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ABSTRACT ARTICLE HISTORY
Instrumental variable (IV) methods are widely used to address unmea- Received 21 February 2025
sured confoundings in structural equation models. In this paper, we Revised 22 June 2025
focus on the settings where a possibly large number of instruments Accepted 12 February 2026
and a weak correlation between the instruments and the endogenous KEYWORDS

variable exist. Specifically, we propose a novel two-stage least squares Exogenous variables; model
(2SLS) model averaging approach to estimate the coefficient of an averaging; instrumental
endogenous variable. Differing from existing literature, our model aver- variables

aging estimation allows multiple exogenous variables to be included

in both stages simultaneously. Theoretically, we study the consistency

and asymptotic distributions of the estimated weights and the pro-

posed model averaging estimator. Importantly, we discover that the

proposed model averaging estimator produces an asymptotic bias

when the endogenous variable and exogenous variables are correlated.

Then, we construct a debiased estimator and establish its consistency

and asymptotic normality to make statistical inference. Furthermore,

we present an equivalent interpretation of the debiased estimator from

another construction. Finally, numerical simulations and a real data

analysis are conducted to illustrate our proposal.

1. Introduction

Structural equation model (SEM) generally adopts instrumental variable (IV) strategy to
address the issue of unmeasured confoundings in observational studies (Duncan, 1975;
Kline, 1998). A qualified IV has three key features: (i) relevance: the IV must be correlated to
the endogenous variable; (ii) exogeneity: the IV is independent of the unmeasured confound-
ings involved in the error term conditional on the covariates; and (iii) exclusion restriction
(ER): the IV has an effect on the response variable only through its effect on the endogenous
variable (Angrist et al., 1996). In reality, it is possible that the relevance feature is violated,
which is known as the weak instrumental variable problem. The problem often occurs in
situations where a large number of instruments are selected within a model, while most are
weakly correlated with the endogenous variable. In the sense of being weakly correlated with
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the endogenous variables, the use of an IV estimator can lead to large inconsistencies, even
further from the true value than OLS estimators in finite samples (Bound et al., 1995; Nelson
& Startz, 1990).

Under the setting where p < n, the existence of weak instruments causes misleading
results in causal inference (Stock et al., 2002). Asymptotic theories and statistical inference
are discussed under the assumption of weak IVs (Bekker, 1994; C. Hansen et al., 2008).
For high-dimensional data analysis where p > n, the regularization-based methods are quite
appealing to researchers. For instance, when instruments are high-dimensional, Okui (2011)
develops the shrinkage two-stage least squares (2SLS) and shrinkage limited information
maximum likelihood (LIML) methods to select a subset of instruments. Belloni et al. (2012)
suggest applying lasso to the first stage of the 2SLS method to select optimal instru-
ments. Various penalties are adopted to achieve variable selection (Fan & Zhong, 2018;
Kang et al.,, 2016). It is known that regularized methods select a single optimal model as
the final model and the resulting model may have a great change when data are slightly
permutated.

Model averaging serves as an important alternative to model selection and has many mer-
its. For example, it can reduce the risk of selecting a single misspecified model by combining
multiple working models and it is less sensitive to disturbed datasets. Model averaging has
been successfully extended to various models, such as parametric models (Ando & Li, 2017;
Feng et al., 2022; B. E. Hansen, 2007; Liu, 2015; Zhang & Liu, 2023; Zhang et al., 2014), non-
parametric models (J. Chen etal., 2023; C. Lietal., 2018; Zhu et al., 2023), and semiparametric
models (J. Chen et al., 2018; Fang et al., 2022; J. Li et al., 2022, 2018; Zhang & Wang, 2019;
Zhu et al., 2019). In recent years, model averaging methods are also applied to causal studies
(Canay, 2010; Kuersteiner & Okui, 2010). For instance, Martins and Gabriel (2014) propose
a smoothing procedure to apply empirical weights to IV selection. B. E. Hansen (2017) pro-
poses a Stein-like 2SLS estimator, whose asymptotic distribution and asymptotic risk are
also discussed. More recently, Seng and Li (2022) introduce the model averaging into SEM
to solve endogenous problems, where the optimal weights are determined in the sense of
minimizing an empirical least squares function, and the consistency of the weights and the
asymptotic normality of the model averaging estimator are established. J. Chen et al. (2023)
further extend the method of Seng and Li (2022) to nonparametric instrumental variable
models. This paper aims to extend the method of Seng and Li (2022) in the presence of the
exogenous variables.

By omitting exogenous variables that are wrongly treated as unmeasured confoundings in
the error term, one may get biased estimation for the coefficients of endogenous variables,
which might lead to a misleading conclusion. Kok et al. (2021) indicate that in empirical stud-
ies of behavioural psychology and sentiment analysis, the exogenous variables have an effect
on the endogenous variables, and the bias arises from including irrelevant exogenous vari-
ables in latent constructs. They propose sparse extended redundancy analysis (SERA) with
exclusive LASSO regularization to address this bias in practical settings. A limitation of their
proposed method is that the SERA method they propose is not robust when the model is
misspecified. More details about the role that the exogenous variables play in both models of
SEM can be found in B. E. Hansen (2022). It is worth noting that Kuersteiner and Okui (2010)
have investigated the model averaging for IV models by taking into account exogenous vari-
ables; however, they require the summation of weights to one, i.e., Zf\i L wi = 1, where w;
is the weight assigned to the ith submodel. In this paper, we impose no constraint on the
weights and our weights are chosen by minimizing the empirical squared loss function, which
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is also different from Kuersteiner and Okui (2010). Moreover, when exogenous variables are
included in both stages of the 2SLS method, it is not clear whether the theoretical results of
Seng and Li (2022) can still apply.

To track the problem, we propose a two-stage least squares model averaging method for
IV models to take into account exogenous variables in both stages. The main contribution of
this paper is as follows. Firstly, we theoretically establish the asymptotic properties of the esti-
mated weights and the proposed model averaging estimator, including the consistency and
asymptotic distributions. Compared to the results of Seng and Li (2022), we find that the pro-
posed model averaging estimator has a non-ignorable asymptotic bias when the exogenous
variables and the endogenous variable are correlated and the sum of weights is not equal to
one. Secondly, in order to correct the bias term, we propose a debiased version of the model
averaging estimator. The consistency and asymptotic normality of the debiased model aver-
aging estimator are accordingly derived under regularity conditions. Thirdly, we provide an
intuitive interpretation of the debiased estimator from another perspective of the construc-
tion of the estimator. Last, we construct a consistent estimator of the variance of the error
term in the SEM based on the proposed model averaging method. Numerical results further
empirically show that the theories of the proposed method are valid.

The rest of the paper is organized as follows. We introduce the model averaging method-
ology in Section 2 and provide some theoretical results in Section 3. In Section 4, we present
a debiased estimator and its another interpretation, and give the estimation of the variance of
the error term in the SEM. Section 5 gives extensive simulation results. A real-world data set
is analysed in Section 6. Concluding remarks are given in Section 7. All the proofs of results
are relegated in the Appendices.

2. Methodology
2.1. Model setup

In this subsection, we consider the standard SEM as follows:
Y = BeXe + By Xo + &, (1)

where Y is the response variable, X, is the endogenous variable whose regression coeflicient
Pe is of major interest, X, includes p observed covariates with regression coefficients 8, and
¢ is a disturbance with mean zero and variance o2, which may involve unmeasured con-
founders correlated with X,. A consistent estimator of . can be obtained by traditional 2SLS
method under the qualified IV conditions. In this paper, we allows that some of the IVs may
be weakly correlated with the endogenous variable X,. Additionally, we assume that there are
some exogenous variables X, correlated with Y.

Let X; = (X1, . .. ,XIq)T denote the vector of g observed instrumental variables, inde-
pendent of ¢. Assume that X, and X satisfy the reduced form equation:

Xe=of X +a]Xo+e )

where a; is the vector of the coeficients for Xj, o, measures the effect of X, on X,, and e is
an error term with mean zero and finite variance.

Without loss of generality, suppose that all the observable variables (Y,X,,X,,Xr)
involved are centred and obey Equations (1) and (2). We assume that the data
set {(Yi, Xe,i, Xo,i» X1,i)}i_, consists of n independent copies of (Y,X,,X,,Xr). To ease



4 W. SHEN AND X. XIA

our presentation, denote Y = (Yq,..., Y,)" eR", X, = Xes--- ,Xe,n)T eR", X, =
(Xo’l,...,Xo,n)T e R"P, X = (XLI,...,X”,)T € R"*4, which is a matrix for instru-
ments, and 8 = (., B I)T € R!*P, which is a vector of regression coefficients for (X, X,)
in Equation (1). Our main interest lies in estimating the coefficient f, of the endogenous
variable X,.

2.2. 2SLS estimator

In this section, we briefly review the commonly used two-stage least squares (2SLS) method
(e.g., B. E. Hansen, 2022) to estimate S, in Equation (1). Let Z = (&}, Xp) beann x (g + p)
matrix, and denote its projection matrix by Pz = Z(Z' Z)~'Z . In the first stage of 2SLS,
we perform a least squares regression of X, on Z in Equation (2). Thus, a least squares esti-
mator of X, can be obtained as 3\(6 = PzX,. In the second stage of 2SLS, we use the resulting
estimator j\(e to substitute X, in Equation (1), and again perform a least squares regression
of Y on 5\(6 and X, to get an estimator of . Ihis is known as the 2SLS method. The result-
ing 2SLS estimator of 8 can be formulated as B, s = [(Xe» Xo) T (Xe» X)L (Xe, Xo)TY =
(XTP,X]7'XTP,Y, where X = (X, X,) isan n x (1 + p) matrix.

Let P = XO(XOTXO)_IXOT be a projection matrix, and define Z; = (I, — P;)X}.
Clearly, P;P; = P; and Zj is X projected orthogonal to X',. Then, by an application of
the Frisch—-CWaugh-CLovell (FWL) theorem (B. E. Hansen, 2022, Theorem 3.5), one can
obtain the 2SLS estimator of S, as

~ T s 1 tsT
Besis = [Xe I, — Pl)Xe] X, I, —-Py)Y. (3)

Since X, and Z7 are orthogonal, we could get Pz = P; + P,, where P, = ZI(ZITZI)‘IZIT.
Therefore, we also have

Beasis = X P,X,) 7 'X] P,y = [X] Z1(2] 2p7' 2] x,17'x] 2,(2] 2)7' 2] Y.

When the linear reduced form Model (2) is correctly specified, under some regularity con-
ditions, it can be shown that S, 2515 enjoys the consistency and asymptotic normality (see
Lemma A.1 in Appendix 2).

2.3. 2SLS-based model averaging estimator

It is worth noting that in the above 2SLS method, the reduced form Equation (2) should
be correctly specified. Otherwise, the 2SLS estimator of S5, may not be consistent. However,
this equation is unlikely to hold in reality due to the possible complex nonlinear relation-
ship between X, and X;. Furthermore, the observed IVs could be incomplete, which also
causes Equation (2) inaccurate. Indeed, it is often difficult to specify a correct reduced
form equation. When some observed IVs (i.e., X1) are available, we may consider a model
averaging method to quantify the uncertainty from X; through combining a set of approx-
imate working models. In this subsection, we develop a novel 2SLS-based model averaging
approach to obtain an estimated value of X, and an estimator of f, accordingly. Our idea is as
follows. As in B. E. Hansen (2007) and Seng and Li (2022), we firstly consider a least squares
model averaging method in the first stage of 2SLS, and then estimate . using the weighted
averaging predicted value of X, in the second stage.



