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ABSTRACT
We introduce a criterion, named the mean L1-distance (ML1D) crite-
rion, to construct uniform designs in experiments with mixtures. This 
criterion allows for a flexible number of design points and produces a 
more uniform pattern within the experimental region, in terms of rep-
resentative points of the uniform distribution across that region. We 
further explore the optimal Scheffé-type simplex-lattice designs under 
the ML1D criterion and show that a connection exists between uniform 
mixture designs and optimal Scheffé-type simplex-lattice designs. An 
efficient algorithm is proposed to generate uniform designs under the 
ML1D criterion. Simulations and applications highlight the advantages 
of the proposed designs, supporting their use for modelling and pre-
diction in mixture experiments. Our method combines model-based 
and uniform design principles to enable flexible and efficient mixture
experiments.
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1. Introduction

Experiments with mixtures are commonly employed in various fields, including chemistry, 
food science, pharmaceuticals, and materials science, where products are often composed of 
different components blended together. These experiments study how varying component 
proportions affect the response variable. Let xi denote the proportion of the ith component, 
and then for a p-component system, a key feature of such experiments is that xi must be 
non-negative and sum to one, restricting the design space to the p-dimensional simplex

Tp
=

{︄(︁
x1, . . . , xp

)︁
: xi ⩾ 0, 1 ⩽ i ⩽ p,

p∑︂
i=1

xi = 1

}︄
. (1)

The main objectives of conducting mixture experiments include (i) to identify optimal com-
ponent combinations and proportions for achieving desired outcomes; (ii) to develop models 
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describing the relationship between mixture components and response variables; and (iii) 
to use statistical methods for analysing experimental data and making predictions (Cor-
nell, 2002).

Various designs for mixture experiments have been proposed, each originating from dif-
ferent considerations. Claringbold (1955) introduced a design based on the three-component 
simplex and provided the associated model fitting and data analysis. Scheffé (1958) pro-
posed the widely-used simplex-lattice designs based on canonical polynomial regression 
models, laying the foundation for mixture designs. For a positive integer m, a {p,m}-simplex-
lattice design consists of 

(︁p+m−1
m

)︁
 points in Tp, as illustrated in Figure 1(a). Notably, this 

number coincides with the number of coefficients in the associated canonical polynomial 
models, a fact that Scheffé (1958) highlighted to support the close alignment between poly-
nomial regression methods and the simplex-lattice designs. Scheffé (1963) later introduced 
the simplex-centroid design, which consists of 2p − 1 points, including pure blends, binary, 
ternary mixtures, and the centroid point ( 1p , . . . ,

1
p ), shown in Figure 1(b). Cornell (1975) 

introduced the axial designs, where points are placed along the p axes of Tp, as shown 
in Figure 1(c). For comprehensive reviews of design and analysis of mixture experiments, 
see Cornell (1973, 2002, 2011).

Traditional mixture designs face two major limitations. First, most design points lie 
on the boundaries of the simplex (e.g., vertices, edges, or faces), making them unsuitable 
when strictly positive component levels are needed. Second, the number of design points 
is inflexible. For example, a three-component axial design has only 3 points, and simplex-
lattice designs are constrained by the integer parameter m. To address the boundary-point 
issue, Wang and Fang (1990) and Fang and Wang (1994) suggested contracting the bound-
ary points of simplex-lattice or simplex-centroid designs toward the centroid of Tp while 
maintaining the original design pattern. These contracted designs, referred to as Scheffé-
type designs, aim to eliminate boundary points while distributing points more uniformly. 
Table 1 illustrates the {3, 3}-simplex-lattice design along with its Scheffé-type counterpart. 
The contraction parameter a is chosen to optimize uniformity. In the literature, some criteria 
under distance and uniformity are given. Fang and Wang (1994) considered using the mean 
squared error (MSE) to determine the optimal a. Prescott (2008) introduced designs under 
constrained ingredient bounds. Borkowski and Piepel (2009) used several distance-based 
metrics such as the root mean squared distance, the average distance, and the maximum dis-
tance. Ning et al. (2011) proposed optimizing a using the DM2-discrepancy, a uniformity 
criterion defined directly on Tp.

Figure 1. Examples of three traditional mixture designs with three components (p = 3).
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Table 1. The {3, 3}-simplex-lattice design and its contracted design.
Simplex-lattice Scheffé-type design (a> 0)

No. y1 y2 y3 y′1 y′2 y′3

1 1 0 0 1 − 1/a 1/(2a) 1/(2a)
2 0 1 0 1/(2a) 1 − 1/a 1/(2a)
3 0 0 1 1/(2a) 1/(2a) 1 − 1/a
4 2/3 1/3 0 2/3 − 1/(2a) 1/3 1/(2a)
5 1/3 2/3 0 1/3 2/3 − 1/(2a) 1/(2a)
6 2/3 0 1/3 2/3 − 1/(2a) 1/(2a) 1/3
7 1/3 0 2/3 1/3 1/(2a) 2/3 − 1/(2a)
8 0 2/3 1/3 1/(2a) 2/3 − 1/(2a) 1/3
9 0 1/3 2/3 1/(2a) 1/3 2/3 − 1/(2a)
10 1/3 1/3 1/3 1/3 1/3 1/3

However, Scheffé-type designs still suffer from a fixed number of design points. In practice, 
more flexible designs are often required. One solution introduced by Wang and Fang (1990) 
is to generate uniform designs on the unit cube Cp−1

= {(x1, . . . , xp−1) : 0 ≤ xi ≤ 1} and 
map them to Tp, allowing any desired run size. But such transformations do not guarantee 
uniformity in Tp, although they ensures uniformity in Cp−1. An example is given in our 
simulation results (see Figure 4(a) in Section 5.1). To address this, Ning et al. (2011) proposed 
the DM2-discrepancy, which generalizes the L2-star discrepancy from the hypercube to the 
simplex. However, its computation is non-trivial, and the optimal design points obtained by 
this method may not exhibit a uniform pattern in Tp as anticipated.

An alternative perspective views the construction of mixture designs as selecting represen-
tative points (RPs) from the uniform distribution on the simplex Tp, denoted U(Tp). Many 
criteria assess the closeness of these RPs to the target distribution (Fang & Pan, 2023). The two 
popular RPs are (i) Quasi-Monte Carlo RPs (QMC-RPs) generated using the F-discrepancy 
criterion, also known as the Kolmogorov–Smirnov distance, and (ii) minimum mean squared 
error RPs (MSE-RPs), which minimize the expected squared distance to the distribution. 
QMC-RPs have been shown to significantly improve the convergence of Monte Carlo esti-
mates, with extensive applications in statistical inference, geometric probability, experimental 
design, and financial modelling (Fang & Wang, 1994; Fang et al., 1994; Pagès, 2018). When 
applied to experiments with mixtures, a set of uniform mixture designs can be regarded as 
a set of RPs under some criterion. Inspired by this perspective, we propose to use the mean 
L1-distance ( ML1D ) criterion in this paper.

Many studies have examined the properties and generation of MSE-RPs for both univari-
ate and multivariate distributions, including the normal (Fang & He, 1982), exponential (Xu 
et al., 2022), and two-component normal mixtures (Li et al., 2022), as well as elliptically 
contoured distributions (Yang et al., 2022). MSE-RPs have been applied to problems such 
as clothing standardization (Fang & He, 1982), mask design (Flury, 1990), signal transmis-
sion (Gray & Neuhoff, 1998), drug response classification (Tarpey & Petkova, 2010), and 
numerical integration (Pagès, 2018). The mean L1-distance (ML1D), defined in Section 3, 
has been used in the construction of RPs (denoted by ML1D-RPs). Graf and Luschgy (2000) 
discussed the application of ML1D-RPs. Due to the nature of experiments with mixtures, we 
shall show that ML1D-RPs are more suitable. We propose an efficient algorithm for generat-
ing ML1D-RPs from U(Tp) by utilizing its stochastic representation. The proposed mixture 
design offers three key advantages:
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(1) Users can generate mixture design points of any size for a given number of components 
or ingredients using a straightforward algorithm.

(2) We explore the optimal Scheffé-type simplex-lattice designs under the ML1D crite-
rion and identify connections with the ML1D-RPs derived from U(Tp). When p = 2, 
we prove that the n ML1D-RPs are the optimal Scheffé-type {2, n − 1}-simplex-lattice 
designs. For p>2, we observe numerical equivalence between these two types of 
designs. This discovery shows that the new mixture uniform design keeps the opti-
mality of the Scheffé simplex-lattice designs, thereby retaining their model-based
advantages.

(3) Compared to the uniform mixture designs under other criteria, ML1D-RPs demonstrate 
improved representativeness of U(Tp) when estimating the distribution mean vector 
and covariance matrix.

Mixture experiment design has primarily followed two main approaches: the model-
driven simplex-lattice designs and the space-filling uniform designs. Simplex-lattice designs, 
as established by Scheffé (1958), are well-suited for precise model fitting but typi-
cally concentrate design points along the simplex boundaries, which can be problem-
atic when strictly positive component levels are needed. On the other hand, uniform 
designs spread points more evenly throughout the entire experimental region, which 
improves coverage and increases robustness, yet these designs often lack the theoret-
ical support of classical modelling approaches. The newly introduced ML1D criterion 
bridges these methods, integrating the structural and analytical benefits of simplex-lattice 
designs with the enhanced geometric uniformity of uniform designs. This unified approach 
delivers mixture experiment designs that are both flexible in structure and statistically
robust.

