(

gi
Xo,i

) (
gi X�

o,i
)] = �2,

we have cov(φ̃i, φ̃i) = �2σ
2. By Slutsky’s theorem and multivariate Linderberg-lévy central limit

theorem (B. E. Hansen, 2022, Theorem 6.3, p. 160), under Assumptions (i)–(v), we have

√
n[β̃MA(ŵ) − β] d−→ N(0,�−1

1 �2(�
�
1 )−1σ 2).

(iii) (Consistency of σ̂ 2
MA) DenoteW = X [X̂ (ŵ)�X ]−1X̂ (ŵ)�. By Equation (A5), we have

σ̂ 2
MA = 1

n − p − 1

n∑
i=1

[
yi − X�

i β̃MA(ŵ)
]2

= 1
n − p − 1

[
Y − X β̃MA(ŵ)

]� [
Y − X β̃MA(ŵ)

]
= 1

n − p − 1

[
ε�ε − ε�Wε − (ε�Wε)� + ε�W�Wε

]
= 1

n − p − 1

[
ε�ε − 2ε�Wε + ε�W�Wε

]
. (A8)

Now we separately deal with the three terms on the right-hand side of Equation (A8). To this
end, we first note that 1

n X̂ (ŵ)�ε = op(1) follows from Equation (A7). We further have 1
nX

�ε =(
1
nX

�
e ε

1
nX�

o ε

)
= ( EXe,iεi

0
) + op(1) by the law of large numbers and using EXo,iεi = 0. Besides, it follows

from Equation (A6) that 1
n X̂ (ŵ)�X = �1 + op(1). With the above arguments, we can obtain

1
n
ε�Wε = 1

n
ε�X

[
1
n
X̂ (ŵ)�X

]−1 1
n
X̂ (ŵ)�ε

=
[
(EXe,iεi, 0�)� + op(1)

]
× (�1 + op(1))−1 × op(1) = op(1).

Similarly, we have

1
n
ε�W�Wε = 1

n
ε�X̂ (ŵ)[

1
n
X�X̂ (ŵ)]−1 1

n
X�X [

1
n
X̂ (ŵ)�X ]−1 1

n
X̂ (ŵ)�ε = op(1).

Therefore, by noting that n
n−p−1 → 1 as n → ∞, we can write Equation (A8) as

σ̂ 2
MA = n

n − p − 1

[
1
n
ε�ε + op(1)

]
= Eε2i + op(1) = σ 2 + op(1).

Thus, the proof is finished. �
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Appendix 4. Small-sample scenario and sensitivity analysis

A.1 Small-sample scenario

Table A1. Small sample senario (n = 50) for Example 1 (with ρcs = 0, 0.2, 0.5).

ρcs 2SLS MA(t,M) MA+(t,M) s(t,M) s+(t,M) pLasso pEL0.5 Naive

0 Bias 0.015 0.015 0.0148 0.1443 0.1432 0.0165 0.015 0.068
SD 0.0431 0.0435 0.0436 0.1181 0.1149 0.0478 0.0457 0.0442
SE 0.0414 0.0429 0.0426 0.0624 0.0594 0.0453 0.044 0.039
CP 0.914 0.918 0.914 0.406 0.396 0.918 0.92 0.592
T 0.001 0.002 0.0034 0.0016 0.003 0.0261 0.0247 –

0.2 Bias 0.0094 0.0089 0.0093 0.0634 0.063 0.0097 0.0094 0.0356
SD 0.029 0.0291 0.0289 0.0798 0.0806 0.0373 0.0361 0.0326
SE 0.0268 0.0284 0.0283 0.0436 0.0425 0.0313 0.0302 0.0272
CP 0.91 0.912 0.91 0.58 0.578 0.912 0.908 0.756
T 0.001 0.0021 0.0031 0.0018 0.0027 0.0279 0.025 –

0.5 Bias 0.0041 0.0039 0.004 0.0309 0.0315 0.0049 0.0044 0.0184
SD 0.0241 0.0239 0.0242 0.0649 0.0648 0.0323 0.0308 0.024
SE 0.0204 0.021 0.021 0.0323 0.0324 0.0238 0.0241 0.0205
CP 0.91 0.918 0.92 0.614 0.622 0.896 0.908 0.832
T 0.001 0.0018 0.0021 0.0017 0.0018 0.027 0.025 –

Note: True value βe = −1.

Table A2. Small Sample Senario (n = 100) for Example 4 (with ρcs = 0.3, 0.5).

ρcs 2SLS MA(t,M) MA+(t,M) s(t,M) s+(t,M) pLasso pEL0.5 Naive

0.3 Bias – 0.0013 0.0014 0.0354 0.0372 0.0035 0.0033 0.0033
SD – 0.008 0.0079 0.0344 0.033 0.0301 0.0302 0.0077
SE – 0.0081 0.0081 0.0257 0.0254 0.0299 0.0296 0.0079
CP – 0.946 0.95 0.672 0.644 0.93 0.904 0.94
S(XI) – 165 160.912 165 160.912 76.288 81.094 –
T – 0.0359 0.0355 0.031 0.0314 0.1556 0.1561 –

0.5 Bias – 0.0007 0.0008 0.0216 0.022 0.0015 0.0018 0.0021
SD – 0.0065 0.0065 0.026 0.0263 0.0232 0.0231 0.0065
SE – 0.0063 0.0063 0.0186 0.0184 0.0227 0.0224 0.0063
CP – 0.944 0.942 0.712 0.712 0.944 0.942 0.928
S(XI) – 165 161.844 165 161.844 69.96 74.194 –
T – 0.0359 0.0353 0.0305 0.031 0.1666 0.1714 –

Note: True value βe = 1.

A.2 Sensitivity analysis

We simulate a setting with 100 instrumental variables, among which 10 have coefficients equal to 1 and
the rest are set to 0, along with 5 exogenous variables. Since the correlation between the endogenous
and exogenous variables forms a vector, for ease of sensitivity analysis, we define a common correlation
level denoted by ρoe, and set each entry of the correlation vector between the endogenous variable
and the exogenous variables equal to ρoe. Based on this assumption, we compute the corresponding
coefficient values βo,j, for j = 1, . . . , 5, such that the marginal correlation between Xe and each X(j)

o
equals ρoe. Sample size n = 400.

Due to the structure of this parameterization, ρoe cannot exceed 1/√p ≈ 0.447 when there are
p = 5 exogenous variables. All other parameter settings are kept the same as in Example 4. The
simulation results of this sensitivity analysis are summarized in Figure A1.

It is not surprising to observe that the bias is not highly sensitive to the correlation between the
endogenous and exogenous variables. As explained in Remark 3.2, the bias term can vanish under two
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Figure A1. Sensitivity of estimation bias to the correlation between the endogenous and exogenous
variables.

special cases: (a) when the exogenous variables Xo and the endogenous variable Xe are uncorrelated,
that is, E(Xo,iXe,i) = 0; (b) when the model averaging weight vector satisfies w�

0 1M = 1. In our sim-
ulations, we find that the estimated weight vector ŵ satisfies ŵ�1M ≈ 1 and the value of the weight
vector varies in each simulation, which makes the bias term intrinsically small and less affected by the
value of E(Xo,iXe,i). This partially explains the weak sensitivity pattern observed in Figure A1. More
in-depth sensitivity investigations may be conducted in future research.
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