STATISTICAL THEORY AND RELATED FIELDS 5

Specifically, in the first stage, we construct M candidate working submodels, where each
candidate assumes a linear reduced form consisting of a distinct subset of the g IVs. To be

more specific,form =1,..., M, we letX(m) (XI('I”), . ,X}ZZ))T andXI(im) e {Xn, ..., Xygh
where Xl(im) #* ijm) with i # j. Note that x{m I ) involves t,, IVs with t,, < g. In the mth sub-
modelwithm = 1,..., M, we use X, as the response variable, Xgm) and X, as the explanatory

variables to fit a linear regression model. In other words, the mth submodel M,, has the
following form

X, = @) X" + (@™ TX, + ™, (4)

where otI (aI(I"), .. ,ah ))T is a vector of coefficients ofX(m), oy (a(ST), cess aop ))T

is a vector of coefficients of X, and ™ corresponds to the approximation error term.

Write Z(™ = ((X}m))T, X7, a (ty + p)-vector. Thus, the reduced form (4) can be writ-
ten as X, = (™) TZ 4 " where the parameter vector ") = ((a}m))T, (Ot((,m))T)T
is defined as the minimizer of h(j) = E(X, — 7' Z'™)?2, where 7 is a (t,, + p)-vector. For
m,m =1,..., M, we denote

Z o = BZ"@" ), v = E(2X,) dy = E (2X]),

where X,y € RUntPXtw+0) 1y e RUntP) and d,, € Rn+2)XP_ Then, g™ = X1y,
As a result, the least squares estimator of 5™ is given by 7™ = ((2,’(’”))T2,’?1m))_1
(20 T)X,, where 2 = (z\™, . ., zI")T e R*ntP) Accordingly, the predicted
value of X, in the mth submodel is obtained as Xu; = (’ﬁ(m))TZ(m) at new covariates Z(".
In matrix notation, at all observations of Z™, we can use the mth fitted submodel to obtain
the fitted values of X, as

Xem 2 Kemtr - or Xemn) | = ZM(ZM)T2my=1(zmTx, - m=1,...,M.

To combine the results from all candidate models, we may consider the weighted average
of {?em, m=1,..., M} as the final estimator of X,, that is, j\(e(w) = 2%21 WmXem, Where
Wy, is the weight assigned to the mth submodel. In order to determine the optimal weights
for a model averaging estimator of X, we consider f(w) = E(X, — Zﬁf:l W (M) T Z0M)2

as the risk function, where w = (wy,..., wy) " is the weight vector. We define the optimal
weight vector as wo = (wo1, ..., woy) ' = argmin f(w). It can be shown that
w
= \Il_lu,

where u = (v} XL v,) e R and W = (v) X1 %, Z;}m,vm/) € RM*M_ For the M
prepared submodels, a natural idea is to optimize wy by minimizing the empirical squared
loss function Q(w) = || X, — Zi\n/[:l wmiemnz. It seems that solving this optimization may
cause overfitting due to the repeated use of samples. Ideally, if another independent and iden-
tically distributed data set is available, we could estimate ?(em based on this independent data
set to avoid overfitting. However, we usually do not have an additional data set, independent
of the original data, in real-world problems. To handle this issue, we do not minimize Q(w)

to obtain #. Instead, from the relationship wy = W¥~'u, we can obtain a plug-in estimator of
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wy using the plug-in estimators of # and ¥ as

= DA ¥ = 15T
w=¥'a= (X, HH'X,)"'X, HX,, (5)
where /'~Ye =X, ®Iy is an Mn x M matrix, Ip; is an M x M identity matrix, H =
(Hy,...,Hy)" isan Mn x nmatrix,and H,, = Z™ ((Z0M)T 200 =120 T jsann x n
idempotent matrix. We will establish the consistency and asymptotic normality of w in
Theorem 3.1. With the optimal weights wy and estimated optimal weights # in Equation (5)
we can obtain the model averaglng estlmator for X,, respectively, as X, (wo) = H' X, W'y
and X, () = HT X,(X, HHTXe) 12( HX,.
Next, in the second stage of 2SLS, we first replace X, in the SEM (1) with Xe(w) and
then perform a least squares regression of Y on the model averaging estimator X, (#) and

X,. Hence, we can get a model averaging estimator of /., denoted as £, nma (W). By a simple
calculation, we have

Peria(®) = [X.(¥) T (I, — POX. ()]~ [Xe(W) T (I, — P)Y]
- SUNNS - N1 -1
_ [X:HTXE (X:HHTXe) X'H1, - PHHT X, (X:HHTXe) X:HXE]
x XTH' X, (Xe HHTXe) xX!Ha, - Py,

where Py = X,(X, TX)~ IX is a projection matrix. We will investigate the asymptotic
properties for ﬁe Ma (W) in the next section.

3. Theoretical properties
3.1. Basic assumptions

In order to derive the theoretical properties of the estimated weight vector w and the model
averaging estimator Benia (W), we need the conditions listed below. We use 5 to denote

. - d .
convergence in probability and — to denote convergence in law.

(i) X7and X, are random vectors with zero mean.
(ii) oy # 0, which requires X; to be correlated with X, conditional on e.
(iii) The error term ¢ has mean zero and variance o2 and is uncorrelated with X7 and X,.
The error term e has mean zero.
(iv) Foreachi=1,...,n E|X.iX,,ill < oo,E||Xo,iX il < 00, El| X, i Xyl < oo, E|l X, ,X il
< 00 and E|| X1, X];|l < 0o. Denote My, = E(XOXOT) and My = E(X;X]). Assume
that the rank of My, is p and the rank of My; is q
(iv) Foreachi=1,...,n, E|XeiXo,ll < 00, EIXo: Xl < 00, ElXe; X\l < oo, E[IX{7
XTI < oo and E|IX{PX],|l < oc.
(v) Foreachi=1,...,n E|@;|* < 00, E|@;|*> < coand E||@;||> < co where @;, ¢; and ¢,
are denoted in Appendix 1.

Assumptions (i)-(iii) are standard assumptions, which are mild. Assumption (i) holds by
centralizing variables. Assumptions (ii) and (iii) are requirements on IVs. Assumptions (iv)
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and (v) are indeed some moments assumptions on IVs, endogenous variable, and exoge-
nous variables. Assumption (iv) is used for the derivations of the consistency of the 2SLS
estimator in Section 2.2. Similar to Assumption (iv), Assumption (iv’) is imposed for the
proposed model averaging estimator. Assumption (v) is assumed to derive the limiting distri-
bution of the estimated optimal weight vector and the proposed model averaging estimator in

Section 2.3. Under Assumption (iv’), we have n_lX;rZ(m) _;; v;, n1 (Z(m))TZ(m/) —‘L

Y, andn (2 (m))TX 0 LN d,, by the law of large numbers. Similar assumptions are also
made in Corbae et al. (2006), Hong (2020) and Seng and Li (2022).

We verify the standard validity conditions for instrumental variables through Assump-
tions (ii), (iii), and (iv). In particular, Assumption (ii) ensures the instrument relevance
condition (at; # 0), while Assumption (iii) guarantees instrument exogeneity. Moment con-
ditions in (iv) and (iv’) further ensure finite variance and identification. The assumed corre-
lations between the endogenous and exogenous variables are addressed in Assumptions (iv)
and (iv’), which allows for general correlations between endogenous and exogenous variables
through finite moment conditions, note that it could be zero as discussed in Remark 4.1.

3.2. Asymptotic properties

With the previous assumption conditions, we can provide some theoretical results to justify
the 2SLS estimator in Section 2.2 and the model averaging estimator in Section 2.3, respec-
tively. The consistency and asymptotic normality of the 2SLS estimator and the derivations
are in the Appendices.

The second result is about the large sample property of the estimator of the weight vector
involved in the model averaging estimator.

Theorem 3.1: Under Assumptions (i)-(iii), (iv’) and (v), as n — oo, we have (i) (Consis-

tency) w LN wo, and (ii) (Asymptotic Normality) /n(w — wp) —d> N(0, E), where E =
cov(9;, 9,) and ¢; = W&, — y,wo) are defined in Appendix 1.

Remark 3.1: From Theorem 3.1, we know that w is consistent with the true weight vector wy,
and has a normal limiting distribution with mean zero and variance E. With this result, we
can make statistical inferences on wy such as constructing a 95%-level confidence interval for
wo. Note that this result is similar to those in the literature of the weights with no constraint
imposed (J. Chen etal., 2018; Seng & Li, 2022), but is distinct from the results with the weights
constrained in a simplex space (Fang et al., 2022; Zhang & Zhang, 2023).

The third result is associated with the asymptotic theory of the resulting model averaging
estimator, S, pma (W), stated in Section 2.3.

Theorem 3.2: Under Assumptions (i)-(iii), (iv’) and (v), as n — o0, we have (i)

Bomia(#) = B + bias + 0,(1), (6)

awglM(onlM—l)

where bias = Be a = M M7 M, = E(X.X])[E(X,X])]'E(X,X,), and

(ii)

wg Wwo—a(wg 13)2

(Bonia (W) — B, — bias) -5 N (0, cov(Gi, ¢1)s32) , )

where ¢; and s3 are given in Appendix 1.
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Remark 3.2: In Theorem 3.2, Part (i) reveals that the proposed model averaging esti-
mator of f, produces a bias, which can not be negligible in the asymptotic sense if
bias # 0. However, this bias term can vanish in two special cases as follows. (a) In the
case where the exogenous variables X, and the endogenous variable X, are uncorre-
lated, that is, E(X,iX.;) =0 (i.e., Mye = 0), we have a = 0 and, accordingly, bias = 0
and ¢; =0, which implies ¢; = w(—)r ¢;. Hence, in this case, it can be derived that
cov(gj, (51-)53_2 = w(—)'—\llwoaz(w(—)rlllwo)_2 = (uT\II_lu)_laz. Thus, from Part (ii), we can

obtain \/E(B;,MA(W) — pe) —d% N(O, ("W u)"162) when E(X,;X.;) = 0. This result
coincides with the result obtained in Seng and Li (2022). (b) It is interesting to see that
in the case where w] 1) = 1, we can also get bias = 0, indicating the asymptotic bias of
our proposed estimator is eliminated when the optimal weights sum to one. In another
word, under the constraint of the weights summation to one, the proposed model averag-
ing estimator B\e,MA(ﬁ/) converges in probability to the true value .. Meanwhile, in this
case, its asymptotic variance can be simplified as cov(¢;, ¢;)s5 2 with s3 = w(—)r WYwy — aand
Qi = a,b’el;\rd\ll_lgi — aﬂelL‘I’_lyiwo + quSi. Moreover, we notice that if neither Case (a)
nor Case (b) occurs, the bias term generally can not be cancelled. Hence, if using Part (ii) of
Theorem 3.2 to further make statistical inference on f,, we have to estimate the bias term.
However, because the bias contains the unknown coefficient f,, it is often difficult to estimate
the bias directly. In the next section, we introduce an approach to adjust the bias term.

4. Asymptotic consistent estimation
4.1. Debiased estimator

As indicated in Theorem 3.2 in the previous section, the proposed estimator ,Z’;,MA(W)

awglM(w;)rlM—l)

generally yields a non-ignorable bias, bias = cpjasffe, Where cpins = is the

T Wwo—a(w] 1)
wy Ywo—a(wy 1a)
coefficient of f3, in the bias term. Since the bias term involves the unknown parameter f,,

we cannot directly construct an estimator of bias although the sample estimator of cpj,s can

AnT AT
be easily obtained as Cpias = w, where a is a plug-in estimator using sample
W' Wi—a(w ' 1p)2
moments to replace the expectations in the expression. If one substitutes the biased estimator
Pema (W) into bias, the resulting estimator of bias still inherits a non-ignorable bias.
Fortunately, according to Theorem 3.2, we know that feva (W) = (1 4 cpias) Be + 0p(1).
This relationship indicates that we can estimate f, immediately based on the estimator

B\e,MA(ﬁ/) and the estimator of cpi,s. Thus, we propose the following debiased estimator

Ofﬁea
B\e(debias) (W) =(1+ 2bias)_1,ée,MA("A")’ ®

where W is given in Equation (5). The consistency and asymptotic normality of this debiased
estimator Fedeblas) (W) are established below.