The rest of the paper is organized as follows. Section 2 provides some preliminaries. 
Section 3 introduces uniform mixture designs under the ML1D criterion (ML1D-RPs from 
U(Tp)) and presents an efficient algorithm for generating ML1D-RPs. Theoretical results are 
developed in Section 4. Section 5 reports simulation studies, and Section 6 illustrates a mod-
elling application. A discussion is given in Section 7. All proofs and additional tables and 
figures are provided in the Appendices.

2. Preliminaries

2.1. Stochastic representation of U(Tp) and Monte Carlo RPs

Recall that the experimental factor domain of mixture designs is the simplex Tp, as defined 
in (1). To sample points within the target simplex, we need the Dirichlet distribution, which 
serves as a multivariate extension of the Beta distribution. This distribution is employed to 
characterize the probabilities associated with various outcomes.

Definition 2.1: Let (Y1, . . . ,Yp) be a random vector. If it satisfies

(i) for any 1 ⩽ i ⩽ p, Yi ⩾ 0, and 
∑︁p

i=1 Yi = 1,



STATISTICAL THEORY AND RELATED FIELDS  5

(ii) the probability density function of (Y1, . . . ,Yp−1) is

f
(︁
y1, . . . , yp−1

)︁
=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0
(︁
α1 + · · · + αp

)︁
0 (α1) · · · 0

(︁
αp
)︁ p−1∏︂

i=1

yαi−1
i

×

(︂
1 −

∑︁p−1
i=1 yi

)︂αp−1
, if

(︁
y1, . . . , yp

)︁
∈ Tp,

0, otherwise,

then we say (Y1, . . . ,Yp) follows a Dirichlet distribution, and denote it as (Y1, . . . ,Yp−1) ∼

Dirp(α1, . . . ,αp−1;αp) or (Y1, . . . ,Yp) ∼ Dirp(α1, . . . ,αp).

Notably, the uniform distribution U(Tp) corresponds to a specific case of the Dirichlet 
distribution with αi = 1, i = 1, . . . , p, and is widely recognized as a popular and impor-
tant compositional distribution in Tp. When p = 2, the Dirichlet distribution Dir2(α1,α2)

is the Beta distribution, i.e., the Dirichlet distribution is an extension of the Beta distribu-
tion. Lemma 2.2 lists three useful properties of the Dirichlet distribution. Readers may refer 
to Johnson and Kotz (1972) and Fang et al. (1990) for further details.

Lemma 2.2: Suppose (Y1, . . . ,Yp) ∼ Dirp(α1, . . . ,αp), where p ≥ 2. Then (Y1, . . . ,Yp) ∈Tp, 
and the following properties hold.

(a) There is a stochastic representation of Yi’s, that is,

Yi =
Xi∑︁p
j=1 Xj

, i = 1, . . . , p,

where X1, . . . ,Xp are independent random variables following Gamma distributions, Xi ∼

Ga(αi, λ),αi > 0, λ > 0, i = 1, . . . , p, with the probability density function

λα
i

0(αi)
xαi−1e−λx1(0,∞)(x),

where 0(·) is the gamma function and 1A(·) is the indicator function of A. When αi =

1, Ga(αi, λ) reduces to the exponential distribution. The distribution of (Y1, . . . ,Yp) is 
independent of λ.

(b) Denote α =
∑︁p

i=1 αi. The lower marginal moments of (Y1, . . . ,Yp) are

E
(︁
Yj
)︁

=
αj

α
, Var

(︁
Yj
)︁

=
αj
(︁
α − αj

)︁
α2(α + 1)

, Cov
(︁
Yi,Yj

)︁
=

−αiαj

α2(α + 1)
. (2)

(c) Dirp(1, . . . , 1) reduces to the uniform distribution U(Tp).

The following Lemma 2.3 from Fang and Fang (1988) is instrumental in our approach for 
generating mixture design points.

Lemma 2.3: Suppose X = (X1, . . . ,Xp) forms by p i.i.d. samples from the standard expo-
nential distribution Exp(1) with probability density function f (x) = e−x, where x ≥ 0. Let 
R = X1 + · · · + Xp and U = (U1, . . . ,Up) = X/R. Then,
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(a) U ∼ U(Tp);
(b) R and U are independent;
(c) X has a stochastic representation: X d

= RU .

Utilizing the stochastic representation of U(Tp) given in Lemma 2.3, we recommend 
Algorithm 1 for generating random (Monte Carlo) samples from U(Tp). These samples are 
hereafter referred to as MC-RPs.

Algorithm 1 Generate random samples (MC-RPs) from U(Tp).
Step 1. Generate p random samples e1, . . . , ep from the standard exponential distribution 
Exp(1).
Step 2. Calculate u = e1 + · · · + ep and ui = ei/u for i = 1, . . . , p. Then, u = (u1, . . . , up)
is a random sample from U(Tp).
Step 3. Generate a set of n random samples from U(Tp) by repeating Steps 1–2 n times.

2.2. QMC-RPs and MSE-RPs of U(Tp)

Two primary criteria, namely the F-discrepancy and the mean squared error (MSE), are 
employed to assess the representativeness of a set of points from the distribution U(Tp) (Fang 
& Wang, 1994). The design points optimized under these criteria are referred to as QMC-RPs 
and MSE-RPs, respectively.

Fang and Wang (1994) suggested using number-theoretic methods (NTM) or called 
quasi-Monte Carlo (QMC) methods to generate uniform designs in Tp. These methods 
can significantly enhance the convergence rate of Monte Carlo estimates from O(1/

√
n) to 

O(n−1(log n)p) in statistical simulation and statistical inference, where n is the number of 
points in the simulation. The key technique of number-theoretic methods is to generate sets 
of points that are uniformly scattered on the unit cube Cp. For a comprehensive study and 
review, one can refer to Niederreiter (1992) and Fang and Wang (1994).

Let G be a finite region in Rp. In the context of NTM, a set of points uniformly scattered 
in G is denoted as an NT-net in G. There are several methods for generating an NT-net. The 
good lattice point method, commonly used for generating NT-nets in Cp, has gained popu-
larity. Fang and Wang (1994) presented detailed methods for generating NT-nets for various 
regions, including Tp. However, their methods involve more theoretical complexities and 
intricate algorithms. By leveraging the stochastic representation in Lemma 2.3 and the sam-
pling efficiency of Algorithm 1, we suggest a more straightforward algorithm for generating 
QMC-RPs from the distribution U(Tp), detailed in Algorithm 2.

In Step 1 of Algorithm 2, we employ the good lattice point method to generate NT-
nets in Cp. A comprehensive review of this method and its theoretical justification can be 
found in Fang and Wang (1994, subsection 1.3.1). Step 2 employs the transformation from 
C to Q based on the correspondence between the uniform and exponential distributions: if 
U ∼ U(0, 1), then − log(U) ∼ Exp(1). Using the stochastic representation in Lemma 2.3, 
this transformation yields a set of n QMC-RPs from U(Tp).
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Algorithm 2 Generate QMC-RPs from U(Tp).
Step 1. Produce an NT-net on the unit cube Cp with n points. Denote the net as an n × p
matrix C = (cij), and then cij ∼ U(0, 1).
Step 2. Calculate the matrix Q = (− log(cij)) ≡ (qij) and produce the matrix E = (eij =
qij
qi ), where qi = qi1 + · · · + qip. Then, the n rows of E are a set of QMC-RPs from U(Tp).

Since the exact value of the second criterion of uniformity measure (MSE) is challenging 
to compute directly, the Monte Carlo sampling method is commonly employed to obtain 
an approximate value. This method involves sampling a large number of points from the 
experimental region of interest. Fang and Wang (1994) introduced the NTLBG (Number-
Theoretic Linde-Buzo-Gray) algorithm to find MSE-RPs from U(Tp). This algorithm utilizes 
the number-theoretic method to generate a large set of points that are uniformly scattered 
(NT-net) in the region and can be used as a sampling set. Later, Ning et al. (2011) applied the 
NTLBG method to evaluate the uniform mixture designs under the MSE criterion. Based on 
their results from two real case examples, the NTLBG algorithm proves to be a good design 
construction approach for experiments with mixtures.

3. The mean L1-distance (ML1D) criterion and an algorithm for generating 
ML1D-RPs

The mean L1-distance (ML1D) is proposed to measure the representativeness of mixture 
design points from U(Tp) in this paper.

Definition 3.1: For two points x = (x1, . . . , xp) and y = (y1, . . . , yp) in Tp, their L1-distance 
is defined as

Dl1(x, y) =

p∑︂
i=1

⃓⃓
xi − yi

⃓⃓
.

Definition 3.2: Let Y = {y1, . . . , yn} ⊂ Tp and X ∼ U(Tp). Define a measure of uniformity 
of Y by

ML1D(Y) = EX
[︃
min
1≤j≤n

Dl1

(︂
X, yj

)︂]︃
,

where the expectation is under the distribution of X. A set with minimum value of ML1D is 
called ML1D-RPs in Tp with size n.

Similar to the computational complexity involved in MSE, direct computation of the exact 
ML1D value is analytically intractable. Motivated by the k-means algorithm and the NTLBG 
algorithm, we propose an efficient iterative procedure, Algorithm 3, to obtain design points 
with low ML1D values (ML1D-RPs) in Tp.

In Algorithm 3, Algorithms 1 and 2 play crucial roles. Algorithm 1 facilitates the genera-
tion of numerous Monte Carlo samples from U(Tp), and Algorithms 1 and 2 contribute to 
setting up appropriate initial values for numerical search procedures.
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Algorithm 3 Generate ML1D-RPs from U(Tp).
Step 1. Prepare training samples:
Generate a set of N random samples X = {x1, . . . , xN} from U(Tp) by Algorithm 1, where 
N is much larger than n and p. Let t = 0.
Step 2. Set up initial ML1D-RPs (centroids), denoted by Y (t)

=

{︂
y(t)
1 , . . . , y(t)

n

}︂
:

Method 1. Generate a set of n QMC-RPs from U(Tp) by Algorithm 2 as a set of initial seed 
points.
Method 2. Generate a set of n QMC-RPs from U(Tp) by Fang and Wang’s algorithm as a set 
of initial seed points.
Method 3. Generate a set of n MC-RPs from U(Tp) by Algorithm 1 as a set of initial seed 
points.
Step 3. Assign each training sample to the closest centroid:
Assign each point in X  into the nearest seed point by the L1-distance to form sets of points 
G(t)
j , j = 1, . . . , n, i.e.,

G(t)
j =

{︂
x ∈ X | Dl1

(︂
x, y(t)

j

)︂
< Dl1

(︂
x, y(t)

i

)︂
, i ̸= j

}︂
,

where each x is assigned to exactly one G(t)
j . Count the number of points in each G(t)

j  and 
denote it as N(t)

j . Calculate the corresponding ML1D by

ML1D(t)
=

1
N

n∑︂
j=1

∑︂
xi∈G

(t)
j

⃓⃓⃓
xi − y(t)

j

⃓⃓⃓
.

Step 4. Compute the new centroids:
Compute the mean of G(t)

j , for j = 1, . . . , n, as the new seed points. Denote the new seed 
points as y(t+1)

1 , . . . , y(t+1)
n .

Step 5. Stopping rule:
Repeat Steps 3–4 until

ML1D(t)

N
−

ML1D(t+1)

N
< ϵ,

where ϵ = 10−6 is a tolerance value. Then, deliver Y (t+1)
= {y(t+1)

1 , . . . , y(t+1)
n } as ML1D-

RPs. The corresponding probabilities of ML1D-RPs are {pj = N(t+1)
j /N}.

In Step 2 of Algorithm 3, three alternatives are provided for generating initial points for 
the iterative search. Methods 1 and 2 are recommended when the number of design points 
is available in NT-Net generation. Method 3 can be used to generate initial values for any 
specified number of points. It is important to note that the value of ML1D(t) is non-increasing 
as t progresses from t to t+ 1 in Algorithm 3.
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4. Theoretical results

In the previous section, we introduce uniform mixture designs under the ML1D criterion, 
referred to as ML1D-RPs from U(Tp). Subsections 4.1–4.2 present theoretical results for 
ML1D-RPs within Tp. In Subsection 4.3, we investigate the optimal Scheffé-type simplex-
lattice designs under the ML1D criterion and reveal their connection to ML1D-RPs.

4.1. Analytical solutions of one-point ML1D-RP within Tp

In this subsection, we investigate the ML1D-RP in the simplex Tp with size n = 1. Let 
X = (X1, . . . ,Xp) represent a random vector in Rp, and Med(Xi) denote the median of Xi. 
Under the L1-norm, the spatial median a = (Med(X1), . . . ,Med(Xp)) (Graf & Luschgy, 2000, 
Sect. 2.2) satisfies

E|X − a| = min
b∈Rp

E|X − b|.

Hence, the spatial median a is equivalent to the ML1D-RP with a size of n = 1 for the random 
variable X in Rp.

However, our interest lies in locating the ML1D-RP within the constrained domain Tp. 
Consider the random variable Z = (Z1, . . . ,Zp) ∼ U(Tp) with p ≥ 2. Each component Zi
follows a Beta distribution with the probability density function f (z) = (p − 1)(1 − z)p−2

for 0 ≤ z < 1 and 1 ≤ i ≤ p. The spatial median of Z is given by

Med(Zi) = 2−
1

p−1
(︂
2

1
p−1 − 1

)︂
, for i = 1, . . . , p.

When p = 2, this yields the point (1/2, 1/2), which lies in T2 and is the one-point ML1D-
RP from U(T2). However, for p>2, the spatial median of Z = (Z1, . . . ,Zp) ∼ U(Tp) does 
not lie within Tp. For instance, we have Med(Zi) = 1 − 1/

√
2 when p = 3. While the point 

(1 − 1/
√
2, 1 − 1/

√
2, 1 − 1/

√
2) minimizes E|z − b| for all b ∈ R3, its components do not 

sum up to one, which is not desired for mixture experiments.
In Theorem 4.1, we establish that the centroid point (1/p, . . . , 1/p) serves as the one-point 

ML1D-RP within Tp and formulate the corresponding value of ML1D for any p ≥ 2. The 
proof is given in Appendix 1, and Example 4.2 provides specific results for p = 3 and p = 4.

Theorem 4.1: For any p ≥ 2, the one-point ML1D-RP from U(Tp) within Tp is

Y∗
=

{︃(︃
1
p
, . . . ,

1
p

)︃}︃
,

and the corresponding

ML1D(Y∗) = 2
(︃
1 −

1
p

)︃p
.

Example 4.2: When p = 3, we have Y∗
= {(1/3, 1/3, 1/3)} and ML1D(Y∗) = 16/27. 

When p = 4, we have Y∗
= {(1/4, 1/4, 1/4, 1/4)} and ML1D(Y∗) = 81/128.
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4.2. Analytical solutions of ML1D-RPs on T2

In this subsection, we explore the analytical solutions of ML1D-RPs for the case T2. The 
simplex T2 is essentially a line segment connecting the points (0, 1) and (1, 0). For uniform 
designs on the interval [0, 1], Fang et al. (2002) demonstrated that under the centred L2-
discrepancy, the set {︃

1
2n

,
3
2n

, . . . ,
2n − 1
2n

}︃
is the uniquely optimal design of size n. Additionally, Fang and Wang (1994) highlighted 
that this design also stands as the unique uniform design when considering the L2-star 
discrepancy.

Theorem 4.3: For p = 2 and any n ∈ N+, the unique set of ML1D-RPs on T2 of size n is

Y∗
=

{︃(︃
1
2n

,
2n − 1
2n

)︃
,
(︃

3
2n

,
2n − 3
2n

)︃
, . . . ,

(︃
2n − 1
2n

,
1
2n

)︃}︃
,

with the corresponding ML1D(Y∗) = 1/2n.

Theorem 4.3 provides ML1D-RPs on T2 of size n, which correspond to n equidistant 
points along this segment. The proof of Theorem 4.3 is available in Appendix 1. The 
subsequent discussion for the case of p = 2 and n = 2 provides some insight into the proof.

First, by Theorem 4.1 we know that, Y∗
= {(1/2, 1/2)} is the ML1D-RP on T2 of size 

n = 1. For the case with size n = 2, suppose y1 = (x1, 1 − x1) and y2 = (x2, 1 − x2) are 
two points on T2, where 0 ≤ x1 < x2 ≤ 1. Define c = (x1 + x2)/2 and h = (x2 − x1)/2, and 
then we can represent y1 and y2 as y1 = (c − h, 1 − c + h) and y2 = (c + h, 1 − c − h). The 
objective function to be minimized is

ML1D(Y) = EZ[ min
1≤j≤2

Dl1(Z, yj)]

=

∫︂ c

0
(|z − (c − h)| + |1 − z − (1 − c + h)|) dz

+

∫︂ 1

c
(|z − (c + h)| + |1 − z − (1 − c − h)|) dz

= 2
(︃
c2 − c + 2h2 − h +

1
2

)︃
,

where Z ∼ U(T2). By taking partial derivatives with respect to c and h, it is shown that the 
minimum value of ML1D(Y) is achieved precisely when c = 1/2 and h = 1/4. Therefore, the 
collection of ML1D-RPs for size n = 2 is given by Y∗

= {y∗
1 = (1/4, 3/4), y∗

2 = (3/4, 1/4)}
with ML1D(Y∗) = 1/4.

4.3. Optimal Scheffé-type simplex-lattice design under the ML1D criterion

The Scheffé-type simplex-lattice design was introduced in Section 1. Specifically, an illustra-
tive example for the {3, 3} case was provided in Table 1, where a is a contraction parameter 
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that needs to be optimized. In fact, one can choose the ML1D criterion to optimize the param-
eter a for the Scheffé-type simplex-lattice design. Alternatively, we reformulate the contrac-
tion using a ratio parameter ρ ∈ (0, 1], referred to as the contraction ratio, which offers a 
more interpretable geometric representation. Let D ⊂ Tp denote a simplex-lattice design 
in Tp and y = (y1, . . . , yp) be a point of D. Then a point y′

= (y′
1, . . . , y

′
p) in the Scheffé-

type simplex-lattice design corresponding to y ∈ D can be determined by the following 
expression:

y′
−

1
p
1p = ρ

(︃
y −

1
p
1p
)︃
, (3)

where 0 < ρ ≤ 1 is a parameter that we refer to as the contraction ratio. By (3), we have

y′
i = ρyi +

1 − ρ

p
, i = 1, . . . , p.

We denote the contracted design of D as Dρ . Optimizing ρ is equivalent to optimizing a in 
a Scheffé-type simplex-lattice design. For instance, the relationship ρ = 1 − 3/(2a) is valid 
for the Scheffé-type {3, 3}-simplex-lattice design in Table 1.

Unlike Scheffé-type simplex-lattice designs, which are constructed from geometric con-
tractions, the uniform mixture designs under the ML1D criterion (called ML1D-RPs) are 
developed by directly minimizing a uniformity measure (the mean L1-distance to the uni-
form distribution on Tp) for experimental points. Interestingly, we discover strong connec-
tions between ML1D-RPs and the Scheffé-type simplex-lattice designs even though these two 
types of designs are derived from different considerations.