Theorem 4.1: Under Assumptions (i)-(iii), (iv’) and (v), as n — 0o, we have (i) (Consis-
tency) Egdebias) (W) = Be + 0p(1), and (ii) (Asymptotic Normality) ﬁg&ﬁdebias) (W) — Be) BN
N(0,v), wherev = wg(\Il - dl;\r/[ —1d" + alMlL)woaz/(wg\Ilwo - awS—IM)z, in which
the definition of d is given in Appendix 1.
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Remark 4.1: In the special case where E(X,;X,;) = 0 (i.e., Moe = 0), we have a = 0 and
d = 0. This results in the asymptotic variance v = (w] Wwo)~'o? = (u' ¥~'u)~152. Thus,
when E(X, X, ;) = 0, the above result is the same as that in Seng and Li (2022).

Remark 4.2: This theorem reveals that the debiased estimator is consistent. Thus, we use
BEdebiaS’ (W) as the final estimator of f3,, which is illustrated in both our simulation and real
data analysis. According to the asymptotic normality in this theorem, one can construct the
confidence interval of f,. To this end, we only need to consistently estimate the asymptotic
variance v. This can be achieved by substituting u, ¥, a and d with their moment estimators,
and o2 with 6, illustrated later in Remark 4.4 in Section 4.2. Concretely, the estimator

~ AT ~
of v is formulated as § = W' (¥ — dij, —1yd + &IMIM)W@\Z/IA/[WT(‘I'W — aly)]?. The

95% confidence interval of f, can be constructed as [Z’Edebias)( ) — 1.96,/V/n, ﬁgdebias) (w) +
1.96,/% /n].

4.2. Another interpretation

In this subsection, we present an alternative construction procedure that provides a more

intuitive interpretation of the debiased model averaging estimator B\édebias) (W) proposed in
Section 4.1. To proceed, in terms of Equation (3) in Section 2.2 and using the facts that
P,P; = Py and PzP; = P;, we obtain

-~ ST 15T
Bersis = [X, (I, — P)X.]"'X, (I, — P))Y. 9)

On the basis of Equation (9), a natural idea is to utilize some model averaging estimator of
X, as a surrogate of X, in order to form a model averaging estimator of f,. For this purpose,
following the previous arguments in Section 2.3, one can use the model averaging estimator
Xe(ﬁl) of X, to replace the term X’e in Equation (9). As a result, another model averaging
estimator of S, can be formulated as

Bema(®) = [Xe(W) T (I, — P)X] "X (W) T (I, — P))Y, (10)

where the estimated weight vector w is given in (5).

The following theorem gives the equivalence relationship between Bera () in (10) and
"édebias) (ﬁ)) in (8).

Theorem 4.2: It follows that ,Be Ma(W) = Fdeb‘as)( w).

Remark 4.3: This theorem indicates that the two model averaging estimators, ﬁe,M A(w) and

Eﬁdebm) (W), are exactly in the same form, but they are constructed in two different ways. This
result together with Theorem 4.1 implies that S, ma (W) is also a consistent estimator of S,

and has the same asymptotic distribution as that of Bédebias) (w). That is, under the conditions
~ ~ ~ ~ d
of Theorem 4.1, fena (W) = fe + 0,(1) and /n(fema (W) — fe) —> N(O,v).

Remark 4.4: As stated previously, the estimated variance § involves an estimator of 2, 6
which is detailed as follows. Similar to the construction of ﬁe Ma (W), we can also obtain
a consistent model averaging estimator of 8 = (f,, T)T To be specific, denote X (w) =
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X, (W), Xy), an n x (1 + p) matrix. Then, the model averaging estimator of B can be con-
structed as /3 Ma(v) £ (X (w)TX )~ X (W) TY. Hence, with this, we can obtain an estimator
of 6% as aM A= n_;}_l |Y — X By (W), which is adopted in the subsequent simulations
and real data analysis. The following result gives the theoretical justification for 8 and 6 ,.

Theorem 4.3: Suppose thatEll?b,- | < oo, where (Ei is given in Appendix 1. Under Assumptions
(i)-(iii) and (iv’), we have

(i) (Consistency) EMA(W) = B +o0p(1);

(ii)) (Asymptotic Normality) ﬁ[ﬁMA(ﬁ/) — Bl 4 N, AT A2(A])"16?), where A
and A, are given in Appendix 1;
(iii) (Consistency of&l\z/[A) Furthermore, we have &I\Z/IA =o24 0p(1).

5. Simulation
5.1. Simulation examples

In this section, we conduct some simulation studies to illustrate the validity and efficiency
of our proposed model averaging methods. To be specific, we consider six simulation exam-
ples with different settings of parameters (p, g, 02,72). In Examples 1-5 below, the response
variable Y is generated from Model (1), where ¢ ~ N(0, 0?). The endogenous variable X,
is generated based on Model (2), where e ~ N(0, 12). In Example 6, we generate Y from
Model (1) except that the component X5 is replaced with eXe5. This example allows non-
linear exogenous variables to be contained in the model, and thus the linear IV models
used as candidates are all misspecified. In all examples, the components of a1 in Model (2),
{a Ij}q=1’ are independent and generated from the same uniform distribution, U(0, b), namely,
ag ~iid U(0,b) forj = 1,.. ., g, where the value of b may be distinct in different examples. In
the generation of o 5j> We allow the correlation between X and X, to be weak when b is small.
For the coefficients of X, in Model (2), we simulate ¢y ~jiq U(—c,c)forj = 1,. .., pwith dis-
tinct values of ¢ in various examples. The coefficients of X, = (Xo1, - - - ,XOP)T in Model (1),
{ﬁoj}le, are sampled with replacement from the set {—5,—4,—3,—-2,—1,1,2,3,4,5}. We
generate the instrumental variable X; ~ N(0, ) and the exogenous variable X, ~ N(0, IT).

e Example 1 Set g = 10, p = 5, 0% = 3.25, 2 = 5.69, cov(Xe, &) = 3, fe = —1, b = 3.5,
c=5,p, =0and pss = 0,0.2,0.5.
e Example 2 Same as Example 1 except that p = 0.2 and p, = 0.2,0.5.
e Example 3 Set g = 450 with 45 coefficients of the IVs being non-zero. p = 20, 62 = 5,
2=2,cov(Xeye) = =2, e =1,b=23,c =4, p, = 0and pes = 0.
e Example 4 Set g = 450 with 45 coefficients of the IVs being non-zero. p = 20, 62 = 5,
2 =514, cov(Xp, ) = =34, fo =1,b=2.5,¢c =5, p, = 0and pe; = 0.3,0.5.
e Example 5 Same as Example 4 except that p.; = 0.2 and p, = 0.2,0.5.
e Example 6 Same as Example 1 except that two of the instrument variables and one of the
exogenous variables are nonlinear. Specifically, we replace X4 with sin(X}4), Xr5 with X%S
and X,5 with X5 in Model (2). Also we replace X,5 with eX5 in Model (1).

Let = (p,])?] 1- In Examples 1, 3, 4, 5 and 6, we set p;j = 1 if i = j and p;j = pcs if
i # j for some —1 < p. < 1. In Examples 2, we set p;; = 1 if i = j and p;; = pji, sampled
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uniformly within the interval (0, p), where the value of p can change in different examples.
We use make.positive.definite () in R package corpcor to ensure the generated
matrix €2 to be a covariance matrix. In Examples 1-6, the diagonal entries of IT are ones, and
all off-diagonal entries are fixed as the same value p, for —1 < p, < 1.

Throughout, we set t,, = t for convenience, in which way, each submodel under the same
parameter setting includes the same number of IVs. We obtain the optimal (¢, M) under
BICyy criterion using grid search in a reasonable range. In Examples 1, 2 and 6, we search ¢
and M in range [2, 10]. In Examples 3-5, we search ¢ in [10, 100] and M in [20, 200]. We find
in our coding process that the simulation results are not sensitive to the choice of t and M in
these ranges. Thus, we set (¢, M) = (9, 2) for Examples 1, 2 and 6, and (¢, M) = (10, 20) for
Examples 3-5.

5.2. Methods and evaluation criteria

To evaluate the finite-sample performance of our approach, we compare the following six
methods.

e (2SLS): The standard 2SLS method using all g IVs in the first stage of 2SLS.

o (MA®M): The model averaging estimator involving M submodels in the first stage of
2SLS, in which the mth submodel includes X, and different X}m) = (Xl(i"), e ,Xl(tm NT e
R?, with each Xl(im) drawn from {Xjy, . .., Xj4} with equal probability and no replacement.
We restrict that {Xl(inl), . ,Xl(tml)} + {X}TZ), ... ,X}th)} for m; # m; to ensure that the
subset of IVs involved in each submodel is not exactly the same.

o (MAT®M): Resembling MA®M) except that each Xl(im) is drawn from {Xp1, . . ., Xjq} with
unequal probability. The sampling probability of Xy is computed proportional to the
absolute value of the Pearson correlation between Xj; and X,.

e (5®*M): The model averaging method in Seng and Li (2022) regressing X, on only the
Vs X" = (x\™, .. ,Xl(tm )T & R! in Stage one of every submodel.

o (st®M). Resembling 5(*M) except that each XI(l-m) is drawn from {Xi,...,Xjq} with
unequal probability. The sampling probability of X is computed similarly to that in
MA+TEM)

e (pLasso): Applying Lasso to all IVs and the exogenous variables in Stage one as a variable
selection method, regressing Y on ?(e,LaSSO and the exogenous variables selected in the
previous stage.

e (pELg;5): Resembling Lasso except that applying elastic net with mixing parameter a = 0.5
to Stage one.

e (Naive): Standard OLS method regressing the response variable Y on the endogenous X,
directly.

Denote the 2SLS estimator of S, by Ez,zsLS and the Lasso estimator of f, by Z’E,Lasso.
Similarly, denote the least squares estimator of X, in the first stage of 2SLS method by
XQ,ZSLS, the Lasso estimator of X, in the first stage of 2SLS method by Xe,LaSSO, and the
least squares estimators of 8, in the second stage are EO,ZSLS and f8 o,Lasso Tespectively. Note
that X' 1ass0 are the exogenous variables selected in the first stage, and pragsso is the num-

ber of the exogenous variables selected. In our simulations, g is estimated by 65 ¢ =
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_p T1Y = XeosisBeasts — XoBoasisll” for 25LS method, and by 62,,, =

Xe Lassoﬁe Lasso — X o Lassoﬂo Lasso ” for Lasso method.

We utilize the evaluation criteria including bias, standard deviation (SD), standard error
(SE), coverage probability (CP) of the S, estimators and the average execution time of 500
independent simulation processes for the first stage of 2SLS in seconds (7). All results are
based on 500 independent simulations.

Y =

_PLasso

5.3. Simulation results and analysis

Tables 1-6 present the simulation results of Examples 1-6. Specifically, note that the results of

Table 1. Results for Example 1 (with ps = 0,0.2,0.5).