ML1D-RPs on T2 derived in Theorem 4.3 for the two-component mixture designs are con-
sidered as special cases of the Scheffé-type simplex-lattice designs. This is evident from the 
fact that a {2,m}-simplex-lattice design consists of 

(︁m+1
m
)︁

= m + 1 design points, which can 
be expressed as D = {(0, 1), (1/m, 1 − 1/m), . . . , (1, 0)}. Theorem 4.3 shows that the unique 
set of ML1D-RPs on T2 is

Y∗
=

{︃(︃
1

2m + 2
,
2m + 1
2m + 2

)︃
,
(︃

3
2m + 2

,
2m − 1
2m + 2

)︃
, . . . ,

(︃
2m + 1
2m + 2

,
1

2m + 2

)︃}︃
.

In this case, the set of ML1D-RPs Y∗ is the contracted design Dρ with the contraction ratio 
ρ = m/(m + 1). We summarize this observation in the following corollary.

Corollary 4.4: For p = 2 and any n ≥ 2, the set of ML1D-RPs on T2 of size n is a Scheffé-
type {2, n − 1}-simplex-lattice design with the contraction ratio ρ∗

= (n − 1)/n, where ρ∗ is 
optimized under the ML1D criterion.

Inspired by Corollary 4.4, we further observe that ML1D-RPs from U(Tp) are numerically 
equivalent to the Scheffé-type simplex-lattice designs when p>2 and the parameter a or ρ
is optimized under the ML1D criterion. We call such designs optimal Scheffé-type simplex-
lattice designs (OST-SLD) under the ML1D criterion. The following two-step procedure is 
used to generate such designs.

Step 1. Generate a {p,m}-simplex-lattice design D that has n =
(︁p+m−1

m
)︁
 points.
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Step 2. Identify the optimal contraction ratio ρ∗ such that

ML1D(Dρ∗) = min
0<ρ≤1

ML1D(Dρ).

Output the optimal Scheffé-type simplex-lattice design (OST-SLD) Dρ∗ .

In Step 2, it is essential to identify the optimal contraction ratio ρ∗. For p = 3, we derive the 
analytical solution for ρ∗ and obtain a closed-form for ML1D(Dρ∗), as given in the following 
Theorem.

Theorem 4.5: Let p = 3 and m ≥ 1. The optimal Scheffé-type {3,m}-simplex-lattice design 
under the ML1D criterion is Dρ∗  where

ρ∗
=

m2
−

√
21m2 + 102m + 81 + 10m + 9

m2 + 7m + 6
.

The corresponding ML1D is

ML1D(Dρ∗) =
7m3

+ 145m2
− (14m + 54)

√
21m2 + 102m + 81 + 624m + 486

9m(m + 1)(m + 6)2
.

The proof of Theorem 4.5 can be found in Appendix 1. Example 4.6 lists the optimal 3-
component Scheffé-type simplex-lattice designs for n = 3, 6, 10 and 15.

Example 4.6: Consider p = 3 and m = 1, 2, 3, 4. The following optimal Scheffé-type {3,m}-
simplex-lattice designs are obtained by Theorem 4.5.

For m = 1, we have ρ∗
= (10 −

√
51)/7. The three design points are

Dρ∗ =

{︄(︄
27 − 2

√
51

21
,
√
51 − 3
21

,
√
51 − 3
21

)︄
,

(︄√
51 − 3
21

,
27 − 2

√
51

21
,
√
51 − 3
21

)︄
,

(︄√
51 − 3
21

,
√
51 − 3
21

,
27 − 2

√
51

21

)︄}︄

with the corresponding ML1D(Dρ∗) = (631 − 68
√
51)/441 ≈ 0.3296664. The numerical 

values of the design points can be found in Table A1 in Appendix 2.
For m = 2, we have ρ∗

= (11 −
√
41)/8. The six design points are

Dρ∗ =

{︄(︄
5
4

−

√
41
12

,
√
41 − 3
24

,
√
41 − 3
24

)︄
,

(︄
27 −

√
41

48
,
27 −

√
41

48
,
√
41 − 3
24

)︄
,

(︄√
41 − 3
24

,
5
4

−

√
41
12

,
√
41 − 3
24

)︄
,

(︄√
41 − 3
24

,
27 −

√
41

48
,
27 −

√
41

48

)︄
,

(︄√
41 − 3
24

,
√
41 − 3
24

,
5
4

−

√
41
12

)︄
,

(︄
27 −

√
41

48
,
√
41 − 3
24

,
27 −

√
41

48

)︄}︄

with the corresponding ML1D(Dρ∗) = (395 − 41
√
41)/576 ≈ 0.2299859. The numerical 

values of the design points can be found in Table A2 in Appendix 2.
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Table 2. Comparisons of the optimal Scheffé-type {p,m}-simplex-lattice designs 
(Dρ∗ ) and ML1D-RPs (Y∗) on the ML1D values, where p = 3, n =

(︁p+m−1
m

)︁
, and ρ∗

is the optimal contraction ratio under the ML1D criterion.
m  n ρ∗ ML1D(Dρ∗ ) ML1D(Y∗)

1 3 0.4083674 0.3297 0.3295
2 6 0.5746095 0.2300 0.2300
3 10 0.6666667 0.1770 0.1769
4 15 0.7255437 0.1439 0.1438
5 21 0.7665669 0.1213 0.1222
6 28 0.7968365 0.1049 0.1049
7 36 0.8201124 0.0924 0.0929
8 45 0.8385778 0.0825 0.0829
9 55 0.8535898 0.0746 0.0750
10 66 0.8660376 0.0681 0.0681

For m = 3, we have ρ∗
= 2/3. The ten design points of Dρ∗  are all possible combinations 

of the components under the constraint x1 + · · · + xp = 1, and each component is an ele-
ment from the set {1/9, 3/9, 5/9, 7/9}; see Table A3 in Appendix 2 for numerical values of 
the design points. The corresponding ML1D(Dρ∗) = 43/243 ≈ 0.1769547.

For m = 4, we have ρ∗
= (13 −

√
33)/10. The numerical values of the 15 points of 

Dρ∗  can be found in Table A4 in Appendix 2. The corresponding ML1D(Dρ∗) = (115 −

11
√
33)/360 ≈ 0.143916.

It is noteworthy that all designs in Example 4.6 are numerically equivalent to ML1D-RPs 
on T3 of the same point sizes obtained by Algorithm 3. Table 2 presents more compar-
ison results between the two types of designs in the ML1D values. The optimal values 
of ρ∗ for m = 1, . . . , 10, along with the corresponding ML1D(Dρ∗) values, are computed 
based on Theorem 4.5. For precise comparisons with the analytical solutions of the opti-
mal Scheffé-type simplex-lattice designs, we generated ML1D-RPs using N = 900,000 Monte 
Carlo training samples from U(T3) by Algorithm 1.

Figure 2 compares simplex-lattice designs (SLD), Scheffé-type simplex-lattice designs 
(OST-SLD), and uniform mixture designs according to the ML1D criterion (ML1D-RPs) 
for p = 3 and n = 6, 10, 15 through a visual representation of the design points on T3. The 
numerical values of ML1D-RPs can be found in Tables A1–A4 in Appendix 2. As observed 
in Figure 2, both OST-SLD and ML1D-RPs effectively contract the boundary points of the 
original simplex-lattice designs while maintaining the original SLD’s structural patterns. The 
two designs follow the same contraction ratios, as is visually evident. In addition to visual 
comparison, we calculate the Frobenius norm, also known as the Hilbert-Schmidt norm, to 
quantitatively measure the distance between OST-SLD and ML1D-RPs given in Figure 2. For 
two n × p design matrices X and Y , their Frobenius distance is defined as

||X − Y||F =

√︂
tr
(︁
(X − Y)⊤(X − Y)

)︁
= [

n∑︂
i=1

p∑︂
j=1

(xij − yij)2]1/2. (4)

The computed Frobenius distances, presented in Table 3, reveal that the differences between 
these two design types are rather small. Both visual and numerical comparisons confirm that 
the design points of OST-SLD and ML1D-RPs are nearly identical.

Based on the analytical and numerical results in this subsection, we propose
Conjecture 4.1.
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Figure 2. Comparisons of the simplex-lattice designs (SLD), the Scheffé-type simplex-lattice designs 
(OST-SLD) and the uniform mixture designs under the ML1D criterion (ML1D-RPs), where p = 3 and
n = 6, 10, 15.

Table 3. Frobenius distance between the Scheffé-type simplex-lattice designs 
(OST-SLD) and the uniform mixture designs under the ML1D criterion (ML1D-RPs), 
where p = 3.

m  n  Frobenius distance
1 3 0.0119134
2 6 0.0196361
3 10 0.0228351
4 15 0.0299181

Conjecture 4.1: For p ≥ 2, m ≥ 1 and n =
(︁p+m−1

m
)︁
, the optimal Scheffé-type {p,m}-

simplex-lattice design generated by Steps 1 and 2 is the set of ML1D-RPs from U(Tp) of 
size n.

Remark 4.1: Corollary 4.4 confirms Conjecture 4.1 for p = 2. For p = 3, Theorem 4.5, 
together with the comparisons in Tables 2–3, Figure 2, and Tables A1–A4 in Appendix 2, 
strongly supports its validity. Further comparison results between the two types of designs 
when p>3 are provided in Subsection 5.2.

Remark 4.2: Although we cannot prove Conjecture 4.1 for p ≥ 3, one possible direction is to 
prove this conjecture in the asymptotic regime where n or m → ∞. We conduct a numerical 
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study by computing the mean L1-distance (ML1D) criterion values for MC-RPs, ML1D-RPs, 
and optimal Scheffé-type {p,m}-simplex-lattice design (OST-SLD) for n =

(︁p+m−1
m

)︁
, m =

1, . . . , 20, p = 3. Figure A5 in Appendix 2 presents the ML1D value curves of these three 
types of RPs as a function of n. We observe that the curves for ML1D-RPs and OST-SLD are 
nearly identical and asymptotically coincident, while being distinctly separated from that of 
MC-RPs. This phenomenon can also be observed for p = 4 and 5.

The findings in this subsection show that ML1D-based uniform designs and Scheffé-
type simplex-lattice designs complement each other well. While the former promotes 
geometric uniformity and flexibility, the latter preserves strong model-based interpretabil-
ity (Scheffé, 1958). Their close agreement under the ML1D criterion provides both theoretical 
justification and practical value. These findings further support the unified framework pro-
posed earlier, where ML1D-based designs combine the strengths of traditional model-based 
and space-filling methods, making them well suited for reliable modelling and prediction in 
mixture experiments.

5. Simulation

In this section, we evaluate five different types of representative points generated from U(Tp):

(1) MC-RPs: the random samples generated from U(Tp) using Algorithm 1.
(2) FW-QMC-RPs: the uniform mixture designs under F-discrepancy, generated based on 

the method of Fang and Wang (1994, Subsection 1.5.5).
(3) FF-QMC-RPs: the uniform mixture designs under F-discrepancy using Algorithm 2 

(refer to Fang & Fang, 1988).
(4) MSE-RPs: the uniform mixture designs under the MSE criterion, generated based on 

the NTLBG algorithm.
(5) ML1D-RPs: the uniform mixture designs under the proposed ML1D criterion, gener-

ated by Algorithm 3.

Subsequently, we conduct a comparison between the uniform mixture designs under 
the ML1D criterion (ML1D-RPs from U(Tp)) and the optimal Scheffé-type designs when
p = 4, 5, 6.

5.1. Comparisons among representative points from U(Tp)

To assess the performance of the five types of representative points from U(Tp), we use the 
Euclidean distance to measure the difference between the sample mean vectors (SMV) and 
the theoretical mean vector (TMV), that is,

∥SMV − TMV∥ =

[︄ p∑︂
i=1

(smvi − tmvi)2
]︄1/2

. (5)
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Table 4. Comparison of the five types of representative points from U(Tp), where p = 3, based on the 
estimation bias of the distribution mean vector and covariance matrix.

n  Measure  MC-RPs  FW-QMC-RPs  FF-QMC-RPs  MSE-RPs  ML1D-RPs
11 mean 0.1032 0.0057 0.0246 0.5624 0.0007

covariance 0.0147 0.0277 0.0309 0.1153 0.0097
15 mean 0.0214 0.0025 0.0339 0.5624 0.0007

covariance 0.0461 0.0188 0.0424 0.1153 0.0070
21 mean 0.0427 0.0072 0.0248 0.5624 0.0007

covariance 0.0224 0.0173 0.0260 0.1152 0.0051
31 mean 0.0475 0.0271 0.0194 0.5624 0.0007

covariance 0.0381 0.0341 0.0221 0.1152 0.0035

Table 5. Comparison of the five types of representative points from U(Tp), where $p=  4,5,10,15,20$, 
based on the estimation bias of the distribution mean vector and covariance matrix.

p n Measure MC-RPs FW-QMC-RPs FF-QMC-RPs MSE-RPs ML1D-RPs

4 22 mean 0.0299 0.0099 0.0072 0.0905 0.0044
covariance 0.0301 0.0241 0.0136 0.0240 0.0095

4 50 mean 0.0334 0.0365 0.0097 0.0905 0.0044
covariance 0.0285 0.0300 0.0222 0.0210 0.0056

5 50 mean 0.0271 0.0377 0.0118 0.4490 0.0035
covariance 0.0227 0.0280 0.0186 0.4072 0.0084

5 97 mean 0.0370 0.0556 0.0114 0.4490 0.0035
covariance 0.0242 0.0371 0.0132 0.4062 0.0061

10 101 mean 0.0437 0.0248 0.0156 0.0084 0.0076
covariance 0.0122 0.0212 0.0122 0.0078 0.0038

15 113 mean 0.0264 0.0183 0.012 0.0056 0.0068
covariance 0.0066 0.0157 0.0075 0.0061 0.0037

20 127 mean 0.0211 0.0133 0.0102 0.0035 0.0033
covariance 0.0042 0.0118 0.0055 0.005 0.0031

We employ the Frobenius norm introduced in (4) to measure the distance between the sample 
covariance matrices (SCM) and the theoretical covariance matrix (TCM), i.e.,

||SCM − TCM||F =

√︂
tr
(︁
(SCM − TCM)⊤(SCM − TCM)

)︁
= [

p∑︂
i=1

p∑︂
j=1

(scmij − tcmij)
2]1/2. (6)

The theoretical mean vector and covariance matrix of U(Tp) are calculated using 
Lemma 2.2(b). It is important to note that the sample means, sample variances, and sam-
ple covariances of the two types of representative points, MSE-RPs and ML1D-RPs, rely on 
both the points and their corresponding probabilities. These probabilities are estimated by 
determining the occurrence of training samples within each cluster.

Table 4 presents the comparison results of the five types of representative points for the 
3-component mixture design regarding the estimation bias of the mean vector and the covari-
ance matrix of U(Tp). The comparison results for the 4, 5, 10, 15 and 20-component mixture 
designs are presented in Table 5. The measure of ‘mean’ is calculated by (5) and the measure 
of ‘covariance’ is calculated using (6). Smaller values indicate more accurate estimation.

For 3-component mixture designs, FW-QMC-RPs outperform FF-QMC-RPs in moment 
estimations with point sizes of 11, 15, and 21 (see Table 4). Figure 3(a–b) illustrate that FW-
QMC-RPs are more uniformly scattered than FF-QMC-RPs when n = 11 and p = 3. How-
ever, with n = 31, the performance in moment estimations of FF-QMC-RPs surpasses that of 
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Figure 3. Four types of representative points (n = 11, p = 3).

FW-QMC-RPs. Visual comparisons are provided in Figure 4(a–b). When considering mix-
ture designs with more than three components, FF-QMC-RPs outperform FW-QMC-RPs in 
moment estimations based on our simulation results (see Table 5). Therefore, Algorithm 2 
is considered to be a good alternative to Fang and Wang’s transformation algorithm for 
constructing uniform mixture designs under the F-discrepancy criterion.

For p = 3, 4, 5, 10, 15, 20, ML1D-RPs demonstrate superior estimation results for both 
mean vectors and covariance matrices across almost all examined point sizes compared to 
other types of points (see Tables 4 and 5). Note that the distances in mean vector estimation 
remain constant across different point sizes for MSE-RPs and ML1D-RPs. This consistency 
arises from the fact that these two types of points are derived from k-means clustering-based 
algorithms. Consequently, the sample mean vector of the design points matches the sam-
ple mean vector of the given training samples. For p ≥ 4, we can give projection figures of 
different types of RPs. Figures A3 and A4 in Appendix 2 display the four types of representa-
tive points projected onto the first three and last three dimensions, respectively, for n = 50, 
p = 4. According to Figures 3, 4, A3 and A4, ML1D-RPs are distributed more uniformly and 
exhibit a more structured pattern. Based on the simulation results, we conclude that ML1D-
RPs outperform the other RPs considered in this study. Therefore, we recommend using the 
uniform mixture design under the ML1D criterion, in conjunction with Algorithm 3.
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Figure 4. Four types of representative points (n = 31, p = 3).

5.2. More comparison results between the Scheffé-type simplex-lattice designs and 
ML1D-RPs from U(Tp)

In Subsection 4.3, we present a two-step approach for determining the optimal contraction 
ratio ρ∗ of Scheffé-type simplex-lattice designs under the ML1D criterion. Closed-form solu-
tions for ρ∗ are derived for both p = 2 and p = 3. When p ≥ 4, the optimal contraction ratio 
ρ∗ can be obtained numerically by an algorithmic search in Step 2. To facilitate this process, 
we introduce Algorithm 4.

In Step 3 of Algorithm 4, we employ the R function optimize for finding ρ∗. This 
function combines golden section search and successive parabolic interpolation for optimiza-
tion (Brent, 1973). As a one-dimensional optimization problem, the speed of Algorithm 4 is 
fast.

We present comparisons between the Scheffé-type simplex-lattice designs and ML1D-RPs 
in ML1D values for p = 4, 5, 6. The results are shown in Table 6. The optimal values of 
ρ∗ for Scheffé-type simplex-lattice designs are computed by Algorithm 4. Note that both 
types of designs use the same Monte Carlo training samples with a size of N = 100,000 for 
generating numerical design points, and thus share similar numerical approximation errors. 
According to Table 6, the ML1D values for both designs are nearly identical. For the small-
sized case where p = 4, 5, 6 and m = 1 (i.e., n = 4, 5, 6, respectively), we also computed the 
Frobenius distances (see (4)) between the Scheffé-type simplex-lattice designs and ML1D-
RPs in Table 7, which indicate that the points of the two types of designs are very close. These 
results support Conjecture 4.1.
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Algorithm 4 Find the optimal contraction ratio ρ∗ of the Scheffé-type simplex-lattice 
designs.