Pes n 25LS MAEM MATEM) 5(EM) gTEM) pLasso pELos Naive
0 200 Bias  0.0033 0.0033 0.0033 00483 00474 00034 0.0035 0.0675
D 0.0207 0.021 0.0208 00709  0.071 0.0214 0.0214 0.0266
SE 0.0197 0.0236 0.0204 00269 00243  0.0204 0.0204 0.0186
P 0.938 0.966 0.944 0436 0412 0.936 0.936 0.074
T 0.0034 0.011 0.0195 00104 00162  0.1339 0.1222 -
400  Bias  0.0028 0.0028 0.0028 00234 00231 00027 0.0026 0.0692
D 0.0153 0.0153 0.0153 00526 00514 00154 0.0155 0.0249
SE 0.0139 0.0165 0.0142 00176 00157  0.0141 0.0141 0.0131
P 0.926 0.956 0.934 0472 0.444 0.928 0.928 0.002
T 0.0088 0.0186 0.0365 00148 00344 02011 0.2011 -
800  Bias  0.001 0.001 0.0009 00102 00101  0.001 0.0009 0.0674
D 0.0107 0.0109 0.0106 00391 00387 00117 0.0118 0.0206
SE 0.0097 0.0115 0.0099 0.012 00106  0.01 0.01 0.0092
P 0.934 0.956 0.936 0.484 0428 0.932 0.932 0
T 0.009 0.0297 0.0349 00178 00316  0.2988 0.2933 -
02 200  Bias  0.0029 0.0028 0.0028 00202 00207  0.0029 0.0031 0.0339
SD 00143 0.0144 0.0143 00519 00514 00144 0.0146 0.018
SE 0.013 0.0148 0.0138 00173 00166  0.0135 0.0135 0.013
P 091 0.942 0.934 0.486 0478 0912 0.91 0306
T 0.0073 0.0236 0.0228 0.022 00221  0.285 0.2827 -

400 Bias 0.0006 0.0006 0.0006 0.003 0.0033 0.0006 0.0006 0.0334
SD 0.0072 0.0072 0.0072 0.0267 0.0265 0.0072 0.0072 0.0143
SE 0.0065 0.0074 0.0069 0.0078 0.0074 0.0068 0.0068 0.0065

cP 0.938 0.968 0.948 0.474 0.47 0.94 0.94 0.004
T 0.0148 0.0465 0.0428 0.0328 0.0361 0.48 0.4533 -

800 Bias 0.0002 0.0002 0.0002 0.0036 0.0039 0.0002 0.0003 0.0328
SD 0.0069 0.0069 0.007 0.0263 0.0265 0.0072 0.0073 0.0143
SE 0.0065 0.0074 0.0069 0.0078 0.0074 0.0067 0.0067 0.0065
CcP 0.924 0.954 0.942 0.484 0.446 0.922 0.922 0.008
T 0.0143 0.0481 0.046 0.0303 0.0352 0.5014 0.5127

0.5 200 Bias 0.0004 0.0004 0.0004 0.0085 0.0089 0.0005 0.0004 0.0179
SD 0.0103 0.0102 0.0103 0.0368 0.0367 0.0106 0.0107 0.0122

SE 0.0096 0.0104 0.0101 0.0123 0.0121 0.0102 0.0101 0.0098
CcP 0.928 0.948 0.942 0.498 0.496 0.936 0.936 0.562
T 0.0077 0.0235 0.026 0.0197 0.0218 0.2664 0.2827 -

400 Bias 0.0004 0.0004 0.0004 0.0049 0.0052 0.0003 0.0003 0.0185
SD 0.0071 0.0071 0.0071 0.0264 0.0264 0.0075 0.0073 0.0105
SE 0.0068 0.0074 0.0071 0.0082 0.008 0.0071 0.0071 0.0069
CcP 0.944 0.962 0.958 0.46 0.44 0.94 0.942 0.286
T 0.0113 0.0346 0.0377 0.0284 0.0275 0.3566 0.3493 -

800 Bias 0 0 0 0.0014 0.0015 0 0 0.0183
SD 0.005 0.005 0.005 0.0178 0.0178 0.0054 0.0054 0.0087
SE 0.0048 0.0052 0.005 0.0055 0.0053 0.005 0.005 0.0049
CcP 0.938 0.958 0.95 0.464 0.446 0.942 0.942 0.092
T 0.0204 0.055 0.046 0.0302 0.0359 0.5333 0.5508 -

Note: True value o = —1.
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Table 2. Results for Example 2 (with pcs = 0.2, p, = 0.2,0.5).

Po n 25LS MAEM) MATEM) 5EM) sHM plasso pELos Naive
02 200 Bias  0.0028 0.0026 0.0028 00266 00271  0.0028 0.0028 0.0423
SD  0.0153 0.0154 0.0153 0.0557  0.055 0.0166 0.0166 0.0224
SE 0.0149 0.0171 0.0157 00197 00186  0.0154 0.0153 0.0147
cp 0.928 0.964 0.942 0.468 0.454 0.928 0.928 0.238
T 0.0101 0.0332 0.0326 00415 00331  0.3851 0.3837 -
400  Bias  0.0003 0.0003 0.0004 00154 00155  0.0004 0.0004 0.0448
sD 0.0119 0.0121 0.0119 00422  0.042 0.012 0.012 0.0189
SE 0.011 0.0116 0.0116 00137 00127 00112 0.0112 0.0108
cp 0.932 0.944 0.946 0.48 0.45 0.934 0.932 0.044
T 0.0108 0.048 0.0375 00249 00326 04113 0.3667 -
800  Bias  0.0004 0.0004 0.0004 0.0093  0.0092  0.0005 0.0005 0.0431
SD 0.008 0.0081 0.008 00287 00287  0.0082 0.0082 0.0161
SE 0.0075 0.008 0.0079 0.009 0.0084  0.0077 0.0076 0.0074
cp 0.942 0.952 0.954 0.456 0.424 0.942 0.942 0
T 0.0087 0.0277 0.0237 0.023 00226 03137 0.3238 -
05 200 Bias  0.0025 0.0024 0.0025 00256 00261  0.0022 0.0021 0.0429
SD 0.0169 0.017 0.0169 00573  0.057 0.0186 0.0184 0.0212
SE 0.0152 0.0159 0.0158 00203 00191  0.0159 0.0157 0.0148
cp 0.93 0.936 0.94 0.508 0.502 0.924 0.926 0.22
T 0.0056 0.0184 0.0227 00149 00207 02157 0.2192 -
400  Bias  0.0009 0.0008 0.0009 00143 00146  0.0007 0.0009 0.0417
SD 0.0109 0.0111 0.0109 00417 00412  0.0119 0.0113 0.0176
SE 0.0106 0.0112 0.0111 00135 00123 00111 0.011 0.0104
cp 0.95 0.952 0.956 0.502 0.47 0.946 0.948 0.04
T 0.0065 0.0263 0.0251 00132 00142  0.2034 02123 -
800  Bias  0.0002 0.0003 0.0002 00062 00066  0.0004 0.0003 0.0431
) 0.0082 0.0083 0.0082 00291 00288  0.0085 0.0085 0.0173
SE 0.0076 0.0081 0.008 0.0093 00084  0.0078 0.0078 0.0075
cp 0.95 0.956 0.954 0.526 0.45 0.948 0.948 0.002
T 0.0113 0.034 0.0288 00339 00251 03166 0.3284 -
Note: True value e = —1.

our proposed methods reported in all tables are calculated based on the debiased estimator
Aédebias) (W) in Section 4.1. Besides, under high-dimensional settings, as in Tables 3-5, 2SLS
methods can not be applied when n = 200 and # = 400 because the number of IVs and
exogenous variables is larger than the sample size in Stage one.

From the tables, we can see that, in terms of bias, the proposed methods MA®M) and
MA+EM 2818 and the variable selection methods generally outperform s®M) and s+ (M)
under the settings of either low-dimensional or sparse high-dimensional IVs. This is rea-
sonable since these models include exogenous variables in two stages. Similarly, under
low-dimensional conditions, the 2SLS estimator and all variable selection methods also
obviously outperform s and s+ ®M) especially when the sample size # is smaller. As n
increases, the bias of the naive method hardly changes while the biases of all other methods
generally decrease. When ¢ is greater with sparse settings as in Examples 3-5, our methods
outperform all other methods. The bias of s(*™) and s+®M) is even larger than that of the
naive OLS method, whose bias is generally the largest under low-dimensional conditions.
Another observation from Table 1 is that the biases of all model averaging methods become
smaller as the correlation of IVs gets larger, which is common in realistic problems where the
IVs are usually correlated.

From the results of Example 6, which are obtained under misspecified models, we can see
that the bias of our model averaging methods is slightly larger than that in Example 1 under
the same settings but much smaller than s®*™), s+®M) and the OLS method. It seems that
the variable selection methods are comparable to our methods in this case but take much
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Table 3. Results for Example 3.

n 25LS MAEM) MATEM 5EM) sHM pLasso pELos Naive
200 Bias - 0.0148 0.0118 0.3478 0.3063 0.0216 0.0221 0.0242
D - 0.0315 0.0268 0.0764 0.0671 0.0351 0.0361 0.0187
SE - 0.03 0.0261 0.0511 0.0419 0.0363 0.0374 0.0183
cp - 0.902 0.932 0 0 0.878 0.886 0.736
S(X)) - 165 148878 165 148.878 145.18 152.37 -
T - 0.2419 0.1606 0.1196 0.1377 0.8679 0.6941 -
400 Bias - 0.0066 0.0059 0.3466 0.287 0.017 0.0174 0.0241
D - 0.0244 0.0185 0.0736 0.0644 0.0176 0.0172 0.0129
SE - 0.023 0.0178 0.045 0.033 0.0161 0.0159 0.0126
cp - 0.936 0.92 0 0 0.76 0.746 0.538
S(X)) - 165 14937 165 149.37 165.344 177.766 -
T - 0.265 0.2003 0.1349 0.1596 1.0013 0.8527 -
800 Bias 0.0139 0.0048 0.002 0.2882 0.2059 0.0087 0.0093 0.0241
D 0.0095 0.0154 0.0117 0.0733 0.0529 0.0114 0.0111 0.01
SE 0.0081 0.0162 0.0116 0.0376 0.0236 0.0098 0.0096 0.0088
cp 0.594 0.944 0.952 0 0 0.776 0.764 0.252
S(X)) 450 165  145.098 165 145.098 155.27 169.548 -
T 0.3745 0.4645 0.344 0.2124 0.234 1.9088 1.6307 -
Note: True value . = 1.
Table 4. Results for Example 4 (with pcs = 0.3,0.5).
Pes n 25LS MAGM) — A+HEM) 5tM gTtM plasso pELgs Naive
03 200  Bias - 0.0003 0.0002  0.0205 0.0219 0.0016 0.0018  0.0031
SD - 0.0055 0.0054  0.027 0.0267 0.0121 00119 0.0053
SE - 0.0054 0.0054 0.0188 0.0185 0.0118 00118  0.0053
cp - 0.95 0.96 0.702 0.682 0.952 0.952 0.922
S(X)) - 165 162.304 165 162.304 106.092 109.066 -
T - 0.3045 03166  0.2227 0.2666 13217 13475 -
400  Bias - 0.0001 00002  0.0116 0.0132 0.001 0.0009  0.0032
SD - 0.0038 0.0038  0.0205 0.0203 0.0065 0.0065  0.0037
SE - 0.0038 00037  0.0134 0.0133 0.0059 0.0059  0.0036
cp - 0.932 0942 0726 0.702 0.926 0.924 0.842
S(X)) - 165 162.142 165 162.142 110.786 114.16 -
T - 0.2897 03083  0.188 0.2062 1.0884 1.0013 -
800  Bias  0.002 0.0001 0.0001  0.0063 0.0073 0.0007 0.0008  0.0034
SD  0.0025 0.0026 0.0026  0.0142 0.0142 0.0037 00036  0.0026
SE 0.0024  0.0026 0.0026  0.0095 0.0094 0.003 0.003 0.0025
cp 0.844 0.946 0948  0.782 0.77 0.902 0.898 0.726
S(X)) 450 165 163.996 165 163.996 139.042 145.198 -
T 0.5978  0.8191 0.5395  0.3335 0.3993 3.3789 3.1002 -
05 200  Bias - 0.0001 0.0001  0.0132 0.0137 0.001 00011  0.0019
SD - 0.0041 0.0041  0.021 0.0207 0.0115 00113 0.004
SE - 0.0042 0.0042 00132 0.0132 0.0106 00105  0.0042
cp - 0.964 0964  0.708 07 0.948 0.952 0.954
S(X)) - 165 163.146 165 163.146 98.262 101.384 -
T - 0.3311 0309  0.2147 0.271 13929 14136 -
400  Bias - 0.0002 0.0001  0.0078 0.0083 0.0006 0.0007  0.0022
SD - 0.0029 0.0029 00144 0.0145 0.0064 0.0065  0.0029
SE - 0.0029 0.0029  0.0091 0.0091 0.0058 0.0058  0.0028
cp - 0.942 0944 0722 0.712 0.936 0.932 0.878
S(X)) - 165 161.984 165 161.984 108.812 113.218 -
T - 0.3125 02878  0.1956 0.2229 1.1287 1.0981 -
800  Bias 00012  0.0001 0.0001  0.0035 0.0038 0.0006 0.0005  0.0021
SD 0.002 0.002 0.002 00113 0.0113 0.0027 00026  0.002
SE 0.0018  0.002 0.002  0.0064 0.0064 0.0022 00022  0.002
cp 0.89 0.946 0.95 0.716 0.722 0.902 0.908 0.84
S(X)) 450 165 161.77 165 161.77 134.948 140.108 -
T 06357  0.8214 0.5464  0.359 0.3811 3.4726 3.1713 -

Note: True value . = 1.
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Table 5. Results for Example 5 (with p, = 0.2,0.5).