Step 1. Prepare training samples:
Generate a set of N random samples X = {x1, . . . , xN} from U(Tp) by Algorithm 1, where 
N is much larger than n and p.
Step 2. Define the objective function:
Generate a {p,m}-simplex-lattice design D, which has n =

(︁p+m−1
m

)︁
 points. Generate the 

contracted design Dρ = {y1,ρ , . . . , yn,ρ} where ρ ∈ (0, 1). Assign each point in X  into the 
nearest seed point by the L1-distance to form sets of points Gj,ρ , j = 1, . . . , n, i.e.,

Gj,ρ =

{︂
x ∈ X | Dl1

(︂
x, yj,ρ

)︂
< Dl1

(︂
x, yi,ρ

)︂
, i ̸= j

}︂
,

where each x is assigned to exactly one Gj,ρ . Define the objective function as

f (ρ) =
1
N

n∑︂
j=1

∑︂
xi∈Gj,ρ

⃓⃓⃓
xi − yj,ρ

⃓⃓⃓
.

Step 3. Search for the optimal contraction ratio ρ∗:
Use the R function optimize to search the interval (0, 1) for a minimum of f (ρ). Output 
the optimal ρ∗.

Table 6. Comparisons of the optimal Scheffé-type {p,m}-simplex-lattice designs 
(Dρ∗ ) and ML1D-RPs (Y∗) on ML1D values, where p = 4, 5, 6, n =

(︁p+m−1
m

)︁
, and ρ∗

is the optimal contraction ratio searched by Algorithm 4 under the ML1D criterion.
p  m  n ρ∗ ML1D(Dρ∗ ) ML1D(Y∗)

4 1 4 0.3550 0.3803 0.3803
2 10 0.5157 0.2757 0.2824
3 20 0.6103 0.2164 0.2162
4 35 0.6740 0.1788 0.1798

5 1 5 0.3171 0.4166 0.4166
2 15 0.4709 0.3105 0.3102
3 35 0.5654 0.2489 0.2491

6 1 6 0.2879 0.4451 0.4450
2 21 0.4347 0.3394 0.3437
3 56 0.5286 0.2761 0.2754

6. Application

We illustrate the practical application of the proposed uniform mixture designs under 
the ML1D criterion by evaluating their performance in modelling and prediction tasks. 
Specifically, we consider three examples from the literature: a sweetness intensity model, a 
complex blending model and an eight-variable model modified from Example 1 of Loeppky 
et al. (2013). The sweetness intensity model, adapted from Cornell (2002) and Ruseckaite 
et al. (2017), involves blending glycine (x1), saccharin (x2), and an enhancer (x3) to predict 
sweetness intensity. The true response surface is assumed to be

y = β1x1 + β2x2 + β3x3 + β12x1x2 + β13x1x3 + β23x2x3 + β123x1x2x3, (7)
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Table 7. Frobenius distance between the Scheffé-type simplex-lattice designs 
(OST-SLD) and the uniform mixture designs under the ML1D criterion (ML1D-RPs), 
where p = 4, 5, 6 and m = 1.

p  m  n  Frobenius distance
4 1 4 0.0125817
5 1 5 0.0105115
6 1 6 0.0092259

where the coefficients (β1,β2,β3,β12,β13,β23,β123) are drawn from a multivariate normal 
distribution with mean vector (11.25, 5.54, 3.73, 26.93, 20.52, 28.44,−180.68) and covariance 
matrix σ 2I7, where σ = 10 and I7 is the identity matrix.

The second model is a complex nonlinear blending model from Brown et al. (2015):

y = β1x1 + β2x2 + β3x3 + β12x1x32 + β123
x2.51 x0.52 x0.53
x1 + x2 + x3

. (8)

This model, which also involves three mixture components x1, x2, x3, features a highly 
asymmetric response surface with a strong joint effect of the components. The coefficients 
(β1,β2,β3,β12,β123) are sampled from a multivariate normal distribution with mean vector 
(3, 4, 5, 20, 80) and diagonal covariance matrix diag{1, 1, 1, 5, 20}.

The third model is modified from Example 1 of Loeppky et al. (2013), which involves eight 
variables x1, . . . , x8. The true response function is assumed to be

y =

7∑︂
j=1

βjxj + β12x1x2 + β13x1x3 + β23x2x3 + β123x1x2x3, (9)

where (x1, x2, x3) would be highly sensitive, (x4, x5, x6, x7) would be moderately sensi-
tive, and x8 would be insensitive (note that it does not appear in (9)). The coefficients 
(β1, . . . ,β7,β12,β13,β23,β123) are drawn from a multivariate normal distribution with mean 
vector (6, 4, 5.5, 2, 1, 0.4, 0.2, 3, 2.2, 1.4, 1) and covariance matrix σ 2I11, where σ = 0.5.

For all models, we assume the true response surfaces (7), (8) and (9) are unknown 
and generate data using various experimental designs. We fit the data using a widely used 
second-order Scheffé polynomial regression model y =

∑︁p
i=1 γixi +

∑︁p−1
i=1

∑︁p
j=i+1 γijxixj +

ϵ, where γi and γij represent the regression coefficients to be estimated, and ϵ denotes the 
error term, assumed to be normally distributed with mean zero and variance σ 2.

We compare seven types of designs: Scheffé-type simplex-lattice designs (OST-SLD), 
ML1D-RPs, MC-RPs, FW-QMC-RPs, FF-QMC-RPs, MSE-RPs, and Scheffé-type simplex-
lattice designs (SLD) using the root mean squared error – RMSE = [nt−1∑︁nt

i=1(ŷi − yi)2]1/2

as the performance metric for prediction, where nt is the number of data points in the test 
set, and ŷi and yi are the predicted and true responses, respectively, for the ith observation. 
We use a 100,000-run test set (nt = 100,000) randomly drawn from U(Tp), with p = 3 for 
Models (7)–(8) and p = 8 for Model (9).

In the simulation, we randomly generate the true parameters in Models (7), (8) and (9). We 
then generate the experimental designs and compute the true responses for each design. For 
the sweetness intensity model, designs are generated with run sizes n = 10 and n = 15. For 
the complex blending model, designs are generated with n = 21 and n = 28. For Model (9), 
designs are generated with n = 36 and n = 120. The second-order Scheffé regression model 
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Figure 5. Comparison of RMSEs for the prediction of Models (7), (8) and (9) using different designs.

is fitted for each design, and the RMSE is computed by predicting the responses over the 
test set. This process is repeated 1000 times, and the resulting RMSE distributions are sum-
marized with boxplots, as shown in Figure 5. The boxplots reveal that, across all cases, the 
OST-SLD, ML1D-RPs and MSE-RPs consistently yield smaller RMSEs than the other mix-
ture designs. The performances of OST-SLD, ML1D-RPs and MSE-RPs are similar. Notably, 
OST-SLDs, constructed using an algebraic method, are computationally more efficient than 
MSE-RPs and ML1D-RPs, offering substantial savings in time while achieving compara-
ble prediction performance. These results highlight the advantages of OST-SLDs in mixture 
experiments.

7. Discussion

In this paper, we introduce the mean L1-distance (ML1D) criterion for constructing uniform 
designs (representative points) in mixture experiments. Efficient algorithms are proposed 
to generate uniform designs under the ML1D criterion. The resulting designs are flexi-
ble in point size and exhibit greater space-filling properties within the experimental region 
compared to existing designs. The obtained designs are actually representative points of 
the uniform distribution restricted within the domain Tp. Notably, the uniform distribu-
tion U(Tp) belongs to the family of multivariate symmetric distributions related to the 
exponential distribution; see Fang and Fang (1988) for more details. For further study, it 
would be intriguing to obtain representative points of multivariate distributions related to 
the exponential distribution in Rp.

We also investigate the optimal Scheffé-type simplex-lattice designs under the ML1D 
criterion. Interesting connections between the uniform mixture designs and the optimal 
Scheffé-type simplex-lattice designs are revealed (refer to Corollary 4.4, Theorem 4.5, Con-
jecture 4.1 and related simulations). The connections provide further rationale for using 
these designs in mixture experiments for modelling and prediction purposes. Our numeri-
cal findings lead us to believe that Conjecture 4.1 holds true for p ≥ 3. However, it remains 
an open question to either provide a formal proof or discover a counterexample. For p = 3, 
Theorem 4.5 provides analytical solutions of the optimal Scheffé-type simplex-lattice designs 
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under the ML1D criterion by using a Voronoi-cell method. It is possible to generalize this 
method to obtain similar analytical solutions for p ≥ 4. Additionally, as one referee suggests, 
it may be possible to prove Conjecture 4.1 in the asymptotic regime where n or m → ∞; see 
Remark 4.2.

It is worth noting that the Scheffé-type simplex-lattice designs are constrained to sizes n =(︁p+m−1
m

)︁
. In Figure A2 in Appendix 2, we offer the patterns of ML1D-RPs on T3 for p = 3, 

n = 4, . . . , 15. Some patterns similar to the Scheffé-type simplex-lattice designs are observed 
for n ̸=

(︁p+m−1
m

)︁
 (i.e., n ̸= 6, 10, 15 in Figure A2). Understanding these patterns further may 

yield new design classes bridging structure and flexibility in mixture experiments.
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Let τ  denote a permutation of (1, 2, . . . , p), and then∫︂
(z1 ,...,zp)∈Tp

(︄ p∑︂
i=1

|zi − yi|

)︄
dµ(z) =

∫︂
(z1 ,...,zp)∈Tp

(︄ p∑︂
i=1

|zi − yτ(i)|

)︄
dµ(z)

because of the symmetry of Tp. Thus,

p!ML1D(Y) =

∑︂
τ

∫︂
(z1 ,...,zp)∈Tp

(︄ p∑︂
i=1

|zi − yτ(i)|

)︄
dµ(z)

=

∫︂
(z1 ,...,zp)∈Tp

∑︂
τ

(︄ p∑︂
i=1

|zi − yτ(i)|

)︄
dµ(z)

=

∫︂
(z1 ,...,zp)∈Tp

(︄ p∑︂
i=1

∑︂
τ

|zi − yτ(i)|

)︄
dµ(z)

=

∫︂
(z1 ,...,zp)∈Tp

⎛⎝ p∑︂
i=1

(p − 1)!
p∑︂

j=1

|zi − yj|

⎞⎠ dµ(z),

where 
∑︁

τ  means summing over by taking all possible p! permutations of (1, . . . , p). Noting that ∑︁
j yj = 1, we have

p∑︂
j=1

|zi − yj| ≥ |

p∑︂
j=1

zi −
p∑︂

j=1

yj| = p|zi − 1/p|.

Therefore,

ML1D(Y) ≥

∫︂
(z1 ,...,zp)∈Tp

(︄ p∑︂
i=1

|zi − 1/p|

)︄
dµ(z) = ML1D(Y∗).

As Zi ∼ Beta(1, p − 1) for i = 1, . . . , p by Lemma 2.2, direct calculation gives

ML1D(Y∗) = p
∫︂ 1

0
|z − 1/p| × (p − 1)(1 − z)p−2 dz = 2(p − 1)pp−p,

which completes the proof. ■

 Proof of Theorem 4.3: Suppose Y = {yi = (yi, 1 − yi), i = 1, . . . , n} and 0 ≤ y1 < · · · < yn ≤ 1. Let 
Z ∼ U(T2). We prove the theorem by mathematical induction on n. We have shown the result for 
n = 1, 2 (see the last paragraph of Subsection 4.2). Suppose the conclusion holds for design size of 
n − 1, n ≥ 3. For size n,

ML1D(Y) = EZ[ min
1≤j≤n

Dl1(Z, yj)]

= 2

(︄∫︂ (y1+y2)/2

0
|z − y1|dz +

∫︂ (y2+y3)/2

(y1+y2)/2
|z − y2| dz

+ · · · +

∫︂ (yn−1+yn)/2

(yn−2+yn−1)/2
|z − yn−1|dz +

∫︂ 1

(yn−1+yn)/2
|z − yn| dz

)︄
.

Let us first suppose that (yn−1 + yn)/2 = c ∈ (0, 1) is fixed. Define

gc(y1, . . . , yn−1) = 2

(︄∫︂ (y1+y2)/2

0
|z − y1| dz +

∫︂ (y2+y3)/2

(y1+y2)/2
|z − y2| dz

+ · · · +

∫︂ c

(yn−2+yn−1)/2
|z − yn−1| dz

)︄
.
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We have

gc(y1, . . . , yn−1)/c = 2

(︄∫︂ (y1+y2)/2

0
|z/c − y1/c| dz +

∫︂ (y2+y3)/2

(y1+y2)/2
|z/c − y2/c| dz

+ · · · +

∫︂ c

(yn−2+yn−1)/2
|z/c − yn−1/c|dz

)︄

= 2c

(︄∫︂ (y1/c+y2/c)/2

0
|z′ − y1/c| dz′ +

∫︂ (y2/c+y3/c)/2

(y1/c+y2/c)/(2)
|z′ − y2/c| dz′

+ · · · +

∫︂ 1

(yn−2/c+yn−1/c)/2
|z′ − yn−1/c|dz′

)︄
,

where in the last equality we let z′ = z/c. Obviously, gc(y1, . . . , yn−1)/c2 can be viewed as the ML1D of 
the set of points {(yi/c, 1 − yi/c), i = 1, . . . , n − 1} on T2 for the distribution U(T2). By the assump-
tion, gc(y1, . . . , yn−1)/c2 is minimized if and only if y1/c = 1/[2(n − 1)], y2/c = 3/[2(n − 1)], . . ., 
yn−1/c = (2n − 3)/[2(n − 1)], and the corresponding minimum value of gc(y1, . . . , yn−1) is c2

2(n−1) .
Now we optimize ML1D(Y) with respect to c and yn. We have 0 < c < yn < 1 and

ML1D(Y) =
c2

2(n − 1)
+ 2

∫︂ 1

c
|z − yn| dz =

c2

2(n − 1)
+ c2 − 2cyn + 2y2n − 2yn + 1.

Taking partial derivative of yn and c, we obtain that the minimum of ML1D(Y) is attained at yn =

(2n − 1)/(2n) and c = 1 − 1/n. The corresponding

Y∗
=

{︃(︃
1
2n

,
2n − 1
2n

)︃
,
(︃

3
2n

,
2n − 3
2n

)︃
, . . . ,

(︃
2n − 1
2n

,
1
2n

)︃}︃
and ML1D(Y∗) = 1/2n. Therefore, the desired conclusion holds for size n. ■

 Proof of Theorem 4.5: For p = 3 and m ≥ 1, the simplex-lattice design D has n =
(︁p+m−1

m
)︁

= (m +

2)(m + 1)/2 points, denoted as {y1, . . . , yn}, and these points are all possible combinations of the 
components under the constraint x1 + x2 + x3 = 1, and each component is an element from the set 
{0, 1/m, 2/m, . . . , 1}. For a given contraction ratio ρ ∈ (0, 1] and a vector component x = i/m, 0 ≤

i ≤ m, the contracted component is
x′

= ρx + (1 − ρ)/3 = 1/3 + (i/m − 1/3)ρ.

By this formula we can easily obtain the coordinates of the Scheffé-type simplex-lattice design Dρ =

{y1, . . . , yn}.
The region of T3 can be decomposed into n distinct parts (Voronoi cells) such that each of these 

parts contains all points that are closer to yi under the L1-distance, i = 1, . . . , n. In other words, each 
of the Voronoi cell contains a single point yi, i = 1, . . . , n, and we denote it as T3

i . For any point x ∈ T3
i , 

min1≤j≤n Dl1(x, yj) = Dl1(x, yi).
As an illustration, Figure A1 shows the 10 points of a Scheffé type {3, 3}-simplex-lattice design and 

the corresponding Voronoi cells.
Under the L1-metric on T3, we can deduce that the regions (Voronoi cells) Vi, i = 1, . . . , n are poly-

gons and can be classified into three categories by symmetry of D, as illustrated in Figure A1 for the 
case of m = 3. Consequently, to compute ML1D(Dρ), we only need to consider three points of Dρ :

y1 =

(︃
1
3

+
2ρ
3
,
1
3

−
ρ

3
,
1
3

−
ρ

3

)︃
,

y2 =

(︃
1
3

+

(︃
2
3

−
1
m

)︃
ρ,

1
3

−
ρ

3
,
1
3

+

(︃
1
m

−
1
3

)︃
ρ

)︃
,

y3 =

(︃
1
3

+

(︃
2
3

−
2
m

)︃
ρ,

1
3

+

(︃
1
m

−
1
3

)︃
ρ,

1
3

+

(︃
1
m

−
1
3

)︃
ρ

)︃
,
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Figure A1. A contracted Scheffé type {3, 3}-simplex-lattice design.

and their corresponding regions T3
i , as labelled in Figure A1 for the case of m = 3. We have 

ML1D(Dρ) = EX[min1≤j≤(m+2)(m+1)/2 Dl1(X, yj)] which is equal to

3
∫︂
x∈T3

1

Dl1(x, y1) dµ(x) + (3m − 3)
∫︂
x∈T3

2

Dl1(x, y2) dµ(x)

+
(m − 1)(m − 2)

2

∫︂
x∈T3

3

Dl1(x, y3) dµ(x),

where X ∼ U(T3) and µ is the uniform probability measure on T3.
By a careful check, we can obtain that the region

T3
1 =

{︃
(x1, x2, x3) : x1 = 1 − x2 − x3, 0 ≤ x2, x3 ≤ 1, x1 − x2 ≥

m − 1
m

ρ, x1 − x3 ≥
m − 1
m

ρ

}︃
,

and is equivalent to

V2
1 :=

{︃
(x2, x3) : 0 ≤ x2 ≤

1
2

−
m − 1
2m

ρ, 0 ≤ x3 ≤
1
2

−
m − 1
2m

ρ,

2x2 + x3 ≤ 1 −
m − 1
m

ρ, x2 + 2x3 ≤ 1 −
m − 1
m

ρ

}︃
.

The region
T3
2 = {(x1, x2, x3) : x1 = 1 − x2 − x3, 0 ≤ x2, x3 ≤ 1,

m − 3
m

ρ ≤ x1 − x3 ≤
m − 1
m

ρ, x1 − x2 ≥
m − 2
m

ρ, x3 − x2 ≥ 0
}︃
,

and is equivalent to

V2
2 =

{︃
(x2, x3) : x3 ≥ x2 ≥ 0, 1 −

m − 1
m

ρ ≤ x2 + 2x3 ≤ 1 −
m − 3
m

ρ, 2x2 + x3 ≤ 1 −
m − 2
m

ρ

}︃
.

The region
T3
3 = {(x1, x2, x3) : x1 = 1 − x2 − x3, 0 ≤ x2, x3 ≤ 1,

m − 4
m

ρ ≤ x1 − x2 ≤
m − 2
m

ρ,
m − 4
m

ρ ≤ x1 − x3 ≤
m − 2
m

ρ,−
ρ

m
≤ x2 − x3 ≤

ρ

m

}︃
,
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and is equivalent to

V2
3 =

{︃
(x2, x3) : 1 −

m − 2
m

ρ ≤ 2x2 + x3 ≤ 1 −
m − 4
m

ρ, 1 −
m − 2
m

ρ ≤ x2 + 2x3 ≤ 1 −
m − 4
m

ρ,

−
ρ

m
≤ x2 − x3 ≤

ρ

m

}︂
.