Po n 25LS MAEM) MATEM) 5EM) HEM plasso pELgs Naive
02 200 Bias - 0.0012 00013  0.0342 0.0375 0.0052 0.0053  0.0052
SD - 0.0064 0.0065  0.0315 0.0316 0.0148 00151 0.0062
SE - 0.0066 0.0066  0.0237 0.0232 0.0136 00137  0.0063
cp - 0.94 0.94 0.638 06 0.93 0.928 0.88
S(X)) - 165 160.832 165 160.832 116474 12049 -
T - 0.343 03049  0.2282 0.271 1.4037 1.3641 -
400  Bias - 0.0006 0.0006  0.0192 0.022 0.0019 0.002 0.0049
D - 0.0046 00047  0.0225 0.0224 0.0075 0.0076  0.0045
SE - 0.0046 00046 00171 0.0168 0.0067 0.0067  0.0043
cp - 0.944 0.946 0.748 0.696 0.922 0918 0.802
S(X) - 165 161.708 165 161708  117.23 120.366 -
T - 0.2657 02732  0.1875 0.2096 1.0936 1.0177 -
800  Bias  0.0027  0.0002 0.0003  0.0105 0.012 0.0011 0.0012  0.0048
SD 00031  0.0033 0.0032 00175 0.0176 0.0044 0.0044  0.0031
SE 00028  0.0032 00032 00122 0.0119 0.0036 00036  0.003
CP 0806  0.954 0.954 0.786 0.748 0.894 0.892 0.656
S(X)) 450 165 161.81 165 161.81 145.63 152.232 -
T 04607 06399 0.458 0.2828 0.3235 24548 2.1332 -
05 200 Bias - 0.0016 0.0016  0.0334 0.0371 0.0048 0.0048  0.0054
D - 0.0066 0.0066  0.0363 0.036 0.0146 00149  0.0063
SE - 0.0066 00066  0.0237 0.0231 0.0139 0.014 0.0063
cp - 0.948 0.938 0.674 0.66 0.93 0.93 0.88
S(X)) - 165 160.716 165 160716  120.69 125.188 -
T - 0.244 02273  0.1606 0.1814 0.976 0.9084 -
400  Bias - 0.0006 0.0006 00188 0.0216 0.0018 00019  0.005
D - 0.0046 0.0046  0.0289 0.03 0.0074 00074  0.0044
SE - 0.0046 0.0046  0.0171 0.0167 0.0069 0.0069  0.0043
cp - 0.95 0.95 0.74 0.696 0.916 0.912 08
S(X)) - 165 161.642 165 161.642 118.89 122322 -
T - 0.2576 02534  0.1658 0.1846 1.0992 1.0224 -
800  Bias 00028  0.0002 0.0003  0.0096 0.0112 0.0016 00017  0.0048
SD 00032 0.0033 0.0033 00181 0.0184 0.0041 00042  0.0033
SE 00028 0.0032 0.0032 00122 0.012 0.0036 00036  0.003
P 079 0946 0.942 0.78 0.758 0.894 0.884 0.664
S(X)) 450 165 161.868 165 161.868  157.216  165.498 -
T 04442 06363 04453  0.2609 0.3097 24621 23338 -

Note: True value e = 1.

longer in computing time. Meanwhile, the bias generally decreases as the sample size n or
the correlation of X7 becomes larger. These results indicate the effectiveness and robustness
of our proposed methods.

In terms of the CPs of the 95% confidence interval, the OLS model, s(®™) and s+®M) are
significantly lower than other methods. The proposed methods perform best since the asso-
ciated CPs are closest to the nominal level (95%) among all the comparable methods. Under
low-dimensional settings, the 2SLS method and two variable selection methods perform as
well as our methods while they unlikely perform better when the number g of IV's gets greater.
In Examples 3-5, the CP of either s(-*) or 51 M) is even lower than the naive OLS method.
In Example 6, despite the fact that the CP has decreased for all methods, our proposed model
averaging methods still outperform other methods. The results indicate that our proposed
methods generally perform well in terms of CP, verifying the validity of Theorem 3.2 in finite
samples. Furthermore, Figure 1 showcases that although the points at both ends in each sub-
figure tend to depart from the reference line for all the methods, however, our proposed
methods perform most satisfactorily since their points are closest to the reference line.
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Table 6. Results for Example 6 (with pcs = 0, 0.2).

Po n 25LS MAEM MATEM) 5EM M pLasso pELgs Naive

0 200 Bias 0.0039 0.0038 0.004 0.0596 0.0618 0.0046 0.0047 0.0304
SD 0.1048 0.1035 0.1039 0.1379 0.139 0.1056 0.1052 0.4425
SE 0.1082 0.1087 0.1085 0.1065 0.1061 0.1095 0.1091 0.0453

CcP 0.89 0.894 0.892 0.772 0.764 0.892 0.89 0.118
T 0.0053 0.0198 0.0339 0.0154 0.0256 0.2209 0.2068 -
400 Bias 0.0023 0.0024 0.0023 0.0361 0.0378 0.0021 0.0021 0.0044
SD 0.0743 0.0732 0.0738 0.0959 0.0955 0.0743 0.0749 0.422
SE 0.0807 0.0559 0.0558 0.0794 0.0793 0.0811 0.081 0.031
cP 0.92 0.892 0.884 0.782 0.772 0.922 0.918 0.06
T 0.0065 0.019 0.042 0.0171 0.0307 0.2161 0.2101 -
800 Bias 0.0024 0.0022 0.0023 0.018 0.0197 0.0025 0.0024 0.0418

SD 0.0492 0.0489 0.0492 0.0694 0.0693 0.0493 0.0494 0.4486
SE 0.0563 0.0424 0.0424 0.0563 0.0562 0.0566 0.0565 0.0223
CcP 0.912 0934 0.93 0.784 0.778 0.912 0.91 0.04
T 0.012 0.0381 0.037 0.0242 0.0318 0.3707 0.4163 -
0.2 200 Bias 0.0022 0.0021 0.0021 0.0083 0.0089 0.0023 0.0022 0.0696
SD 0.0324 0.0322 0.0323 0.0439 0.0439 0.0328 0.0329 0.3181
SE 0.0368 0.0368 0.0369 0.0369 0.037 0.0372 0.0371 0.0192
CcP 0.892 0.892 0.894 0.812 0.812 0.89 0.892 0.062
T 0.0113 0.0329 0.0239 0.0232 0.0223 0.3203 0.2984 -
400 Bias 0.0003 0.0004 0.0001 0.0155 0.0166 0.0006 0.0004 0.0352

SD 0.046 0.0456 0.0457 0.064 0.064 0.0471 0.0473 0.3164
SE 0.0541 0.0408 0.0407 0.0538 0.0538 0.0547 0.0547 0.0274
CcP 0.91 0.926 0.924 0.816 0.812 0.914 0912 0.088

T 0.0116 0.0198 0.0257 0.0162 0.0222 0.2351 0.238 -
800 Bias 0.0004 0.0003 0.0003 0.0086 0.0093 0.0003 0.0003 0.0026

SD 0.033 0.0329 0.033 0.0461 0.0463 0.0339 0.0336 0.3165
SE 0.0402 0.0402 0.0403 0.0401 0.0401 0.0405 0.0405 0.0191
cP 0.918 0.92 0.92 0.808 0.806 0.92 0.92 0.07

T 0.0093 0.0319 0.0273 0.0207 0.0208 0.3008 0.302 -

Note: True value fe = —1.

In addition, in terms of the execution time in Stage one, we can see that the execution time
of all model average methods is slightly longer than the 2SLS method in low-dimensional set-
tings, while the gap gets much wider in high-dimensional settings, see Tables 3-5. Besides,
it is noted that the execution time of the variable selection methods is the longest among
all methods, generally 3 ~ 10 times longer than our methods. This is reasonable because
variable selection methods usually involve some additional tuning parameters to be deter-
mined using some data-driven methods such as BIC and cross-validation, which burdens
the computation.

In Examples 3-5, the number of IVs used in different methods is shown and com-
pared. The model averaging procedure tends to choose a comparably smaller set of IVs
than the 2SLS method, which shortens the computing time when the sample size gets larger.
Moreover, the model averaging methods generally choose more variables than the variable
selection methods when the exogenous variables or IVs are correlated. Accordingly, instead
of abandoning the IVs with comparably lower marginal correlation with X, the model aver-
aging methods tend to attribute non-zero sampling probability to them when constructing
candidate submodels.

To further complement the simulation study, we provide additional results in Appendix 4.
Specifically, Appendix A.1 investigates small-sample scenarios by reducing the sample size
to n = 50 or n = 100 under dense or sparse designs. These results demonstrate that our
proposed methods remain competitive even in small samples. Appendix A.2 conducts a
sensitivity analysis with respect to the correlation between the endogenous and exogenous
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Figure 1. The quantile-quantile (QQ) plots for the different methods using the standard normal as the
comparison distribution for Example 3 with sample size 800.

variables, denoted by p,.. We vary this correlation level systematically and report the corre-
sponding estimation biases. These additional results further support the robustness of our
proposed estimators.

All codes are uploaded in https://github.com/wenjuns/2sls_code.git.

6. Real data analysis

We apply our proposed model averaging methods to the data set analysed by Belloni
et al. (2012) and Belloni et al. (2014), which is published in the supplementary material on
https://www.tandfonline.com/doi/suppl/10.1080/07350015.2020.1870479%scroll = top. This
data set was used to study the effect of the government’s exercise of eminent domain on home
price, in which case the response variable Y denotes the log of Case-Shiller home price index
depicting the numerical trend of home price. The endogenous variable X, we are interested
in is the number of pro-plaintiff appellate decisions, which is the number of the court ruling
that a taking was illegal and judging the property in favour of a private owner over the gov-
ernment. X, reflects the attitude of the court’s towards the government’s seizure of a possible
private owner’s property. If the value of X, rises, it may indicate that the regime becomes
more protective and supportive of individual property rights. Accordingly, . stands for the
effect of an additional pro-plaintift appellate decision supporting the private owner on the
home price index. Referring to historical literature, we consider the exogenous variables, X,
including dummy variables such as whether there was any case in that circuit-year, numerical
variables such as the number of appellate decisions, relevant factors including certain features
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Table 7. Stage one performance of the different methods for the Case-Shiller data.