Since (X1,X2,X3) ∼ U(T3), (X2,X3) ∼ U(V2) and (X2,X3) has a probability density function 
2!1(x2 ,x3)∈V2  by Lemma 2.2 where V2

= {(x2, x3) : x2, x3 ≥ 0, x2 + x3 ≤ 1}, we have ML1D(Dρ) is 
equal to

6
∫︂

(x2 ,x3)∈V2
1

(︃⃓⃓⃓⃓
x2 −

1 − ρ

3

⃓⃓⃓⃓
+

⃓⃓⃓⃓
x3 −

1 − ρ

3

⃓⃓⃓⃓
+

⃓⃓⃓⃓
x2 + x3 −

2 − 2ρ
3

⃓⃓⃓⃓)︃
dx2dx3

+ (6m − 6)
∫︂

(x2 ,x3)∈V2
2

(︃⃓⃓⃓⃓
x2 −

1 − ρ

3

⃓⃓⃓⃓
+

⃓⃓⃓⃓
x3 −

1
3

−

(︃
1
m

−
1
3

)︃
ρ

⃓⃓⃓⃓

+

⃓⃓⃓⃓
x2 + x3 −

2
3

+

(︃
2
3

−
1
m

)︃
ρ

⃓⃓⃓⃓)︃
dx2dx3

+ (m − 1)(m − 2)
∫︂

(x2 ,x3)∈V2
3

(︃⃓⃓⃓⃓
x2 −

1
3

−

(︃
1
m

−
1
3

)︃
ρ

⃓⃓⃓⃓
+

⃓⃓⃓⃓
x3 −

1
3

−

(︃
1
m

−
1
3

)︃
ρ

⃓⃓⃓⃓

+

⃓⃓⃓⃓
x2 + x3 −

2
3

+

(︃
2
3

−
2
m

)︃
ρ

⃓⃓⃓⃓)︃
dx2 dx3.

Tedious calculations show

ML1D(Dρ) =

⎧⎪⎪⎨⎪⎪⎩
ρ3

m2 +
7ρ3

9m
+

2
27

(ρ − 1)2(ρ + 8), if 0 ≤ ρ ≤
m

m + 3
,

−
m2(ρ − 1)3 + m(7ρ − 16)(ρ − 1)2 + 3ρ2(2ρ − 9)

27m
, if

m
m + 3

≤ ρ ≤ 1.

It can be checked that when ρ = 0, Dρ reduces to {(1/3, 1/3, 1/3)}, i.e., the centre point of T3, and 
ML1D(Dρ) = 16/27, which is the same as Example 4.2. Taking the derivative of ML1D(Dρ) with 
respect to ρ, we have the local minimum is attained at

ρ∗
=

m2
−

√
21m2 + 102m + 81 + 10m + 9

m2 + 7m + 6
and the corresponding

ML1D(Dρ∗) =
7m3

+ 145m2
− (14m + 54)

√
21m2 + 102m + 81 + 624m + 486

9m(m + 1)(m + 6)2
.

It can be verified that this is a global minimum value of ML1D(Dρ) over ρ ∈ (0, 1], which completes 
the proof. ■

Appendix 2. Additional tables and figures
In Tables A1–A4, we list the simplex-lattice designs, the optimal Scheffé-type simplex-lattice designs 
and ML1D-RPs (generated by Algorithm 3) for p = 3, n = 3, 6, 10, 15, respectively. Figure A2 provides 
a visualization of ML1D-RPs on T3 for p = 3, n = 4, . . . , 15.



28  Y. LI ET AL.

Table A1. List of the simplex-lattice designs, the optimal Scheffé-type simplex-lattice designs and ML1D-
RPs, where p = 3, n = 3, N = 100,000.

Simplex-lattice Optimal Scheffé-type simplex-lattice ML1D-RPs

 x1  x2  x3  x1  x2  x3  x1  x2  x3
1 1 0 0 0.6055782 0.1972109 0.1972109 0.6098006 0.1943938 0.1958057
2 0 1 0 0.1972109 0.6055782 0.1972109 0.1950331 0.6109516 0.1940154
3 0 0 1 0.1972109 0.1972109 0.6055782 0.1934008 0.1943805 0.6122187

Table A2. List of the simplex-lattice designs, the optimal Scheffé-type simplex-lattice designs and ML1D-
RPs, where p = 3, n = 6, N = 100,000.

Simplex-lattice Optimal Scheffé-type simplex-lattice ML1D-RPs

 x1  x2  x3  x1  x2  x3  x1  x2  x3
1 1.0 0.0 0.0 0.7164063 0.1417968 0.1417968 0.4289461 0.1449483 0.4261055
2 0.5 0.5 0.0 0.4291016 0.4291016 0.1417968 0.7250440 0.1381427 0.1368133
3 0.0 1.0 0.0 0.1417968 0.7164063 0.1417968 0.1450585 0.4277576 0.4271839
4 0.5 0.0 0.5 0.4291016 0.1417968 0.4291016 0.1371071 0.1374333 0.7254596
5 0.0 0.5 0.5 0.1417968 0.4291016 0.4291016 0.1366079 0.7245433 0.1388488
6 0.0 0.0 1.0 0.1417968 0.1417968 0.7164063 0.4266384 0.4308233 0.1425384

Table A3. List of the simplex-lattice designs, the optimal Scheffé-type simplex-lattice designs and ML1D-
RPs, where p = 3, n = 10, N = 100,000.

Simplex-lattice Optimal Scheffé-type simplex-lattice ML1D-RPs

 x1  x2  x3  x1  x2  x3  x1  x2  x3
1 1.0000000 0.0000000 0.0000000 0.7777778 0.1111111 0.1111111 0.1120330 0.5597077 0.3282594
2 0.6666667 0.3333333 0.0000000 0.5555556 0.3333333 0.1111111 0.3314367 0.3356061 0.3329572
3 0.3333333 0.6666667 0.0000000 0.3333333 0.5555556 0.1111111 0.5595401 0.3278520 0.1126079
4 0.0000000 1.0000000 0.0000000 0.1111111 0.7777778 0.1111111 0.1059066 0.1075473 0.7865461
5 0.6666667 0.0000000 0.3333333 0.5555556 0.1111111 0.3333333 0.5529791 0.1123789 0.3346420
6 0.3333333 0.3333333 0.3333333 0.3333333 0.3333333 0.3333333 0.3348998 0.5544492 0.1106510
7 0.0000000 0.6666667 0.3333333 0.1111111 0.5555556 0.3333333 0.3292527 0.1133453 0.5574020
8 0.3333333 0.0000000 0.6666667 0.3333333 0.1111111 0.5555556 0.1075149 0.7859533 0.1065318
9 0.0000000 0.3333333 0.6666667 0.1111111 0.3333333 0.5555556 0.7869565 0.1050513 0.1079922
10 0.0000000 0.0000000 1.0000000 0.1111111 0.1111111 0.7777778 0.1118170 0.3317011 0.5564819

Table A4. List of the simplex-lattice designs, the optimal Scheffé-type simplex-lattice designs and ML1D-
RPs, where p = 3, n = 15, N = 100,000.

Simplex-lattice Optimal Scheffé-type simplex-lattice ML1D-RPs

1 1.00 0.00 0.00 0.8170291 0.0914854 0.0914854 0.0849448 0.8267691 0.0882861
2 0.75 0.25 0.00 0.6356432 0.2728714 0.0914854 0.8250552 0.0873248 0.0876199
3 0.50 0.50 0.00 0.4542573 0.4542573 0.0914854 0.2720759 0.4556800 0.2722442
4 0.25 0.75 0.00 0.2728714 0.6356432 0.0914854 0.0910114 0.4494894 0.4594992
5 0.00 1.00 0.00 0.0914854 0.8170291 0.0914854 0.2753537 0.2703635 0.4542828
6 0.75 0.00 0.25 0.6356432 0.0914854 0.2728714 0.2718051 0.0909173 0.6372776
7 0.50 0.25 0.25 0.4542573 0.2728714 0.2728714 0.4530971 0.2734095 0.2734934
8 0.25 0.50 0.25 0.2728714 0.4542573 0.2728714 0.0917261 0.6346769 0.2735970
9 0.00 0.75 0.25 0.0914854 0.6356432 0.2728714 0.4566436 0.0898462 0.4535101
10 0.50 0.00 0.50 0.4542573 0.0914854 0.4542573 0.0946925 0.2644619 0.6408456
11 0.25 0.25 0.50 0.2728714 0.2728714 0.4542573 0.6375184 0.0927961 0.2696855
12 0.00 0.50 0.50 0.0914854 0.4542573 0.4542573 0.6354206 0.2712685 0.0933109
13 0.25 0.00 0.75 0.2728714 0.0914854 0.6356432 0.0877902 0.0857171 0.8264927
14 0.00 0.25 0.75 0.0914854 0.2728714 0.6356432 0.2667695 0.6419888 0.0912417
15 0.00 0.00 1.00 0.0914854 0.0914854 0.8170291 0.4515644 0.4578724 0.0905632
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Figure A2. Visualization of the patterns of ML1D-RPs (p = 3, n = 4, . . . , 15, N = 100,000).

Figure A3. Four types of representative points projected onto the first three dimensions(n = 50, p = 4).
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Figure A4. Four types of representative points projected onto the last three dimensions(n = 50, p = 4).

Figure A5. Mean L1-distance (ML1D) criterion values for MC-RPs, ML1D-RPs, OST-SLD as n increases (n =(︁p+m−1
m

)︁
, m = 1, . . . , 20, p = 3).
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