Method S(X)) F pF R? T

MA(012) 83 52.3512 7.6347 x 107> 0.786 0.0453
MA+(1012) 76 39.8719 2.809 x 104 0.7367 0.0272
5(1012) 83 17.3996 55795 x 1024 0.5498 0.0117
5T(1012) 76 15.6873 3.4527 x 1072 0.5041 0.0101
plasso 4 34.5186 2.389 x 1072 0.4355 0.2123
PELy s 9 15.2486 3.6955 x 10~18 0.4409 0.1175

Note: S(X)) is the number of unique X; used, F is the F value, pF is the p-value of the F statistic obtained, R?
is the R-squared value and 7 is the execution time for Stage one in seconds.

of federal circuit court judges in a given circuit-year, circuit-relevant features, time-relevant
features, and circuit-relevant time trends.

Although Guo et al. (2018) reject the endogeneity in the study of the causal effect between
pro-plaintiff appellate decisions and home price under DWH test, other researches includ-
ing D. L. Chen and Yeh (2012), Belloni et al. (2012), and Belloni et al. (2014) approve of
the existence of possible endogeneity in this case. Thus, we regard the pro-plaintiff appellate
decisions as the endogenous variable X, in this study. The selection of IVs is based on the
fact that the judges who deal with these cases are randomly assigned. Thus, the identity and
characteristics of the judges are potential instrumental variables, in that they have influence
on the response variable only through the effect of the endogenous variable X,. Referring to
past research, we also take the individual demographics of the federal circuit court judges
in a given circuit-year as potential instruments, such as basic identical information includ-
ing gender, race, religion, political affiliation, and other dummy variables including whether
the judge obtained the bachelor’s degree in-state, type of university from which the judge
obtained the bachelor’s degree, and possible interactions are constructed among these fea-
tures (Belloni et al., 2012, 2014). There are a total of 147 variables selected as instruments.
We first compute the Pearson correlations of these potential instruments with the endoge-
nous variable X, before constructing the instruments set. The result shows that there exist
some very weak instruments, and we keep them to investigate whether our methods perform
well under the influence of weak instruments. All 71 exogenous variables are also included
as exogenous variable X, in Models (1) and (2). The sample size of this data is n = 183. All
variables involved in the model including Y, X,, X, and X,, are standardized to have mean
zero and standard deviation one.

We employ all the methods in the simulation study to analyse this data and make a com-
parison. We fix t,, = t for convenience such that each submodel has the same number of
IVs. We take (t, M) = (10, 12) in this case study referring to the BICy criterion. We con-
sider M submodels in the first stage of 2SLS, in which the mth submodel includes X, and
different X%m) = (Xg"), .. ,XI(tm))T e R!, with each X}im) being sampled from {Xpi, ... » X1g)
with equal or unequal probability in two model averaging methods, respectively (Table 7).

Since the true value of S, is unknown in reality, we take the results of Belloni et al. (2014),
which proposed a double selection procedure, as the benchmark. We use the method of Bel-
loni et al. (2014) to select only one IV, and the resulting estimate of /5, is 0.0648. Table 8
reports the estimates of /3, of various methods. In terms of bias, MA+t(1%12) produces the
closest result to the benchmark among all comparing methods. Another observation is that
57(10.12) and model selection methods tend to obtain relatively larger estimates of /3, than our
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Table 8. Results of estimation for the Case-Shiller data.

Method /?e SE p-value
MA(10:12) 0.0359 0.0343 0.2959
MAT(10.12) 0.0656 0.0397 0.0982
5(1012) 0.0538 0.0195 0.0058
§1T(1012) 0.0842 0.0198 2.073 x 10~
pLasso 0.0922 0.036 0.0104
PELg s 0.099 0.0343 0.0039
naive 0.0237 0.0224 0.2918

Note: /3’3 is the estimated coefficient for X, and SE is the estimated standard error of the
estimator.

methods. However, sT(1%12) may overestimate f, without considering the exogenous vari-
ables in Stage one. The model selection methods may remove too many variables in the first
stage referring to the value of S(Xy). Furthermore, we also find that all estimates except the
naive and MA%12) are significant at the 0.1 level. Overall, MAT(%12) gives a relatively less
bias and has an advantage in execution time over the model selection methods.

7. Concluding remarks

In this paper, we investigate a two-stage least squares model averaging method for the estima-
tion of the coefficient of the endogenous variable in the structural equation models. Differing
from the existing work, we allow exogenous variables to be included in both stages. Theo-
retically, we show that the proposed model averaging estimator can produce a bias when
the exogenous variables considered are correlated with the endogenous variable. To make
statistical inference, we then propose a debiased estimator, which is consistent and asymp-
totic normal. Meanwhile, another interpretation of the debiased estimator is provided in
Section 4.2 from a distinct construction perspective of the estimator. Extensive numerical
results are carried out to illustrate our proposal.

In the future work, several issues on the extension of this paper may deserve further
study. First, when the number of IVs is ultrahigh-dimensional, one may develop some IV
screening method to reduce the dimension and then perform model averaging. For instance,
in a Mendelian randomization study, millions of genetic markers or SNPs can be qual-
ified as IVs. Second, as preparing submodels is an important issue in model averaging,
one may construct submodels based on some sampling criteria. Third, when the endoge-
nous variable is binary, one may consider logistic regression to handle this case. Moreover,
extending this approach to nonlinear or semiparametric IV models would be interesting
as well.

In terms of optimization of weights, while many traditional model averaging methods
impose constraints such as non-negative weights and a simplex constraint Zf\i | wi = 1, there
also exists a substantial body of literature that does not require such constraints (J. Chen
etal.,2018; D. Lietal., 2015). In our framework, we do not explicitly enforce these constraints.
However, as noted in Remark 3.2, if the weight vector satisfies 3™ w; = 1, the bias term
can be eliminated under certain conditions. This observation suggests that imposing such
a constraint may be beneficial in reducing bias, which is left to be explored in our future
research.
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Appendices

Appendix 1. List of notations

Before proving the theoretical results stated in Sections 3 and 4, we list some notations to simplify our
proof. Form,m’ =1,...,.M,i=1,...,n,

82 X — X Xo(X] X)X e

-1
e lzmTx s algmTgen gola (lz(mfz(m) ,
n n n
wo 2wl w2 (VEnhv) € RY, W R (VIE B ) v ) € R,
A =1, N 17T ~ 1-~7T -
WAV @, @44 -X,HX, V2 _X,HH'X,,
n n

Q2 alyl), witha 2 M/ MM,

QL a1y, witha2 %x:xo(x;xo)-lx;xe,

E,2 i) s Vi 2 Qo D=1, € RPN,

G 2 2M ) M) (XoiXei — Moe) — My, My (XoiX,; — Moo) My, Mo,

0, 2V —ymw), E Ecov(g,e) =V "cov(E; — ywo,& —ywo) ¥,

s & w(—)r‘llwo/)’e — wglMaﬁe, s 2 [w;,r\llwo — a(wglM)z] Pe>

wo Wwo — a(wg L)%, 542 wl Wwy — w] 1ya,

(1>

53
Ki 2 2w (Ivxr — alpy 13U DE; + wg Qa1 W — Inpan)y iwo — wg Ll jwolis
?;
@i 2 [(B. + bias)2awq 11, ¥~ — a1}, W~ — 2biasw] J£;

[1>

T ) _ _
(Pris- i) > With gy = Wk Zimi — MauMo ) Xo)einm = 1,..., M,

mT=mm

+ [/)’eal;\r,f‘ll_1 - 2aw3— IMIL\I’_I(ﬁe + bias) + biasw;)r]y,»wo
+ [(Be + bias) (wg 1y)* — Bewq 1] + W] &5,
d2 (vle—lldlM;}Moe,. . vL):]Q}deM;;Moe)T, with dy, 2 E(Z;X] ) € RUntP¥P,
Chias 2 531wy Qwo — awg Ly),  Cias = 55 (W' Qi — aiv " 1),
bias £ cpiasfBes

Tw-1 Tw-1;
Alé(u\l’ u u Vv u

Moe MDD

) with & = (v;zmmE(zW)xe)) ,
Mx1

v;rzl_llzl)i
i . Ta— .
= ()‘(go'l) eiwithgi=u' W 1 : R

T -1 )
Y ymZmi

e
lI>

>

A A
A = (Agfl Ai’z) with /\2,1 = uTlII_lu, A2,2 = uT‘I’_l(V;Zn_Jndm)Mxp and A2’3 = M,,,
2,2 >

where the mth element of &; is &,,; = ZVLE;JH (Zn,iXei— Vi) — v;,):nj}n (Zm,,-ZrTW- - Emm)E;linvm,
and the (m, m)th element of y; is

Ty—1 —1
Ymm',i = [(Zm,ixe,i - Vm) 2mmzmm’zmrmlvm’
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m“mm S mm’ Sy ( m' ie,i m’)]

— e ZniZ) i = Z ) Ey ot B Vit

m=mm

m~mm

+ I me/z,;/lm/ (Zm/,izll,i - 2:m’m’)Z,,_1/1,,,/Vm’]
A Vo o iy i — ) E ) Vi

m~mm

Appendix 2. Proofs of some useful lemmas

Lemma A.l: Suppose that E|&;|> < oo, where & is denoted in Appendix 1. Under Assump-
tions (1)-(iv), as n — oo, we have (i) (Consistency) Ez,ZSLS _p_) Pe, and (ii) (Asymptotic Normal-

. = d ST 1~ = _ ~
ity) /1(Beasis — Be) —> N(O, (M, My My ]~ 'o?), where Mi = My — MioM, . Mye, Myp = My —
MMM, M], = E(X.X]), M}, = E(X.X] ) and M;, = E(X;X]).

Remark A.1: This lemma provides a conventional result for the 2SLS estimator when all observed
IVs are valid and available and the IV model is correctly specified in both stages. The consistency
and asymptotic normality derived in Lemma A.1 could help us to make statistical inference on the
2SLS estimator, f,2sis. For example, one may construct the confidence interval with the asymptotic

. - . . . ~T~—-1= .
variance of fes1s being replaced with the sample moment estimator of [M;, M;; M|, which can be
easily computed as in our simulation and empirical studies.

Proof: (i) First we derive the consistency of ,@,ZSLS. Note that

-1
. 1 1 17 1 1 1
Poasts = P+ [(szl) (fz,TzI) (ZITXE):| (ijzl) (fzle) (fz,Te).
n n n n n n

(A1)
Then we have

1 1
X Z1 = -X] (I, — P)X]
n n
1 -
= X[ Iy = Xo(Xy Xo) T X)X,
PooaT Tv-mT — ar)

— Mj, — MoeMoolMIo = M,

where the last line is obtained by Assumption (iv) and the law of large numbers. Similarly we have

1 1
;z,Tz, = ;XIT(In —P)X;

P _ ~
—> MH — MIoMgolM;Z = MH.
Additionally we have

1 1
—Zle=-X] U, - P)e
n n

1
;XIT(In — X, (X] X)X e

1 1 1 1
—X]e— X[ X, (=X X)) H=x]e)
n n n n

250
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under Assumptions (i), (iii) and (iv), where the last line is obtained by continuous mapping theorem.
Again applying continuous mapping theorem and the above results to Equation (A1), thus

~ 4
Beasis — fe — 0.

(ii) Under Assumptions (i)-(iv), by continuous mapping theorem, we have

~ 1 1 e ! 1 1/
ﬁ(ﬂe,zsLs—ﬁe)Z[(nx;rzl) (;z?zl) (nzjxe)} (;x;rz,) (;z;z,) (ﬁz;s)

n
~T~-1 1 -
= M, M - 2 (X1 — X X, (X] X)X ilei x {0p(1) + 1}
i=1

n
~T~_11 -
= MIeMH ﬁ z&‘i,

i=1

where &; = [X1; — XITXO(XJXO)_lXO,i]ei. It is easy to obtain that cov(¢;, &) = Mj62. Under the
second-order moment condition that E||Z]|?> < co, by multivariate Linderberg-lévy central limit
theorem (B. E. Hansen, 2022, Theorem 6.3, p. 160), we have

o~ d ~T~—-1=~ —
Vn(Beasts — Be) — N(O, (M, My, Mp)™'o?).
||

Lemma A.2: Under Assumptions (i)-(v), for all m,m’ =1,..., M, we have (i) ¥y = vi + 0p(1);
() Zp = S + 0p (1 (i) Zpr, = Tk, + 0p(1); (iv) 8= u+0p(1); (v) ¥ =W + 0,(1);

) [ 0,(1); (vi) Q=Q+ 0p(1); (vi) a=a-+op(1); (vii) w= Ul =wly=
wo + 0p(1).

Proof: The proof follows from the law of large numbers and continuous mapping theorem. |
Lemma A.3: Under Assumptions (i)-(v), for allm,m’ = 1,..., M, we have

() Vnl—w =230 &l +0,(D)
(i) V(¥ = W)= 2= 3Lyl +0p(D);
(iii) v/n@—a)= =30, Gl +op (D}
(i) VA(Q—Q =1yl 7= 3L Gill +0p(1):

Proof: (i) Recall that /n(vy, —vy) = ﬁ S (ZmiXei — Vm) and /A(Z g — ) = ﬁ
Z?=1(Zm,iZnT1/,i — X ). Also we have (&1 — u) is an M x 1 vector with the mth element being

STyl s Ty -1
Vo X Vm — VX0, Vm. Hence,

Tl . _
NZTOMD AL iR

5 Tl & T, 1x -1
=1 — V) X, mVm + ﬁvm(Emmvm — X, mVm)

1 < _
=7 > 2 T (ZniXei — v {1 + 0p(1)}
i=1
1 n
- Z Vo Zo ZniZyy i = T o) Z V{1 + 0p(1)}
i=1

1 n
= ﬁ Zézm,i{l + 0p(1)}.
i=1



STATISTICAL THEORY AND RELATED FIELDS e 25

Then we have /n(ti — u) = ﬁ S E{l+ o, (D)
(ii) (@ — W) is an M x M matrix with the (m,m)th element being f/;f;;/imm/f;}m/ﬁmf —

v;, X ;,}n DI ) n_q,lm, v,v. We also have

\/E(fln—:f;;fmm/f;}m/f/m/ - v;):;;n):mm/):;l,lm,vm/)
= ﬁ(f’m - Vm)Tfn:;imm’En:/lm/f’m’
+ \/ﬁ";’:(/i;in - Er;;a)fmm'f;}m’{’m'
+ \/;V;,Z;;q(fmm/ - me/)ir;’lm/{’m/
RENZTI St SN0 SMPAVEED Sy ) LW
+ \/;"r—rzz%lﬂzmm/z;}m/ Vi = Vi)

1 < - -
= T D EniXei =) S B T v
i=1

Tes—1 T -1 -1
- vmzmm(zm,izm,i - me)zmmzmm’zm/m/vm’

Vo Zm iy i — ) Eph Vi

mT= mm

Ty —1 -1 T -1
- vmzmmzmm’zmlml (Zm’,izm/,i - Em’m’)zm/m/vm/

AV Z o B B (Zoy i Xeii — V)] X {1 + 0p(1)}

m=mm

1 n
- > il + 0p(1)).
i=1

Then we have \/ﬁ(@ —-¥) = ﬁ D vill +op(D).

(iii) First we have
n ST~ ]~ _
Vn(a—a) = Vn(M,,M,, My, — M}, M, ' M,,)
= «/E(Moe - Moe)TMgg Moe + \/EMJ;(MDD - Mool)Moe
+ M) M, /n(Moe — Moc)

1 « _
=7 > [2M) M) (XoiXei — Mac)
i=1

— MM} (Xo,iX ], — Moo)M) M) x {1+ 0,(1)}

1 n
=7 > {1+ op(D)},
i=1

and hence, /n(Q — Q) = (V@ — @)axu = Lyl (V/n(@ —a) = Lyl —= 3L, i1+ 0p(D)).

(iii’) Note that /n(Q — Q) = (Vn(d — @) pxy = 1m1,4/n(a — a). Thus, (iii’) follows from (iii).
]

Lemma A.4: Under Assumptions (i)-(v), we have

(i) /(v W — wi Wwo) = - ST wg (26— yiwo) {1+ op (1)
(i) /n@TQW —wy Qwo) = 5= L [2awg L1 ¥~ (E;—y o) +wg LuLjwolil x {1+ 0, (1)},
(iii) /AW 1pd — wg Lya) = 52 ST [l 1§ — piwo) + wg Lndil x {1+ 0p(D)).
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Proof: (i) It follows that
«/H(WT@W - wgﬂlwo)
= /n(w— wO)T@fv + \/ﬁwg(afv — Wwy)
= 2wg W/n(W — wo){L + 0p(1)} + v/nwg (¥ = ¥)wo(1 + 0p(1)}

1 n
-7 D @wg ¥o, + wi ywo){1 + 0p(1))
i=1

1 n
- NG ZWOT(ZEI' —yiwo){l +o0,(1)},
i=1

where the third equality is obtained by Theorem 3.1 (ii) and Lemma A.3 (ii).
(ii) It follows that

Vnw'Qw — wy Qwo)
= /n(# — wo) T Qi + /nw] (Qw — Qwy)
= 2wy QV/n(W — wo){1 + 0p(1)} + v/nwg (Q — Qwo{1 + 0,(1)}

1 n
= ﬁ Z(ZW(—)FQ(P,‘ + ngMlLé‘iwo){l + Op(l)}
i=1

1 « _
= ﬁ Z[ZawglMlL\Il 1(‘;'1- —ywo) + w(—)rlMl;\r,Iwoa] x {1+ 0p(1)},
i=1

where the third equality is obtained by Theorem 3.1 (ii) and Lemma A.3 (iii).
(iii) It follows that

«/E(WTIM(E — onlMa)

= \/ﬁ(ﬁ/ — W())TIM(AZ + W(—)rlM(a —a)
1 n
=7 ;[alm—l@i — ywo) + wg Lucil x {1+ 0,(1)},

where the second equality is obtained by Theorem 3.1 (ii) and Lemma A.3 (iii).

Appendix 3. Proofs of Theorems 3.1-4.3

Proof: (i) w —p—> wy can be easily derived by Lemma A.2 (iv) and (v).
(ii) To show the asymptotic normality of W, we note that

Sl —wo) = /n(¥ i — vy
= U /n( T = UYWL 0, (1)}u{1 + 0,(1)} + T /(i — u)

- % ST WIE — ywo) + 0p(1)
i=1

1 n
= 7 Z‘Pi +0,(1)
i=1

2, N0, B),
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where the second equality is obtained by Lemma A.2, the third equality is obtained by Lemma A.3 and
the last line is by multivariate Linderberg-lévy central limit theorem (B. E. Hansen, 2022, Theorem 6.3,
p- 160) under Assumption (v). [ |

Proof: (i) We firstly prove /?;)MA(W) = f. + bias + 0,(1). Note that E)MA(W) =P+ [fe(ﬁz)-'—(ln —
Pl)Xe(’AV)]_IXe(ﬁ’)T(In — P)(Y — X.(W)B,), so
Bena(W) — fe = AT A, (A2)
where A1 = X.(W) T (I, — P)X.(#), Ay = X.(W)T (I, — P1)(Y — X,(#)B.). On the one hand,
1 1~ - .
SOy == Xe() (I — PX.(W)
_ ATa—l ~
= wg\llwo - a(wg—lM)2 +0,(1)
=53+ op(l)’

where the second equation is obtained by Lemma A.2.
On the other hand

" Ay = KL — POIY - KW
= R Uy = POXfe+ - KBy~ Pr)e = AL,

Sh+hL-1Is (A3)

where the first term on the right-hand side of Equation (A3) is

[>

15 .,
I ;Xe(w)Tan—Pl)Xeﬁe

= O g, — i W .
= W;)r‘llwoﬁe - ngMaﬁe + Op(l) =5+ Op(l)’
the third term on the right-hand side of Equation (A3) is
1
L2 ;Al[fe = [wg—\llwo — a(leM)Z] Be +0p(1) = 52+ 0p(1),

and the second term on the right-hand side of Equation (A3) is

1

1~ . T~—11~T
L2 -X,WI,-P)e=a'V¥ —X,HI,—P)e Lo,
n n

which means I, = 0,(1).
Then we have

1
A =hLh+L—-13
n
= wg\llwoﬂe - wglMaﬂe — [wg\llwo - a(onlM)Z] Be+0p(1)

= awg 1y (wg Ly — 1)fe + 0p(1).

Replacing A} and A; in Equation (A2), we have

- 1 11
Bema(w) = Be + (*AI) (*Az)
n n

= Be + [w] ¥wo — a(wg 1a)* 1 awg 1 (w] 1y — 1)fe + 0,(1)
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£ B, + bias + 0,(1),
in which bias = 53" (s1 — 52).

(i) Secondly, we verify the asymptotic property /n [ﬁe,MA (w) — B, — bias] —d% N(0,v).
From the arguments previously stated, we observe that

-1
7 [Bema(®) — B — bias] = v/a {(im) (%Az) - bias:|

=/n [(%An'l - 53—1] (I + L — 1))

+ Vs3I + L — I — 51+ 52)
£1I + 11,
The first term on the right-hand side is

-1
I =/n |:(’11A1) —53_1:| (L +L—1)

=—s;'V/n (%AI - 33) 53 (514 0p(1) = 2){1 + 0p(1)}

bias

= ——ﬁ(lm —s3) {1+ 0,(1)},
S3 n

where the second equality uses the result %Al =53+ 0p(1).
We also have

1 el e
Jn (fAl — 53) —n (fﬁw —a U A - 53)
n
= /n(Ww Wi — w) Ywg) — /n(w' Qi — w] Qwo)
1 n
= — Z[ZWJ(IMXM — aly1},WE,
Vi

+ wg,r(ZaIA,Il;\r,I\II_1 —Ipxm)Y Wo

— wg L1 wocil x {1+ 0,(1)}

1 n
=7 Zm{l +0p(D)}, (A4)
where the third equality is obtained by Lemma A.4 (i) and (ii).
Hence,
bias 1
I = ———/n(= A1 — s3){1 + 0p(1)}
S3 n
1 n
1y
= —s, bias— ki{l 4+ 0,(1)}.
3 «/ﬁ ; P
Moreover,

I =/ns; (I + L — 13— s+ 52)
=53 "Wl — 1) + 53"Vl — 53 '/n(l3 — 53)
2V 4 1? - 113,
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where the first term on the right-hand side

15" = 57" /n(l = 1)
= s7'/n(w Wiy — w) Wwo) B, — 53 /n(w 1y — wy 1pa)

ﬂez[wmsl y o) — al U (& — powo) — wd Ll {1 + 0p(D).

le

Next, we consider HS),

1Y = nsy' (I — 52)
= \/ﬁsglﬁe [(WT@W — wg‘llwo) — (W' QW — w(—)rQwo)]
=S3 Z ZWO Iy — alMlM\Il I)SI
f
+wg 2alpl %" — D)y iwo — wg Ll jwolil x {14 0p(1)).
Last, we consider
1P = /ns;'L
= nsy'w! X H(I, — P))e
= f >y Zuiei — My My, \1[ > Xojii
=s3'wg : x {1+ 0,(1)}
Vi Za s 2ict Zmici = MMy = 3L Xojei

= 53wy —= Zfln x {1+ 0p(1)}.

Therefore,
=0 +1? -1
= 5 b Z[(z‘w’oTﬂlMlL‘l’_1 — aly ¥,
VoS
+ (a1, = 2w] alp 1,9 Yy wo
+ (wg 1) (wg g — 1
+ 87wl ] x {1+ 0,(1)).

In summary,

V1 [Bema(#) — fe — bias]
=1L +1I

—1 n

S5
f Z{ (Be + bias)2aw] 11,9~ — aB,1} W~ — 2biasw, 1§,

+ [,BealM\II_1 — 2aw0T1M11T4\II_1(ﬂe + bias) + blasw0 Iy iwo
+ [(fe + bias)(w] 1p)* — Bewq 1)+ wg ;) x {1 + 0p(1)}
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—1 n
_5 N~
= ﬁi;wl{l + 0p(1))

AN (0, cov(@i> pi)s3 %) »

where the last line follows from multivariate Linderberg-1évy central limit theorem (B. E. Hansen, 2022,
Theorem 6.3, p. 160) under Assumption (v). |

Proof: We have

1 + Cbias

Be = (1 + Coias) " Bema () = T4

ﬂe 0p(1) = Be + 0p(1),
where Cpips = 55 Tw'Qiw—aw'1 M). Next we discuss the asymptotic distribution of ﬁAe,
VB ) = Be) = 1 [VnPanaa () = Be = bias) + +/n(cbias — Eois) o]
1

- 1 4+ Cpjas [ Z%{l * Op(l)}

— Cbias)-

It can be shown that
V1(bias — Coias) = /n85 (" Qi — aw " 1p1) — 53" (w] Qwo — aw( 1p)]
= —V/ns3 1 (53 — 53)85 W T Qi + V/ns3 LW Qi — wy Qwo)
—ns3 (53 — $3)57 aw | Ly + /sy @i 1y — awg 1y)]

—1 n
= % ;[(wg 1) (wg 1y — 1)

+ a(ZWJIM - l)lM\I’_l(Si — yiwo)
- S;IawglM(w(—)rlM — D] x {1+ 0p(1)},

where the third equation is obtained by Equation (A4) and Lemma A .4 (ii) and (iii). Simplifying the
equation, we have

ebias) 1
BRI = o) = T — IZ«)I L+ 0p(D} = 5

f (Coias — Chias)

-1
__% Zwo ; + 0p(1)

1+ Cblas P

1
= w +0,(1
ut ™ l(u—alM)fZ 0 #: p(D-
Now we consider cov(¢,,¢i). Note that @; = (¢1s...,Pari) |, where ¢ = (v;EmmZ
MTM Xot)gl, m =1,...,M. Then we have

covie, b)) = (\II —d1], — 1yd + a1M1]TVI) o2

By Slutsky’s theorem and multivariate Linderberg-lévy central limit theorem (B. E. Hansen, 2022,
Theorem 6.3, p. 160), under Assumption (v), we have

1

D(debias) (~y
Ve ) = fe) = ul - 1(u—a1M)f

Z WO ¢1 + Op(l)
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5 NO,v),

u' U (W—d1]—1yd " +aly1})¥ 'u o2
(T (u—alp))? ’

wherev = |

Proof: Note that foia (#) = [Xe(¥) T (Iy = P)X.] ™' Xe(¥) T (I - PﬂYandﬁZMA(fv) (X ()" (T, —

P)HX.(W)] "' X.(W) T (T, — P)Y. We also have X.(W) T (I, — P)X, = i1 \1: Y- alM) andXe(w)T
ATE—1A AT 2 A W )2 —an U

(I, —P)X. (W) ='W & — (u v lM) Recalling that Gy, = af‘T\I’ luMa(ﬁTa; T )ZM, we eas-

ily obtain Xe(w)T(I,, —P)X. |7 = 1+q, [Xe(w)T(Iy, - Pl)Xe(w)] 1 which implies ﬁe Ma(W) =

1+Cb ﬁe MA (W) Egdeblas)( ) m

Proof: (i) (Consistency of EMA (w)) Since EMA (w) = [./)E(W)TX]_I//\\’(W)T Y, we have
Bua() — B = [X (@) X7 X e. (A5)
In the above equation, by the law of large numbers we have
1~ 1~
1~ *Xe(ﬁ’)TXe *XB(W)TXO
—Xw)x=|n "y -5 A1 (A6)
n Lx!x, -X] X,
n
Additionally we have
ls o7 or T 3T ygTy -1 57
-X,(W) e = -XH' X (X,HH' X,)"' X, He
n n
vi B XL 2
=u ¢! : x {14 0p(1)} = 0,(1),

T y—1 n 1 o
Vi Z M it nLMmici

and
1.+ 1«
;XO & = ; ;Xo,,'si = Op(l)
It follows that
1o 1 ~ 1= ~ 1=
= “X.(w)Te “X]H'X. (X HH'X )" “X He\ ,
—X@w)'e=|", . =|n " n -0, (A7)
n -X,e -X,e
n n

under Assumptions (i)-(iii) and (v), where the last line is obtained by continuous mapping theorem.
Again we apply continuous mapping theorem and the above results to Equation (A5), thus

By (W) — B o
(ii) (Asymptotic Normality of EM A (W)) By Equation (A5), we have
ValBya (W) — B] = /nlX () T X7 X () e
14 . Tl &
= [;X(W)TX] 7 Zl:xi(w)Tgi
= (Al)—lizn: ( Si )g- x {14 0,(1)}
Vi = Ko l !

- (Al)—lﬁ > 6 x {1+ 0p(1)),
i=1



32 W. SHEN AND X. XIA

where ¢; = (g,',XIi)Tsi and
Ts—1r,
LRITRAE:
gi — uT‘I’_l
T -1 )
LR AYIVATE:

Now we consider cov(;, ;). Since

t [(’gz) (& XL)] = A,

we have cov(ai, ai) = A,02. By Slutsky’s theorem and multivariate Linderberg-lévy central limit
theorem (B. E. Hansen, 2022, Theorem 6.3, p. 160), under Assumptions (i)-(v), we have

rlBra ) — B -5 N, AT A (A]) ' 02).

(iii) (Consistency of &f,IA) Denote W = X[;E'(W)TX]_I./)E(W)T. By Equation (A5), we have

yia = ﬁi—l ; [)’i - XiTEMA(fV)]Z

[V = B [¥ - XBya ()]

n—p—1
1
=— [sTe —¢' We—(e"We)T + eTWTWe]
n—p—1
1
= T [eTe —2e"We + eTWTWe]. (A8)
n—p—

Now we separately deal with the three terms on the right-hand side of Equation (A8). To this
end, we first note that %X W) Te = 0,(1) follows from Equation (A7). We further have %X Te=

1yT
( nXe € ) = (EX(E)»”’") + 0,(1) by the law of large numbers and using EX, ;e; = 0. Besides, it follows

1T
ZXUS

from Equation (A6) that %.3\( (ﬁ/)TX = A1 + 0p(1). With the above arguments, we can obtain
1+ | 1 P I PN
-e' We=-¢'X [fX(ﬁ/) X] -X(w)'e
n n n n
_ [(Exe,igi,oT)T n op(l)] x (A1 + 0p(1))™" x 0,(1) = 0p(1).
Similarly, we have
1 1 ++ 1 -~ 1 1~ 1~
—e"WWe=—-e"XW)[-XTXW)] ' =XTX[-XW) X=X e =0,(1).
n n n n n n

n

Therefore, by noting that .- =

— lasn — 00, we can write Equation (A8) as

n n I +
O-I\Z/IA = m |:;€ &+ Op(l)] = EFIZ + Op(l) = 0'2 + Op(l)

Thus, the proof is finished. |
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Appendix 4. Small-sample scenario and sensitivity analysis

A.1 Small-sample scenario

Table A1. Small sample senario (n = 50) for Example 1 (with pcs = 0,0.2,0.5).

Pes 25LS MAEM MATEM) 5EM) gTEM) plasso pELgs Naive
0 Bias 0.015 0.015 0.0148 0.1443 0.1432 0.0165 0.015 0.068
D 0.0431 0.0435 0.0436 0.1181 0.1149 0.0478 0.0457 0.0442
SE 0.0414 0.0429 0.0426 0.0624 0.0594 0.0453 0.044 0.039
cp 0.914 0918 0.914 0.406 0.396 0918 0.92 0.592
T 0.001 0.002 0.0034 0.0016 0.003 0.0261 0.0247 -
0.2 Bias 0.0094 0.0089 0.0093 0.0634 0.063 0.0097 0.0094 0.0356
D 0.029 0.0291 0.0289 0.0798 0.0806 0.0373 0.0361 0.0326
SE 0.0268 0.0284 0.0283 0.0436 0.0425 0.0313 0.0302 0.0272
cp 0.91 0.912 0.91 0.58 0.578 0.912 0.908 0.756
T 0.001 0.0021 0.0031 0.0018 0.0027 0.0279 0.025 -
0.5 Bias 0.0041 0.0039 0.004 0.0309 0.0315 0.0049 0.0044 0.0184
D 0.0241 0.0239 0.0242 0.0649 0.0648 0.0323 0.0308 0.024
SE 0.0204 0.021 0.021 0.0323 0.0324 0.0238 0.0241 0.0205
cp 0.91 0.918 0.92 0.614 0.622 0.896 0.908 0.832
T 0.001 0.0018 0.0021 0.0017 0.0018 0.027 0.025 -
Note: True value o = —1.

Table A2. Small Sample Senario (n = 100) for Example 4 (with pcs = 0.3,0.5).

Pes 25LS MAEM MAT(EM) 5EM) M plasso pELgs Naive
03 Bias - 0.0013 0.0014 0.0354 0.0372 0.0035 0.0033 0.0033
D - 0.008 0.0079 0.0344 0.033 0.0301 0.0302 0.0077
SE - 0.0081 0.0081 0.0257 0.0254 0.0299 0.0296 0.0079
P - 0.946 0.95 0.672 0.644 0.93 0.904 0.94
S(X)) - 165 160.912 165 160.912 76.288 81.094 -
T - 0.0359 0.0355 0.031 0.0314 0.1556 0.1561 -
0.5 Bias - 0.0007 0.0008 0.0216 0.022 0.0015 0.0018 0.0021
SD - 0.0065 0.0065 0.026 0.0263 0.0232 0.0231 0.0065
SE - 0.0063 0.0063 0.0186 0.0184 0.0227 0.0224 0.0063
P - 0.944 0.942 0.712 0.712 0.944 0.942 0.928
S(X)) - 165 161.844 165 161.844 69.96 74.194 -
T - 0.0359 0.0353 0.0305 0.031 0.1666 0.1714 -

Note: True value o = 1.

A.2 Sensitivity analysis

We simulate a setting with 100 instrumental variables, among which 10 have coefficients equal to 1 and
the rest are set to 0, along with 5 exogenous variables. Since the correlation between the endogenous
and exogenous variables forms a vector, for ease of sensitivity analysis, we define a common correlation
level denoted by poe, and set each entry of the correlation vector between the endogenous variable
and the exogenous variables equal to poe. Based on this assumption, we compute the corresponding

coefficient values f,, for j = 1,...,5, such that the marginal correlation between X, and each Xg’ )
equals poe. Sample size n = 400.

Due to the structure of this parameterization, po. cannot exceed 1/,/p & 0.447 when there are
p = 5 exogenous variables. All other parameter settings are kept the same as in Example 4. The
simulation results of this sensitivity analysis are summarized in Figure Al.

It is not surprising to observe that the bias is not highly sensitive to the correlation between the
endogenous and exogenous variables. As explained in Remark 3.2, the bias term can vanish under two
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Figure A1. Sensitivity of estimation bias to the correlation between the endogenous and exogenous
variables.

special cases: (a) when the exogenous variables X, and the endogenous variable X, are uncorrelated,
that is, E(X,,iX,,i) = 0; (b) when the model averaging weight vector satisfies wg 1y = 1. In our sim-
ulations, we find that the estimated weight vector w satisfies Wil M =~ 1 and the value of the weight
vector varies in each simulation, which makes the bias term intrinsically small and less affected by the
value of E(X,,iX,,;). This partially explains the weak sensitivity pattern observed in Figure Al. More
in-depth sensitivity investigations may be conducted in future research.
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